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1 Introduction

A matrix is called a symmetric semiseparable matrix if all submatrices taken
out of the lower and upper triangular part of the matrix are of rank 1 and the
matrix is symmetric. A matrix is called a symmetric diagonal-plus-semiseparable
matrix if it can be written as the sum of a diagonal and a symmetric semisep-
arable matrix. These types of matrix structure appear in two different con-
texts. First, during a specific discretization of Green’s function for the two
point boundary value problem, symmetric diagonal-plus-semiseparable matri-
ces arise (see [21]). If the kernel of an integral operator can be written as the
sum of a semiseparable part and a degenerate one, discretization of the eigen-
value problem of those operators also involves diagonal-plus-semiseparable
matrices (see [23]). The inverse of an irreducible tridiagonal matrix has this
form too. Second, there exist stable procedures to reduce a dense symmetric
matrix into a similar semiseparable (plus diagonal) one by means of orthogo-
nal transformations, as shown in [28, Ch. 2]. Hence, by combining the latter
algorithm with an eigenvalue solver for diagonal-plus-semiseparable matrices,
a spectral decomposition of any symmetric matrix can be computed.

Semiseparable matrices have also close connection with orthogonal functions.
In [25] Van Barel, Fasino, Gemignani and Mastronardi describe how to con-
struct an orthonormal basis in the space of proper orthogonal rational func-
tions with prescribed poles by solving an inverse eigenvalue problem, involving
generator-representable diagonal-plus-semiseparable matrices. The direct and
the inverse eigenvalue problem of generator-representable symmetric diagonal-
plus-semiseparable matrices are studied in detail by Fasino and Gemignani
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in [8]. For a thorough analysis of relations between semiseparable matrices
and orthogonal functions we refer to [28, Ch. 12 and Ch. 13].

Several effective algorithms have been proposed to find all the eigenvalues
and eigenvectors of a symmetric diagonal-plus-semiseparable matrix, like the
QR-algorithm [28, Ch. 5 and Ch. 7] and divide-and-conquer algorithms [17].
Those divide-and-conquer algorithms involve computations with the secular
equation, and lots of care and precautions have to be taken to perform these
computations in a stable way, as shown in [24]. The method presented in this
research has similar complexity, but allows to avoid computations with the
secular equation and makes use of a continuation method instead.

The continuation or homotopy method is well-known and has beed used in
the past for solving systems of algebraic equations [9,1] and multi-objective
optimization problems [22]. To develop such a method, one starts with a sim-
ple problem whose solution is available and a trajectory that joins this simple
problem and the complex problem that has actually to be solved. In the pro-
cess of moving along the chosen trajectory, the solution to the simple problem
continuously transforms into the solution to the complex problem. The trajec-
tory is often defined by indtroducing an additional scalar parameter into the
problem and the path tracing could be done by following the solution curve
of a certain differential equation, as shown in [1].

In recent years different homotopy methods have also been applied to solving
the eigenvalue problem with tridiagonal matrices [6,15,12,19]. These meth-
ods came into consideration for the matrix eigenvalue problem because of
their natural parallelism. Parallelization is done over eigenpairs; each proces-
sor has a copy of the problem and once set up the processor may run inde-
pendently of the others. Therefore homotopy algorithms are good candidates
for modern parallel computers. A new homotopy algorithm for diagonal-plus-
semiseparable matrices that is presented in this research has good accuracy
and is capable of treating the matrices with clustered eigenvalues effectively.
This is achieved by aggressive deflation techniques, similar to the ones de-
scribed by Oettli in [19] and the use of a divide-an-conquer principle, inspired
by Mastronardi, Van Camp and Van Barel [17].

In the next sections we will gradually build up the required components for a
divide-and-conquer algorithm to compute the eigenvalues and eigenvectors of
a symmetric generator-representable diagonal-plus-semiseparable matrix, pre-
sented in its final appearance as Algorithm 4. Following the general theory
of homotopy methods presented in Section 2, we have to choose starting ma-
trices and describe the path tracing method. To construct starting matrices
that will lead to smooth eigenvalue curves, we introduce in Section 3 a divide-
and-conquer approach. Section 4 shows how this approach could be plugged
in a homotopy method and also discusses some difficulties arising during path
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tracing and workarounds for them. Section 5 analyses the complexity of the
algorithm. Finally, the algorithm is illustrated with numerical experiments in
Section 6.

2 Symmetric eigenvalue problem

In this section we will first describe a homotopy method for the symmetric
eigenvalue problem. Later, the required properties of the starting matrices
will be investigated. Finally, we sketch a predictor-corrector method for path
tracing.

2.1 General theory

Solving a symmetric eigenvalue problem

Ax = λx, A = AT , (1)

can be thought of as solving a system of n nonlinear equations in n + 1
unknowns. By augmenting the system with normalization condition (xTx −
1)/2 = 0 we can write it as

F(x, λ) =

 Ax− λx

(xTx− 1)/2

 = 0. (2)

The homotopy approach may be applied to this problem in a natural way.
The idea is to start with a problem Dx = λx which is easier to solve and
to continuously transform its solutions to those of the original problem (1).
These solutions are the continuous eigenpairs of a matrix family A(t):

A(t) = (1− t)D + tA = D + t(A−D), t ∈ [0, 1], (3)

with the symmetric starting matrix D. Following Chu [6], we can easily derive
the homotopy equation on the basis of (2):

H(x, λ, t) =

A(t)x− λx

(xT x− 1)/2

 = 0. (4)

The question remains whether this equation really defines smooth curves,
which connect the eigenpairs of D with those of A. The question is answered
by the following theorem from perturbation theory.
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Theorem 1 (Kato [13]) The eigenvalues λi(t), i = 1, . . . , n of a real sym-
metric matrix family A(t) are analytic functions of t and there also exist cor-
responding eigenvectors xi(t), which are analytic functions of t.

