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The method known as the dominant pole algorithm (DPA) has previously been successfully
used in combination with model order reduction techniques to approximate standard linear
time-invariant dynamical systems and second order dynamical systems. In this paper, we
show how this approach can be adapted to a class of second order delay systems, which are
large scale nonlinear problems whose transfer functions have an infinite number of simple
poles. Deflation is a very important ingredient for this type of methods. Because of the
nonlinearity, many deflation approaches for linear systems are not applicable. We therefore
propose an alternative technique that essentially removes computed poles from the system’s
input and output vectors. In general, this technique changes the residues, and hence, modifies
the order of dominance of the poles, but we prove that, under certain conditions, the residues
stay near the original residues. The new algorithm is illustrated by a numerical example.
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1 Introduction

The analysis of vibrations often leads to large scale systems of ordinary differential equations. In
this paper, we consider a second order system with delays,{

M ẍ(t) + Cẋ(t) +Kx(t) = fu(t)−Gẋ(t− τ)− Fx(t− τ)
y(t) = d∗x(t)

(1.1)

where M,C,K ∈ Rn×n are mass, damping and stiffness matrices, respectively and G,F ∈ Rn×n
can be interpreted as matrices stemming from a delayed control of the system. The vector f ∈ Rn
is an external force, d ∈ Rn is the output vector and x(t) ∈ Cn is the state vector and u(t) is the
input and y(t) is the output; τ > 0 is the delay.

Many properties of vibrations can be studied in the frequency domain, here given by the Fourier
transform of the state equation (1.1),{

−ω2Mx(ω) + iωCx(ω) +Kx(ω) = fu(ω)− iωGe−iτωx(ω)− Fe−iτωx(ω)
y(ω) = d∗x(ω)

(1.2)

where we take u ≡ 1. A frequency domain representation is particularly useful when only a
particular frequency range is of interest. The relevant dynamical behaviour of a system can
indeed often be extracted from a given frequency range.

By eliminating the state x(ω) in (1.2) we have that the input and output in the frequency
domain are related by

y(ω) = H(iω)u(ω),

where H(iω) is called the frequency response function (FRF) and where H : C→ C

H(s) := d∗(s2M + sC +K + sGe−τs + Fe−τs)−1f (1.3)
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is called the transfer function and can be obtained by applying the Laplace transform to (1.1)
under the condition x(0) = 0.

As usual, we will define the poles of the system as the poles of H and denote them by λi, i ∈ N.
Note that a time-delay system generically has a countably infinite number poles since it has a
countably infinite number of eigenvalues [18, Chapter 1].

The analysis of vibrations originating from finite element discretizations normally leads to
second order systems with large sparse matrices. In such situations we often need to evaluate (1.3)
for a large number of values of the parameter ω. For each ω, a large sparse linear system needs to
be solved. In this context, the concept of model order reduction (MOR) involves approximating
(1.2) in some way such that the simulation is computationally cheaper but the relevant dynamics
of the system is maintained.

Model order reduction methods for standard linear time-invariant systems, where H is a ra-
tional function, have been extensively studied in the literature and the existing approaches have
advantages and disadvantages. There are, for instance, moment-matching approaches based on
Krylov methods which are usually cheap to compute, but do not always produce the most accurate
or smallest reduced model [1]. Balanced truncation is a technique which is optimal (in the sense of
Hankel norm error) [1, 16, 20, 21] and is based on classifying states in terms of controllability and
observability. Another class of approaches is based on a modal expansion and will be the type of
approach in this paper. See [24] and references therein for similar approaches. The essential idea
is to consider expansions of the type

H(s) ≈ H̃(s) :=

m∑
i=1

Ri
s− λi

, (1.4)

and approximate H by using only the terms which are (in some sense) dominant. The approxima-
tion is sometimes (e.g. [24]) called the modal equivalent (approximation) and it can be used for,
e.g., identification [28]. This approach is also referred to as modal truncation or modal superpo-
sition [3]. The subtle difference lies in that the dominant pole algorithm only computes the poles
that are dominant in the frequency response, whereas the modal truncation method uses all poles
corresponding to a frequency range.

In the presence of delays, the situation is more complicated and the model reduction approaches
for systems without delays mentioned above are normally not directly applicable. However, some
model reduction methods are available also for systems with delays. An extension of the one sided
moment matching Arnoldi method was recently proposed for time-delay systems [17]. There are
also methods with interpretations as rational approximations [15]. See the references in [17] for
more literature on MOR for time-delay systems. Note that the dominant pole algorithm has, to
our knowledge, not been extended and adapted for time-delay systems or more general nonlinear
systems.

In order to carry out model reduction based on dominant poles and to characterize the relevant
terms in an expansion similar to (1.4), we introduce the concept of dominance, justify an expansion
and derive formulae for this expansion in Section 2. We will adapt the method known as the
dominant pole algorithm (DPA) to compute the dominant poles, since it is known to favor poles
which are dominant [26]. The dominant pole algorithm (DPA) was introduced for first order
systems in [24], generalized to multiple-input-multiple-output (MIMO) systems in [23] and to
second order systems in [25]. The derivation presented in these works, which are based on Newton’s
method, carry over naturally to our context and we present the derivation in Section 3.

