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Abstract

Given a positive bounded Borel measure p on the interval [—1, 1],
we provide convergence results in L5-norm to a function f of its se-
quence of rational interpolating functions at the nodes of rational
Gauss-type quadrature formulas associated with the measure u. As
an application, we construct rational interpolatory quadrature for-
mulas for complex bounded measures o on the interval, and give
conditions to ensure the convergence of these quadrature rules. Fur-
ther, an upper bound for the error on the nth approximation and an
estimate for the rate of convergence is provided for these quadrature
rules. Additionally, we briefly give similar results for certain ra-
tional interpolatory quadrature formulas associated with measures
supported on the complex unit circle.
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RATIONAL INTERPOLATION AND QUADRATURE ON THE
INTERVAL AND ON THE UNIT CIRCLE*

KARL DECKERS! AND ADHEMAR BULTHEEL?

Abstract. Given a positive bounded Borel measure p on the interval [—1,1], we provide con-
vergence results in Lg-norm to a function f of its sequence of rational interpolating functions at the
nodes of rational Gauss-type quadrature formulas associated with the measure p. As an applica-
tion, we construct rational interpolatory quadrature formulas for complex bounded measures o on
the interval, and give conditions to ensure the convergence of these quadrature rules. Further, an
upper bound for the error on the nth approximation and an estimate for the rate of convergence is
provided for these quadrature rules. Additionally, we briefly give similar results for certain rational
interpolatory quadrature formulas associated with measures supported on the complex unit circle.

Key words. Orthogonal rational functions, rational interpolation, rational quadrature rules,
error bound, convergence rate.

AMS subject classifications. 42C05, 65D30, 65D32

1. Introduction. The central object of study in this paper is an integral of the
form

T.(f) = / f@)ia)

where o is a (possibly complex) bounded measure with infinite support on the in-
terval I = [—1,1]. Such integrals can be approximated by interpolatory quadrature
rules with interpolation points that are zeros of orthogonal polynomials and are all in
I. However, since o need not be positive, one needs to introduce an auxiliary posi-
tive orthogonality measure . This leads to Gauss quadrature formulas with positive
weights that approximate integrals of the form J,(f), and have a maximal (polyno-
mial) domain of validity. If one of the endpoints (Radau) or both of them (Lobatto)
are imposed as additional nodes, we get more general Gauss-type quadrature rules.
In the ideal situation g “resembles” o as much as possible.

However, when f has singularities outside (but possibly close to) the interval
I, it is often more appropriate to not consider a maximal polynomial domain of
validity, but rather consider more general spaces of rational functions. In such a
case the orthogonal polynomials are replaced by orthogonal rational functions with
preassigned poles (to simulate the singularities of f).

A theory of orthogonal rational functions on the complex unit circle T has been
studied intensively (see e.g. [7]) in many papers devoted to their applications in nu-
merical quadrature. Of course by a Joukowski Transform z = J(z) one may map
x €1 tozeT (see e.g. [3]), hence relating poles, nodes, weights, and measures on I
and T. In the classical situation, the poles for the circle situation are often taken in
pairs {3;,1/3;} with |3;| < 1. This corresponds to taking real poles for the interval.
We refer to this as the situation of “real poles”; see [25]. If, however, we want to
consider arbitrary complex poles for I, then we need pairs {3;,1/58;} on T; see [17].

*The work is partially supported by the Belgian Network DYSCO (Dynamical Systems, Control,
and Optimization), funded by the Interuniversity Attraction Poles Programme, initiated by the
Belgian State, Science Policy Office. The scientific responsibility rests with its authors.

TDepartment of Computer Science, Katholieke Universiteit Leuven, Heverlee, Belgium. This
author is a Postdoctoral Fellow of the Research Foundation - Flanders (FWO).
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2 KARL DECKERS AND ADHEMAR BULTHEEL

The outline of the paper is as follows. After giving the necessary theoretical back-
ground in Section 2, in Section 3 we are mainly concerned with the extension of a
known Ly convergence result with respect to a positive bounded Borel measure on T
for sequences of interpolating rational functions with poles among {f3;,1/3,}, to the
case of interpolating rational functions with poles among {3;,1/8;}. Once the existing
result is adapted to this slightly modified situation, we are ready to study the conver-
gence of the rational approximants to f in Section 4. The convergence is studied in
Lb-norm, where p is the positive orthogonality measure on I, and the approximants
interpolate f in the nodes of the corresponding rational Gauss-type quadrature rules.
Then, in Section 5 we construct rational interpolatory quadrature rules to approxi-
mate the integrals of the form J,(f), as well as for the approximation of integrals of
the form I5(f) = I F(€9)dé(8), where & is a (possibly complex) bounded measure
with infinite support on T. The convergence result obtained in Section 4 will of course
immediately induce convergence results for the rational interpolatory quadrature for-
mulas themselves, both on I and on T. Next, in Section 6 we provide error bounds
and an estimate for the rate of convergence (root asymptotics of the error) for these
quadrature rules. We conclude with some numerical experiments in Section 7.

Similar results in the polynomial case and for the real poles situation were studied
in respectively [12] and [8, 9].

2. Preliminaries. The field of complex numbers will be denoted by C and the
Riemann sphere by C = C U {oo}. For the real line we use the symbol R and for the
extended real line R = R U {oo}. Further, the positive half line will be represented
by R = {z € R: 2 > 0}. Let a € C, then R{a} refers to the real part of a, while
S{a} refers to the imaginary part, and the imaginary unit will be denoted by i. The
unit circle and the open unit disk are denoted respectively by T = {z € C : |z] = 1}
and D = {z € C: |z| < 1}. Whenever the value zero is omitted in a set X C C, this
will be represented by Xy. Similarly, the complement of a set Y C C with respect to
a set X C C will be denoted by Xy; i.e., Xy = {t € X : t ¢ Y}. Further, if b = [a]
with a € R, then b is the smallest integer so that b > a. If, on the other hand, b = |a]
with a € R, then b is the largest integer so that b < a.

In this paper, we will consider quadrature formulas on the interval I = [—1,1]
and on the complex unit circle T. Although z and z are both complex variables, we
reserve the notation x for the interval and z for the unit circle.

For any complex function f(t), with ¢ = z or t = x, we define the involution op-

eration or substar conjugate by f.(t) = f(1/f). Next, we define the super-c conjugate

by f¢(t) = f(t), and consequently f¢ by f¢(t) = f(1/t). Note that, if f(¢) has a pole
at t = p, then f.(¢) (respectively f¢(t) and f¢(¢)) has a pole at t = 1/p (respectively
t =pand t = 1/p). Further, with f" we denote the inverse of the function f, to
avoid confusion with the notation f=' = 1/f.

Let there be fixed a sequence of poles A = {a1, ag, ...} C C;, where the poles are
arbitrary complex or infinite; hence, they do not have to appear in pairs of complex
conjugates. We then define the basis functions

zk

_ K
15,1 —2/a;)

These basis functions generate the nested spaces of rational functions with poles in
A defined by £_1 = {0}, Lo = C and Ly := L{a1,...,ar} = span{by,..., b},
k=1,2,.... Further, with £ we denote the closed linear span of all {bs}7>,. With

bo(x) =1, b(x) = =1,2,.... (2.1)
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the definition of the super-c conjugate we introduce £§ = {f : f¢ € Ly}. In the
remainder we will also use the notation Eéa] := Ly and ELO‘] = L{ag, ..., 1,0},
k > 0; i.e.; the space of rational functions with the same dimension as Ly, but with
the last pole ay, replaced by a. Note that £ and Lj, are rational generalizations of
the space Py, of polynomials of degree less than or equal to k. Indeed, if a;j = oo for
every j > 1, the expression in (2.1) becomes by (x) = z*.

Consider the integral

To(f) = / f@da@)

where o is a (possibly complex) bounded measure with infinite support on I (in short,
a complex measure on I). To approximate J,(f), where f is a possibly complex func-
tion that can have singularities (possibly close to, but) outside the interval, rational
interpolatory quadrature formulas are often preferred. An nth rational interpolatory
quadrature is obtained by integrating an interpolating rational function of degree
n — 1, and is of the form

n
TI() = YA S @n), (@asdioy C 1 @y A aanifj £k, (A} € C,
k=1
so that J,(f) = Jj(f) for every f € Ry, 4 = L, - LG, with p+q <2n—1and p,q < n.
For reasons of notational simplicity, in the remainder we will write 3 and A7, meaning
T,k and )\Z% i for a certain index m. At any time, the index m should be clear from
the context.
Next, consider the inner product defined by

(f 90, = Tu(f9). f.g€ L. (2.2)

where 1 is a positive bounded Borel measure with infinite support on I (in short,
a positive measure on ), and let [[f|[,, == (/(f,f),. Orthogonalizing the basis

functions {bg,b1,...} with respect to this inner product, we obtain a sequence of
orthogonal rational functions (ORFs) {wo,p1,...}, with ¢r € L \ Lr—1, so that
or Ly Lr_1; ies (cpk,cpj)u = dl,j, di, € R(J{ and k,j = 0,1,..., where j; is the
Kronecker Delta.

Let a € Rz, and suppose goLf] S E%a] \ L1 is orthogonal to £,,_1 with respect to
the inner product (2.2). Then the zeros zj, of ole] (z) are all distinct and in the open
interval (—1, 1), and hence, can be chosen as nodes for the quadrature formula J7(f).
For ¢ = p and o, = «a, we obtain in this way the n-point rational Gaussian quadrature
formula, which has maximal domain of validity; i.e.; the approximation is exact for
every function f € Ry n—1. It is well known that the weights )\’,: in the rational
Gaussian quadrature are all positive (see e.g. [14, Thm. 2.3.5]). Note, however, that
the n-point rational Gaussian quadrature formula does not exist whenever the last
pole a,, ¢ R. If a,, ¢ R or v, # , the n-point rational quadrature formula based
on the zeros of the ORF @La] becomes an n-point rational Gauss-Radau quadrature
formula with positive weights (see below).

For any other choice of nodes, the weights may be non-positive or even complex
and the quadrature will only be exact in a smaller set of rational functions. For each
node that is fixed in advance, the domain of validity will generally! decrease by one.