These continous eigenpairs of A(t) are called eigenpaths and the λi(t) eigen-
value curves or just eigenvalues.

In case that two eigenvalue curves λ1(t) and λ2(t) cross each other, the cor-
responding eigenvectors are not uniquely defined in the crossing point at
say t = t̂. But it is always possible to give two orthogonal eigenvectors x1(t̂)
and x2(t̂) satisfying Ax1(t̂) = λ1(t̂)x1(t̂) and Ax2(t̂) = λ2(t̂)x2(t̂) respectively,
such that x1(t) and x2(t) are analytic at t = t̂.

2.2 Starting matrix

The starting matrix D should meet two requirements. First, its spectral de-
composition should be easy to compute. This is obviously best met by a matrix
whose spectral decomposition is already known. Apart from diagonal matrices
in general there exist various matrices of other structure with known analytic
eigenvalues and eigenvectors, see e.g. [10]. Second, the eigenpaths (x(t); λ(t))
should be as straight as possible to ease numerical tracing.

Criteria to characterize the smoothness of the paths are given by Li and
Rhee [15]. They use bounds on the derivatives λ′

k(t), x′
k(t) to characterize

the variation of the eigenpairs. In detail, the derivatives λ′
k(t), x′

k(t) are ob-
tained by differentiating A(t)xk(t) = λk(t)xk(t) with respect to t. Then, they
have shown that

λ′
k(t) = xl(t)

T A′(t)xk(t) (5)

and

x′
k(t) =

∑
i 6=k

xi(t)
T A′(t)xk(t)

(λk(t)− λi(t))
xi(t), (6)

if λk(t) is simple at t. Note that the eigenvectors xk(t) satisfy xk(t)
Txk(t) = 1

due to the homotopy equation (4). Since A′(t) = A − D, one obtains with a
little more manipulation the bounds

|λ′
k(t)| 6 ‖A−D‖, (7)

‖x′
k(t)‖ 6 ‖A−D‖/dk(t), (8)

where dk(t) = min{|λk(t) − µ|, µ ∈ σ(A(t)), µ 6= λk(t)} denotes the distance
from λk(t) to the nearest eigenvalue of A(t).

Inequalities (7) and (8) imply that the variation of the eigenvalues is deter-
mined by ‖A−D‖ while the variation of the eigenvectors additionally depends
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on the separation of the eigenvalues of A(t). So, it is good to keep some in-
formation specific to A in the starting matrix D. One of the possibilities is
to create D as a direct sum of two smaller submatrices D1 and D2, based on
the matrix A, solve the corresponding eigenproblems of smaller size and then
use the eigendecomposition of D to compute the eigendecomposition of A.
This technique is known as a divide-and-conquer approach. Up till now many
divide-and-conquer algorithms for certain classes of symmetric matrices have
been developed, see, for example, [2,3,14,17].

The procedure of constructing the matrices D1 and D2 depends on the struc-
ture of A, and one of the possible choices is a low-rank modification of A. On
the one hand, ‖A−D‖ is small, which has a strong effect on the smoothness of
the eigenvalue curves, as follows from (7)-(8). On the other hand, the spectral
decomposition of D can be found with fewer arithmetic operations than that
of A, provided that matrices D1 and D2 keep the same type of structure as A
itself.

Assume that the operation count for diagonalizing a matrix of order n is w(n) =
cnk. Assume that D1 and D2 are of order n/2, then exploiting this fact re-

duces the cost of diagonalization by a factor w(n)
2w(n/2)

= cnk

2cnk/2k = 2k−1. This
procedure may be repeated recursively with the matrices D1 and D2, leading
thus to even more speed-up.

2.3 Eigenpath tracing

Let us now introduce a predictor-corrector method for tracing an eigenpair (x(t), λ(t))
of a symmetric matrix family A(t). Differentiating H(x(t), λ(t), t) = 0 with
respect to t givesA(t)− λ(t)I

x(t)T

x′(t) +

−x(t)

0

λ′(t) +

A′(t)x(t)

0

 = 0. (9)

Provided that A(t) has only simple eigenvalues, the above linear system is
nonsingular and can be solved explicitly for the derivatives x′(t) and λ(t). As
A(t) = D + t(A−D), it follows that A′(t) = (A−D). Plugging this into the
solutions given by formulas (5)-(6), we get

λ′
k(t) = xl(t)

T (A−D)xk(t) (10)

and

x′
k(t) =

∑
i 6=k

xi(t)
T (A−D)xk(t)

(λk(t)− λi(t))
xi(t). (11)
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Given an eigenpair (xk(ti), λk(ti)), one may obtain a prediction of some λk(ti+1)
by interpolation or integration. An easy way is to use Euler’s method:

λ̂k(ti+1) = λk(ti) + hλ′
k(ti), h = ti+1 − ti. (12)

To obtain a corresponding approximate eigenvector x̂k(ti+1) one may use in-
verse iteration with shift λ̂k(ti+1):(

A(ti+1)− λ̂k(ti+1)I
)
y(ti+1) = xk(ti), (13)

x̂k(ti+1) = y(ti+1)/‖y(ti+1)‖. (14)

On this way no knowledge of all eigenvectors of A(ti) is required.

