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Abstract
Mathematical models in science and engineering often contain

parameters that are uncertain. These parameters are usually rep-
resented by random numbers, fields or processes. However, when
the stochastic characteristics of these parameters are not precisely
known, an interval representation, or, more generally, a fuzzy rep-
resentation may be more appropriate. This leads to so-called fuzzy
differential equations. Unfortunately, there is no real consensus in
the literature on how to define and interpret the solution to such
equations. In this paper, we introduce a precise definition of fuzzy
fields that allows for a straightforward application of Zadeh’s exten-
sion principle to define a solution to a fuzzy differential equation.
Next, we describe and analyze a Galerkin method to construct a
response surface for the solution of elliptic partial differential equa-
tions with a fuzzy diffusion coefficient. To assess the accuracy of this
Galerkin approximation, we derive a-priori error bounds using the
fuzzy supremum distance measure. By imposing some assumptions
on the fuzzy diffusion coefficient, we prove (sub-)exponential conver-
gence for approximations constructed from multivariate Chebyshev
polynomials. We end with a numerical experiment that confirms
our theoretical findings. Timings of the computations also show a
substantial speed-up in comparison to direct fuzzification of the pa-
rameterized PDE, justifying the use of response surface methods to
solve fuzzy differential equations.

Keywords : fuzzy partial differential equations, uncertainty quantification, or-
thogonal polynomials, Chebyshev polynomials, Galerkin approximation, spec-
tral method, exponential convergence.
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Abstract. Mathematical models in science and engineering often contain parameters that are
uncertain. These parameters are usually represented by random numbers, fields or processes. How-
ever, when the stochastic characteristics of these parameters are not precisely known, an interval
representation, or, more generally, a fuzzy representation may be more appropriate. This leads to
so-called fuzzy differential equations. Unfortunately, there is no real consensus in the literature on
how to define and interpret the solution to such equations. In this paper, we introduce a precise
definition of fuzzy fields that allows for a straightforward application of Zadeh’s extension princi-
ple to define a solution to a fuzzy differential equation. Next, we describe and analyze a Galerkin
method to construct a response surface for the solution of elliptic partial differential equations with a
fuzzy diffusion coefficient. To assess the accuracy of this Galerkin approximation, we derive a-priori
error bounds using the fuzzy supremum distance measure. By imposing some assumptions on the
fuzzy diffusion coefficient, we prove (sub-)exponential convergence for approximations constructed
from multivariate Chebyshev polynomials. We end with a numerical experiment that confirms our
theoretical findings. Timings of the computations also show a substantial speed-up in comparison
to direct fuzzification of the parameterized PDE, justifying the use of response surface methods to
solve fuzzy differential equations.
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1. Introduction. The uncertainties that arise in physical modeling can typically
be classified into two categories [27]. First, uncertainties that are irreducible and
inherent to the physics are called aleatoric. Second, uncertainties that follow from
an incomplete knowledge of the physics are called epistemic. Usually, both types of
uncertainties are modeled by random parameters. In case of epistemic uncertainties,
this practice can however lead to very unreliable results [24] because assumptions will
have to be made regarding the probability density function. Intervals, as well as fuzzy
numbers, fuzzy processes and fuzzy fields then offer an attractive alternative. They
require less information about the uncertainty, meaning that less possibly incorrect
information is added into the model. This makes them for example very useful in
the early design stages of an engineering application when little is known about the
specific details of the design.

In this paper we focus on the fuzzy modeling approach. It contains the use of
interval uncertainties as a simple subclass. More precisely, we will consider an elliptic
partial differential equation (PDE) with a fuzzy diffusion coefficient. Unfortunately,
there is no consensus in the literature on how to define or interpret the solution to
fuzzy differential equations. At least three classes of interpretations can be identified,
see, e.g., the discussion in [6, 16, 23, 31]. A first one is based on the concept of the
Hukuhara derivative [28, 15], another one on the theory of differential inclusions [1, 13]
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and a last one on Zadeh’s extension principle [20, 26]. It is this last interpretation that
we will be using. Zadeh’s extension principle [33] is at the core of most fuzzy calcula-
tions. Still, subtle differences can be found in the literature as to how the extension
principle should be applied to fuzzy differential equations. In this paper, we propose
a definition of fuzzy processes and fields allowing for a straightforward application of
Zadeh’s extension principle to fuzzy differential equations. It is a definition that is
somewhat similar to the definition in [20].

Whatever definition is adhered to, solving a fuzzy differential equation remains
very costly. While fuzzy calculations are defined by Zadeh’s extension principle, the
more practical α-cut approach [25] is more widely used to do the actual fuzzy com-
putations. The α-cut approach reformulates the fuzzy problem as a stacked interval
analysis problem. In case of a fuzzy PDE, the resulting interval computations then
usually amount to minimizing and maximizing the PDE solution value over a param-
eter domain (and parts of it) which is determined by the fuzzy input parameters.
In order to speed up this expensive optimization process, response surfaces can be
used [14]. Such a response surface, e.g., in the form of a multivariate polynomial, is
typically much cheaper to evaluate than the PDE solution operator. Problem however
with the response surface techniques that are currently used in the literature (see for
example [2, 8, 19]) is that they are often used in a black-box manner and have an
accuracy and convergence that is hard to quantify.

This paper is structured as follows. We start in §2 with a review of some neces-
sary background on fuzzy sets and numbers. In §3, we propose a new definition of
fuzzy fields. Section 4 describes then how this definition allows for a straightforward
application of Zadeh’s extension principle to fuzzy differential equations. We discuss
the response surface approach as an effective way to solve fuzzy differential equations
and introduce the fuzzy supremum distance, allowing for a proper error analysis in
the fuzzy sense. In §5, we turn to solving an elliptic partial differential equations
with a fuzzy diffusion coefficient. We describe a Galerkin method to construct a poly-
nomial response surface and derive some a-priori error bounds. By imposing some
assumptions on the fuzzy diffusion coefficient, which lead to analytic regularity of the
solution, we are then able to prove (sub-)exponential convergence in the fuzzy sense
of a response surface which is constructed from multivariate Chebyshev polynomials.
In §6, we end with some numerical experiments that confirm our theoretical findings.

2. Fuzzy sets, maps and numbers. We recall some concepts of fuzzy set
theory that will be used throughout the paper. For a more thorough treatise on
fuzzy sets and numbers, we refer to [17]. Fuzzy sets generalize the concept of classical
sets. Classical sets either contain an element or not. This is reflected in the fact
that the indicator function of a classical set only takes values 0 or 1. Fuzzy sets on
the other hand contain elements up to a certain degree of membership. Such a fuzzy
set is represented by a membership function that can take any real value in the unit
interval [0, 1]. More formally, a fuzzy set ã is defined as a pair (V, µã), where V is a
set and µã : V → [0, 1] is its membership function. Throughout this paper, we use a
tilde to denote a fuzzy set and F(V ) to denote the set of all fuzzy sets over V .

An important notion in fuzzy set theory is that of α-cuts and strong α-cuts. The
α-cuts of a fuzzy set ã are defined as [ã]α = {x ∈ V : µã(x) ≥ α} for α > 0. The
special case of α = 0 is referred to as the support of the fuzzy set and is defined as

[ã]0 =
⋃

α∈(0,1]

[ã]α, (2.1)
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The strong α-cuts are defined as [ã]α = {x ∈ Ω: µã(x) > α} for α ≥ 0.
The extension of a map f : V → W to a map f : F(V ) → F(W ) between fuzzy

sets—the so-called fuzzification of that map—is defined by Zadeh’s extension princi-
ple, that is, if ã = (V, µã), then f(ã) = (W,µf(ã)) with

µf(ã)(y) =

{
supx∈f−1(y) µã(x) if f−1(y) 6= ∅,
0 if f−1(y) = ∅. (2.2)

For reasons of notational brevity, we will further on omit the case of f−1(y) = ∅ when
writing down the specifics of a fuzzy map.