1For some specific choices for the nodes, the domain of validity may remain the same or may
even decrease more (see also [2] for the polynomial case).
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It is reasonable though to require that we have at least exactness for p+g=n—1. A
special case is obtained when one node in the n-point quadrature is fixed in advance,
so that the weights are all positive and the quadrature is exact for every f € Rp—1.n—1,
which corresponds to the n-point rational Gauss-Radau quadrature formula. However,
the existence of this n-point rational Gauss-Radau quadrature depends on the choice
of the node (e.g., it surely does not exist whenever the node is a zero of the ORF
¢n—1; see [16]), but it does not depend on whether «,, € R;. Whenever two nodes
in an (n + 1)-point quadrature formula are fixed in advance, so that the weights are
all positive and the quadrature is exact for every f € R, ,—1, we obtain the (n 4 1)-
point rational Gauss-Lobatto quadrature formula. The existence of this (n + 1)-point
rational Gauss-Lobatto quadrature not only depends now on the choice of the nodes,
but also on the pole a, (e.g., it is easily verified that it does not exist whenever
an ¢ R; see also [15, Sect. 2]).

Another sequence of basis functions will be used for the unit circle. Given a
sequence of complex numbers B = {1, f2,...} C D, we define the Blaschke products
for B as

il MNP (2.3)
1—08,2

k
Bo(2) =1, By(z)= H

These Blaschke products generate the nested spaces of rational functions L= = {0},
Lo = C and £, := ﬁ{ﬂh...,ﬂk} = span{By,...,Br}, k = 1,2,... . Similarly as
before, we denote with £ the closed linear span of all {B,}?°,. With the definition of
the substar conjugate and the super-c conjugate we can define L = {f:f€ [Zk}
={f:f° € Ly} and Lk* ={f: f¢ € Ly}. Also here we will use the notation
EOB] = L and £kﬁ] = ﬁ{ﬂh...,ﬂk_l,ﬁ}, k > 0, to denote the space of rational
functions with the same dimension as Eok, but with the last complex number [
replaced by (. Note that Ly, and Eg are rational generalizations of Py too. Indeed,
if all 3; = 0 (or equivalently, I/Bj = oo for every j > 1), the expression in (2.3)
becomes By (z) = Bf(z) = 2*.
Consider now the integral

(= [ o), 2=

where & is a complex measure on T2, and f is a (possibly complex) function bounded
on T. The rational interpolatory quadrature formulas to approximate I (f) are then
of the form

Z)‘nkf(znk {znptizr CT, 2 # 2k if j # K, {)‘ k}Z‘leC

so that I5(f) = IS(f) for every f € 7o?,p,q E Eq*, withn—-1<p+qg<2n—2
and p,q < n — 1. From now on we will write z; and )\ , Ineaning 2,  and )\ for
a certain index m, where the index m should again be clear at any time from the
context.

Let ¢, € Lo \ L,_1 denote an nth ORF with respect to the inner product

<f7g>ﬁ = Iﬁ(fg*)a fag € ‘é7

2The measure & on T induces a measure on [—, 7] for which we shall use the same notation &.
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where /i is a positive measure on T, and let | f[|; , := {/(f,f);. We then define a

para-orthogonal rational function
Qnr(2) = dn(2) + TBp(2)bns(2), 7€ T. (2.4)

The zeros zj of @n,r(z) are all distinct and on the unit circle T, and hence, can be
chosen as nodes for the quadrature formula If;' (f)- In the special case in which ¢ = i,
we obtain an n-point rational Szegd quadrature formula, which has maximal domain
of validity (p = ¢ = n —1). It is well known that in this case the weights )\’,i are all
positive too.

Due to the presence of the parameter 7 in (2.4), the nodes and weights in an
n-point rational Szegé quadrature formula are (unlike in the case of the interval) not
unique. Consequently, an n-point rational Szegé-Radau quadrature formula (one fixed
node) with positive weights always exists and has maximal domain of validity too.
While an n-point rational Szegé-Lobatto quadrature formula (two fixed nodes) with
positive weights is at least exact for every f & 7°2n_27n_2 and again always exists (see
e.g. [5] and [11]).

We denote the Joukowski Transformation z = £ (z 4+ 27!) by 2 = J(z), mapping
the open unit disc D onto the cut Riemann sphere C; and the unit circle T onto the
interval 1. When z = €i?, then # = J(2) = cosf. In this paper we will assume that
x and z are related by this transformation. The inverse mapping is denoted by z =
J™(x) and is chosen so that z € D if z € C;. With the sequence A = {a1, as,...} C
C; we associate a sequence B = {31, 2,...} C D, so that 8, = J™"(ay) for every

k>0, and B = {31,52,...} C D with Bop = Bop_; = Bk, k = 1,2,... . Further,

we denote the nested spaces of rational functions based on the sequence B by Lk =
L{B1,...,0k}, so that

Lop = L',z Ly and Lop = 52 Lyt (2.5)

A connection between quadrature formulas on the unit circle and the interval I is
given in e.g. [3] and [4]. If o is a complex measure on I, we obtain a complex measure
on T by setting

6(E) =0 ({cosb,0 € EN[0,m)}) + 0 ({cosh,8 € EN[-7,0)}). (2.6)

Clearly, this measure ¢ is then symmetric (i.e.; do(—0) = —do(0)), so that I5(f<) =
15(f) for every function f on T.
Note that by the Joukowski Transformation, a function f(z) transforms into a

o

function f(z) = (f o J)(z), so that f¢(z) = f(z) and
Jo() = 315 27

Further, let S:[f] and S,[{k] be defined by

o

Séi]fl = EZ ’ Ea(k’—l)* ’ Sog}jfl = 22—1 ’ék* (: ‘§([;]kc—1)*) ’
and Séck] = Sog;c] = E,i . ﬁok* = égk,

and let S = £°- £, = £°4 L... From [18, Lem. 3.1] it then follows that every function
/€ Li \ Lix—1 transforms into a function f € Sop \ (8%2]71 U‘So'g;jfl); see also [14,
Chapt. 3.2].
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Consider an arbitrary set of m distinct nodes xm = {zx}}; C (—1,1), and
let zom = {2zx}3", C T\ {-1,1} be the corresponding 2m distinct nodes on the
unit circle, with zx = Zpyp and zp = J(2) = J(2mar) for k= 1,...,m. We then
distinguish the following three cases:

(0) XE)] = Xy, and hence, Z[20r]1 = Zon;

(1) xM =xp_1 U {£1}, and hence, z[zlrL1 = Zon_2 U {£1};

(2) Xfll = xp—1 U {1, —1}, and hence, z[;]] = Zon_2 U{l,—1}.

Let the parameter s € {0, 1,2} refer to one of this three cases, and let n(s) and N(s)
be defined by

n(s) =n+[s/2] and N(s) =2n — s mod 2.

This way we can briefly write that the set of n(s) distinct nodes xﬁgs) C I corresponds

with the set of N(s) distinct nodes ZE] s CT, where s represents the number of nodes
that are equal to 1 in absolute value. We then have the following theorem, which has
been proved in [15, Sect. 3].

THEOREM 1. Let a = J() € Ry, and suppose the positive measures ju on I and fi
on T are related by (2.6). Then the rational interpolatory quadrature J,(f) =~ Jﬁ(s) (f)

based on the nodes XEES) C I is exact for every

Rnfl,nfla s=1
fe{ o] e

Ly ¢ 1, s=0o0rs=2.

iff the rational interpolatory quadrature Iﬁ(f) ~ Iﬁ,(s) (f) based on the nodes Z{\SI](S) cT
1s exact for every

I

2n-1"L(an—1)0 s=0o0rs=2

: { Li:2n72 'é(Qn—2)*, s=1
In other words, certain rational Gauss-type (Gaussian, Gauss-Radau and Gauss-
Lobatto) quadratures on I are related with certain rational Szegd quadratures on T,
and vice versa. Moreover, for these specific rational Gauss-type quadratures it holds

o

that J:(S)(f) = %II‘;‘,(S)(f) for every function f(x) on I, with corresponding function
f(z)=(foJ)(z) onT.

In the remainder we will refer to the nodes of the specific rational Gauss-type
quadratures in Theorem 1 as (u, s, a)-nodes or (u, s)-nodes. The nodes in the corre-
sponding rational Szegé quadratures in Theorem 1 will then be referred to as (i, s, 5)-
nodes or (fi, s)-nodes. Note that Theorem 1 also deals with a special kind of rational
Gauss-Radau quadratures with nodes inside (—1,1); i.e.; when o # «,. However,
depending on the measure p, this does not necessary cover all the possible kind of
rational Gauss-Radau quadratures with nodes inside (—1,1). Neither does Theorem 1
covers all the possible rational Szegé quadratures, because it only considers sequences
of nodes on T where the nodes, different from 1 and —1, appear in complex conjugate
pairs. For this reason, we will also use the term ‘ji-nodes’, meaning that we consider
the more general situation of an arbitrary sequence of rational Szegé-—nodes on T
associated with a positive measure [ that is not necessarily symmetric.
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3. The space of rational functions S. In [6, 8, 9] the LZ(T) convergence has
been studied for sequences of interpolating rational functions in nested subspaces of
R = L+ L, to a function f(z) defined on T. The subspaces under consideration were
of the form ﬁp(n),q(n)v with p(n) + ¢(n) =n, and

lim M:

n—oo N

€ (0,1), (3.1)

so that 7021,(”_1),(1(”_1) - 7o?,p(n)7q(n) for every n > 0. In the next section we will study
the LY (1) convergence when considering sequences of interpolating rational functions
of increasing degree to a function f(x) defined on I. This will be done by passing from
the interval to the unit circle by means of the Joukowski Transformation z = J(z).
However, from the previous section we deduce that the corresponding interpolating
rational functions for the function flz ) = (foJ)(2) on T are in nested subspaces of
S=Lc+ E*, and of the form £¢ () Eq(n)* Hence, these subspaces differ from those
considered in the references, unless the numbers Gy, k = 1,2, ..., are all real. The aim
of this section is to extend [9, Thm. 4.1], for the case of nested subspaces of 7027 to the
case of nested subspaces of S. The main result can be found in Theorem 6, but first
we need the following four lemmas.