DPA can be improved in several ways. In the original version of the dominant pole algorithm
only one dominant pole could be found. Rommes and Martins [23–25] introduced a subspace
method with deflation in order to compute more than one pole. Deflation is important since
it removes converged poles from the system, so that they are not recomputed in the following
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iterations of DPA, at least not with finite dimensions. For linear systems, this corresponds well to
the deflation or locking of eigenvalues that are used in methods for large scale eigenvalue problems.
The deflation in [23–25] does not carry over to our context since they are based on a transformation
to first-order form which is not available for time-delay systems. For this reason, we will propose a
subspace method with new type of deflation (in Section 3.2). It is based on modifying f and d such
it is less likely that poles which are already computed (called deflated poles) will be recomputed.
As usual (in e.g. [25]) the reduced model is constructed by projecting the original system onto the
subspaces spanned by the right and left eigenvectors, computed by the dominant pole algorithm.

In this context we also wish to point out that there exist approaches for general nonlinear
dynamical systems. For example, the trajectory piecewise linear (TPWL) approach [19, 22, 29]
linearizes the nonlinear system around a finite number of suitably selected states and approximates
the nonlinear system by a piecewise linearization that is obtain from combining the (reduced)
linearized systems via a weighting procedure. Proper orthogonal decomposition (POD) is a method
that derives a reduced model for (a possibly nonlinear) system by taking snapshots in time [4,6,11].
POD does not need any information about the particular structure of the problem. As it is based on
the snapshots only, it may be applied in a straightforward fashion to arbitrary nonlinear problems.

The paper is organized as follows. In Section 2, we define the concept of poles, residues and
dominant poles. We introduce the definition of a system with an infinite number of simple poles.
In Section 3 we present the DPA for computing dominant poles which typically consists two steps:
modal expansion step (subsection 3.1) and projection step (subsection 3.2). Section 4 describes
the deflation technique. Numerical examples illustrating the deflation are given in Section 5.

2 Residue and ordering poles by dominance

The model reduction as well as the dominant pole algorithm we will present in later sections are
based on the fact that some poles of the system are more important than other. In this section
we will introduce an ordering concept of the poles, which is expressed in terms of coefficients in a
rational expansion of the inverse of an associated matrix functions. This expansion is called the
modal expansion. We first introduce the modal expansion for (1.1) by making an analogy with
matrix polynomials. Consider a matrix polynomial

P (λ) = A0 +A1λ+ · · ·+Amλ
m, A0, . . . , Am ∈ Cn×n,

and Am is non-singular. The problem of finding the triple (xi,yi, λi) such that

P (λi)xi = 0, y∗i P (λi) = 0 and xi 6= 0,yi 6= 0,

is called the polynomial eigenvalue problem (PEP). If all eigenvalues are simple, then the inverse
of the matrix polynomial P (λ) can be written as a sum of rank-one matrices. More precisely,

P (λ)−1 =

nm∑
i=1

xiy
∗
i

y∗i P
′(λi)xi

1

λ− λi
. (2.5)

This is shown in, e.g. [8]. In order to simplify the notation we will now introduce

A(λ) := λ2M + λC +K + λGe−λτ + Fe−λτ .

Hence,
A′(λ) = 2λM + C +Ge−λτ − λτGe−λτ − τFe−λτ .

We need an expansion similar to (2.5) for A(λ). The derivation of the expansion (2.5) in [8] is
based on rewriting the PEP as a generalized eigenvalue problem, i.e., it is based on a transformation
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to first-order form. The approach to rewrite the system to first order (as in [8]) is not applicable
in our context since time-delay systems can not be transformed to (finite-dimensional) first-order
systems. We are not aware of results similar to (2.5) for arbitrary nonlinearities. It does not
exist in the standard literature on time-delay systems [2, 10, 18] and the derivations for PEPs
(e.g. [8, 9, 14]) appear all to be based on linearization. For our setting, we can however derive
a result of the corresponding expansion which is not based on rewriting the system to (finite-
dimensional) first-order form.

Theorem 1 (Modal expansion) Suppose the time-delay system (1.1) only has simple eigenval-
ues and suppose M is non-singular. Let xi and yi are right and left eigenvectors corresponding
to eigenvalue λi, respectively. Then, for any s ∈ C such that s is not an eigenvalue, the transfer
function can be expanded as,

H(s) = d∗A(s)−1f =
∞∑
i=1

Ri
s− λi

, (2.6)

where Ri ∈ C is called the residue and given by

Ri =
(d∗xi)(y

∗
i f)

y∗iA
′(λi)xi

. (2.7)

Proof. First note that the inverse of A can be expanded as,

A(λ)−1 =

∞∑
i=1

Pi
λ− λi

. (2.8)

This follows from [7, Lemma 4.3.10] and the fact that the system (1.1) can be written as a first-
order time-delay system using a companion linearization process (under the assumption that M
is non-singular). The companion linearization is straightforward, but also given Section 3.2.