It was already mentioned that the eigenvalue curves can come very close. How-
ever, we wish to stay on a correct eigenpath while integrating only coarsely.
This can be achieved by stabilizing the integration locally at ti+1. A possible
solution here is to use Rayleigh quotient iteration (further denoted as RQI).

To be more precise, at
(
x(k−1)(ti), λ

(k−1)(ti)
)
, k > 1 we let

λ(k)(ti) = x(k−1)(ti)
T B(ti)x

(k−1)(ti),

and then solve (
B(ti)− λ(k)(ti)I

)
y(k)(ti) = x(k−1)(ti)

and let

x(k)(ti) = y(k)(ti)/‖y(k)(ti)‖.
The starting vector x(0)(ti) comes from the prediction step and an upper in-
dex (k) denotes k-th iteration within RQI.

The only remaining problem is to ensure that the method does not jump to
another eigenpath nearby. Therefore some extra tests are necessary. This could
be achieved, for example, by computing Sturm sequences of the matrix A(t)
and checking the number of the eigenpath. For certain classes of matrices an
interval I, which contains the eigenvalue curve λj(t) for t ∈ [0, 1], is known
and allows even easier detection of path jumping.

2.4 Draft of the algorithm

Gathering all together, we may sketch an algorithm to track an eigenpair
(x(t), λ(t)) of a matrix family A(t) (3) from t = 0 to t = 1 (ti is the value of
the continuation parameter t at iteration number i):
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Algorithm 1: Basic predictor-corrector method

input : known eigendecomposition of some starting matrix D
output: eigendecomposition of the target matrix A

begin
while ti < 1 do

predict eigenpair at ti (Euler + Inverse Iteration)
correct prediction (RQI)
check for path jumping (Sturm)
select next stepsize (some heuristics)

end

end

Such a predictor-corrector method goes back to Li and Rhee [15]. They applied
the algorithm to tridiagonal matrices. The numerical results in [15] show that
the method works well for matrices with well-separated eigenvalues, but it is
very inefficient for close eigenvalues and may even fail. The orthogonality of
the eigenvectors is also badly affected, cf. (6).

As a remedy, Li, Zhang and Sun [16] suggested tracing an invariant subspace,
corresponding to a cluster of very close eigenvalues. This invariant subspace
is well conditioned if the cluster is well separated from the rest of the spec-
trum [20]. This leads to substantial improvements, but the Rayleigh-Ritz pro-
cedure used to follow the subspace is very expensive if the size of the cluster
is comparable with the size of the matrix.

Oettli [19] proposed an extensive use of deflation techniques instead of sub-
space iterations. These techniques are well-known from the theory of divide-
and-conquer methods, see Cuppen [7]. Deflation dramatically reduces the size
of clusters of close eigenvalues and speeds up the convergence for the remaining
eigenvalues.

Starting with the method of Li and Rhee, we will construct a divide-and-
conquer homotopy method for generator-representable diagonal-plus-semiseparable
matrices. This restriction to the class of symmetric generator-representable
D+SS matrices does not worsen the stability of the algorithm, as proved by
Van Camp [26]. It has been shown by numerical experiments that when the
matrix elements have small relative errors, the generator representation gives
very accurate results for divide and conquer algorithms.

The algorithm presented can also be applied to a more general class of symmet-
ric D+SS matrices, defined in [27]. As proven in [27, Ch. 2], a symmetric D+SS
matrix can always be written as a block-diagonal matrix whose blocks are sym-
metric generator-representable D+SS matrices. Hence, two cases can occur:
either the original D+SS matrix has zero-blocks and then its eigenproblem
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can be split up into smaller eigenproblems of generator-representable D+SS
matrices, either the whole original symmetric D+SS matrix is generator-
representable. In this sense, symmetric generator-representable D+SS matrices
are an analogue of irreducible tridiagonal matrices.

3 Divide-and-conquer for D+SS matrices

We design here an algorithm and give a theorem in order to split the original
matrix in two submatrices, keeping the diagonal-plus-semiseparable structure.
Provided that eigendecompositions of these smaller matrices are given, a cer-
tain rank-one modification should be processed to get the eigendecomposition
of the original matrix.

The divide step is based on Givens rotations. These rotations are simultane-
ously applied to the top-left and the bottom-right corners of the matrix in
order to annihilate elements in the first rows and columns, respectively in the
last rows and columns.

The conquer step constitutes of computing the spectral decomposition of a
diagonal matrix plus a rank-one modification. Its connection to the original
problem is straightforward.

3.1 Divide step

Let A be the diagonal-plus-semiseparable matrix given by (15):

A =



d1 u1v2 u1v3 · · · u1vN−1 u1vN

v2u1 d2 u2v3 u2v4 · · · u2vN

v3u1 v3u2
. . . · · · · · · · · ·

... v4u2
...

. . . · · · · · ·
vN−1u1

...
...

... dN−1 uN−1vN

vNu1 vNu2
...

... vNuN−1 dN


. (15)

We will define first two sequences of Givens rotations Gk and Hl of a special
form, the first sequence is to be applied to the top-left corner of the starting
matrix and the second sequence to the bottom-right corner.