The effect of Zadeh’s extension principle on the strong α-cuts is easily seen to be

[f(ã)]α = {y : sup
x∈f−1(y)

µã(x) > α} = {y : ∃x ∈ f−1(y) : µã(x) > α}

= {f(x) : x ∈ [ã]α}, (2.3)

or more compactly,

[f(ã)]α = f([ã]α). (2.4)

This very useful property, which is known as the α-cut approach, provides an intuitive
insight into fuzzy computations and uncovers a close relationship between fuzzy and
interval analysis. Moreover, from a computational point of view, the α-cut approach is
often more convenient than a direct application of Zadeh’s extension principle. In [25],
it was proven that the α-cut approach also holds for regular (i.e., not strong) α-cuts
when f is continuous and all α-cuts [ã]α, 0 ≤ α ≤ 1, are compact.

Next, we consider the case of a map f : F(V ) × F(W ) → F(Z) with two input

arguments ã ∈ F(V ) and b̃ ∈ F(W ). Such a map is again simply defined by Zadeh’s

extension principle. We have that f(ã, b̃) = (Z, µf(ã,̃b)), with

µf(ã,̃b)(z) = sup
x,y : z=f(x,y)

µã,̃b(x, y), (2.5)

where µã,̃b(x, y) is the joint membership function of ã and b̃. A joint membership
function contains information about how fuzzy sets interact. Non-interactive fuzzy
sets for example have a joint membership function

µã,̃b(x, y) = min(µã(x), µb̃(y)). (2.6)

For f(ã, b̃), this results in a membership function

µf(ã,̃b)(z) = sup
x,y : z=f(x,y)

min(µã(x), µb̃(y)), (2.7)

and strong α-cuts

[f(ã, b̃)]α = {f(x, y) : x ∈ [ã]α, y ∈ [̃b]α}. (2.8)

Example. To illustrate the preceding concepts, we use the simple example of
the product of two fuzzy numbers. Fuzzy numbers are fuzzy sets over R with a
membership function that satisfies the following two properties: each α-cut is a closed
and bounded interval and [ã]1 is non-empty. Figure 2.1 shows the product c̃ = ã · b̃
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Fig. 2.1. Product c̃ = ã · b̃ (©) of the two non-interactive triangular fuzzy numbers ã =

triang(−2,−1, 0) (△) and b̃ = triang(0, 3, 4) (�). The full horizontal lines illustrate the α-cut ap-
proach for α = 0.7.

of the two non-interactive triangular fuzzy numbers ã = triang(−2,−1, 0) and b̃ =
triang(0, 3, 4). The operator triang(l, r, t) is used here as a short-hand notation for
a triangular fuzzy number with support [l, r] and top t. Using the α-cut approach,
the membership function of c̃ can easily be computed for a series of α-values. For
example, for α = 0.7, we have

[ã · b̃]0.7 = {x · y : x ∈ [ã]0.7, y ∈ [̃b]0.7}
= {x · y : x ∈ [−1.3,−0.7], y ∈ [2.1, 3.3]}
= [−4.29,−1.47].

3. Fuzzy fields. Intuitively, a scalar fuzzy field ã(·) is a fuzzy set which varies
over a spatial coordinate x ∈ Ω ⊂ Rd, i.e., ã(·) : Rd ⊃ Ω → F(R). While this definition
is useful to guide ones intuition, it is not sufficiently precise. It does not, for example,
provide direct information about the interactivity in the field, i.e., the correlation
between fuzzy values of the field at different locations in the spatial domain. This
lack of precision is particularly troublesome when trying to define the fuzzification of
differential operators.

We take a different perspective and consider the membership function µã(·)(a(·)),
which assigns a degree of membership to all possible realizations a(·) of the fuzzy field
ã(·). It leads us to a definition that is somewhat similar to the definition in [20].

Definition 3.1. A fuzzy field ã(·) over the spatial domain Ω ∈ Rd is a fuzzy set
over a function space V of functions defined on Ω, i.e., ã(·) ∈ F(V ).

Intuitively, the membership function µã(·) can be seen as the joint membership
function of all fuzzy values of the fuzzy field at all points in the spatial domain. It
carries all the interactivity information of the field. When V = C(Ω) for example, i.e.,
the space of continuous functions, we can easily derive the joint membership function
of ã(x(1)) and ã(x(2)), for some x(1), x(2) ∈ Ω, by Zadeh’s extension principle:

µã(x(1)),ã(x(2))(y
(1), y(2)) = sup

a(·) : y(1)=a(x(1)),y(2)=a(x(2))

µã(·)(a(·)), (3.1)

and the membership function of the fuzzy field at one particular point x ∈ Ω:

µã(x)(y) = sup
a(·) : y=a(x)

µã(·)(a(·)). (3.2)
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In the next section, we explain how this definition admits a straightforward ap-
plication of Zadeh’s extension principle to fuzzy differential equations. First, we show
how it allows the fuzzification of a classical differential operator towards one that
can be applied to fuzzy fields. The gradient of a fuzzy field ã(·), denoted as ∇ã(·),
can be defined as the set of gradients of all realizations of ã(·), completed with the
membership function

µ∇ã(·)(y) = sup
a(·) : y=∇a(·)

µã(·)(a(·)). (3.3)

Its strong α-cuts are

[∇ã(·)]α = {∇a(·) : a(·) ∈ [ã(·)]α}. (3.4)

4. Fuzzy differential equations.

4.1. Problem formulation. We consider a fuzzy elliptic partial differential
equation on a d-dimensional Lipschitz domain Ω ⊂ Rd with homogeneous Dirichlet
boundary conditions:

−∇· (ã(x)∇ũ(x)) = f(x) in Ω ⊂ Rd,
ũ(x) = 0 on ∂Ω,

(4.1)

with f the source term, ã the fuzzy input field and ũ the unknown fuzzy solution field.
Before we apply Zadeh’s extension principle, we rewrite (4.1) as a parameterized

deterministic PDE:

−∇· (a(x)∇u(x, a)) = f(x) in Ω ⊂ Rd,
u(x, a) = 0 on ∂Ω.

(4.2)

Here, and in the rest of this paper, the gradient operator ∇ is implicitly assumed to
be w.r.t. the spatial coordinate x only.

The solution of (4.2) can be written compactly as

u(·, a) = S (a) , (4.3)

with S the solution operator, which associates a diffusion coefficient a(·) with its
corresponding PDE solution. It is a map S : V →W , with V andW some appropriate
function spaces for which (4.2) is well defined. Using Zadeh’s extension principle, the
solution operator S can then be extended to a map S : F(V ) → F(W ), defining the
membership function of the solution ũ(·) = S(ã(·)) as

µũ(·)(u(·, a)) = sup
a(·) : u(·,a)=S(a)

µã(·)(a(·)), (4.4)

and the strong α-cuts as

[ũ(·)]α = {u(·, a) = S(a) : a(·) ∈ [ã(·)]α}. (4.5)

4.2. Finite dimensional input assumption. In many problems, the input
uncertainty has some intrinsic low dimensionality, meaning that realizations a(·) of
the field ã(·) ∈ F(V ) are elements of some low dimensional subspace of V . This
motivates us to consider the special case where ã(·) is a function of a finite number
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of fuzzy numbers (ξ̃1, ξ̃2, . . . , ξ̃Nξ) ∈ F(RNξ). To make this explicitly visible in our

notation, we write ã(·) ≡ a(·, ξ̃) and ũ(·) ≡ u(·, ξ̃), with ξ̃ ≡ (ξ̃1, ξ̃2, . . . , ξ̃Nξ).
The fuzzy PDE (4.1) can then be written as

−∇ · (a(x, ξ̃)∇u(x, ξ̃)) = f(x) in Ω,

u(x, ξ̃) = 0 on ∂Ω,
(4.6)

which—by our interpretation—has a solution that is defined by fuzzifization of the
solution operator S : RNξ →W of the parameterized deterministic PDE

−∇ · (a(x, ξ)∇u(x, ξ)) = f(x) in Ω,

u(x, ξ) = 0 on ∂Ω.
(4.7)

Further on, we refer to Ξ ≡ [ξ̃]0 as the uncertainty domain.