The rest of the proof consists of determining a formula for Pi from which (2.7) follows directly.
We multiply (2.8) from the right by (λ− λj)A(λ),

I(λ− λj) =

∞∑
i=1

λ− λj
λ− λi

PiA(λ)

=P1A(λ)
λ− λj
λ− λ1

+ · · ·+ Pj−1A(λ)
λ− λj
λ− λj−1

+ PjA(λ)+

Pj+1A(λ)
λ− λj
λ− λj+1

+ · · ·+ PmA(λ)
λ− λj
λ− λm

+ · · · . (2.9)

Since all eigenvalues are distinct and the equality must hold for any λ, it must hold for λ = λj .
All terms but one vanish and we have that

PjA(λj) = 0. (2.10)

Analogously, by multiplying (2.8) from the left by (λ− λj)A(λ), we also have that

A(λj)Pj = 0. (2.11)

Now note that A(λj) has a one-dimensional nullspace (since λj is simple) given by the eigenvectors.
From (2.10) and (2.11) it follows that Pj has the structure

Pj = γjxjy
∗
j , (2.12)
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where it remains to determine the scalar γj . The derivative of (2.9) with respect to λ is

I = P1A
′(λ)

λ− λj
λ− λ1

+ P1A(λ)
λj − λ1

(λ− λ1)2
+ · · ·+ PjA

′(λ)+

· · ·+ PmA
′(λ)

λ− λj
λ− λm

+ PmA(λ)
λj − λm

(λ− λm)2
+ · · · .

With λ = λj we find

I = P1A(λj)
1

λj − λ1
+ · · ·+ PjA

′(λj) + · · ·+ PmA(λj)
1

λj − λm
+ · · · .

Multiplication from the right and the left by xj and y∗j , respectively, and substitution of Pj from
(2.12), yields

γj =
1

y∗jA
′(λj)xj

. (2.13)

By combining (2.12) and (2.13) we have derived the explicit expression for Pi,

Pi =
xiy
∗
i

y∗iA
′(λi)xi

.

The residue expansion (2.6) follows directly from insertion into the formula for Pi. �

We will now introduce the concept of dominance. There are different ways to order the poles.
A common approach is to use the modulus of the residue and weight it such that eigenvalues close
to the imaginary axis have higher dominance [23–26].

Definition 1 The weighted residue, denoted by ρi, is defined as

ρi =
|Ri|
|Re(λi)|

, (2.14)

where Ri is the associated residue of eigenvalue λi.

Definition 2 The pole λi of H(s) with corresponding weighted residue ρi is called the dominant
pole if and only if

ρi > ρj

for all j 6= i.

Let us now assume that the terms in (2.6) are ordered following decreasing weighted residues,
i.e.,

ρ1 ≥ ρ2 ≥ ρ3 ≥ · · · .

This type of ordering is the basis for the methods known as modal truncation, where we approxi-
mate H(s) by

H(s) ≈ H̃(s) =

p∑
j=1

Rj
s− λj

. (2.15)

The terms of H̃(s) are thus ordered following decreasing modulus. This approach is successful we
have a good approximation even when p � n. We will see in the next section, how the left and
right eigenvectors associated with the poles in (2.15) will be used to build the reduced model.
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3 The dominant pole algorithm for time-delay systems

We have now defined (in Definition 2) the dominant poles as the poles with largest weighted
residues. The transfer function of a large-scale second order time-delay system usually has a small
number of dominant poles compared to the number of variables. In this section we want to make a
reduced model by projecting using the matrices X and Y ∈ Rn×p, whose columns are respectively
the right and left dominant eigenvectors. Then the reduced model becomes{

s2M̂ x̂(s) + sĈx̂(s) + K̂x̂(s) + sĜe−sτ x̂(s) + F̂ e−sτ x̂(s) = f̂u(s)

ŷ(s) = d̂
∗
x̂(s)

(3.16)

where M̂ = Y ∗MX, Ĉ = Y ∗CX, K̂ = Y ∗KX, Ĝ = Y ∗GX, F̂ = Y ∗FX ∈ Rp×p, f̂ = Y ∗f and
d̂ = X∗d ∈ Rp×1. An interesting and often useful property of reductions of this type is that the
structure is preserved, i.e., (1.2) and (3.16) are of the same type. The transfer function of reduced
system (3.16) is

Ĥ(s) = d̂∗Â(s)f̂

where Â(s) = s2M̂ +sĈ+ K̂+sĜe−τs+ F̂ e−τs. We ultimately wish to construct a reduced model

(3.16) where p� n and Ĥ(s) is a ‘good’ approximation to H(s).

The matrices X and Y are computed by using the dominant pole algorithm (DPA). In subsec-
tion 3.1 we extend the idea of DPA to nonlinear systems. In subsection 3.2, we introduce subspace
projection for computation of the full set of the dominant poles and the modal bases X and Y .

3.1 Simple dominant pole algorithm

Let the function Q : C→ C be defined by

Q(s) :=
1

H(s)
.

If s∗ ∈ C is a pole of the system, then Q(s∗) = 0, i.e., the poles of H(s) are the roots of Q(s). For
finding the roots of Q(s), we use Newton’s method. The derivative of Q(s) is

Q′(s) = −H
′(s)

H2(s)
,

where H ′(s) is given by
H ′(s) = −d∗A(s)−1A′(s)A(s)−1f.