A LEMMA 2; Let thg mtionaAl spaces Sny[f] andAéi[l*} be defined as above, and define
7O€n,n = [Zn . Emn* and R%n = LO',C Le

nx 7

where L, is given by (2.5). Then for every
function f and g in S it holds that fg« € 7O€n,n. Similarly, for every function f and
g in S it holds that fg« € R%,n

Proof. We will only give the proof for the case in which f and g are in ‘So}[f] (the

case in which f and g are in S,[{k] can be proved in a similar way). For n = 2k we have

that
S-Sk = (£ L) - (£ £a) = (L2 La) - (£h - £oo) = Lo+ Low = R
On the other hand, for n = 2k — 1 we have that
S-Sl = (£ Lon) - (L5 £aa)
= (L5 Lor) - (£i L) = £a Low = R
This ends the proof. -

LEMMA 3. Let A denote the Lebesgue measure on T. Then the space S is dense

mn L’\(T) 1 < p< oo, and in the class C(T) of continuous 27r-pemodzc functions on
T (wzth respect to the Chebyshev norm) iff > 7o (1 — |Bk]) =

Proof. The statement has been proved in [7, Thm. 7.1.2] for the space R = £+ L.
with poles among {8k, 1/, }32 o It is easﬂy verified that the proof in [7] remains valid
when considering the space S = L+ L, with poles among { S, 1/8}7, instead. g

LEMMA 4. Let the symbol ‘L’ be fized to either ‘¢’ or to *’. Suppose [i is a positive
measure on T, and consider the nested spaces of rational functions S,[f] Then
1. For eachn =1,2,..., there exist n distinct points {z;}}_; on'T andn positive
numbers Ny, so that fn(f) =3 )\kf(zk) = Iﬁ(f) for every function f of
the form f = fgs, with f,g € S,[f]_l



8 KARL DECKERS AND ADHEMAR BULTHEEL

2. If > (1 — 1Be]?) = oo, then limy oo In(f) = I,;(f) for all fi-integrable
functions f

Proof. The first statement has been proved in [10, Thm. 1] for functions f of the
form f = fg., with f,j € L1 Clearly, the statement remains valid for f,§ € L1
and for f, g€ [(ifkl. As a result of Lemma 2, we have that for every f and ¢ in ‘So'r[f}_l

) there exist f and § in L£,_1 (respectively in £¢_,), so that

n—1

(respectively in S

n—1

fo« = fg*. This proves the first statement.

Next, from the proof of Lemma 2 it also follows that for every f and § in L1
; Sle]

n—1

c
n—1

(}*espectively in £¢_)), the}*e exist f and g in (respectively in 57[1*11), so that
fg« = fg«. Consequently, I,,(f) is a rational Szegé quadrature formula. The second

statement now follows from [10, Thm. 5 and Cor. 6], and the fact that > ;- (1 —
.2
‘ﬁk‘ ) = 00 iff 7 (1 — |Bk[?) = co. This ends the proof. .

LEMMA 5. Let 1 be a positive measure on T, and consider a function f, bounded
on T, for which the Riemann-—Stieltjes integral Iﬂ(f) exists. Let ﬁp], n=20,1,...,
represent the classes of (complex) trigonometric functions of degree n at most, and
set TIF = >, TP Further, assume Y ore 1 (1=|Bk|) = oo, and let the classes T
n=0,1,..., of (complex) rational trigonometric functions be defined by

. P(6) .
THE =L R) = == - :PeTY
[1; (1 = B;e¥) (el — ;)
and TR = () ’j}L[R]. Then for any € > 0 there exists a rational trigonometric
function R € 70’[3'], so that
. 2
Hf_R 59 <2(M+6)6v
fi,
where
M= sup [RUFE}+ sup |S{f()}]. (3:2)
oc|—m,m) oe[—m,m)

Proof. Let € be an arbitrary positive number. From [23, Thm. 1.5.4] and the proof
of [9, Thm. 4.1] it follows that there exists a trigonometric polynomial P € 7171, so
that

Li(|[f = Pl) <€ and [f—P]<2(M+¢),

where M is given by (3.2). Under the condition Y ;- (1 — |Bk|) = oo, it follows from

Lemma 3 that ’f[R]Ois dense in C(T), while P is in C(T). Consequently, there exist
sequences {R,} in T such that

lim R, = P, uniformly in [—7,7].
n—oo

Thus, for every €’ > 0 we can find an integer k so that for all n > k:

|P— R,| <2€", VO¢€|—m,mn]
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Because the convergence R,, — P is uniform in [—n, 7], we also have
Tim L (Ra) = Iu(P).
Thus, for every €’ > 0 we can find an integer [ so that for all n > I:
I; (|IP — Ry|) < €.
Setting R = Ry € T for a certain N > max{k, [}, we have that
If =RI<|f =PI+ |P—R[<2(M+¢€+€"),
and
L1 = Rl) < Iu(f = P) + L(P— R)) < ¢ +¢".

Setting € = (¢’ + ¢”), we obtain in this way that

. 2
F-R|| <246 ullf - RI) < 2(M + o).
fs
This concludes the proof. u

We are now in a position to prove the following main result on L’;‘ (T) convergence
that will be needed in the next section to study the L4 (I) convergence.
THEOREM 6. Let the symbol 1’ be fixed to either ‘¢’ or to “’, and assume

Z;i1(1 —|B;]) = oco. Suppose fi is a positive measure on T, and consider the nested
]

of n distinct ji-nodes on T. Then for any function f bounded on T, for which the
Riemann-Stieltjes integral I;,(f) exists, the sequence of interpolating rational func-

tions {S{;H}

norm; i.e;

spaces of rational functions Sy[f . Further, suppose {z,[;]}zzl, n =1,2,..., are sets

, with SZH € (50'7%]71, at the points {zl[:]}zzl converge to f in Lg—

n=1

tim |- 51

n—oo

= 0.

2,2

Proof. The proof is the same as in [9, Thm. 4.1] when replacing Theorem 2.1,
Theorem 2.2 and Lemma 2.5 in [9] with respectively Lemma 4, Lemma 5 and Lemma 2
above.

|

REMARK 7. For simplicity, we restricted ourselves in this section to nested sub-
spaces of S of the form L7+ Ly, with |p(n) —¢(n)| < 1. However, the results
clearly remain valid for more arbitrary nondecreasing sequences of nonnegative inte-

gers p(n) and ¢(n), satisfying (3.1), when redefining L, in (2.5) as L, = E;(n) -[ﬁq(n)
(as has been done in [9]).

4. Rational interpolation and L4(I) convergence. In this section we are
mainly concerned with the L4 (I) convergence when considering sequences of interpo-
lating rational functions of increasing degree to a function f(x) defined on I. This
will be done by passing from the interval to the unit circle by means of the Joukowski
Transformation = J(z), and using the result for the L5 (T) convergence in The-
orem 6 when considering sequences of interpolating rational functions of increasing
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degree to a function f (z) defined on T. We will start with the case in which s = 1,
since this is the most easy case. We then have the following theorem.

THEOREM 8. Consider the set of n(1) distinct nodes XLI(]I) c I. Let p be a
positive measure on I, and assume i is the corresponding measure on T, given by the

relation (2.6). Suppose RfL 1 s the unique rational function in L,,—1 that interpolates

f at the nodes x! (]1) Nezt, let the symbol v’ refer to either ‘¢’ or to %’, and assume

San[L 5 18 the unique rational function in Sgnfg that interpolates f(z) = (foJ)(z) at

the corresponding N (1) distinct nodes ZE](1) C T. For any function f bounded on I

it then holds that

1 P .
L-sti]

=m0, = 75

Proof. First, note that for f bounded on I, the interpolating rational function R!

n—1

always exists and is unique in £,,_1. Clearly, the correspondmg function f is bounded
too on T, so that the interpolating rational function 52n 5 again always exists and
is unique in S%T]L_Q. Thus, let &S | (z) = (erl 10 J) (z). Then it follows from (2.7)
that

=Rl .= 517 -

Moreover, R | (2) is a rational function in ngl » that interpolates f too at the nodes

ZE](I) C T. Due to the uniqueness, it follows that Rn 1(z) = 52n 2( z), which ends

the proof. -
(1]

n(1) are (p,1)-nodes.

Next, consider the case in which the interpolation nodes x

The following theorem then gives a convergence result in the L4-norm H - Rn 1 H
n,2
for n tending to infinity.

THEOREM 9. Let y1 be a positive measure on I, and assume Z?’;l(l—wim(aj) }) =
0o. Then for any function f bounded on I, for which the Riemann—Stieltjes inte-

o0
gral J,(f) exists, the sequence of interpolating rational functions {Rn 1} , with
n=1

RL1 € L,_1, at the (u,1)-nodes xLl(]l), n=1,2,..., converge to f in LY-norm; i.e;

lim ‘f R 1H —0.
o

n—00 2

Proof. From Theorem 8 it follows that

lim ‘f R 1“ = — lim ‘f sl

n—oo 1,2 2 n—oo

o

where the symbol ‘.’ refers to either ‘¢’ or to ‘«’. Further, since the corresponding sets
of N(1) distinct nodes zl[\ll](l) C T are (f1,1)-nodes (see Theorem 1), it follows from
Theorem 6 that

lim ‘f — ngn[L 2H

n—oo
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This concludes the proof. m

Next, we consider the case in which s = 0. For this, let us define the auxiliary
subspaces

S£§<B1 = EEE]C : Ec(k—1)* and 522”6] = ZIEf]C Lo,
and
S’vé:f]l = 0271 'Z:[ﬁ] and é[*’ﬁ] = ﬁoc £k*’

where 8 € D. Note that it holds for every n > 0 that S ¢ 8l and 8% ¢ sk,
thus, the results in the previous section remain valid for these auxiliary subspaces.
We then have the following theorem.

THEOREM 10. Consider the set of n(0) distinct nodes XE?(]O) C (—1,1). Let p
be a positive measure on I, and assume [i is the corresponding measure on T, given
by the relation (2.6). Suppose R£71 is the unique rational function in L,_1 that

interpolates f at the nodes X[O(]O) Nezt, suppose B € D and assume Sgn[f’lﬁ] and S{n[i’f]
]

are the unique rational functions in respectively 82 ”8] and Sg;f_;l that interpolate

f(z) = (f o J)(2) at the corresponding N(0) distinct nodes Z[NO](O) C T\{-1,1}. For
any function f bounded on I it then holds that

o

c 1
fe:8 _fS2n1

=Rl .= 5 - s, = 5

Hu,

Proof. First, note that for f bounded on I, the interpolating rational function
Rfkl always exists and is unique in L£,_;. Clearly, the corresponding function

f is bounded too on T, so that the interpolating rational functions Sgn[f’f I and

Sgn[*’f again always exist and are unique in S [iﬁ]l and S [jf]

let Rn 1(z)= (R£_1 o J) (z). Then it follows from (2.7) that

1 respectively. Thus,

|-,

1 o o f
= = H-f IV N |
1,2 \/§ [,2
Moreover, R,’;_l(z) is a rational function in 50‘2”_2 that interpolates f too at the
nodes z[No](0 C T\ {-1,1}. Since Szp_o C 5[6’5]1 and Sy, o C ég;f]l, and due to the

uniqueness, it follows that R/ | (z) = an[c’f (2) = Sgﬂ[*’f (2), which ends the proofg

Consider now the case in which the interpolation nodes XE?(]O) are (u, 0, a)-nodes.