4.3. Solution of fuzzy PDE as an optimization problem. Often, one likes
to know the value of the fuzzy field ũ(·) at a particular point x ∈ Ω. If u(x, ξ)

is continuous in ξ and [ξ̃]α compact, computing [ũ(x, ξ)]α basically comes down to
solving an optimization problem because

[ũ(x, ξ)]α = u(x, [ξ̃]α) (4.8)

= {u(x, ξ) : u(·, ξ) = S(ξ), ξ ∈ [ξ]α} (4.9)

=

[
min
ξ∈[ξ̃]α

u(x, ξ), max
ξ∈[ξ̃]α

u(x, ξ)

]
. (4.10)

In practice, different α-cuts for a finite set of α-levels 0 = α0 < α1 < · · · <
αNα = 1 will be computed, which leads to a sequence of optimization problems with
decreasing size of the search space. In addition one might be interested in the fuzzy
solution at a set of points {x(i)}Nxi=1 ⊂ Ω or in the fuzzy value of a certain functional of
the fuzzy solution. It is clear then that this quickly leads to a very significant amount
of expensive optimization problems.

Sampling is a popular method in fuzzy calculations in order to reduce the opti-
mization cost. The solution u(·, ξ) = S(ξ) is computed for a set of samples {ξ(k)}Ns

k=1,

yielding a solution set {u(·, ξ(k))}Nsk=1. This solution set then serves as a highly reduced
search space as follows

[ũ(x, ξ)]α ≈
[

min
ξ∈{ξk}Nsk=1∩[ξ̃]α

u(x, ξ), max
ξ∈{ξk}Nsk=1∩[ξ̃]α

u(x, ξ)

]
. (4.11)

Practically, in a finite element calculation for example, the solutions u(·, ξk) are
represented by vectors that contain the numerical values of the solution at the finite el-
ement nodes. Computing an approximation to [ũ(x(i), ξ)]α for all finite element nodes
{x(i)}Nxi=1 at once then simplifies to an element-wise maximization and minimization
over the different solution vectors that belong to the corresponding α-cut.

The choice of sampling strategy obviously has serious implications on the accu-
racy. Classical methods like Monte–Carlo, stratified or equidistant sampling catch the
behavior of broad classes of functions rather well over their entire domain. Equidis-
tant sampling, for example, delivers the best approximation of the global extrema
amongst all non-adaptive sampling methods for Lipschitz continuous functions [12].
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These classical sampling methods however often miss the exact extrema on the differ-
ent α-levels. Other sampling methods like vertex-sampling and different variants of
the Transformation Method [11] try to avoid this problem by adding the vertices of

the different α-cuts of ξ̃ to the sampling set. For a function that is monotonic in every
argument, these sampling methods recover the exact extrema. Clearly, monotonicity
is a rather restrictive assumption. Still, these methods have proven to work well for
many practical engineering problems.

4.4. Response surface approach. Response surface approaches are frequently
used in the optimization of functions [14]. It therefore should not be a surprise that
they are popular in fuzzy computations too [2, 8, 19]. The expensive solution operator
S is substituted by a cheaper (but approximate) response surface Sr. Typically, such
a surface is constructed by interpolation, although other criteria are equally possible.
The uncertainty domain Ξ is sampled in a set of carefully chosen points {ξ(k)}Nsk=1, the

set of solutions {S(ξ(k))}Nsk=1 is computed, and then an approximation is constructed
of the form

ur(x, ξ) =

Nr∑

j=1

urj(x)rj(ξ). (4.12)

Here, {rj}Nrk=1 is a set of given basis functions and {urj(x)}Nrk=1 is the set of coefficients.
Note that the number of samples Ns and the number of basis functions Nr need not
necessarily be equal.

In §5, we describe a Galerkin approach to construct a response surface for prob-
lem (4.6). In order to be able to assess its accuracy and convergence in the fuzzy
sense, we need to define a distance measure for fuzzy sets.

4.5. A distance measure for fuzzy sets. The so-called supremum distance
for fuzzy sets [9] is a common measure for quantifying the distance between two fuzzy
sets. It is based on the Hausdorff distance dH(X,Y ), which is a measure of distance
between two subsets X and Y of a metric space (W,d),

dH(X,Y ) = max

{
sup
x∈X

inf
y∈Y

d(x, y), sup
Y ∈Y

inf
x∈X

d(x, y)

}
. (4.13)

Definition 4.1. Let d be a metric on the set W . The supremum distance d∞
on F(W ) is then defined as

d∞(ũ, ṽ) = sup
0≤α≤1

dH([ũ]α, [ṽ]α). (4.14)

This supremum distance is defined by the regular α-cuts. As explained in §2, the
extension of a map by Zadeh’s extension principle maps regular α-cuts, if that map
is continuous and if all α-cuts are compact. To avoid these restrictive assumptions
when assessing the accuracy of the numerical solution to (4.6) in §5, we will use a
slight variant of the supremum distance which is based on the strong α-cuts.

Definition 4.2. Let d be a metric on the set W . The supremum distance d∞
on F(W ) is then defined by

d∞(ũ, ṽ) = sup
0≤α<1

dH([ũ]α, [ṽ]α). (4.15)



8 S. CORVELEYN AND S. VANDEWALLE

By properties of the Hausdorff distance, this is a pseudo-metric for normal fuzzy sets,
with normality of a fuzzy set defined as follows.

Definition 4.3. The fuzzy set ũ is normal if and only if [ũ]1 is non-empty.

For the fuzzy fields ũ(·) ≡ u(·, ξ̃) and ṽ(·) ≡ v(·, ξ̃), both depending on the finite-

dimensional fuzzy vector ξ̃, we have that [ũ(·)]α = u(·, [ξ̃]α) and [ṽ(·)]α = v(·, [ξ̃]α).
Therefore, dH ([ũ]α, [ṽ]α) in (4.15) is equal to

max

{
sup

ξ(1)∈[ξ̃]α

inf
ξ(2)∈[ξ̃]α

d(u(·, ξ(1)), v(·, ξ(2))), sup
ξ(2)∈[ξ̃]α

inf
ξ(1)∈[ξ̃]α

d(u(·, ξ(1)), v(·, ξ(2)))
}
.

(4.16)

Clearly (4.16) is not cheap, nor easy to compute. To alleviate the error analysis
in §5, we derive a cheap upper bound.

Lemma 4.4. The distance d∞ between the fuzzy fields ũ(·) ≡ u(·, ξ̃) and ṽ(·) ≡
u(·, ξ̃) is bounded from above as

d∞(ũ, ṽ) ≤ sup
ξ∈Ξ

d(u(·, ξ), v(·, ξ)). (4.17)

Proof. The Hausdorff distance, given by (4.16), can be bounded as

dH ([ũ]α, [ṽ]α) ≤ sup
ξ∈[ξ̃]α

d(u(·, ξ), v(·, ξ)) ≤ sup
ξ∈Ξ

d(u(·, ξ), v(·, ξ)).