Recall that N is the order of the matrix A, then let K = ⌈N
2
⌉− 1, L = K + 3,

ũ1 = u1, ṽN = vN . For every k = 1, . . . , K we define a number ũk+1 and a
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Givens rotation Gk as

Gk =

ck −sk

sk ck

 , where ck =
uk+1√

ũ2
k + u2

k+1

, sk =
ũk√

ũ2
k + u2

k+1

, (16)

such that  0

ũk+1

 =

 0√
ũ2

k + u2
k+1

 =

ck −sk

sk ck


 ũk

uk+1

 . (17)

Similarly, for every l = N, . . . , L we define a number ṽl−1 and a Givens rota-
tion Hl as

Hl =

 cl sl

−sl cl

 , where cl =
vl−1√

ṽ2
l + v2

l−1

, sl =
ṽl√

ṽ2
l + v2

l−1

(18)

such that ṽl−1

0

 =


√

ṽ2
l + v2

l−1

0

 =

 cl sl

−sl cl


vl−1

ṽl

 . (19)

These rotations allow us to formulate Algorithm 2, which divides a symmetric
diagonal-plus-semiseparable matrix into two submatrices of the same D+SS
structure and of about half the dimension, and some additional structure.

Algorithm 2: Divide step for D+SS matrices

input : A – starting matrix
output: A(K+1) – reduced matrix

begin
A(1) = A
for k = 1 : ⌈N+1

2
⌉ − 2 do

G̃k = diag(Ik−1, Gk, IN−2k−2, HN−k+1, Ik−1)
A(k+1) = G̃kA

(k)G̃T
k

end
if N is odd then

k = ⌈N+1
2
⌉ − 1

G̃k = diag(Ik−1, Gk, IN−k−1)
A(k+1) = G̃kA

(k)G̃T
k

end

end

Mastronardi et al. [17] have proven the following theorem.

Theorem 2 Let A be the diagonal-plus-semiseparable matrix defined in (15).
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Algorithm 2 transforms the matrix A into A(K+1) having the following struc-
ture:

K + 1 N − L + 2

K + 1

N − L + 2

 C
(K+1)
1 α(K+1) eK+1e

T
1

α(K+1) e1e
T
K+1 C

(K+1)
2

 (20)

where C
(K+1)
1 and C

(K+1)
2 are diagonal-plus-semiseparable matrices, eK+1 the

(K + 1)-th vector of the canonical basis of RK+1, e1 the first vector of the

canonical basis of RN−L+2 and α(K+1) = A
(K+1)
K+1,K+2.

We would like to represent the matrix A(K+1) as a sum of a block-diagonal
matrix D1 ⊕ D2, where D1 and D2 are diagonal-plus-semiseparable, and a
rank-one matrix. To create this rank-one modification one extra operation
needs to be performed on (20).

Define G(K) = G̃K . . . G̃2G̃1, where G̃i are coming from Algorithm 2. Then

A = G(K)T A(K+1)G(K)

= G(K)T

 C
(K+1)
1 α(K+1)eK+1e

T
1

α(K+1)e1e
T
K+1 C

(K+1)
2

G(K)

= G(K)T


C

(K+1)
1 − α(K+1)eK+1e

T
K+1 0

0 C
(K+1)
2 − α(K+1)e1e

T
1


+α(K+1)

 eK+1e
T
K+1 eK+1e

T
1

e1e
T
K+1 e1e

T
1


G(K).

The subtraction of the element α(K+1) from the last diagonal element of C
(K+1)
1

and from the first diagonal element of C
(K+1)
2 creates the desired rank-one

modification and does not affect the diagonal-plus-semiseparable structure.
Thus we may define diagonal-plus-semiseparable matrices D1 = C

(K+1)
1 −

α(K+1)eK+1e
T
K+1 and D2 = C

(K+1)
2 − α(K+1)e1e

T
1 . The original problem of

computing the eigendecomposition of A is now split into similar problems for
the matrices D1 and D2. To unite the solutions of these smaller subproblems,
we need now to work out this rank-one modification.

11



3.2 Conquer step

In what follows we omit the superscript (K + 1) at α. Suppose that eigende-
compositions of D1 and D2 are computed:

D1 = Q1∆1Q
T
1 , (21)

D2 = Q2∆2Q
T
2 . (22)

In order to know the eigendecomposition of the original matrix A it is enough
to calculate the spectral decomposition of a diagonal matrix plus a rank-one
modification and perform some orthogonal transformations, as we will show
now.

The matrix A can be transformed into:

A = G(K)T

Q1

Q2


×

∆1

∆2

+ α

QT
1 eK+1

QT
2 e1

(eT
K+1Q1 eT

1 Q2

)

×
Q1

Q2


T

G(K)

= G(K)T

Q1

Q2



∆1

∆2

+ αyyT


Q1

Q2


T

G(K)

(23)

with

y =

QT
1 eK+1

QT
2 e1

 . (24)

Hence, the eigenproblem of A is reduced to computing the eigendecomposition
of a rank-one modification of a diagonal matrix∆1

∆2

+ αyyT . (25)

This latter problem can be solved by a continuation method, as described in
the next section.