The following theorem then gives a convergence result in the L5-norm Hf — Riq H
I

for n tending to infinity. B

THEOREM 11. Let p1 be a positive measure on I. Suppose o € Ry and assume
Do (1= ‘J’"”(aj)|) = oo. Then for any function f bounded on I, for which the
Riemann-Stieltjes integral J,(f) exists, the sequence of interpolating rational func-

o0
0

tions {Rn 1} Ly with R} | € L, 1, at the (u,0,a)-nodes XL(]O), n=12...,
converge to f in Lb-norm; i.e;

lim ‘f R 1H —0.
o

n—00 2
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Proof. From Theorem 10 it follows that

5, -t S 0
o f—R, w2 2 L f =1 |, g (a) € ( )
where the symbol ‘.’ refers to either ‘¢’ or to ‘«’. Further, since the corresponding sets
of N(0) distinct nodes Z[NO](O) C T are (41,0, 3)-nodes (see Theorem 1), it follows from
Theorem 6 that

n—0o0

i £ - 549
1,2
This concludes the proof. -

Finally, let us consider the case in which s = 2. As already pointed out in
Section 2, an (n + 1)-point rational Gauss-Lobatto quadrature surely does not exist
whenever the last pole a,, ¢ R. To overcome this problem, we will work with the
sequence of poles A= {a,a1,00,...} C C; instead, where o € C;. Note that the
interpolating rational functions do not depend on the order of the poles. So, we may
as well work with nested spaces of rational functions EL? ], We then have the following
theorem.

THEOREM 12. Consider the set of n(2) distinct nodes X£12(12) C I. Let p be a
positive measure on I, and assume [ is the corresponding measure on T, given by
the relation (2.6). Suppose R} is the unique rational functwn n E , with o € Cp,

that interpolates f at the nodes XL(]Z). Neaxt, assume San[cf Sgn[*’f , with 8 =

J"(a) € D, are the unique rational functions in Séiﬁ]l and Sén’fl respectively that

interpolate f(z) = (foJ)(2) at the corresponding N(2) distinct nodes Zﬁ](z) CT. For
any function f bounded on I it then holds that

Hf RfH ‘ff f[c,ﬁ

2n—1

and ||f — RY| |f - st *flu

u2\\/—|

12 < \/_ ‘ H )2
Proof. First, note that for f bounded on I, the interpolating rational function R}
always exists and is unique in L[a] Clearly, the corresponding function f is bounded
too on T, so that the 1nterpolat1ng rational functions S; / [C ’6 and S{n f ] again always

exist and are unique in 82 5]1 and 82 P ]1 respectively. Thus let RS 1(z) = (sz o J) (2).
Then it follows from (2.7) that

1 o o
I~ Rl o = o |-

Moreover, Rfl(z) is a rational function in S[B A= £ 210 that interpolates f too
at the nodes ZE]@) C T. Note that éigif]l C Sgi A and 8£7£]1 - ngbm. So, let us
define now

S (2) = —{szfm )+ L)y e S°

Clearly, we then have that S%(zj) = f(zj) for every z; € ZE]@) and S;n(z’l) =

SQn(z) for every z € C. Consequently, there exists a function F,, € 57[10‘] so that
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Sgn(z) = (F,o0J)(z) and F,,(z;) = f(x;) for every z; € x[ . Since the interpolating
rational function R} € £ is unique, it follows that Fn( ) = R/(z), and hence,
RI(z) = 8] (2). Consequently,

= | F -5t

H (F+ 1) - ishled v sfi)

2 1,2

1 op : e
<p{lf-sled],  + |-t L)

©51(2) due to the fact that S ¢ Séflﬁl

Finally, note that g/ e (2) = Sg (2n— 1)*
cﬁ]H

(2n—1)= n

Consequently, since the measure fi is symmetric, it holds that H f— SQ,L

Hf — Sgn[j’ig H . This ends the proof. -
1,2

Consider now the case in which the interpolation nodes xf(]z) are (u, 2, a)-nodes.

The following theorem then gives a convergence result in the L5-norm H f- RILHu 9
for n tending to infinity.

THEOREM 13. Let p be a positive measure on I. Suppose a € Ry and assume

Z;‘i1(1 — ‘Ji"7’(ozj)’) = o0. Then for any function f bounded on I, for which the

Riemann-Stieltjes integral J,(f) exists, the sequence of interpolating rational func-

tions {Rf} 1 with Rf € Eila], at the (u,2, a)-nodes XE(]zy n=1,2,..., converge to
[ in LY-norm; i.e;
lim Hf RfH
Proof. From Theorem 12 it follows that
f f [¢,8] __ 7inv o
lim [[f =R, 7 lim || f — 55,1 o A=) e (=10,
n— 00 n—o0 11,

where the symbol ‘.’ refers to either ‘¢’ or to ‘«’. Further, since the corresponding sets
of N(2) distinct nodes Zﬁ](z) C T are (41,2, 3)-nodes (see Theorem 1), it follows from
Theorem 6 that

lim ’f S{n“ f]

n—oo

1,2
This concludes the proof. m

We conclude this section with the following density result.
THEOREM 14. Let pu be a positive measure on I. Then L is dense in L5 (1) if

Y (1= [T (ay)]) =

Proof. Note that for every f € L4(I) it holds that the function f(z) = (fo
J)(z) = f<(2) € L(T). Further, with 3; = J™(a;) € D for every j > 0 it follows
from Lemma 3 that S is dense in the class C(T) of 27-periodic functions on T if

> 521 (1 = [B)]) = 0. On the other hand, the class C(T) is also dense in LE(T) (see
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e.g. [13]). Thus for f € LY(T) and any € > 0, there exists a function i € C(T) such
that

li-i] <cva
0,2

Consider now the function h € C(I) (i.e.; the class of continuous functions on I) such
that (ho J)(z) = [h(2) + h5(2)]/2. Then it holds that

1

i LSS btk
H;L,Q - ﬁ -

2 2

If -

.2
<5z ili-il.+
T 22 fi2

Furthermore, there exists a function R € S so that

e jc
f* _h*

1 1. -
L] <en
,1,2} \/§Hf .2 /

(I éHg,z <e/V2.

Thus, let R € £ be such that (R o J)(z) = [R(z) + R¢(2)]/2, then

1 |[h4+h¢ R+ RS
h—R = — * -
H ||,u,,2 \/5 9 2 )
1,2
<! {H'? Al e g } L2 | <er2
ST = - T AT = —7= |- €/ 4.
2v/2 1,2 1,2 V2 1,2
As a result,
||f - R”;L,Q < Hf - h”,u,,Q + ||h’ - R”;L,Q <e€
This proves the theorem. -

As a consequence of the previous theorem, we have the following. (The proof is
exactly the same as the one of [8, Cor. 4.2], and hence, we omit it.)

COROLLARY 15. Let PJ denote the nth partial sum of the expansion of a function
f € LY (1) with respect to any orthonormal basis of L and let Z?‘;1(1 — [ (a )]) =
oo. Then lim, o Hf — PJHM’Q =0.

5. An application to rational interpolatory quadrature rules. In this sec-
tion we will be concerned with the approximation of J,(f) by means of an n(s)-point
rational interpolatory quadrature J7 ) (f) based on a preassigned set of n(s) distinct

nodes ngs) on I, where s € {0,1,2} and f is bounded on I. Note that it is always

possible to determine the weights {)\‘,:}Z(Zsl) in such a way that the approximation is
exact for every function f € R, = L, - L, where p+¢q = n(s) — 1. Clearly, the most
general situation is obtained by setting p = n(s) — 1 and ¢ = 0, so that

(5.1)

I~ infl = ,Cnfl, s <2
Rnsf :‘Cnsf = 5 @
(9-1.0 = La(o)-1 { Fomrlel o
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where a € Cy; hence, possibly equal to a,. In this case, the weights are determined
by requiring that

v

I (f) = Jo(RfL(s)—Jv

where R£ (5)-1 denotes the unique rational function in Evn(s),l that interpolates the
function f at the preassigned set of nodes. The success of such quadrature rules not
only depends on the choice of nodes (see e.g. [22]), but also on the choice of poles. In
this paper, however, we will assume that the poles are fixed in advance, and hence,
we will only be concerned with the choice of nodes.

Let ZEV](S) be the corresponding set of N(s) distinct nodes on T, with
Zkzzn—(s/ﬂ+k :L.]inv(l'k) ET\{*].,].}, k:]-v"w(n* (S/Q—I) (52)
Zop—1 =xl=a, if s#0, and 29, = —zop-1==oTps1 if s=2.

Suppose the spaces of rational functions So,[:] (where the symbol ‘4’ refers to either ‘¢’
or to ‘«’) are defined by
S = 8o, SH =8O ana S = gl

n—

where 8 = J™%(a). Further, let the measure & on T be related to the measure o
on I by means of (2.6), and suppose f is bounded on T. We then can consider the
approximation of I5(f) by means of the following N (s)-point quadrature rules:

N(s) y
i) =" X f(z) = I:(f), Vfe S][f;](s)_l (5.3)
and
~o ° N(S) To oo o
B = S M F) = (), vieshl, . (5.4)
k=1

Note that these quadrature rules are of interpolatory type too, and are obtained by
determining the weights )\‘,: and X,Z in such a way that
I§(f) = I&(Szfvég)q) and I3, (f) = I&(SWJ{IEZ]),J,

where S N ([c]) ; and S N E }) , denote the unique rational functions in respectively SJ[V}(S) 1

&%)
and & N(s)—1
following theorem now provides expressions for the weights {7},
weights {X’}N(s) and {X’}N(S)

THEOREM 16. Let xus) be a preassigned set of n(s) distinct nodes on I, and let

that interpolate the function f at the preassigned set of nodes ZEV]( ) The
n(?)

2"/ in terms of the

Ef,]( ) be the corresponding set of N(s) distinct nodes on T, given by (5.2). Consider

the rational interpolatory quadmture J"(S)(f) for J5(f), based on the set of nodes
x[ngs , where the weights {\] }k are chosen in such a way that the approximation is

ezact for every f € L',n(s)_l, given by (5.1). Then for s =0 it holds that

)\o' )\U + )\nJrk _ )‘k + )\n+k

= =1,... .
k — 9 2 k ’ » 1, (55)
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while for s € {1,2} it holds that

o _ %6 _ 36 _ %& _\e _

M=M=M=XN_, =N k=1..n-1
Ao _ A 3y _ M.