Hence, the bound in (4.17) follows immediately from (4.15).
Corollary 4.5. If u(·, ξ), v(·, ξ) ∈ W for all ξ ∈ Ξ, with (W, ‖ · ‖W ) a normed

vector space and d(·, ·) the induced metric, then

d∞(ũ, ṽ) ≤ sup
ξ∈Ξ

‖u(·, ξ)− v(·, ξ)‖W . (4.18)

5. Galerkin approximation. In this section, we study properties of the re-
sponse surface ug(x, ξ) constructed by a Galerkin projection of the weak form of (4.7).
If accuracy in the fuzzy sense is required, we know from Corollary 4.5 that accuracy
of supξ∈Ξ ‖u(·, ξ)− ug(·, ξ)‖W is a sufficient condition.

We start in §5.1 with the mathematical setting. In §5.2, we proceed with a
discussion of Cea’s lemma, which gives a bound for the approximation error ‖u −
ug‖H1⊗L2

w
. We rework this bound to a bound on supξ∈Ξ ‖u(·, ξ)− ug(·, ξ)‖H1 in §5.3.

Section 5.4 reviews a regularity result from [7], which allows the construction of a
rapidly converging Galerkin approximation ug in §5.5. To conclude, we explain in §5.6
how the Galerkin projection leads to a large linear system, and give some references
to efficient solution methods.

5.1. Weak formulation. To define the mathematical setting for the analysis
of (4.7), we choose appropriate function spaces. We consider a diffusion coefficient a
that satisfies a ∈ L∞(Ω) ⊗ L∞(Ξ) and a right-hand side f ∈ L2(Ω). The notation
L2
w(Ξ) will be used to denote the weighted L2-space over Ξ, with weighting function

w.
If we consider (4.7) as a parameterized PDE, we arrive at the parameterized weak

formulation.
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Weak Formulation 1. ∀ξ ∈ Ξ, find u(·, ξ) ∈ H1
0 (Ω) such that ∀v ∈ H1

0 (Ω)∫

Ω

a∇u · ∇v dx =

∫

Ω

fv dx. (5.1)

We could however also consider it as a PDE over the space Ω× Ξ.
Weak Formulation 2. Find u ∈ H1

0 (Ω)⊗L2
w(Ξ) such that ∀v ∈ H1

0 (Ω)⊗L2
w(Ξ),∫

Ξ

∫

Ω

a∇u · ∇v w(ξ)dxdξ =

∫

Ξ

∫

Ω

fv w(ξ)dxdξ. (5.2)

A connection between these two formulations is given next.
Lemma 5.1. Let the bilinear form in Weak Formulation 1 be continuous and

coercive for every ξ ∈ Ξ, i.e.,

|
∫

Ω

a∇u · ∇v dx| ≤ K(ξ)‖u‖H1‖v‖H1 , (5.3)

and ∫

Ω

a∇u · ∇u dx ≥ c(ξ)‖u‖2H1 . (5.4)

Denote by u(1) the solution to (5.1) and u(2) the solution to (5.2). If
∫
Ξ w(ξ)dξ = 1,

supξ∈ΞK(ξ) <∞ and infξ∈Ξ c(ξ) > 0, then

1. supξ∈Ξ ‖u(1)(·, ξ)‖H1 <∞
2. the bilinear form in Weak Formulation 2 is continuous:

|
∫

Ξ

∫

Ω

a∇u · ∇v w(ξ)dxdξ| ≤ sup
ξ∈Ξ

K(ξ)‖u‖H1⊗L2
w
‖v‖H1⊗L2

w
. (5.5)

3. the bilinear form in Weak Formulation 2 is coercive:
∫

Ξ

∫

Ω

a∇u · ∇uw(ξ)dxdξ ≥ inf
ξ∈Ξ

c(ξ)‖u‖2H1⊗L2
w
. (5.6)

4. u(1) = u(2) in the ‖ · ‖H1⊗L2
w
-norm.

Proof. For every ξ, the Lax–Milgram theorem ensures a unique solution u(1)(·, ξ).
This solution satisfies the estimate

‖u(1)(·, ξ)‖H1 ≤ ‖f‖L2

c(ξ)
, (5.7)

and therefore

sup
ξ∈Ξ

‖u(1)(·, ξ)‖H1 ≤ ‖f‖L2

infξ∈Ξ c(ξ)
<∞.

Continuity of the bilinear form in Weak Formulation 2 is an immediate conse-
quence of continuity of the bilinear form in Weak Formulation 1:

|
∫

Ξ

∫

Ω

a∇u · ∇v w(ξ)dxdξ| ≤
∫

Ξ

|
∫

Ω

a∇u · ∇v dx|w(ξ)dξ

≤ sup
ξ∈Ξ

K(ξ)

∫

Ξ

‖u‖H1‖v‖H1 w(ξ)dξ

≤ sup
ξ∈Ξ

K(ξ)‖u‖H1⊗L2
w
‖v‖H1⊗L2

w
. (5.8)
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where we used Hölder’s inequality in the last step. Coerciveness of the bilinear form
of Weak Formulation 2 is an immediate consequence of the coerciveness of the bilinear
form in Weak Formulation 1 as well:

∫

Ξ

∫

Ω

a∇u · ∇uw(ξ)dxdξ ≥ inf
ξ∈Ξ

c(ξ)

∫

Ξ

‖u‖2H1 w(ξ)dξ

= inf
ξ∈Ξ

c(ξ)‖u‖2H1⊗L2
w
. (5.9)

Because of continuity and coerciveness of the bilinear form in (5.2), we have
a unique solution u(2). Choose {ψj(ξ)}∞j=1 as orthonormal basis for L2

w(Ξ). As

supξ∈Ξ ‖u(1)(·, ξ)‖H1 < ∞ and
∫
Ξ
w(ξ)dξ = 1, we have u(1) ∈ H1

0 (Ω) ⊗ L2
w(Ξ). By

integrating (5.1) over Ξ, after multiplication by ψj(ξ)w(ξ), we have ∀v ∈ H1
0 (Ω),

∀ψj ∈ {ψj(ξ)}∞j=1,

∫

Ξ

∫

Ω

a∇u(1) · ∇vψj(ξ)w(ξ)dxdξ =

∫

Ξ

∫

Ω

fvψj(ξ)w(ξ)dxdξ. (5.10)

Hence, by continuity and linearity of the bilinear form, u(1) is a solution to Weak
Formulation 2 and equal to its unique solution u(2) in the ‖ · ‖H1⊗L2

w
-norm.

5.2. Discretization in uncertainty domain. In our error analysis, we will
only consider the error caused by the approximation in the uncertainty domain. Let

ΨNψ = span{ψj(ξ)}Nψj=1 ⊂ L2
w(Ξ), we then arrive at the following semi-discrete weak

formulation.
Weak Formulation 3. Find

ug,Nψ(x, ξ) ≡
Nψ∑

j=1

ugj (x)ψj(ξ) ∈ H1
0 (Ω)⊗ΨNψ , (5.11)

such that ∀v ∈ H1
0 (Ω)⊗ΨNψ ,

∫

Ξ

∫

Ω

a∇ug,Nψ · ∇v w(ξ)dxdξ =
∫

Ξ

∫

Ω

fv w(ξ)dxdξ. (5.12)

If the bilinear form is continuous and coercive, the error of the Galerkin approx-
imation ug,Nψ can be bounded from above by using Cea’s Lemma, as

‖u(2) − ug,Nψ‖H1⊗L2
w
≤ C min

v∈H1
0 (Ω)⊗ΨNψ

‖u(2) − v‖H1⊗L2
w
, (5.13)

with 1 ≤ C <∞ and u(2) the solution to (5.2).