In the same spirit as [5], the Newton scheme with initial pole estimate sk is

sk+1 = sk −
Q(sk)

Q′(sk)

= sk +
1

H(sk)

H(sk)2

H ′(sk)

= sk −
d∗vk

w∗kA
′(sk)vk

, (3.17)

where vk = A(s)−1f and wk = A(s)−∗d. The Newton scheme (3.17) is presented in Algorithm 3.1,
which we call DPATD.
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Algorithm 3.1 (DPATD)

INPUT: System (M,C,K,G, F, f,d, τ), initial value s, TOL� 1
OUTPUT: Dominant pole s, x,y right and left corresponding eigenvectors
1: repeat
2: Solve v ∈ C from A(s)v = f
3: Solve w ∈ C from A(s)∗w = c
4: Compute the new pole

s = s− d∗v

w∗A′(s)v

5: Let x = v
‖v‖ , y = w

‖w‖
6: until

max(‖A(s)x‖, ‖A(s)∗y‖) < TOL

3.2 Subspace projection and selection of dominant poles

The DPATD algorithm can compute only one dominant pole. In addition, its behavior is not
very easy to predict, in the sense that the Newton process may converge to any pole. In [26], it
is shown that the convergence is relatively reliable in the sense that the dominant pole is often
found. It appears to be more reliable than the Rayleigh quotient iteration method, which is a
Newton method for the eigenvalue problem. In order to increase the reliability even more, subspace
projection was used in [24]. In addition subspace projection speeds up the method and allows us
to compute more than one dominant pole. The idea of subspace projection originates from the
Jacobi-Davidson eigenvalue solver [27], which is a combination of the Newton process and subspace
projection. In the context of the computation of dominant poles, two subspaces are stored: one
for the search space of the right eigenvectors and one for the left eigenvectors. We denote them
by V and W , respectively. The overview of the dominant pole algorithm with subspace projection
for second order time-delay system (SPDPATD) is presented in Algorithm 3.2. We now discuss
the different steps of the algorithm.

Algorithm 3.2 (SPDATD)

INPUT: System (M,C,K,G, F, f,d, τ), initial value s in the upper half plane, TOL, kmin, kmax,
wanted number of poles pwanted.

OUTPUT: Dominant poles Λ = diag(λ1, · · · , λp), X, Y associated eigenvectors.
1: Set Λ = X = Y = V = W = [ ].
2: while size of Λ is less than pwanted do
3: Solve v from A(s)v = f .
4: Solve w from A(s)∗w = d.
5: Let V = orthogonal(V,v) and W = orthogonal(W,w).

6: [Λ̃, X̃, Ỹ ] = Solve eigenvalue problem (3.2).

7: [Λ̃, X̃, Ỹ ] = sort the [Λ̃, X̃, Ỹ ] in decreasing |Ri|/|Re(λi)| order.
8: Compute dominant Ritz triplet (λ,x,y)

λ = Λ̃(1), x = V X̃(:, 1), y = WỸ (:, 1), x = x/‖x‖, y = y/‖y‖.
9: if max(‖A(λ)x‖, ‖A(λ)∗y‖) < TOL then

10: Set Λ = [Λ, λ, λ], X = [X Re(x) Im(x)], Y = [Y Re(y) Im(y)]

11: Remove the first column from X̃ and Ỹ .
12: end if
13: if the number of columns of V and W is kmax, then
14: Let X̃kmin

= [x̃1, . . . , x̃kmin
] and Ỹkmin

= [ỹ1, . . . , ỹkmin
].

15: Orthogonalize the columns of X̃kmin and Ỹkmin .

16: Let V = V X̃kmin
and W = WỸkmin

.
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17: end if
18: Choose s as the most dominant unconverged pole in the upper half plane.
19: end while

The algorithm computes the poles one by one. The initial value of s is given as input to the
algorithm. For choosing the initial value, we let τ = 0 and solve the quadratic eigenvalue problem
(λ2M + λC + K + λG + F )x = 0 and choose the eigenvalue nearest the origin. We now discuss
the different steps of the algorithm.

In lines 3 and 4, we solve v and w from two linear systems. In our experiments, we used the
matlab backslash operator, which is a direct linear system solver. In production code, the matrix
factorization for A(s) could be reused for computing w, which basically reduces the computational
cost by two. Alternatively, an iterative linear system solver can be employed.

In line 5, the vector v is added to the matrix V , whose columns store the iteration vectors.
Similarly w is stored in W . Gram-Schmidt orthogonalization is used in order to obtain orthogonal
columns in V and W respectively.

In line 6, we solve a small scale but nonlinear eigenvalue problem

(λ̃2i M̃ + λ̃iC̃ + K̃ + λ̃iG̃e
−λ̃iτ + F̃ e−λ̃iτ )x̃i = 0, x̃i 6= 0 (i ∈ N),

(λ̃2i M̃ + λ̃iC̃ + K̃ + λ̃iG̃e
−λ̃iτ + F̃ e−λ̃iτ )∗ỹi = 0, ỹi 6= 0 (i ∈ N),

where M̃ = W ∗MV, C̃ = W ∗CV, K̃ = W ∗KV, G̃ = W ∗GV and F̃ = W ∗FV ∈ Rk×k. We assume
k � n. We therefore reformulate (3.2) as the following eigenvalue problem of double dimension{

(λ E −A0 −A1 e
−λτ ) ϕ = 0,

(λ E −A0 −A1 e
−λτ )∗ψ = 0,

where

E =

[
I 0

0 M̃

]
, A0 =

[
0 I

−K̃ −C̃

]
, A1 =

[
0 0

−F̃ −G̃

]
.