One may also apply the continuation method to step directly from the eigen-
decomposition of the matrix D = D1 ⊕ D2 to the one of A(K+1). However,
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in this way it becomes impossible to deflate certain eigenpairs without dis-
rupting the D+SS structure of the matrices or blowing up the computational
cost. As our numerical experiments have shown, the deflation is essential for
stability and accuracy of the method. Compared to such a straightforward
continuation, the main drawback of the diagonal plus rank-one approach is an
additional transformation of the eigenvectors of the matrix (25).

4 Homotopy within divide and-conquer

4.1 Rank-one modification as a starting matrix

As shown in the previous section, a symmetric diagonal-plus-semiseparable
matrix A is split into two independent submatrices by a rank-one modification
and some orthogonal transformation:

A = G(K)T A(K+1)G(K) = G(K)T Q(∆ + αyyT )QT G(K),

where ∆ = ∆1 ⊕ ∆2, Q = Q1 ⊕ Q2, y = Qv, where vT = (eT
K+1, e

T
1 ). Let us

define the matrix family
A(t) = ∆ + tαyyT (26)

and analyse how its eigenvalue curves λi(t) are bounded depending on α and t.
Analogously to [19], we can formulate and prove the following theorem:

Theorem 3 Let ∆ be a diagonal matrix and consider the continuation func-
tion (26). Then all the eigenvalue curves λi(t) of A(t) are monotonically in-
creasing or decreasing with t, depending on the sign of α.

Proof. Suppose α > 0. Matrices A(t) for different t’s differ by a rank-one
matrix: ⊔⊓

A(t2) = A(t1) + (t2 − t1)αyyT , (0 6 t1 6 t2 6 1).

Because α > 0, the difference is a positive semidefinite matrix of rank 1. If we
number the eigenvalues λi(t) in increasing order, then the following relations
hold [29, p. 97]:

λi(t2)− λi(t1) = mi(t2 − t1) · 2α, where 0 6 mi 6 1,
n∑

i=1

mi = 1.

Summation over i yields

n∑
i=1

(λi(t2)− λi(t1)) = 2(t2 − t1)α.

13



Hence when (t2−t1)αyyT is added to A(t1), all eigenvalues of A(t1) are shifted
by an amount not larger than (t2 − t1) · 2α. This means that all eigenvalues
increase monotonically with t:

0 6 λi(t2)− λi(t1) 6 2 · (t2 − t1)α, i = 1, . . . , n.

The case of α < 0 could be reduced to the already considered one by pre-
multiplying matrix family (26) with −1. So in what follows we always assume
that α > 0. ⊔⊓

As shown above, the difference matrix A(t2)−A(t1) (0 6 t1 6 t2 6 1) is posi-
tive semidefinite, so by the interlacing theorem ([11, Ch. 4.3]) the eigenvalues
of A(t1) and A(t2) interlace:

λ1(t1) 6 λ1(t2) 6 λ2(t1) 6 λ2(t2) 6 · · · 6 λn(t1) 6 λn(t2), t1 6 t2. (27)

If the matrix A(1) = ∆ + αyyT has (almost) equal eigenvalues, they will
be deflated, as shown in the next part of the theory. So, we may assume
that the eigenvalues of A(1) are mutually distinct. Oettli [18] extended the
result of Parlett [20, Ch. 7] and has proven that if the eigenvalues of A(1) are
distinct, then the continuation matrices A(t) defined by (26) have no multiple
eigenvalues except possibly for t = 0. However, their eigenvalues may coincide
up to the working precision.

Summarizing the facts given above, we conclude that if λk(0) is the k-th
smallest eigenvalue of D, then λk(t) is also the k-th smallest eigenvalue of A(t)
for t = (0, 1]. Li and Rhee [15] call it the order preserving property. It is useful
if only selected eigenvalues of a matrix are required. This property also allows
parallel computation of the eigenpairs.

4.2 Deflation

Numerical experiments show that some eigenpairs (qi, δi) of D are often good
approximations of eigenpairs of A(1), if D is chosen as described above.
The corresponding eigenpaths λi(t) are almost straight lines. Such eigenpairs
of A(1) may be determined with little effort. The process of identifying such
eigenpairs and eliminating them from the remaining problem is called defla-
tion. It reduces the cost of solving the remaining problem and improves the
stability as well as the accuracy of the algorithm, especially in the presence of
close eigenvalues.

Our splitting method is close to the Cuppen-type divide-and-conquer algo-
rithms [7,5], so the deflation techniques are similar. It remains to answer when
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an approximate eigenpair (qi, δi) can be accepted as an eigenpair of A(1) in
finite precision machine arithmetic.

Since the spectral decomposition D = Q∆QT is known, it was shown in the
previous section that matrices A(t) represent a rank-one modification of a
diagonal matrix (23):

A(t) = ∆ + tαyyT .

Cuppen [7] used this representation in his divide-and-conquer algorithm with t =
1 and Oettli [19] applied it with varying t for tridiagonal eigenproblems.

Cuppen has shown that zero components of y reveal the eigenvalues to be de-
flated. Zero components of y may correspond to two different situations. First,
they may correspond to good approximations δi to the eigenvalues of A(K+1).
Second, they may correspond to clusters of m almost equal eigenvalues, of
which m− 1 could be deflated. We refer here to his work [7] for details.

As a measure for being “close to zero enough to be deflated” for the compo-
nents of y we choose some tolerance η depending on the machine epsilon ε
and some norm ‖A‖.