AZ = B} = ) 5 and AZ+1 = ; = ; Zf S = 27

where {)\g ka:(i) and {X,Z ,iv:(i) are the set of weights in respectively the rational in-

terpolatory quadratures If{,(s)(fu) and ff\}(s) (f) for Is(f), based on the set of nodes
[s]

VA

N(s)*
Proof. Let Ly, kE = 1,...,n(s), denote the fundamental rational interpolating
functions in L, (5)—1, so that Ly(x;) = dp; for j = 1,...,n(s), and define gx(z) :=
(LpoJ)(2) € Soéc[]n(s)_l] = SD;L(S)_H. Then it holds that

g (%) = gk(zn,(s/zuj) =0k, J=1,...,(n—[s/2])
gk(Zanl) = (Skm if s 7é 07 and gk(ZZn) = 6k,n+1 if s= 2,
so that \] = J,(Lg) = %I&(gk). Since for s = 0 it holds that gx is in ‘Sg'][\cr](o)i1 as

well as in gSO'][\t](O)_l, the equalities in (5.5) follow by applying the rational interpolatory
quadratures (5.3) and (5.4) respectively.

Next, for s € {1,2} le‘E I, k = 1,...,N(s), denote the fundamental rational
interpolating functions in 51[\0,}(5)_1, so that lk(zj) = 0y, for j = 1,...,N(s), and

define the rational functions hy € bgéc[]n(s)_l] 20n(s)—1]

hie(2) = I(2) + 15,(2) = lnc1n(2) + 10y 00, (2) = hcign(2), k=1,...,n—1,

- lan—1(2) + 165, _1).(2) lon(2) + Uy, ()

n(z) = 5 , 5 if s=2.

and  hpi1(z) =
Clearly, we then have that hy(z) = gx(2) for k =1,...,n(s), so that

I (l) + I&(f}i*)} =3 {I&(fn—1+k) + I&(i(cn—1+k)*)} , k<n

Is(lperak) + 1&(2’(6%1%)*)} : k>n.

Bl ol

Finally, since the measure ¢ is symmetric, we have that

N =Ls(le) = I (I5,) = A, k=1,...,N(s),

where the first and last equality follow by applying the rational interpolatory quadra-
tures (5.3) and (5.4) respectively. This concludes the proof. -

From the previous theorem it follows that, for s = 0, we need to compute 2n
weights in the rational interpolatory quadratures on T in order to obtain the n weights
in the rational interpolatory quadrature on I. Under certain conditions on the nodes
or on the measure o and the poles {aq,...,a,—1,a}, this number can be reduced to
n, as shown in the following two theorems.

THEOREM 17. Let Xf(]o)

and let ZES](O) be the corresponding set of N(0) distinct nodes on T \ {—1,1}, given

be a preassigned set of n(0) distinct nodes on (—1,1),
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by (5.2). Consider the rational interpolatory quadrature JZ(f) for J,(f), based on

(0]
n(0)’

the approximation is exact for every f € [Zn_l, given by (5.1). Define the rational
function v, € L, in such a way that Yn(2;) = 0 for every x; € X[T?(]O), and let {\7}2

the set of nodes x where the weights {\7}7_, are chosen in such a way that

and {)\g 2n | be the set of weights in respectively the rational interpolatory quadratures

Ign(f) and fgn(f) for I;(f), based on the set of nodes ZES](O). Then it holds that

Z::\Z:S\ngk and Ag::\‘::j\ngk, kE=1,...,n (5.6)

if

Jo(wn) =0. (57)

Proof. (We will only prove the first equality in (5.6); the second equality can be

proved in a similar way). Let ik, k = 1,...,2n, denote the fundamental rational
interpolating functions in S‘éﬂ_l, so that [y(z;) = 6y for j = 1,...,2n. Then we have
that

A =N = Is (k) = Is(ngr) = T (k) = T (U4 10),
where the last equality follows from the fact that the measure & is symmetric. Note
that, due to Theorem 16, it suffices to prove that A\f = A7, for k = 1,... n iff

Jo(¢n) = 0. So, let us now define the rational function ¢, (z) = (¢ 0 J) (2) =
Ulapy«(2). Then it is easily verified that

ik(z) _ (Z — ﬂﬁkn(f) :
(2k = B)(z — 21) Y5, (2k)

where the prime denotes the derivative with respect to z. Further, note that from
Yon(2) = hon(1/2) it follows that ¥4, (z) = —w, so that

fc ™ (1 — B2)1han(2) ]
I&(l(n,+k)*) = /_Tr (zntr — B)(1 — z”+kz)$én(zn+k)da(9)
= /7T (1— Bz)qun(z) 0
=[]
= /” (1- ﬁz)%n(z) 06,
—r (1 = Bzr)(z — zk)¢h,, (2k)
Consequently,

NG — )\ :/7r 72’2n(z) [Z_ﬂ_l_ﬂz
PR (e — ), () L — B 1— B
-
(2 — B)(1 = Bzr)s,, (2k)

} di(0)
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As a result, )\g = )\"+k iff Iy (19 ) = 0; ie.; iff J, () = 0. This ends the proof. -

THEOREM 18. Suppose o is a real measure on I, and assume that o € Ry and that
(0]

the poles {a1,...,an_1} are real and/or appear in complex conjugate pairs. Let X, (0)
be a preassigned set of n(0) distinct nodes on I, and let ZE?,](O) be the corresponding
set of N(0) distinct nodes on T, given by (5.2). Consider the rational interpolatory
quadrature JZ(f) for J,(f), based on the set of nodes XE?(]O), where the weights {7 }7_,

are chosen in such a way that the approzimation is exact for every f € L1, given
by (5.1). Then it holds that

T=R{\} and A] =R{\}, k=1,...,n, (5.8)

where {)\ 12 and {;\‘,; . are the set of weights in respectively the rational inter-
polatory quadratures IS, (f) and IS, (f) for I5(f), based on the set of nodes ZE(\)[](O).

Proof. (We will only prove the first equality in (5. 8) the second equality can be
proved in a similar way). Let lk, k=1,...,2n, and wgn( ) be defined as before in
the proof of the previous theorem. Note that7 due to Theorem 16, it suffices to prove
that )\k = )\n+k for K =1,...,n under the conditions on the measure o and the poles
{a1,...,ap_1}, given in the statement. We now have that

M= M = To () = T (lna) = I () = Lo (I5 1),

where the last equality follows from the fact that the measure ¢ is real symmetric.
Further, we have that

; " (z = B, (2) .
I (k) = — L d5(6)
o /_” Znak — B)(2 = Zngr) Vi (Zntk)
— /7r (Z - ﬁ)lz%z(z) d&(é’)

(e = B)(z — 2) [~ (20)]

Consequently,

. T M w2n( ) &
)\ )\"+k /;71' (2’1@5)(22’0)2%{ 1/) (Zk)}d .

Next, note that b, (2) is of the form

Cn H§Z1(Z - zj)
(2= B)(1 = B2) [T} (1 = Bi2)(= — B))

/(LZn(Z) = ) Cn € (C07

and that 1/)2n(z) = %1/)2,1(2') due to the assumption on the poles {a1,...,a,—1}.
Without loss of generality, we may as well assume that ¢, = 1, so that

VERIE N O g )L ) R
)\k )\ 2§R{¢2n(zk)} k~/77r (Zk_ﬁ)(Z—Zk) (9)

_opd 2k B (i) s ().
{wén(zk)}%% (21 L5 (Ik)




RATIONAL INTERPOLATION AND QUADRATURE 19

Finally, it holds that
2
_ — ; .
§R{Q’Zk } e 2%{ }:0.
Van(21) Hg=1,j¢k |21k — 2] Zk — Zntk

REMARK 19. Note that, if assumption (5.7) in Theorem 17 is satisfied, it holds
that J, (o) = 0 = J7(p) so that J,(f) = JI(f) for every f € Ln = LI, sce
also [12, Rem. 4.7] for the polynomial case.

REMARK 20. The condition on the poles {a1,...,a,—1} in Theorem 18 is suf-
ficient but not necessary. A necessary but not sufficient condition is that the ratio-
nal interpolatory quadrature J,(f) =~ J7(f) is exact for every f € L., but not for
f€Lpmi1\ Lo, where L, 1 C Ly, €L, - LE | and LS, = L,

So far, we have been mainly concerned with the algebraic aspects of the quadra-
ture rules for J,(f) and Is(f), but nothing has been said yet about the “goodness” of
these quadrature rules with respect to the numerical aspects. For this purpose, we will

again consider de case in which the interpolation points nggs) on I are (ju, s, a)-nodes.

In the remainder of this section, we will restrict ourselves to the case of the interval.
Similar results are easily proved with the aid of [8, Sect. 3 and 4] and [17, Sect. 3] for
the quadrature rules (5.3) and (5.4), based on an arbitrary sequence of ji-nodes on T
(and hence, for a complex measure ¢ on T which is not necessarily symmetric). In
fact, also here more general subspaces of S and of the form £¢ p(n—1) Eq(n 1), with n
the number of nodes in the rational mterpolatory quadrature, can then be considered;
see Remark 7.

In Theorem 23 we will prove — under certain conditions — the convergence of the
rational interpolatory quadratures fl’(s) (f) for n tending to infinity. For this, we need
the following two lemmas.

LEMMA 21. Suppose p is a positive measure on I, and consider the sequence of
orthonormal rational functions {er}r_y, with ¢ € Ly \ Lr—1, so that v L, Lr_1
and ||¢kll, o = 1. Further, suppose g(x) is a function on I such that ||g|, , < 0o, and
let P¢ be its orthogonal projection in L5(I) onto L ; i.e

(@) =D arpi(@),  cr = Ju (r9)-

Then it holds that J, (fP?) = J, (fg) for every f € L,.

Proof. Since the sequence {¢y}7_, forms an orthonormal basis for £, it suffices
to prove that

Jl‘(@ﬂpg):‘]ﬂ‘(wjg)7 j:O,...,TL
We now have for j =0,...,n that
Ju (9iP9) =" ey (9i05) = ¢ = Ju (959).
k=0

This concludes the proof. m
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LEMMA 22. Suppose ji is a positive measure on I, and let o be a complexr measure
on I, such that o is absolutely continuous with respect to u (o < p) and
do(x)
dp(x)

19ll,,2 < o0, g(2) = (5.9)

Consider the set of (u, s, a)-nodes x! ) C I, where s € {0,1,2} and a € Ry, and let

n(s
{\ }Z(;l) denote the corresponding weights in the rational Gauss-type quadrature. Let
an,s be given by

0, §<2
o J [a]
= - u(%{j)z . s=2
J:;/+1<)‘Pn ’ >

where @Ef‘] € E%a] \ Ln—1 is orthonormal to L,—1 with respect to the measure p and
inner product (2.2), and define the weights

Un,s R

z = )\’;j an,sﬂf‘}c(xk) + ngl(xk)} , k=1....n(s),

where PY_ is the orthogonal projection in LY (I) of g(x) onto LS_,. Then the rational
interpolatory quadrature J,(f) ~ Jg(s)(f), based on the set of nodes ngs) and weights

{)\Z}Z(Zsl) is exact for every f € in(s)_l.