This problem can be solved by the Arnoldi method recently introduced in [13]. The vectors x̃i
and ỹi are simply obtained by an inverse iteration step:

x̃i = (λ̃2i M̃ + λ̃iC̃ + K̃ + λ̃iG̃)−1f̃

ỹi = (λ̃2i M̃ + λ̃iC̃ + K̃ + λ̃iG̃)−∗d̃

Note that any right-hand side of inverse iteration can be used. We use the eigentriplet (λ̃i, x̃i, ỹi)
to construct an approximate eigentriplet (λi,xi,yi) of the original problem

λi = λ̃i, xi = V x̃i, yi = W ỹi.

In line 7, the Ritz values are sorted in decreasing residue.

In line 8, we select the current most dominant pole that was not deflated yet and compute the
associated right and left Ritz vectors.

In lines 9-12, we check whether the computed poles are accurate using the residual norms
‖A(λ)x‖ and ‖y∗A(λ)‖, which are measures of the backward error. If the eigentriplet is considered
accurate, it is added to the list of known poles. Since the matrices in (1.1) are real, the eigenpairs
come in complex conjugate pairs, so we add Re(x) and Im(x) instead of x and x to X, and add
Re(y) and Im(y) to Y . In this way, X and Y are real matrices.

In each iteration, one vector is added to V and W respectively. When many poles are wanted
or the algorithm converges slowly, the bases may become very large. To reduce the storage cost,
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the bases V and W are shrinked when they each have kmax columns [24]. The new size of the
bases is kmin. The basis is chosen so that it spans the kmin most dominant Ritz vectors that have
not yet converged. Therefore, kmin is, by preference, larger than or equal to the remaining number
of poles to be computed. See lines 13–17.

In line 18, we select s as the most dominant unconverged pole. We make sure we always select
s in the upper half plane to prevent the selection of a pole in the lower half plane that was added
to the system in steps 9-13. It is indeed possible that if s is selected in the lower half plane,
we select the complex conjugate of the pole that just converged. This would obvously be a bad
selection.

After finding k dominant poles, the reduced system is constructed by projecting the original
system on X and Y , which contain the dominant right and left eigenvectors, respectively. The
structure of the original system is preserved by this projection, i.e., the reduced model is also a
time-delay system.

4 Deflation

As stated in the introduction, we need to extend Algorithm 3.2 with some procedure (called
deflation) in order to avoid that the algorithm converges to the same pole several times. We will
later illustrate the importance of this with an example in Section 5. See [23, 25] for deflation for
first and second order linear dynamical systems.

The deflation technique we will propose for our nonlinear case is conceptually different from
other approaches. We believe this is necessary, since the procedures for first and second order
systems do not seem to carry over to this nonlinear (and not polynomial) case. In the procedure
we propose, we will have to carry out a deflation procedure in each iteration step (and not only
when a pole is found). The procedure is also such that the residues of all poles change. Hence,
the order of dominance of the poles may change. We will however show that these changes are
reasonably small, at least for nearby poles.

The procedure is based on considering a modified system (which we will call the deflated
system) of the same type as (1.1),{

(s2M + sC +K + sGe−τs + Fe−τs)x(s) = f̃u(s)

y(s) = d̃
∗
x(s),

(4.18)

where we have changed the right-hand side vectors f and d. We will later let these right-hand
sides depend on the iterate sk and we will therefore now denote them as functions of s, f̃(s) and
d̃(s). Note that (4.18) and (1.2) generically have the same poles, but with different residues. We

denote the residue of λj associated with the deflated system (4.18) by R̃j

R̃j =

(
d̃∗(s)xj

)(
y∗j f̃(s)

)
y∗jA

′(λj)xj
. (4.19)

The general idea of the deflation technique we propose here is based on the fact that we can
influence the residues R̃j throughout the iteration by modifying f̃(s) and d̃(s). Suppose the
algorithm has already found the poles λ1, . . . , λm (called deflated poles). We would, ideally, like
to have the situation where

• the residues of the deflated poles (λ1, . . . , λm) are zero, i.e.,

R̃1 = · · · = R̃m = 0, (4.20)
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and

• the residues of the other poles remain unchanged, i.e.,

R̃i = Ri for all i > m. (4.21)

In this situation, we would not recompute solutions since the computed poles have zero residues.
Moreover, the algorithm would be likely to converge to the next not-yet-computed dominant pole.
The ideal situation does not appear to be achievable with the freedom aviable in (4.18), due to
the nonlinearity of A(s). With the ideal situation in mind, we can however design a reasonable
way to choose f̃(s) and d̃(s) and control the residues, such that (4.20) holds and (4.21) holds
approximately.