When {ψj(ξ)}Nψj=1 is an orthonormal basis for ΨNψ , the minimum in the right
hand side is obtained by the truncated Fourier expansion

uf,Nψ ≡
Nψ∑

j=1

ufj(x)ψj(ξ), with u
f
j(x) =

∫

Ξ

u(x, ξ)ψj(ξ)w(ξ)dξ. (5.14)

Hence, we can rewrite (5.13) as

‖u(2) − ug,Nψ‖H1⊗L2
w
≤ C‖u(2) − uf,Nψ‖H1⊗L2

w
. (5.15)
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5.3. Error bound. In this section, we rework (5.15) to a bound on the error
supξ∈Ξ ‖u(·, ξ)−ug,Nψ(·, ξ)‖H1 . First, we start with some technical results for function
approximations within the functional setting of our PDE problem.

Lemma 5.2. Let u ∈ H1
0 (Ω) ⊗ L2

w(Ξ) and vNψ ∈ H1
0 (Ω) ⊗ ΨNψ , for which

‖u− vNψ‖H1⊗L2
w
≤ C‖u− uf,Nψ‖H1⊗L2

w
, then

‖uf,Nψ − vNψ‖H1⊗L2
w
≤

√
C2 − 1‖u− uf,Nψ‖H1⊗L2

w
, (5.16)

with uf,Nψ the truncated Fourier series as defined in (5.14) and {ψj(ξ)}Nψj=1 an or-

thonormal basis for ΨNψ ⊂ L2
w(Ξ).

Proof. By Pythagoras’ theorem, we have

‖u− vNψ‖2H1⊗L2
w
= ‖u− uf,Nψ‖2H1⊗L2

w
+ ‖uf,Nψ − vNψ‖2H1⊗L2

w
.

Combining this with ‖u− vNψ‖H1⊗L2
w
≤ C‖u− uf,Nψ‖H1⊗L2

w
, we arrive at (5.16).

Lemma 5.3. Let uNψ , vNψ ∈ H1
0 (Ω)⊗ΨNψ and ‖ψj(ξ)‖∞ ≡ supξ∈Ξ |ψj(ξ)| <∞,

j = 1, . . . , Nψ, then

sup
ξ∈Ξ

‖uNψ(·, ξ)− vNψ(·, ξ)‖H1 ≤
√
Nψ max

j=1...Nψ
‖ψj‖∞‖uNψ − vNψ‖H1⊗L2

w
, (5.17)

with {ψj(ξ)}Nψj=1 an orthonormal basis for ΨNψ ⊂ L2
w(Ξ).

Proof. Because uNψ , vNψ ∈ H1
0 (Ω)⊗ΨNψ , we can write uNψ =

∑Nψ
j=1 uj(x)ψj(ξ),

vNψ =
∑Nψ

j=1 vj(x)ψj(ξ). By the triangle inequality and the Cauchy–Schwarz inequal-
ity, we have

sup
ξ∈Ξ

‖uNψ(·, ξ)− vNψ(·, ξ)‖2H1 ≤



Nψ∑

j=1

‖uj − vj‖H1‖ψj‖∞




2

≤ Nψ

Nψ∑

j=1

‖uj − vj‖2H1‖ψj‖2∞

≤ Nψ max
j=1...Nψ

‖ψj‖2∞
Nψ∑

j=1

‖uj − vj‖2H1 .

By Parseval’s identity, we have
∑Nψ
j=1 ‖uj − vj‖2H1 = ‖∑Nψ

j=1(uj − vj)ψj‖2H1⊗L2
w
, such

that

sup
ξ∈Ξ

‖uNψ(·, ξ)− vNψ (·, ξ)‖2H1 ≤ Nψ max
j=1...Nψ

‖ψj‖2∞‖
Nψ∑

j=1

(uj − vj)ψj‖2H1⊗L2
w

= Nψ max
j=1...Nψ

‖ψj‖2∞‖uNψ − vNψ‖2H1⊗L2
w
.

Lemma 5.4. Under the assumptions of Lemma 5.2 and the extra conditions that
supξ∈Ξ ‖u(·, ξ)‖H1 <∞ and ‖ψj(ξ)‖∞ ≡ supξ∈Ξ |ψj(ξ)| <∞, j = 1 . . .Nψ, we have

sup
ξ∈Ξ

‖u(·, ξ)− vNψ(·, ξ)‖H1

≤ sup
ξ∈Ξ

‖u(·, ξ)− uf,Nψ(·, ξ)‖H1 + CNψ‖u− uf,Nψ‖H1⊗L2
w
,
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with

CNψ =
√
Nψ max

j=1...Nψ
‖ψj‖∞

√
C2 − 1. (5.18)

Proof. Both vNψ =
∑Nψ

j=1 vj(x)ψj(ξ) and the truncated Fourier series uf,Nψ ≡
∑Nψ

j=1 u
f
j(x)ψj(ξ) are elements of H1

0 (Ω) ⊗ ΨNψ . Obviously, their respective coeffi-

cients vj and ufj are elements of H1
0 (Ω). Because ‖ψj(ξ)‖∞ < ∞, we know that

supξ∈Ξ ‖vNψ(·, ξ)‖H1 <∞ and supξ∈Ξ ‖uf,Nψ(·, ξ)‖H1 <∞.
By the assumption that supξ∈Ξ ‖u(·, ξ)‖H1 <∞, we have by the triangle inequal-

ity:

sup
ξ∈Ξ

‖u(·, ξ)− vNψ(·, ξ)‖H1

≤ sup
ξ∈Ξ

‖u(·, ξ)− uf,Nψ(·, ξ)‖H1 + sup
ξ∈Ξ

‖uf,Nψ(·, ξ)− vNψ(·, ξ)‖H1 . (5.19)

Using Lemma 5.3 and Lemma 5.2, we have

sup
ξ∈Ξ

‖uf,Nψ(·, ξ)− vNψ (·, ξ)‖2H1 ≤ Nψ max
j=1...Nψ

‖ψj‖2∞
(
C2 − 1

)
‖u− uf,Nψ‖2H1⊗L2

w
.

Combine this with (5.19) to complete the proof.
Theorem 5.5. Let ug,Nψ be the Galerkin approximation as defined in Weak

Formulation 3 and u the solution to Weak Formulation 1. Under the assumptions of
Lemma 5.1 and ‖ψj(ξ)‖∞ ≡ supξ∈Ξ |ψj(ξ)| <∞, j = 1 . . .Nψ, we have

sup
ξ∈Ξ

‖u(·, ξ)− ug,Nψ(·, ξ)‖H1

≤ sup
ξ∈Ξ

‖u(·, ξ)− uf,Nψ(·, ξ)‖H1 + CNψ‖u− uf,Nψ‖H1⊗L2
w
.

with CNψ as defined in (5.18) for C =
supξ∈ΞK(ξ)

infξ∈Ξ c(ξ)
.

Proof. All the requirements are met to apply Lemma 5.1 ensuring that Weak
Formulation 2 has a continuous and bilinear form and supξ∈Ξ ‖u(·, ξ)‖H1 < ∞. By

Cea’s lemma, we have (5.15) with constant C =
supξ∈ΞK(ξ)

infξ∈Ξ c(ξ)
for the solution u(2) to

Weak Formulation 2. As u = u(2) in the ‖ · ‖H1⊗L2
w
-norm, the same inequality also

holds for u. We can now apply Lemma 5.4.
From this last theorem, it is only a small step to derive an upper bound for the

error of the Galerkin approximation in the fuzzy sense.
Theorem 5.6. Under the assumptions of Lemma 5.5, we have for ũ(·) ≡ u(·, ξ̃)

and ũg,Nψ(·) ≡ ug,Nψ(·, ξ̃), with ξ̃ some fuzzy set for which Ξ = [ξ̃]0, that

d∞(ũ, ũg,Nψ) ≤ sup
ξ∈Ξ

‖u(·, ξ)− uf,Nψ(·, ξ)‖H1 + CNψ‖u− uf,Nψ‖H1⊗L2
w
.

Proof. Combine Theorem 5.5 with Corollary 4.5.