Proof. First, note that for o < u, we have with g(x) = ZZ—Eig that J,(fg) = Jo(f)

for every function f. So, consider now the case in which f € £,,_;. We then have
that

5(5)(f) = an,sJ::(s) (f‘PLa]C) + J::(s)(fpg—l)
= an,sJS(s) (f‘P£?]C) + Jy (fPS—l) = an,sJﬁ(s) (f‘:pg?]c) + Jo(f),

where the last equality follows from the previous lemma. Thus, we find that J:L’(S) (f) =

Jo(f) iff amerl:(s) (fgoL"]c) = 0. Since a € Ry, we now have that amsJﬁ(s)(fS@L?]C) =0

iff s #1 or ay,,1 = 0. Hence, we have proved the statement for s < 2.
Consider now the case in which s € {0,2} and f = @i?]. It then holds that

)

2
) = 0 for s = 0, due to the fact that @L?](xk) = 0 for

i) (D) = an a3 (PIOI) + T8 ) (DT P

N (TR WA T Sy (R
n,5Yn(s) n w n *tn-1 5% n(s) n

Note that J:(S) (‘@?}

every (iu,0,a)-node x. Consequently, the quadrature is exact for every f € EL? lifr
Ju(cp%"]g) =Js (cp%x]) = 0 (see also Remark 19). Thus, if P¢ denotes the orthogonal
projection in L5 (1) of g(z) onto Z%’ then we deduce form the previous lemma that

PY(x) = P?_,(z) whenever Jﬂ(gpk"]g) = 0. As a result, the statement remains valid
for this special situation, and we may as well put a, o = 0 too.
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2
Finally, for the case in which s = 2, it holds that J/ < © > € R{. Thus,

2
ol

setting a, 2 = Ju(goka}g)/JﬁH ( >, we get that

pled

Jn+1(‘PL]) H—[]ijlzﬂ
Jv’;-H <‘S0n >

This concludes the proof. -

) Tu(e%g) = 1, (ole).

The following theorem now provides a convergence result for the rational inter-
polatory quadratures J7 ., (f) for n tending to infinity.

THEOREM 23. Suppose p is a positive measure on I, and let o be a complex
measure on I, such that o < p and ||g|, , < 0o, where g is defined as before in (5.9).

Assume 352 (1 — | ™" (ai;)|) = o0, and consider the rational interpolatory quadra-

tures Jo(f) =~ Jg(s)(f), n =1,2,..., based on the sets of (u,s,a)-nodes ngs) c 1,

where s € {0,1,2} and a € Ry. Further, let the weights in the quadratures be deter-
mined in such a way that the approximation is exact for every f € Eun(s),l. Then it
holds that lim,, s Jg(s) (f) = Jo(f) for all functions f bounded on I, for which the
Riemann—Stieltjes integral J,(f) exists.

Proof. Foreveryn > 0, let R € Evn(g) 1 denote the interpolating rational func-

n(s) 1
tion for f at the sets of nodes x! (8) Since J7 o (f) = Jg(s)(éi(s)fl) = Ja(éz(s)q)’
we have that

o)
I ([f - Ri(s)_ﬁg)‘ <y (‘f - Rﬁ(S)—l‘ |9|) '

Making use of the Cauchy—Schwarz inequality, and setting | g|| p2 = M < oo, we
obtain that

Jo(f) = Tis)( ‘ =

Jo () = I D] < M- |7 = Bl |

2

where it follows from Theorems 9, 11 and 13 that

lim || £ - <o
111 f n(s)—1 1,2

n—oo

|

Under the same assumptions on the measure ¢ as in the previous theorem, it

follows from the Banach-Steinhaus Theorem (see e.g. [21, Thm. 2.5]) that there exists

a positive constant M, so that for every n > 0, S, = "(S) L IN?| < M. The next

theorem implies as a special case (i.e., with f(z) = 1) that the sequence S,, converges;
namely that lim,_,o S, = fil |do(z)|. First, we need the following lemma.

. LEMMA 24. Suppose p is a positive measure on I, and assume Z;i1(1 -
| (a)|) = co. For s € {0,1,2} and n = 1,2,..., let Js(s)(f) denote the ratio-
nal Gauss-type quadrature based on the (u, s7a)—n0des, where oo € Ry. Then it holds
that lim,, o n(s)(f) Ju(f) for all p-integrable functions f.
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Proof. The statement directly follows from Lemma 4 together with Theorem 1 and
Lemma 2. -

THEOREM 25. Suppose p is a positive measure on I, and let o be a complex
measure on I, such that o < p and ||g|, , < 0o, where g is defined as before in (5.9).

Assume Zj‘;l(l — |J"(a;)|) = o0, and consider the sets of (i, s, or)-nodes nggs) Cl,
n=1,2,..., where s € {0,1,2} and o € R;. Let the weights {\] Z(:gl) be defined
as before in Lemma 22, so that the corresponding rational interpolatory quadrature

Jo(f) =~ Jg(é)(f) 1s exact for every f € ‘én(s)—l' Then

n(s)
lim AT f (@) = Ju(f - Lgl), (5.10)
k=1

for all functions f bounded on I, for which the function f - |g| is p-integrable.
Proof. For ease of notation, we will denote the sum on the left hand side in (5.10)
by J}o (f - lgi-|), where g;-(z) := an o)+ PI_ () € En(s) 1; see Lemma 22.

Choose an arbitrary g € £5(I) (i.e.; [|g]], o < 00). By the triangle inequality and
because the weights Af depend linearly on o, it follows that

= | (f o) - |g|)‘
< J::(s) (‘f| ’ |9¢J{ _gvﬂ) +Ju (If- g = gl) +

n(s) (f

Since f is bounded on I, there exists a number My such that |f(z)] < My < oo for
every x € I. Hence,

e

7-1al)|
=dn1 + Tn,2 + Tn,Ba

T < MypJy (97— 9w |) + Mydu (lg = 31) + | T3 (F - 9

n

where 15,1 = ‘J (S) fg | Tho = MfJ:(s) (|gﬁ fgﬂ), and Ty, 3 =

MyJ, (lg — g])- To estimate Tn73, we use the Cauchy—Schwarz inequality to get

8 < Myllg =9l Ky Kpi= |1, < oo

For T, » we note that for every function f,, of the form f, (z) = cngogf}c(w) + fa—1(x),
with f,,—1 € £f_;, it holds that

Ty (Fal) < leal Ty (|57]) + T2 (nal)

n(s)
< Zkﬁ'{lcnl n(3)< >+\/J5(s> (1) }
k=1
- K,u . {|cn| JS(S) < ) + ||f’fL—1||/472} )

where the last equality follows from the fact that the quadratures are all exact in

Loy LS.

ol
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For our purpose, ¢, equals ay s — Gy, . S0, let us first consider the case in which
s < 2. We then have that

Toz <My llgw = Gull, o K < My llg = 3ll,12 - Koy
so that

T, < Tn,l + 2Mf ”g - g” K#'

2"

Consider now the case in which § = P¥, € LS. From Corollary 15 it then follows that
for every € > 0 there exists an integer [, so that for every N > I:

My llg — Py, Ko < €2

Thus, for n > N > [ we get that

n

T, < €/2+ [ (F - IP§]) - Ju(f - PG|
Further, since

[T (f < |gl) = T (f - IPRDI < T (1] 19 = PRD)
< llz g = PRl < Myllg— PRl o - Ku < €/4,
and f - |g| is assumed to be p-integrable, it follows that f - |P¥| is p-integrable too.

Consequently, from Lemma 24 we deduce that for every ¢’ > 0 there exists an integer
k, so that for every n > k:

T 1P = TulF - 1PED| < €/2.

Taking n > max{N, k} and setting ¢ = ¢, we obtain in this way that T;, < e. This
proves the statement for s < 2.
Next, for s = 2 we have that

k!

b

(o] 5 i
> -] g gl

Fra#) )

1 o\ 1—1/2
Tnng,l‘FQMf”g_gHMz'Ku I+ [J5+1< >] :

2
2
Note that J, (‘@;ﬂ) ) = 1, and hence, from Lemma 24 we now deduce that that for

|cn| J5+1 (

[o]

(o] Pl

®n

so that

ple]

every €’ > 0 there exists an integer m, so that for every n > m

o\ 7-1/2
16"<[J,’;+1< )} <1+€".

Proceeding as before, with g = Py, and taking n > max{N, k,m}, we obtain in this
way that T}, < 6Z/(S + ¢'") = e. This concludes the proof. -

ol
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6. Error bound and rate of convergence. In this section we will provide
an error bound for the rational interpolatory quadrature formulas considered in the
previous section. For this, we will again pass from the interval to the unit circle by
means of the Joukowski Transformation x = J(z) € C. Setting z = R{z}+iS{z} and
z = pel, we obtain that R{z}+iS{z} = J(pe'?) = F(p+p~ ") cosO+ii(p—p~')sind.
Thus, for 0 < p < 1, the circles

C,i={2€C:|z|=p} and Ci:={z€C:|z|=p"'} (6.1)

map onto the ellipse

g, = {x ecC: (;ik{px_}l)Z + <p2<5{px_}1>2 = 1} . (6.2)

Let f be an analytic function on some open neighborhood of I, and suppose
that p is a positive measure on I. Consider an n-point quadrature rule J(f) =

2?21 M f (1) which is exact in the space L, := L{G1,...,am} C clel. LS _,, where
a € Cy, and let EX(f) := J,(f) — J/(f) denote the error on the nth approximation.
Further, suppose that U is the domain of analyticity of 7, f, where 7, (z) = H;nzl (1-
xz/a;), and let 0 < p < 1 be such that £, C U. Then the following upper bound has
been proved in [19, Eq. (5)]:

o madle, - |
B < e ( / 1du<x>+;|xk|> [ ewns (o)l ©9)

where

it (530 =3) = rern om0

and ||h| - stands for the maximum value of the continuous function || on the compact
set K. In [19, Sect. 3] the poles &; where assumed to be real and/or appearing in
complex conjugate pairs. However, following the steps in the proof of (6.3), it is easy
to see that the expression for the upper bound remains valid without this assumption
on the poles. Furthermore, the result is easily extended to the case of a complex
measure o just by replacing du(z) and A} with |do(x)| and A] respectively; thus,

o lrdlle, - 1 )
B <~ (/1do<w>|+;|xk>/gpem+1(M(,)(U_.))ldl-

We now have the following lemma, which is a generalization of [19, Lem. 1] to the
case of arbitrary complex poles outside I. B _

LEMMA 26. Suppose x = J(z) € I, v = J(w) € C and &; = J(B;) € Cr. Let us
denote

I

Vigr = (1 +0?) [T+ 5, fme) =[] (2 = ),
and set
Pry1(z)  m(z)(v —2) (z —w)ir, (2) (1 — 2W) 2" e« (2)
Vingr  2mtly {(1 — 2w) 2", (2) " (z — w)ftm(z) }

Then, ®,,11(x) is a polynomial in the variable x of degree m + 1.
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Proof. First, note that

Vi (2) (1 = 2/v) = m@mfn*(z)(z_%ﬂ,
so that

—w)(z —w),

2m+1<I>m+1(x) = (2 Tm (2)70, (2) + zm_l(l — zw)(1 — zw) 75, (2)Tms(2).