We propose to select f̃(s) and d̃(s) as follows. Suppose the algorithm has already converged
to m poles λ1, . . . , λm, which we now wish to deflate. We will start by considering f̃(s) and d̃(s)
of the form {

f̃(s) = f −A(s)Xmam

d̃(s) = d−A(s)∗Ymbm
(4.22)

where Xm = [x1, x2, · · · , xm], Ym = [y1, y2, · · · , ym] are right and left converged eigenvector
matrices and am and bm are to be determined. In order to achieve properties similar to the ideal
situation described above, it is natural to impose Y∗mf̃(s) = 0 and d̃∗(s)Xm = 0, since we want
(4.20), i.e., that the residues (4.19) corresponding to the deflated poles vanish. These conditions
lead to the following choice of the coefficients am = [α1, . . . , αm]T and bm = [β1, . . . , βm]T ,{

am = (Y ∗mA(s)Xm)−1(Y ∗mf)

bm = (Y ∗mA(s)Xm)−∗(X∗md).
(4.23)

Note that the generic situation is that Y ∗mA(s)Xm is not singular. This can, of course, in general,
not be guaranteed. Suppose that Y ∗mA(s)Xmz = 0 and t∗Y ∗mA(s)Xm = 0 for z 6= 0 and t 6= 0.
Then s is an eigenvalue of the non-linear eigenvalue problem Y ∗mA(s)Xm. If A(s) would be linear
in s, this would be impossible when s is different from λ1, . . . , λm. For a non-linear problem, it
is possible. In our numerical experiments, we did, however, not encounter any difficulties of this
kind.

From the reasoning above we have the following conclusion.

Theorem 2 By choosing f̃(s) and d̃(s) according to (4.22) and (4.23), the residue of the deflated
poles vanish for almost all s, i.e.,

R̃1 = · · · = R̃m = 0.

Recall that in the ideal situation we would also like the residues of not-yet-converged poles to
not change much, preferably not at all as in (4.21). We will show that with the choice (4.22) and
(4.23) the change of residue is small for the eigenvalues near s. Since the eigenvalues far away
from s are unlikely to be computed (unless perhaps, a far away pole would appear to be very
dominant), the change of residue of far away poles is not as important as the residue for nearby
poles. This is shown in the following theorem.

Theorem 3 Suppose λj is a simple (not deflated) pole with corresponding eigentriplet (λj ,xj ,yj).

By choosing f̃(s) and d̃(s) according to (4.22) and (4.23), the change of the residue Rj when
deflating is linear in the difference s− λj, i.e.,

R̃j −Rj = O(s− λj),

where Rj is given by (2.7) and R̃j is given by (4.19).
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Proof. In this proof, we will need to use the fact that{
Y ∗mA(s)xj = (s− λj)Y ∗mA′(λj)xj +O

(
(s− λj)2

)
y∗jA(s)Xm = (s− λj)y∗jA′(λj)Xm +O

(
(s− λj)2

)
.

(4.24)

This follows directly from the Taylor expansion of A(s) around λj ,

A(s) = A(λj) + (s− λj)A′(λj) +O
(
(s− λj)2

)
,

and that A(λj)xj = 0 and y∗jA(λj) = 0.

We now form the difference R̃j − Rj and note that R̃j and Rj have the same denominator.

The numerator of R̃j −Rj is

(d̃∗(s)xj)(y
∗
j f̃(s))− (d∗xj)(y

∗
j f). (4.25)

Substitute the definition of d̃(s) and f̃(s), i.e., (4.22), in (4.25). We have

(d̃∗(s)xj)(y
∗
j f̃(s))− (d∗xj)(y

∗
j f) =

−d∗xjy
∗
jA(λj)Xmam − bmY

∗
mA(λj)xjy

∗
j f + bmY

∗
mA(λj)xjy

∗
jA(λj)Xmam.

(4.26)

By using (4.24) in (4.26), it follows that

(d̃∗(s)xj)(y
∗
j f̃(s))− (d∗xj)(y

∗
j f) =

− d∗xj(s− λj)y∗jA′(λj)Xmam − bm(s− λj)Y ∗mA′(λj)xjy∗j f
+ bm(s− λj)2 Y ∗mA′(λj)xjy∗jA′(λj)Xmam +O((s− λj)2),

which proves the theorem. �

We are now ready to modify Algorithm 3.2 using deflation. The algorithm is modified in two
places. First, we use the modified residues R̃j in line 7 to make sure that deflated eigenvectors do
not remain dominant. We noticed, by numerical experiments, that this selection was important for
the reliability of the method. However, the modified residues may change the order of dominance
of the poles, which may lead to a wrong selection to continue the method. In the following section,
we will show a numerical example arising from a second order system with delay for which the
impact of the change of residue appears to be minor.

Second, we change f and d by the formula (4.22), where Xm (and Ym) contain the deflated
right (and left) eigenvectors, as well as their complex conjugates. With the modified f and d, the
deflated vectors have residue zero and are expected not to appear in the solution of the system.
The new vector to expand the subspace is thus

v = A(s)−1(f −A(s)Xmam) = A(s)−1f −Xmam. (4.27)

Note, that if the deflated vectors x1, . . . ,xm are spanned by the columns of V (and similarly,
y1, . . . ,ym are spanned by the columns of W ), then after orthogonalization against the columns
of V , the term Xmam disappears since it is spanned by the columns of V . That implies that
the deflation formulae do not change the subspace. This is not the case when also the complex
conjugate vector is used in the deflation, as we do in our algorithm. In this case, there are xj ,
j ∈ {1, . . . ,m} that are not in the range of V .