To perform deflation, the zero components of the vector y are permuted to
the end of the matrix

A(t) = P

∆a + tαyay
T
a 0

0 ∆b

P T . (28)

Such a permutation results in an irreducible problem of smaller size,

B(t) = ∆a + tαyay
T
a , (29)

for which the remaining eigenpairs can be computed by path tracing.

Say that ZHZT is the spectral decomposition of B(1). Then, the desired eigen-
values of A(1) are the diagonal elements of Λ = H ⊕ ∆b and the eigenvector
matrix is X = P T [Z, Ib]P .

4.3 Path tracing

We will describe now the path tracing algorithm for the matrix family B(t), de-
fined according to (29). Starting with the j-th eigenpair (ej , δj) = (xj(0), λj(0))
of ∆a, Algorithm 3 traces the continuous eigenpath using the predictor-corrector
method, applied to (9), see also the discussion thereafter.
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Algorithm 3: Eigenpath tracing

input : B(t) – continuation matrix, (x, λ) – k-th eigenpair of B(0)
output: (x, λ) – k-th eigenpair of B(1)

begin
t = 0, h = 1
while t < 1 do

(x, λ) = predict (x, λ, t + h)
(x, λ, success) = correct (x, λ, t + h)
if success then

t = t + h, h = min(2h, 1− t)
else

h = h/2
if h < ε then

failure
end

end

end

end

The (i + 1)-th step consists of a prediction and a correction. For prediction
at t = 0 we use Euler’s method, as described in Section 2: some λj(ti+1) is
first approximated by interpolation through λj(0) and its derivative λ′

j(0):

λ̂j(h) = λj(0) + hλ′
j(0). (30)

Otherwise, the eigenvalue and the derivative are known for two different t,
allowing cubic interpolation. Using a Hermite interpolation scheme and the
following substitutions

h = ti − ti−1, tn = (ti+1 − ti−1)/h,

y1 = λj(ti−1), y′1 = λ′
1(ti−1), y2 = λj(ti), y′2 = λ′

j(ti)

the approximation is

λ̂j(ti+1) = y1 + (hy′1 + (y2 − hy′1 − y1 + (2y1 − 2y2 + hy′1 + hy′2)(tn − 1))tn)tn.

Because of the special structure of the matrix family B(t) the derivative λj(t)
is computed as

λ′
j(t) = xj(t)

T (B(1)− B(0))xj(t)
T = α

(
xj(t)

Tya

)2
.

One step of inverse iteration with shift λ̂j(ti+1) is used to obtain a predic-
tion for the corresponding approximate eigenvector x̂k(ti+1). Such step of the
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iteration process consists of solving for z of(
H + αyay

T
a

)
z = x, (31)

where H = ∆a − σI, σ is the spectral shift. Because of the special structure
of the matrix, we can give an explicit expression for the solution z.

First, solve (31) for z and subsitute β = yT
a z:

z = H−1(x− αβya). (32)

Now determine β by substituting z in (31):

β =
(
yT

a H−1x
)
/
(
1 + αyT

a H−1ya

)
. (33)

Finally plug the expression (33) for β into (32), obtaining

z = H−1

(
x− α

(
yT

a H−1x

1 + αyT
a H−1ya

)
ya

)
.

The correction step makes an extensive use of the interlacing property (27).
Thanks to it an interval

Ij =

[λj(0), λj+1(0)], j < m

[λj(0), λj(0) + 2α], j = m
(34)

is known, which contains the eigenvalue curve λj(t) for t ∈ [0, 1]. Since α > 0,
all the eigenvalue curves monotonically nondecrease. This information allows
to detect path jumping or to use bisection followed by inverse iteration to
compute the corresponding eigenpair of B(1) directly in case that path tracing
fails.

The correction step is done by Rayleigh quotient iteration (further denoted as

RQI). To be more precise, at
(
x(k−1)(ti), λ

(k−1)(ti)
)
, k > 1 we let

λ(k)(ti) = x(k−1)(ti)
T B(ti)x

(k−1)(ti),

and then solve (
B(ti)− λ(k)(ti)I

)
y(k)(ti) = x(k−1)(ti)

and let
x(k)(ti) = y(k)(ti)/‖y(k)(ti)‖.

The starting vector x(0)(ti) comes from the prediction step and an upper in-
dex (k) denotes k-th iteration within RQI.

These iterations are performed until either the eigenpair is converged, λ(k) left
the interval I, or the number of iterations k has reached a limit. Although RQI
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is globally convergent, there is no guarantee that the sequence of Rayleigh quo-
tient iterates will be restricted a priori to a given interval of the spectrum [20,
Ch. 4]. So it is not possible to guarantee that the correction step succeeds and
the stepsize may have to be reduced.

4.4 Close eigenvalue curves

As mentioned in the beginning of this section, the basic homotopy algorithm
by Li and Rhee [15] only works satisfactory for well-isolated eigenvalue curves.
The problem arises as eigenvectors belonging to close eigenvalues tend to con-
taminate each other during inverse iteration. The fact that A(t) has only
simple eigenvalues (see the discussion following (27)) is of little help, because
eigenvalue curves of A(t) may coincide to working precision. A good example
here is the Wilkinson matrix W+

n+1 ([29, p. 308]), as it also allows reduction
to the similar diagonal plus rank-one eigenproblem as the one for (26).

The worst cases are however eliminated by deflation, but some extra work still
needs to be done. Two different situations of close eigenvalue curves can be
distinguished, deflection and clustering.