Zm+1
Next, with z = €'’ we have

— —w 0 _ L ~ . -
%ﬁm(z)ﬁfn(z) — (e e:(umiel)g 1:[1 ﬁj)(elg . ﬁ])

and

271 = zw)(1 — 20)7E,, (2) T (2)

; 1 1 LA T 1 =
=t (G =) (7)1 (- 2) (- 7).

Jj=1

Therefore, ®,,+1(x) is a trigonometrical polynomial of degree m + 1 at most, and

hence, can be expressed as a linear combination of cos(kf), k =0,...,m+1. An easy
-2

calculation shows that the coefficient of cos((m+1)8) is (1+ |w|? 1%, ‘ﬁj‘ )/2™ # 0.

This concludes the proof. -

Note that for |z| = 1, it holds that |(z — @)/(1 — zw)| = [(1 — zw)/(z — w)| = 1,
and that

() = B%(z) and Ln*(z) = Bne(2),
2, (2) i (2)

where By, (z) is the Blaschke product, given by (2.3). Hence, from the previous lemma
it follows that

(I)m—O—l(')
Tm () (0 =)

We are now in a position to prove the following generalization of [19, Thm. 1].
THEOREM 27. Suppose o is a complex measure on I. Let f be an analytic function
on a neighborhood of the interval I, and suppose JS(f) = > 1_1 A7 f(zx) is a quadra-

< [Vin+1] 2|w‘ H‘l—'—ﬁQ‘

I Soom v

ture rule for the integral J,(f) that is exact in the space Lp = L{d1,...,dm} C

clel. L¢_, (where o € Cy). Denote the error on the nth approzimation by ES(f) :=
Jo(f) = J5(f). Define Ty and Fr, by

m

H{ [7(@;))"} and F(e) = f(2)

j=1 J

and let U be the domain of analyticity of F,. Further, let p <1 be such that £, C U,
where the ellipse €, is defined as before in (6.2). Then

Bz < (2253) el il (/ |da<x>|+2|xz>am<p>, (6.9
-1 k=1

::]s

(1 —z/a;),

1
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where |[Fin||g, == max{|Fp(z)| : @ € &}, and

1 [ 1
Gmlp) = ~ / L (6.5)
27 Jo gu—wv(dj)eltﬁ

with the product in the integrand equal to 1 when m = 0.
Proof. Proceeding as in [19, Sect. 3], if we choose

Qm™ 1 ’" -
pa) = g [T -wd
il

-2
. — P ),
17|w|2\/v2— - ’ m+1( )

then p is a polynomial of degree m + 1 such that p(v) =1 and

r() < 2 Jw|™ " M ‘1+512’
@ = V=T 0= ) 2 1=

so that

m 22

) 9 |w|m+1 ‘1 + ﬂj‘

€m+1 < 5 2 .27
w00 =) < ) 5 [y

Note that we here obtain the same result as in [19], just before the end of the proof
of [19, Thm. 1]. The statement now follows from the last step in that proof. -

The main advantage of the upper bound given in the previous theorem, is that
the integral (6.5) is always computable by the Residue Theorem; see [19, Lem. 2].
We can also obtain an error bound for the rational interpolatory quadrature formulas
on the unit circle, considered in the previous section. In this respect, we have the
following theorem, which is a generalization of [20, Thm. 1].

THEOREM 28. Suppose ¢ is a compler measure on T. Let f be an analytic
function on a neighborhood of the unit circle T, and suppose I¢(f) = Sy )\Zf(zk)

1s a quadrature rule for the integral I&(f) that is exact in the space Eg . ﬁoq*, with

Ek = 5{51,...,Bk} and p,q < n. Denote the error on the nth approximation by
EL(f) = Is(f) = I;(f). Define F}, 4 by

(1-5;2),

3

Byq(2) = 75(2)fgu(2) f(2),  where fn(2) :=

Jj=1

and let U be the domain of analyticity of ﬁ'pﬂ, Further, let r < 1 < R be such that
C,UCRr C ﬁ, where the circles C, are defined as before in (6.1). Then

] < ], (00532 )
(22 i s o (1) () o0

N
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where Hqu coen max{‘ﬁp,q(Z). 1z€Cy UCR}7 and
rUCR

m

27
Gul) = 57 | H‘ at, ol <1,
1 —

,Oﬁ elt 2

with the product in the integrand equal to 1 when m = 0.
Proof. The proof is exactly the same as the one of [20, Thm. 1] when replacing ‘r,’

and ‘w,’ (i.e.; those with index ‘q’) with ‘mg and ‘wg’ respectively. -

Note that for f(z) = (f o J)(z), and o and & related by (2.6), it holds that

In(5) =51a(h) and [ ldoa) =3 [ asto)].

—T

while it follows from Theorem 16 that

ns)(f) N(s)(f) N(s)(f)

so that
) L, o 17
n(s) () = §EN(S)(f) EN(s) (f). (6.7)

Furthermore, whenever either s € {1,2}, or s = 0 and condition (5.7) is satisfied, it
also holds that

n(s) N(S)

2 I =3 Z

&

LN
H=52 M
k=1

while we can deduce from Theorems 16-17 that the quadrature rules ]‘:’,(5)( f) and

N(s) ( f ) have the same domain of validity; they are exact for every f € 82(n smod2) =

S[(n s mod 2) (note that 2(n—s mod 2) = N(s)—1 for s = 1, but that 2(n—s mod 2) =

N(s) for s € {0,2}). As a result, the error bound (6.4) could also be obtained with
the aid of (6.6) by setting p=¢ =m and r = 1/R = p, so that

Tq+1 = = lep . 1 N 1 2pm+1 N
(m Cylr)Ca(r) + ﬁ%}* (%) ¢ (E)> = Gl

and noticing that for Bj = J" (&),

Cn(p) = Gulp) and |

-
Fm,m
C

= ‘Tm| HFmHg,, .

pUC 1L
P

If, however, condition (5.7) is not satisfied for s = 0, we need to consider the auxiliary
quadrature rule

~s o 1 . o ~ o
o)D) = 5 [Beo () + By (P
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with weights

G&ZAg+)\Z:)‘g+)‘g+k:>‘2+)‘Z+k:)‘i+k+)‘g+k:f\& k=1 n
F 2 2 2 2 ok o

where the second and fourth equality follows from the fact that the measure ¢ is

symmetric. This way, we deduce from Theorem 16 that

n(0) N(0)
o 1 To ; o 1 36 o 1 8& ;
Jn(o)(f) = §IN(O)(f)a Z A7 = B Z |, and En(s)(f) D) N(s)(f)-
k=1 k=1

Taking into account that the auxiliary quadrature rule fl‘z,(o) ( f ) has domain of validity

82272 = .50'%72, the error bound (6.4) can again be obtained with the aid of (6.6) by
settingm=p=g¢q, p=7r=1/R, and B]- = J"(a;).

To conclude this section, we will give an estimate for the rate of convergence of
the sequence of rational interpolatory quadrature formulas considered in the previous
section. Let us first consider the case of the unit circle. For this, we need to know
something about the distribution of the complex numbers B = {01, f2,...} C D. Let
7 be the normalized counting measure which assigns a point mass to B;, taking the
multiplicity of 3; into account. We then have the following generalization of [9, Thm.
5.2].

THEOREM 29. Suppose [i is a positive measure on T that satisfies the Szegd
condition fjﬂ log i/ (0)df > —oo, where i’ is the Radon-Nikodym derivative of the
measure (1 with respect to the Lebesque measure on T, and let ¢ be a complex measure
on T, such that ¢ < i and

[ 13O dite) <o, o) = 5

Let the sequence B be contained in a compact subset of D, and assume that U con-
verges to some measure P in weak star topology. Consider the rational interpolatory
quadratures I (f), n=1,2,..., based on the sets of n fi-nodes and weights such that

Ig(f) = I;,(f) for all f € Ecz(nfl) ~£Qq(n,1)*, with p(n —1) +g(n — 1) =n—1, and
limy, 0 g(n)/n = r € (0,1). Suppose that f is analytic in a closed and connected
region G for which T C G, GN (BUBSU{0,00}) = 0, where BS = {1/51,1/52,...},
and such that the boundary 9G is a finite union of Jordan curves. Further, let
ES(f) := I,(f) — I2(f) denote the error on the nth approvimation. Then it holds
that

limsup | ES (f)

1/n
’ <7<

where
v = { o {explrAIl)_max fexpl(1 - DA/ .

with E:={ze€ C:|z| > 1} and

u—=z

T 1-zu

Az) = / log |G ()| dPP(w),  Ca(u)
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Proof. The proof is exactly the same as the one of [9, Thm. 5.2] when replacing
‘Tgn)’ and ‘wyeny’ (i.e.; those with index ‘g(n)’) in the proof of [9, Thm. 5.1] with
‘ g(n)’ and ‘w;(n)’ respectively. This way it holds for the para-orthogonal rational
function ‘x,(z)" in [9, Eq. (5.8)] that (see also [9, Thm. 2.4])

limsup | (2)Y™ = exp{rA(z) + (1 — 1)A(Z)}, Vz €E,

n—oo

where it is easily verified that A(Z) = —A(1/%2). -

Finally, we can prove the following estimate for the rate of convergence for the
case of the interval.

THEOREM 30. Suppose i is a positive measure on I that satisfies the Szegd condi-
tion f %dm > —o0, where 1’ is the Radon-Nikodym derivative of the measure
W with respect to the Lebesgue measure on I, and let ¢ be a compler measure on I,
such that o < p and ||g|, , < oo, where g is defined as before in (5.9). Let the se-
quence A = {aq, g, ...} be bounded away from I. Consider the rational interpolatory
quadratures J7 o (f), n=1,2,..., based on the sets of n(s) (u, s, a)-nodes and weights

such that J;L’(S)(f) =J.(f) for all f € ﬁn(s)_l. Suppose that f is analytic in a closed

connected region H for which I C H, HN (AU {o0}) = 0, and such that the bound-
ary OH is a finite union of Jordan curves. Further, let E7\(f) := Jo(f) = J7 ) (f)
denote the error on the nth approximation. Then it holds that

1/n(5)
limsup |E7 f)‘ k<1,

n(s)—oo
where
— A inuv
k= max {exp[A(J" ()]},
and \(z), with x = J(z), is defined as above in Theorem 29, with By = J™(ay) for

every k > 0.