The use of deflation leads to the following algorithm:

Algorithm 4.1 (SPDATD)
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INPUT: System (M,C,K,G, F, f,d, τ), initial value s in the upper half plane, TOL, kmin, kmax,
wanted number of poles pwanted.

OUTPUT: Dominant poles Λ = diag(λ1, · · · , λp), X,Y associated eigenvectors.

1: Set Λ = X = Y = V = W = [ ], f̃ = f , d̃ = d
2: while size of Λ is less than pwanted do
3: Let f̃ = f −X(Y ∗A(s)X)−1Y ∗f and d̃ = d− Y (Y ∗A(s)∗X)−∗Y ∗d.
4: Solve v from A(s)v = f̃
5: Solve w from A(s)∗w = d̃
6: Let V = orthogonal(V,v) and W = orthogonal(W,w)

7: [Λ̃, X̃, Ỹ ] = Solve eigenvalue problem (3.2)

8: [Λ̃, X̃, Ỹ ] = sort the [Λ̃, X̃, Ỹ ] in decreasing |R̃i|/|Re(λi)| order
9: Compute dominant Ritz triplet (λ,x,y)

λ = Λ̃(1), x = V X̃(:, 1), y = WỸ (:, 1), x = x/‖x‖, y = y/‖y‖
10: if max(‖A(λ)x‖, ‖A(λ)∗y‖) < TOL then
11: Set Λ = [Λ, λ, λ], X = [X Re(x) Im(x)], Y = [Y Re(y) Im(y)]

12: Remove the first column from X̃ and Ỹ .
13: end if
14: if the number of columns of V and W is kmax, then
15: Let X̃kmin

= [x̃1, . . . , x̃kmin
] and Ỹkmin

= [ỹ1, . . . , ỹkmin
].

16: Orthogonalize the columns of X̃kmin
and Ỹkmin

.

17: Let V = V X̃kmin
and W = WỸkmin

.
18: end if
19: Choose s as the most dominant unconverged pole in the upper half plane
20: end while

Note that, in practice, we will not add x and x to X at convergence. We rather add the real and
imaginary parts of x to X. Also, when λ is real, we do not add the complex conjugate vectors.
This makes the suspace real and reduces its storage cost by a factor two. It is easy to see that the
computation of am and bm can still be performed in the same way, i.e., by using (4.23).

5 Numerical example

In this section, we illustrate SPDPATD (Algorithm 4.1) for a second order TDS problem, arising
from a coupled mass-spring system with dampers and feedback controls with delay shown in
Figure 1. (See [12] for a similar but small scale problem.) It includes n masses, n springs and n
dampers. The order of the system is therefore n. A feedback controller with delay is added to the
q left-most masses in the figure. The matrices M,C,K ∈ Rn×n from (1.1) are

M =


m

m
. . .

m

 , K =


2κ −κ
−κ 2κ −κ

. . .
. . .

. . .

−κ 2κ −κ
−κ κ

 ,

C =



3c −2c
−2c 3c −c

−c 3c −2c
. . .

. . .
. . .

−c 3c −2c
−2c 2c


,
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m m m

x2 xn

k k

c 2c c 2c

f

k k

x1

Figure 1: mass-dual system under the state feedback with time-delay

with mass m = 1, damping c = 0.2 and spring stiffness κ = 1. The control matrices F and
G ∈ Rn×n are given by

F =


0.3 −0.3 0
0 0.3 −0.3 0q×(n−q)

. . .
. . .

. . .

0 0.3 −0.3
0(n−q)×q 0

 ,

G =


0.1 −0.1 0
0 0.1 −0.1 0q×(n−q)

. . .
. . .

. . .

0 0.1 −0.1
0(n−q)×q 0

 .

The external force f is a vector with zeros everywhere, except the last entry which is one and we
set d = f . We chose delay τ = 2. In our experiments, we selected n = 1000 and q = 100. The
goal is to compute the transfer function for s ∈ i[0, 0.05].

5.1 Illustration of the reduction

We will first demonstrate that the reduced model resulting from computation with Algorithm 4.1,
is accurate and has the expected features.

The algorithm is executed with the following parameters. We use that the initial s is chosen
from the dominant pole of the problem with τ = 0, which can be computed, e.g., using [25]. In our
case, the initial value was s = 0.000000902811790 + 0.001737926450381i. The frequency response
function (1.3) has one pole near this initial value, and therefore computes the first dominant pole
in one iteration only. In our runs, we never shrinked the subspace as indicated in lines 15–19:
kmax was always larger than the number of vectors in V and W . For the solution of the small
scale eigenvalue problem using the Arnoldi method [13] in line 7 of Algorithm 4.1, we performed as
many iterations as required to obtain accurate eigenvalues estimates of the dominant Ritz values.

Figure 2 illustrates the reduction with p = 14 and p = 30 for TOL = 10−6. We notice that
the frequency response (or transfer function) is well approximated near the first p/2 peaks. The
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positions of those peaks are close to the imaginary parts of the computed dominant poles. Recall
that the poles are complex and the matrices are real. As mentioned before, we also add the
complex conjugate of the found dominant poles in order to obtain a real reduced system. We
therefore have to compute only p/2 (complex) poles.