4.4.1 Deflection

In this situation the eigenvalue curves are close in just a small interval for t ∈
[0, 1]. As an example, Figure 1 shows the eigenvalue curves of matrix fam-
ily (26) for a certain D+SS matrix. This a 16 × 16 matrix with the eigen-

values
(
(10−2)1/16

)n
, n = 1, . . . , 16. The eigenvalue curves look as some of

them cross others, but in fact, the eigenvalue curves just come very close at
some point, that we call a pseudocrossing point. Nevertheless, the two involved
eigenpairs deflect each other, in other words, their values are exchanged.

However, from the interlacing property and monotonicity of the eigencurves
follows that an eigenpair (xi(0), λi(0)) is usually a good approximation to (xi−1(1), λi−1(1)).
As follows from our numerical experiments, such an approximation is often so
good that the corresponding eigenpairs become subject to deflation. Figure 2
shows the eigenvalue curves for the same matrix as on Figure 1, but after
deflation. So, only the last eigenpair in such a group of deflecting eigenpairs
lacks a good approximation.

In case of deflecting eigenpairs we do not use homotopy path following. In-
stead, eigenpair (xi−1(1), λi−1(1)) is computed with RQI starting with the
good approximation (xi(0), λi(0)). For the last eigenpair path tracing would
be too slow until the pseudocrossing point would be passed. So, it is com-
puted by bisection based on the interval I defined in (34), followed by inverse
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Fig. 1. Eigv. curves before deflation
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Fig. 2. Eigv. curves after deflation

iteration.

We use the following criterion to detect the deflecting eigenvalues. Let sturm(µ)
denote the amount of eigenvalues of A(1) that are smaller than µ. Then the
next inequality serves as a criterion for eigenvalues δi and δi+1 to deflect each
other:

sturm(δi+1 − η) < i, η = 10−4|δi+1 − δi|.
This empiric formula could be easily derived from geometric considerations.

4.4.2 Clustered eigenvalues

If the eigenvalue curves are clustered in the whole interval or at least for t = 1,
the situation was much worse for the basic homotopy algorithm of Li and
Rhee. Luckily, clustering of eigenvalues at t = 1 together with the interlacing
property (27) means that some clustering will be present also at t = 0. This
means that the worst cases will be filtered out by deflation. In our numerical
experiments the eigenvectors have shown reasonable orthogonality, but one
may apply a partial reorthogonalization, if required by an application.

On the Figures 1-2 one may see that a cluster of close eigenvalues around 0
was mostly deflated. These figures represent a typical impact of deflation, as
we have discovered while performing numerical experiments.

4.5 Final algorithm

We will incorporate now various concepts introduced above into a divide-and-
conquer algorithm. Such algorithm solves the complete eigenvalue problem for
symmetric irreducible diagonal-plus-semiseparable matrices.
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Algorithm 4: HomDSS

input : A – D+SS matrix
output: (X, Λ) – eigenvectors and eigenvalues of A

begin
if n < n0 then

solve A = XΛXT by a conventional eigensolver
else

construct with Algorithm 2 smaller D+SS matrices D1 and D2

[Q1, ∆1] = HomDSS(D1)
[Q2, ∆2] = HomDSS(D2)
construct matrix family B(t) according to (29)
deflate some eigenpairs according to (28)
trace remaining paths of B(t) with Algorithm 3
transform the eigenvectors of B(1) back to the ones of A with (23)

end

end

5 Arithmetic complexity

Our complexity analysis is based on the number of floating-point operations
(flop) performed. With the homotopy method, it is difficult to get an expres-
sion for the arithmetic complexity which is meaningful for a general matrix.
The complexity not only depends on the matrix order n, but also on the
spectrum that we would like to compute.

The divide step performed by Algorithm 2 requires C0 = O(n) operations.

Consider now the complexity for one conquer step. Deflation of eigenpairs
takes O(n) operations. The most expensive part in path tracing is a Rayleigh
quotient iteration. Recall that matrices B(t) (29), involved in RQI, are diagonal-
plus-semiseparable. So, one step of RQI costs O(n) operations for matri-
ces B(t) as one may use the existing linear solver, see [27]. So, to trace non-
trivial eigenpaths, one needs to perform

C1 = φωtωRQIO(n)

operations, where φ denotes the number of nontrivial eigenpaths, ωt is an av-
erage number of time steps and ωRQI denotes the average number of Rayleigh
quotient iterations.

To obtain an upper bound on C1 we assume that no deflation occurs (so
φ = n). The average numbers of iterations are coming from our numerical
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experiments and representative numbers are ωt = 4/3 and ωRQI = 3. This
gives in total C1 = O(n2). Transformation of the eigenvectors of A(1) back to
the ones of A with (23) can be done effectively with an algorithm by Borges
and Gragg [4], and costs C2 = O(n · n log n) = O(n2 log n) operations. The
sum C0+C1+C2 gives O(n2 log n) operations for one iteration of Algorithm 4.

The overall divide-an-conquer algorithm has the form of a binary tree of height
s = log n, and each node represents one iteration of Algorithm 4. So, the total
complexity is O(n2 log2 n) for the worst-case scenario (no deflation). How-
ever, deflation occurs for almost every matrix in general. Thus, the above
asymptotics do not necessarily reflect what may be observed in an actual
computation.

6 Numerical experiments

The numerical tests were performed on a PC with 2.93 GHz Intel Core 2
processor and 2 Gb of memory, running Debian Squeeze with 2.6.32 kernel
and Matlab 7.9.0.529.