5.4. Regularity. We review here a regularity result from [7]. It will allow the
construction of a Galerkin approximation ug,Nψ that converges (sub-)exponentially for



NUMERICAL SOLUTION OF FUZZY ELLIPTIC PDES 13

Nψ → ∞ in the fuzzy sense. Regularity of u is achieved by setting some conditions
on the diffusion coefficient a. A first condition is

0 < ǫ ≤ a(x, ξ) ≤ R <∞, x ∈ Ω, ξ ∈ Ξ, (5.20)

for some 0 < ǫ ≤ R <∞. It ensures continuity and coerciveness of the bilinear form.
A second condition is that a can be written as the sum of a function a0(x) ∈ L∞(Ω)
and a finite linear combination of functions ar(x) ∈ L∞(Ω), r = 1 . . .Nξ, i.e.,

a(x, ξ) = a0(x) +

Nξ∑

r=1

ξrar(x). (5.21)

Finally, it is assumed that

Ξ = [−1, 1]Nξ . (5.22)

By considering the complex extension of Weak Formulation 2 over the complex
domain

Ξc = ⊗Nξr=1{ξr ∈ C : |ξr| ≤ 1}, (5.23)

it is proven in Lemma 2.2 of [7] that under the stated assumptions (5.20)–(5.22), the
solution u1(·, ξ) is a H1

0 (Ω)-valued holomorphic function in the domain

Aδ = {ξ ∈ CNξ : δ ≤ ℜ(a(x, ξ)) ≤ |a(x, ξ)| ≤ 2R, ∀x ∈ Ω} (5.24)

with a certain 0 < δ < ǫ. Clearly, this domain contains Ξc.
Note that to match fuzzy problem (4.6) to the conditions (5.20)–(5.22), we simply

have to choose a fuzzy diffusion coefficient ã of the form

a(x, ξ̃) = a0(x) +

Nξ∑

r=1

ξ̃rar(x), (5.25)

with [ξ̃]0 = [−1, 1]Nξ , ar(x) ∈ L∞(Ω), r = 0 . . .Nξ, and such that (5.20) holds.

5.5. Convergence. It is well known in approximation theory that holomorphic
functions are well approximated by polynomials [10, 22]. For a convergence result in
stochastic applications, see for example Theorem 6.3 in [3], which proves exponential
convergence of ‖u−uf,Nψ‖H1⊗L2

w
for approximation spaces ΨNψ(n) constructed by the

full tensor-product of univariate Legendre polynomials up to degree n, for n→ ∞.
From Theorem 5.6, we know that convergence in the supξ∈Ξ ‖ · ‖H1-norm is a suf-

ficient condition for convergence in the fuzzy sense (observe that ‖u−uf,Nψ‖H1⊗L2
w
≤

supξ∈Ξ ‖u(·, ξ)− uf,Nψ(·, ξ)‖H1 ). Chebyshev polynomials are known for having near-
best approximation properties in the supremum norm for broad classes of func-
tions [21]. They are therefore an obvious choice as basis for the approximation spaces
ΨNψ .

Let T̂νr (ξr) be the normalized Chebyshev polynomial of the first kind of de-
gree νr, normalized w.r.t. the scaled weighting function ŵ(ξr) = 1

π
√

1−ξ2r
and let

ν = (ν1, ν2, . . . , νNξ) ∈ NNξ be a multi-index, with |ν|1 ≡ ∑Nξ
r=1 νr and |ν|0 the spar-

sity measure, i.e., the number of non-zero entries. We choose approximation spaces
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constructed from tensor-products of univariate Chebyshev polynomials up to a total
degree n, i.e.,

ΨNψ(n) = span{T̂ν(ξ) =
Nξ∏

r=1

T̂νr(ξr) : |ν|1 ≤ n}. (5.26)

They are of dimension Nψ(n) =
(Nξ+n)!
Nξ!n!

. More advanced approximation spaces

(anisotropic, sparse, low-rank, . . . ), as described in, e.g., [4, 5, 18, 30], are out of
the scope of this paper.

To see that we have (sub-)exponential convergence of d∞(ũ, ũg,Nψ) in Theorem 5.6
for approximation spaces of the form (5.26) under the regularity assumptions of §5.4,
we first prove the following lemma.

Lemma 5.7. Let u ∈ H1
0 (Ω) ⊗ L2

w(Ξ) and let ufν ∈ H1
0 (Ω) be the Fourier co-

efficient for u corresponding to T̂ν(ξ). If u(·, ξ) is holomorphic in the polyellipse

Eρ = ⊗Nξr=1{ 1
2 (zr + z−1

r ) ∈ C : |zr| ≤ ρr}, with ρr > 1, r = 1 . . .Nξ, then

‖ufν(·)‖H1 ≤
√
2
|ν|0

(2π)Nξ
sup
ξ∈Eρ

‖u(·, ξ)‖H1

Nξ∏

r=1

ρ−νr−1
r . (5.27)

Proof. By simple scaling we get

ufν(x) =

∫

Ξ

u(x, ξ)

Nξ∏

r=1

T̂νr (ξr) ŵ(ξr)dξ (5.28)

=
1

√
2
|ν|0

∫
Ξ u(x, ξ)

∏Nξ
r=1 Tνr(ξr)w(ξr)dξ∫

Ξ(
∏Nξ
r=1 Tνr(ξr))

2 w(ξr)dξ
, (5.29)

with Tνr(ξr) the unscaled Chebyshev polynomial of the first kind and degree νr, and
w(ξr) =

1√
1−ξ2r

.

Using the complex extension of the Chebyshev polynomials, the substitution ξr =
1
2 (zr + z−1

r ) and the fact that u(·, ξ) is holomorphic in Eρ, we have

ufν(x) =
1

√
2
|ν|0

2Nξ−|ν|0(iπ)Nξ

∮

C1

∮

C1

· · ·
∮

C1

g(x, z)

Nξ∏

r=1

z−νr−1
r dz (5.30)

=

√
2
|ν|0

(i2π)Nξ

∮

Cρ1

∮

Cρ2

· · ·
∮

CρNξ

g(x, z)

Nξ∏

r=1

z−νr−1
r dz, (5.31)

with z = (z1, z2, . . . , zNξ), Cα denoting the circle in the complex domain centered at
the origin with radius α, and g(x, z) ≡ u(x, ξ) by the substitution ξr =

1
2 (zr + z−1

r ).
(For more details on Chebyshev series in the complex domain, we refer to §5.10 in [22])

We arrive at

‖ufν(·)‖H1 ≤
√
2
|ν|0

(2π)Nξ

∮

Cρ1

∮

Cρ2

· · ·
∮

CρNξ

‖g(·, z)‖H1

Nξ∏

r=1

|zr|−νr−1 dz (5.32)

≤
√
2
|ν|0

(2π)Nξ
sup
ξ∈Eρ

‖u(·, ξ)‖H1

Nξ∏

r=1

ρ−νr−1
r . (5.33)
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A simpler, less tight bound is given next.
Corollary 5.8. Under the assumptions of Lemma 5.7, we have

‖ufν(·)‖H1 ≤M̺−|ν|1 , (5.34)

with M = 1

(
√
2π)Nξ

supξ∈Eρ ‖u(·, ξ)‖H1

∏Nξ
r=1 ρ

−1
r and ̺ = minr=1...Nξ ρr.

One can readily see now that (sub-)exponential convergence is achieved for the er-
ror of the Galerkin approximation in the fuzzy sense, under the regularity assumptions
of §5.4 and for ΨNψ(n) as defined in (5.26).

Theorem 5.9. Under the assumptions of Theorem 5.6 and under the condi-
tions (5.20)–(5.22), we have

d∞(ũ, ũg,Nψ) = O(̺−nnNξ) as n→ ∞, (5.35)

for ΨNψ(n) as defined in (5.26) and with ̺ > 1.