We notice that with TOL = 10−3, some of the low frequency peaks are missing and the
positions of the other peaks are not accurate in the frequency response function of the reduced
model (as may be expected with such a large value of TOL). We also observed (without presenting
the plots) that no higher accuracy was obtained for smaller TOL than 10−6.
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(a) p = 14, TOL = 10−6

0 0.02 0.04 0.06
10

−1

10
0

10
1

10
2

10
3

10
4

10
5

ω

|H
(i
ω

)|

 

 

Original (n=1000)

Reduced (p=30)

Error

(b) p = 30, TOL = 10−6

Figure 2: Transfer functions of the original large scale and reduced models, and the error |Ĥ −H|
for different p.

5.2 Illustration of the change or residue

We pointed out in Section 4 that an important property of the proposed deflation strategy is that
the residues change and we justify with theory (in Theorem 3) that the change should typically be
small. We now wish to illustrate the impact of the change of the residue in Algorithm 4.1 again
for the example above. In these simulations we fix TOL = 10−6 and p = 14.

Figure 3 is a visualization of the residue and change of residue. The figure should be interpreted
as follows. In both of the subfigures, the printed iteration numbers (on the horizontal axis)
correspond to iterations at which a pole has been flagged converged, i.e., a pole is flagged as
converged in iteration 1, 14, 16, 18, 19 and 20. Figure 3(a) shows the relative change in residue,

i.e., |R̃j − Rj |/|Rj |, for the seven dominant poles as a function of the iteration count. We first
observe that the relative change is of order 10−6 which is, at least in this situation, sufficiently
small to not change the order of dominance for the poles. This can also be observed in Figure 3(b),
where we visualize the modified residue as a function of the iteration. It is clear from Figure 3(b),
that the order of dominance, determined by (2.14), did not change in the presence of deflation.
We also observe Figure 3(b) that (as predicted by Theorem 3) when s converges to a pole, the
relative change of residue converges to zero.
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Figure 3: Figure (a): the lines show the relative change of the residues of the seven dominant
poles at each iteration. The poles λi(i = 1, . . . , 7) have converged at iterations 1, 14, 16, 18, 19,
20, and 21, respectively. Each line corresponds to a pole. Figure (b) shows the absolute values of
the modified weighted residues for each iteration. Each line corresponds to a pole.

5.3 Further insight in the deflation

In order to provide further insight into the impact of the deflation strategy, we will now consider
some variants of Algorithm 4.1. In a sense, the deflation has an impact in two places in Algo-
rithm 4.1: the expansion step with deflated right-hand sides (lines 4–5) and the ordering of the
poles using modified residues in line 8. We will now treat these components separately and turn
off the impact of the deflation of one component at a time. For our purposes it will be sufficient
to first consider the following variations on Algorithm 4.1:

V1 This is Algorithm 4.1 without any changes.

V2 The second variation uses the deflated right-hand sides in lines 4 and 5 of Algorithm 4.1, but
uses the original residues, i.e., Rj instead of R̃j in line 8.

V3 The third variation uses unchanged right-hand sides f and d in lines 4 and 5 of Algorithm 4.1,
but uses the modified residues R̃j .
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Variant deflated deflated λ1,2 λ3,4 λ5,6 λ7,8 λ9,10 λ11,12 λ13,14
right-hand sides residue

(lines 4–5) (line 8)
V1 Yes Yes 1 14 16 18 19 20 21
V2 Yes No 1 – – – – – –
V3 No Yes 1 4 6 8 9 11 12

Table 1: Convergence of the poles: iteration number at which λj converged. A dash indicates, the
pole was missed.

Note that the fourth combination (unchanged right-hand side and original residue) completely
fails by converging to the first dominant pole all the time and will hence not be reported here.
For all runs, we used the same algorithmic parameters: p = 14, kmax = 50, TOL = 10−6 and
s0 = 9.0281 × 10−7 + 1.7379 × 10−3i. The results are summarized in Table 1. The table shows
the convergence history for the different approaches, i.e., the iteration number at which the poles
were computed. Note that poles appear in pairs, since λ2j = λ2j−1, j = 1, . . . , 7. We draw the
following conclusion from Table 1. Both V1 and V3 solve the problem, whereas variant V2 fails.
This indicates the importance of the deflation in the selection step (line 8) in the algorithm. The
deflation does apparently not play an important role in the expansion step (lines 4,5) as similar
(or even better) properties are observed when using the original (non-deflated) f and d.

6 Conclusions and outlook

In this paper, we modified the dominant pole algorithm, which was initially designed for linear
problems, to solve nonlinear systems whose transfer function has an infinite number of simple
poles. We applied the algorithm to a large system with time-delay. The major novelty was the
introduction of a deflation strategy. We showed that the deflation strategy works well for the
problem that we solved. We illustrated the important properties of the deflation strategy: the
residues of the poles change, but converge to the original residues after a number of iterations.

Finally, we wish to comment on generality of the method. Extensions of the algorithm to other
non-linear problems are possible. For any non-linear system for which a modal expansion of the
form (2.6) exists, and the projected eigenvalue problem (3.2) can be solved, the dominant pole
algorithm could be considered as a method for model order reduction.
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