We built diagonal-plus-semiseparable matrices of dimension N = 2j, j =
7, . . . , 10 and for each dimension matrices which have condition number (de-
fined as the product of the spectral norm of the matrix and that one of its
inverse) equal to 103, 106, 109 and 1012. For each of these 16 classes of test
matrices we took 10 samples.

The test matrices were built as follows: starting from a diagonal matrix D =
[α, α2, . . . , αN ] with α the (N−1)th root of the requested condition number, we
applied (N−1) random Givens rotations Gi to the left, such that Gi works on
the ith and (i+1)th row, and GT

i to the right of D. Hence D was transformed
into a matrix A = GDGT . This matrix A is a diagonal-plus-semiseparable
matrix because the ith Givens rotation Gi makes the elements of row i and
i + 1 proportional. The transpose GT

i does the same with column i and i + 1,
so we created a semiseparable structure except on the diagonal.

6.1 Deflation

It is interesting to see that the deflation generally plays an important role in
the algorithm. Table 1 shows the percentage of deflated, trivial eigenpaths on
the last (highest) reassembly step observed in the homotopy algorithm for the
test matrices. The given numbers show that, for example, for the matrix of
order 210 less than 6% curves have to be traced. The frequency of deflation
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will vary with the type of the matrix and with its order. For our series of test
matrices one may see that the impact of the condition number is negligible,
compared to that of the matrix size.

cond A i = 7 i = 8 i = 9 i = 10

103 65 82 93 94

106 66 84 93 95

109 69 85 95 96

1012 72 87 95 96
Table 1
Percentage of deflation, matrices of order 2i

Cuppen showed for his divide-and-conquer algorithm, which has the similar
deflation technique, that matrices with much deflation in general have an
eigenvector matrix close to a band matrix [7].

6.2 Diagonal plus rank-one problem

The accuracy of an eigensolver is determined by the residual error R of the
computed solution as well as the orthogonality U of the computed eigenvectors.
The core part of the proposed algorithm consists of a homotopy algorithm for
a diagonal plus rank-one problem. Therefore, we give several numerical results
for this subproblem.

The computed eigenpairs of such a diagonal plus rank-one matrix A(1) (28)
divide into two classes. The first class includes those eigenpairs coming from
deflation. By construction, deflated eigenpairs represent accurate approxima-
tions to eigenvalues and eigenvectors, and the eigenvectors are perfectly or-
thogonal (they are columns of the identity matrix). The second class represents
those eigenpairs coming from Algorithm 3. Suppose that H is a diagonal ma-
trix with the computed eigenvalues on the diagonal, and Z is the (orthogonal)
matrix of the computed eigenvectors. On the last (highest) reassembly step
we look at the relative residual norm

R =
‖B(1)Z − ZH‖2

ε‖B(1)‖2

and at the orthogonality condition

U =
‖ZT Z − I‖2

ε‖Z‖2
.

Relative residuals for our test matrices are presented in Table 2 and the or-
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thogonality is given in Table 3.

cond A i = 7 i = 8 i = 9 i = 10

103 6.2 4.8 5.7 4.1

106 4.3 4.2 2.8 1.8

109 1.9 2.1 1.3 3.7

1012 4.1 2.2 2.2 3.3
Table 2
residuals R, matrices of order 2i reduced to B(1)

cond A i = 7 i = 8 i = 9 i = 10

103 26 41 150 45

106 102 200 90 84

109 410 700 590 420

1012 1020 1100 10200 7820
Table 3
Orthogonality U , matrices of order 2i reduced to B(1)

As follows from these tables, the residuals are accurate up to machine pre-
cision, but the orthogonality of the eigenvectors is slightly worse. One may
apply a partial reorthogonalization, if desired.

In Table 4 we represent an average number of bisection+inverse iteration calls.
This method serves as a fallback solution if RQI does not converge to the right
eigenpair, and also it is applied to find the largest eigenvalue in the group of
deflecting eigenvalues. One may see that this rather slow method is called on
average for just one or two eigenpairs even for large matrices.

cond A i = 7 i = 8 i = 9 i = 10

103 1.1 1.3 1.0 1.33

106 1.7 1.1 1.0 1.3

109 0.7 1.0 1.1 1.9

1012 2.0 2.0 1.9 1.4
Table 4
Average number of BiSect calls, matrices of order 2i reduced to B(1)

6.3 Original D+SS problem

Compared to the method presented by Mastronardi et al. [17], our algorithm
differs only in the method used to solve the diagonal plus rank-one eigenprob-
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lem. We have computed the same residuals R and orthogonality measures U
for their method, and the data does not differ significantly from Tables 2
and 3. This means that both methods have the same precison. However, our
new method could be parallelized more effectively. Our easy technique for de-
flation allows to exclude from the active processing most of the eigenvalues
and thus leads to better performance.

We refer to [17] for residual plots for the original D+SS problem.

7 Conclusion

A continuation approach is applied to find all the eigenvalues and eigenvec-
tors of a given diagonal-plus-semiseparable matrix. The goal is achieved by
tracing a solution curve of a certain differential equation. To construct good
starting matrices, divide-and-conquer methods are used. Deflation techniques
are implemented and lead to better speed and accuracy of the algorithm.

Several numerical experiments are presented for the method and show its
effectiveness.
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