Proof. First, we note that ‖∏Nξ
r=1 T̂νr (ξr)‖∞ =

√
2
|ν|0 ≤

√
2
Nξ

, such that the
error constant CNψ in Theorem 5.6 is

CNψ ≤
√

(Nξ + n)!

Nξ!n!

√
2
Nξ

√
C2 − 1 = O(nNξ/2) as n→ ∞. (5.36)

Under the assumptions (5.20)–(5.22), it is proven in Lemma 2.2 of [7] that the
solution u1(·, ξ) is a H1

0 (Ω)-valued holomorphic function in a domain Aδ as defined

in (5.24). Obviously, there is a polyellipse Eρ = ⊗Nξr=1{ 1
2 (zr + z−1

r ) ∈ C : |zr| ≤ ρr} ⊂
Aδ, with ρr > 1, r = 1 . . .Nξ. By Corollary 5.8 and by using a similar argument as
in [30], Lemma A.1, we get

‖u− uf,Nψ‖H1⊗L2
w
=

√√√√
∞∑

|ν|1=n+1

‖ufν(·)‖2H1 = O(̺−nnNξ/2) as n→ ∞ (5.37)

and

sup
ξ∈Ξ

‖u(·, ξ)− uf,Nψ(·, ξ)‖H1 ≤
√
2
Nξ

∞∑

|ν|1=n+1

‖ufν(·)‖H1 = O(̺−nnNξ) as n→ ∞.

(5.38)

Combining (5.36)–(5.38) with Theorem 5.6, we arrive at (5.35).

5.6. Discretization in uncertainty and spatial domain. To conclude, we
show how the discretization in both the spatial domain Ω as well as the uncer-
tainty domain Ξ results in a large linear system of equations. By choosing ΦNϕ =

span{ϕi(x)}Nϕi=1 ⊂ H1
0 (Ω), one arrives at the following weak formulation.

Weak Formulation 4. Find

ug,Nϕ,Nψ(x, ξ) ≡
Nϕ∑

i=1

Nψ∑

j=1

ugijϕi(x)ψj(ξ) ∈ ΦNϕ ⊗ΨNψ , (5.39)

such that ∀v ∈ ΦNϕ ⊗ΨNψ ,
∫

Ξ

∫

Ω

a∇ug,Nϕ,Nψ · ∇v w(ξ)dxdξ =
∫

Ξ

∫

Ω

fv w(ξ)dxdξ. (5.40)



16 S. CORVELEYN AND S. VANDEWALLE

Under the assumption of (5.21), and by selecting NφNψ test functions v = ϕlψk,
l = 1 . . .Nφ, k = 1 . . .Nψ, we arrive at the system of equations

∫

Ξ

∫

Ω

(a0 +

Nξ∑

r=1

ξrar)∇
Nϕ∑

i=1

Nψ∑

j=1

ugijϕiψj · ∇ϕlψk w(ξ)dxdξ

=

∫

Ξ

∫

Ω

fϕlψk w(ξ)dxdξ.

(5.41)

After rearranging terms, equation (5.41) becomes

Nϕ∑

i=1

Nψ∑

j=1

ugij

∫

Ξ

ψkψj w(ξ)dξ

∫

Ω

a0∇ϕl∇ϕi dx

+

Nξ∑

r=1

Nϕ∑

i=1

Nψ∑

j=1

ugij

∫

Ξ

ξrψkψj w(ξ)dξ

∫

Ω

ar∇ϕl∇ϕi dx

=

∫

Ξ

ψk w(ξ)dξ

∫

Ω

ϕlf dx.

(5.42)

Alternatively, in matrix notation, this system can be formulated as




Nξ∑

r=0

Gr ⊗Ar


u = g ⊗ f , (5.43)

with

[G0]kj =

∫

Ξ

ψk(ξ)ψj(ξ)w(ξ)dξ and [Gr]kj =

∫

Ξ

ξrψk(ξ)ψj(ξ)w(ξ)dξ,

[Ar]li =

∫

Ω

ar(x)∇ϕl(x)∇ϕi(x) dx,

[g]k1 =

∫

Ξ

ψk(ξ)w(ξ)dξ and [f ]l1 =

∫

Ω

ϕl(x)f(x) dx,

and u the column-wise vectorization of the matrix [U ]ij = ugij .
The coefficient matrix of system (5.43) is of size (NψNφ × NψNφ) and; thus,

typically extremely large. For an overview of fast solvers for systems of that type, we
refer to [29, 32].

6. Numerical experiment.

6.1. Model problem and discretization. We consider the diffusion equa-
tion (4.6) on an L-shaped domain. First, we will discuss convergence and accuracy of
the Galerkin method for approximation spaces constructed from tensor-products of
univariate Chebyshev polynomials up to a total degree n as defined in (5.26). We will
compare our results to those obtained for a standard Kriging approach, which serves
as a representative of black-box response surface methods. Because a significant re-
duction in function evaluation time is the main motivation to use a response surface,
we also provide timing results of both approaches (referred to as the polynomial sur-
face ug,Nϕ,Nψ and the Kriging response surface ur,Nϕ,Nψ respectively) and evaluate
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∂u
∂n = 0
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Ω1

Ω2 Ω3

Fig. 6.1. The L-shaped domain.

those against timings that are obtained from the direct evaluation of the parameter-
ized deterministic PDE (5.1) (referred to as ug,Nϕ). We finish with an illustration of
the fuzzy solution of the PDE.

We have a 2-dimensional L-shaped domain (see Figure 6.1) with a Dirichlet bound-
ary condition u(x, ξ) = 30 on the inlet, a Dirichlet boundary condition u(x, ξ) = 0 on
the outlet and a Neumann boundary condition ∂u

∂n (x, ξ) = 0 on the rest of the bound-
ary. The source term f(x, ξ) is zero. We assume a partitioned domain Ω = Ω1∪Ω2∪Ω3,
where the fuzzy diffusion coefficient a(x, ξ) is modeled independently in each of
the sub-domains. In Ωj , j = 1, 2, 3, the diffusion coefficient ãj(x) = aj,0(x) +∑Nξj

i=1 aj,i(x)ξ̃j,i, with aj,i(x) the functions obtained from the Karhunen–Loève expan-

sion of a Gaussian stochastic field a(x, ω) ∼ N(1, ρ(x, x)), with ρ(x, y) = exp(−‖x−y‖1

Lc
)

the exponential covariance function.

To study the effect of the number of fuzzy parameters, we compare simulation
results for Nξ1 = Nξ2 = Nξ3 = 1, Nξ1 = Nξ2 = Nξ3 = 2 and Nξ1 = Nξ2 = Nξ3 =
3. This adds up to a total number of fuzzy input parameters of size 3, 6 and 9
respectively. The fuzzy numbers ξ̃j,i are chosen to be non-interactive and triangular:

ξ̃1,i = triang(25, 30, 35), ξ̃2,i = triang(4, 5, 6) and ξ̃3,i = triang(80, 100, 120). The
parameter Lc is 0.7 in Ω1, 0.3 in Ω2 and 0.1 in Ω3.

The spatial part of the problem is discretized by piecewise linear finite elements
ΦNϕ . We use three meshes in order to be able to examine the effect of mesh size
on the results. Three meshes will be considered of size Nϕ = 1048, Nϕ = 4090 and
Nϕ = 18868. They are constructed by an adaptive mesher applied to the deterministic
PDE with a diffusion coefficient equal to the mean field aj,0, j = 1, 2, 3.

To solve linear system (5.43), we apply the Preconditioned Conjugate Gradient
method. This can be done without explicitly constructing the coefficient matrix. As
preconditioner, we use the mean-field matrix I ⊗A0, with I the identity matrix. For
the relatively small systems that we consider here, the application of the Cholesky
decomposition of the matrix A0 appeared to be more efficient than the use of more
sophisticated, e.g., iterative, multigrid solvers.

For both the Kriging method and the direct evaluation of the parameterized
deterministic PDE, we are faced with solving the discretized version of (5.1), which
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Fig. 6.2. The error in the supξ∈Ξ ‖ · ‖H1 -norm of the polynomial surface (solid line) and the
Kriging surface (dashed line).

are systems of the form


A0 +

Nξ∑

r=1

ξrAr


u = f . (6.1)

with u a column vector containing the coefficients ugi of

ug,Nϕ =

Nϕ∑

i=1

ugiϕi(x). (6.2)

We solve (6.1) iteratively by the Preconditioned Conjugate Gradient method with the
Cholesky decomposition of A0 as preconditioner. Direct solvers are slightly faster for
this relatively small size of systems, but to make a fair comparison in computation
time to the polynomial response surface, we choose the iterative method.

6.2. Results. In Figure 6.2, we show the error of both response surfaces in
the supξ∈Ξ ‖ · ‖H1 -norm as a function of degree n. For a fair comparison between
the Kriging surface and the polynomial surface, the Kriging surface is constructed

with Nψ(n) =
(Nξ+n)!
Nξ!n!

number of samples. With the terminology “a Kriging sur-

face of degree n”, we mean then that it is constructed with
(Nξ+n)!
Nξ!n!

samples. On

the left plot, the error is shown for the three different meshes Nφ = 1048, Nφ =
4090 and Nφ = 18868 and a total number Nξ = 9 of fuzzy input parameters.
On the right, the error is plotted for Nφ = 18868 and three different numbers
of fuzzy input parameters Nξ = 3, Nξ = 6 and Nξ = 9. By error in the the
supξ∈Ξ ‖ · ‖H1 -norm, we mean supξ∈Ξ ‖ug,Nϕ − ug,Nϕ,Nψ‖H1 for the polynomial sur-

face and supξ∈Ξ ‖ug,Nϕ − ur,Nϕ,Nψ‖H1 for the Kriging surface, where the supremum
is approximated by a Monte–Carlo sampling.

For a comparison of the computation time of the polynomial surface, the Kriging
surface and the parameterized PDE, we make a distinction between setup time and
evaluation time. Setup of the parameterized PDE consists of the construction of the
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setup time eval time
Nφ = 1048 Nφ = 18868 Nφ = 1048 Nφ = 18868

PDE 0.0524 0.3638 0.0047 0.0340

Kriging
n = 1 0.1062 0.5344 0.0007 0.0009
n = 3 0.1665 1.3001 0.0007 0.0011
n = 5 0.3665 3.4787 0.0007 0.0017

Poly
n = 1 0.0754 0.4866 0.0005 0.0005
n = 3 0.0825 1.0148 0.0005 0.0008
n = 5 0.1467 2.1770 0.0005 0.0013

Table 6.1
Setup and evaluation time of the polynomial surface, the Kriging surface and the parameterized

deterministic PDE for Nξ = 3 fuzzy input parameters.

setup time eval time
Nφ = 1048 Nφ = 18868 Nφ = 1048 Nφ = 18868

PDE 0.1083 0.7949 0.0061 0.0508

Kriging
n = 1 0.2188 1.4160 0.0010 0.0012
n = 3 2.2849 26.225 0.0011 0.0042
n = 5 94.021 1413.7 0.0026 0.0280

Poly
n = 1 0.1307 1.2242 0.0006 0.0007
n = 3 0.6185 14.299 0.0007 0.0037
n = 5 5.5806 153.06 0.0029 0.0279

Table 6.2
Setup and evaluation time of the polynomial surface, the Kriging surface and the parameterized

deterministic PDE for Nξ = 9 fuzzy input parameters.

stiffness matrices Ar, r = 0 . . .Nξ in (6.1). For the Kriging method, there is an

extra cost of solving (6.1) for Nψ(n) =
(Nξ+n)!
Nξ!n!

different samples ξ(k) and fitting an

interpolating surface of the form

ur,Nϕ,Nψ(x, ξ) =

Nϕ∑

i=1

Nψ∑

j=1

urijϕi(x)rj(ξ). (6.3)

Setup of the polynomial surface amounts to the construction of Ar and Gr , r =
0 . . .Nξ, and solving (5.43).

By evaluation of the parameterized PDE, we mean solving system (6.1). By eval-
uation of the polynomial surface and the Kriging surface, we mean the computation

of the coefficients of ϕj(x) in (5.39) and (6.3), i.e., the computation of
∑Nψ

j=1 u
r
ijrj(ξ)

and
∑Nψ
j=1 u

g
ijψj(ξ) respectively. This requires the evaluation of the basis functions rj

and ψj in ξ and a matrix-vector product.
Table 6.1 gives an overview of setup time and evaluation time for the different

methods for degrees n = 1, 3, 5, mesh sizes Nφ = 1048, 18868 and a total number
Nξ = 3 of fuzzy input parameters. Table 6.2 shows the same for Nξ = 9.

Finally, we also depict the actual fuzzy solution of the fuzzy PDE for the Nξ = 9
case. Figure 6.3 illustrates the nature of the solution in three different ways. First, we
plotted the top value [ũg,Nϕ(·)]1, next the diameter of the support diam([ũg,Nϕ(·)]0),
and finally a cross-section of the solution ũg,Nϕ(·) along the dashed line. The fuzzifi-
cation was done by a vertex sampling with an additional equidistant sampling of the
uncertainty domain Ξ.

6.3. Discussion. The convergence graphs in Figure 6.2 clearly show exponential
convergence of the polynomial surfaces, confirming (5.35). The Kriging surfaces on
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Fig. 6.3. In (a) we show the top value of the fuzzy temperature field ũ(·) and in (b) the
diameter of the support of this field. Picture (c) shows the cross-section along the dashed line, with
the gray-scale colors representing the membership value µũ(x).

the other hand have a more irregular and slower convergence, and are significantly
less accurate. In the right plot, clear jumps between convergence graphs for different
numbers of fuzzy input parameters can be observed. This is most likely due to a
shrinking domain of holomorphicity of the solution u(·, ξ) when more fuzzy input
parameters are added to the model of the fuzzy diffusion coefficient.

When we interpret the timings in Table 6.1 and Table 6.2, we notice that setup
time and evaluation time for both the Kriging and the polynomial response surface
method are of the same order. There is a clear difference however between the param-
eterized PDE and both the response surface approaches. Setup time of the response
surfaces quickly becomes much larger for a growing approximation degree n than
setup time of the parameterized PDE. Evaluation time of the response surfaces is
much smaller than evaluation time of the parameterized PDE. This shows that only
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when many function evaluations are needed, the response surface approaches can out-
perform the parameterized PDE approach. This is typically the case when solving a
fuzzy PDE.

7. Conclusion. In this work, we proposed a new definition of fuzzy fields allow-
ing for a straightforward interpretation of fuzzy differential equations. We proposed
a Galerkin method to construct a response surface for the solution of elliptic par-
tial differential equations with a fuzzy diffusion coefficient. To assess the accuracy
of this Galerkin approximation, we derived a-priori error bounds using the fuzzy
supremum distance measure. By imposing some assumptions on the fuzzy diffusion
coefficient, which lead to analytic regularity of the solution, we were then able to prove
(sub-)exponential convergence for approximation spaces constructed from multivari-
ate Chebyshev polynomials. We ended with a numerical experiment that confirmed
our theoretical findings about the exponential convergence. Timings of the compu-
tations also showed a substantial speed-up in comparison to direct fuzzification of
the parameterized PDE, justifying the use of response surface methods to solve fuzzy
differential equations.
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