Proof. From (6.7) it follows that

1/n(s) 1/n(s) o . o [1/n(s)
limsup |E7 ) f)‘ = limsup <§> ‘Ezgv(s)(f)‘

n(s)—oo n(s)—oo

’1/N(s)}N(5)/"(5) el
S .

= limsup{‘EN(b)(f)

n(s)—oo
So, set H := {z € C: J(z) € H} and let 0H denote the boundary of H. Then it
follows from Theorem 29, with r = % and 0G = 0H, that

= { o (oA, max (epf1/2]) b= max {eon)]),
cOHND 2€OHNE z€OHND

where the last equality is because z € 9H N E iff 1 /z € OH ND. This concludes the
proof. m
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7. Numerical examples. In this section we will illustrate the effectiveness of
the quadrature formulas introduced in Section 5. For this, we consider the Chebyshev
weight function of the first kind

dx
V1—22’

du(z) = rel,

which satisfies the Szegé condition [~ 11 1‘:5“7(9”) dx > —oo, and for which the corre-
sponding measure on the unit circle is the Lebesgue measure dp(0) = df. Explicit
expressions for the orthonormal rational functions ¢ with respect to this measure
and inner product (2.2) are given in [18, Thm. 3.2], while expressions to compute the
(14, s, )-nodes and weights in the corresponding Gauss-type quadrature formulas can
be found in [15, Sect. 4]. Further, we take

dx

for which f_ll |do(z) , = %. The corresponding measure on the
unit circle is then given by
9 1-i/2
a1-i/2 21 i
do(0) = |sin 6| /% 4 = | 21_1/2 do, ==l

Given a function f;(x) on I, we approximate the integral J,(f;) by means of
an n(s)-point rational interpolatory quadrature formula J? (g)( fi), based on the set

of (u, s, a)-nodes xus) C I, where s € {0,1,2} and @ = oo, and with the weights
{X’}n(s) as defined in Lemma 22. In the examples that follow, the computations
were done with the aid of MAPLE®10, with 30 digits. Since the calculation of the

projection coefficients J,(py) could take a lot of time (especially for higher degrees
and/or different poles®), we considered the auxiliary functions (see also [24, Sect. 3])

1— e
f((lk)(x): (ﬂ) s mk:#ak in {Ozl,...,Oék}.

Tr — Qg

to speed-up the computations. The integrals J,(p)) were then computed by solving
the lower-triangular system of equations

k
F) = 57 L (£ ) - Ty ()
7=0

k

To (f)) = @3 b o (F) - Jo (1) Z o (F995) - Jo (),

3For certain degrees or choices of poles, MAPLE®10 even completely failed to compute the integral
Jo(pk).
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TABLE 7.1

estimation of Jo(fn(s),1), where o is given by (7.1) and fp(s),1 s given by (7.2).

n Tn(0),1 () | Teaa(=1) Tn(2),1

2 1 9.3780e — 30 | 7.2139e¢ — 30 | 7.3567e¢ — 30 | 8.1616e — 30
3 | 1.5784e —29 | 1.4216e — 29 | 1.6002¢ — 29 | 4.1922¢ — 30
4 | 1.9734e — 29 | 9.3931e — 30 | 1.5795¢ — 29 | 2.0998¢e — 29
5 1 2.6967¢ —29 | 1.9363e — 29 | 3.4059¢ — 29 | 2.6656e — 29
6 | 2.1534e — 29 | 3.5910e — 29 | 5.3360e — 29 | 2.1231e — 29
7 | 5.7863¢ — 29 | 1.5959¢ — 29 | 1.5255¢ — 29 | 3.8053¢ — 29

where Jf;(S)(-) is the n(s)-point rational Gauss-type quadrature formula. In the case
in which s = 2, we also needed to compute the constant a,_ 2. For this, we have that

n—1

Tu(F@lele) - Jo(led) = T, (£) = 7 T (@) - Jo ()
j=0

n—1

= Jo(f1) =Y T (F95) - o)
i=0
where it holds for the left hand side that

J f(a)sp,[r?]c « o «ofc
IO (ol gt (£l

Tu(fleley . g, (pled) =
J::(g) (f(a)SOn )

=ans2- Jﬁ@)(f(a)@z [a]).
EXAMPLE 31. The first function f,,(s)1(7) to be considered is given by

‘,L.n(s)fl

fn(s),l(w) = w € (C], n > 1, (72)
which has poles of order n — 1 in w, and one pqle at infinity for the case in which
s=2. Solet ay =w, k=1,2,..., withw = %. Table 7.1 then gives the relative

error

Jo(fr(s)1) = I (Fas)1)
JO(fn(s),l)

(7.3)

Tn(s),1 *=

for several values of n. The relative errors in Table 7.1 clearly show that the integrals
are approximated exactly by the rational interpolatory quadrature formulas.
EXAMPLE 32. The second function f2(x) to be considered is given by

i 1
fa(x) = sin <7z2 - w2> , w € Ry. (7.4)
This function has an essential singularity in z = iw and * = —iw. For w > 0 but
very close to 0, this function is extremely oscillatory near these singularities. Since
an essential singularity can be viewed as a pole of infinite multiplicity, this suggests
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TABLE 7.2
The relative error, given by (7.5), in the rational interpolatory quadrature formulas for the
estimation of Js(f2), where o is given by (7.1) and f2 is given by (7.4).

n T0(0),2 Ta)2(+D) | ma@e(=1) Tn(2),2
3 4.1088¢e — 2 1.1244e — 2 1.1244e — 2 1.9547e — 2
5 8.5077e — 4 2.3263e —4 | 2.3263e —4 | 4.1060e — 4
9 9.1766e — 7 | 3.378le—7 | 3.378le—T7 2.5981e — 7
17 | 5.0893e — 13 | 2.2097e — 13 | 2.2097¢ — 13 | 6.9810e — 14
33 | 5.7247e — 27 | 2.6760e — 27 | 2.6780e — 27 | 3.8649¢ — 28
taking o = (—1)*tiw, k=1,2,.... So, let w = %. Table 7.2 then gives the relative

error

Jo(f2) = J7 5 (f2)
Ja(f2)

(7.5)

Tn(s),2 ‘=

for several values of n. With 3 = J* (3i/4) = —i/2 and 0° = (s + 65) (where
0, is the unit measure whose support is the point z) we obtain from Theorem 30 the
following estimation for the rate of convergence:

Z2_ﬁ2

1-2z232

} > exp[A(0)] = 0.5.

R = m@x
z€OHND

Figure 7.1 graphically shows the actual rate of convergence

1/n(s)
Jo(f2) — JZ(S)(fz)‘

Kn(s) ‘= (76)
as a function of the number of interpolation points n(s) for the case in which s = 0.
The graph suggests that lim,,)—oc fn(0) = 0.1, which is indeed less than or equal to
0.5. However, this also suggests that for a desired accuracy that is sufficiently small,
the accuracy will be reached approximately three times faster than indicated by the
estimated rate of convergence.

EXAMPLE 33. The last function fs3(z) to be considered is given by

fa(z) = % w € Ry, (7.7)
which has simple poles at the integer multiples of iw; thus, let
ar = (—1)*[k/2)iw, k=1,2,.... (7.8)
Note that (see e.g. [1, p. 85])
inh i 2

so that

||Fn(s)—1”g;,n(s) = Hanl”s%(s) = |Fn71 (J((—l)"fliﬂn(s)))

y Pn(s) € (lﬁn| ) 1)a
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Fic. 7.1. Rate of convergence ky (o), given by (7.6), in the rational interpolatory quadrature
formula JZ(())(fz) for the estimation of Jo(f2), where o is given by (7.1) and f2 is given by (7.4).

where |3, = 1/ ([n/2]w)? + 1 — [n/2]w. So, let w = 1. Tables 7.3-7.4 then give the

absolute error a4 3 := |Jo(f3) — Jg(s)(fg)‘ for several values of n, together with the

upper bound

al = min % Tro1] + [Fac1 (J((=1)" Hpas)) | %
n(s),3 Py €(Bnls1) 1— Pi(s) n n n(s)

n(s)
2+ Z ‘/\(lﬂ Gn—l(pn(s)) ; (79)
k=1

with
2[n/2], s=0
Mp,s = n, s=1
n+1, s=2,

where the expression for the case in which s = 0 follows from the fact that @La] (—z) =
(—1)”(,0%”] (z) for the given sequence of poles (7.8) and for o = 0, so that J, (@L?]) =0
whenever n is odd (see also Remark 19). Since |J,(f3)| ~ 1.3272, the relative errors
are of the same order.

8. Conclusion. Given a positive bounded Borel measure p on the interval I =
[—1,1], we provided convergence results in L4-norm to a function f of its sequence
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The absolute error a,(s)3, s € {0,2}, and upper bound a
interpolatory quadrature formulas for the estimation of Jo(f3), where o is given by (7.1) and f3 is

gien by (7.7).
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TABLE 7.3

[u]
n(s),3’

gwen by (7.9), in the rational

[u]

[u]

The absolute error an(1y,3 and upper bound a

u]
n(1),3’
quadrature formulas for the estimation of Jo(f3), where o is given by (7.1) and f3 is given by (7.7).

n n(0),3 a7z(0),3 n(2),3 an(2),3

2 || 2.6931e—1 | 1.0237e+ 1 || 3.2052e — 2 | 5.8884e+ 0
3 || 1.0475e — 2 | 2.8423e — 1 || 4.0725e¢ — 3 | 2.8559¢e — 1
4 || 3.5376e — 3 | 4.5227e¢ — 1 || 8.1381le —5 | 1.4787e¢—1
5 || 7.7270e — 5 | 5.0176e — 3 || 3.8165¢ — 5 | 5.0353e — 3
6 || 2.0835e —5 | 8.4449¢ — 3 || 3.9569e¢ — 7 | 1.8290e — 3
7| 2.5942e — 7 | 4.5704e — 5 || 9.0437¢ —8 | 4.5791le -5

TABLE 7.4

gwen by (7.9), in the rational interpolatory

n [ ans(+1) |l s+ || angys(-1) [ @l 4 (-1)
2 || 2.2220e —1 | 1.0210e+1 || 2.2071le—1 | 1.0245¢+ 1
3 || 3.5521le—3 | 8.4133e—1 || 3.5521le—3 | 8.4133e—1
4 || 3.5242e¢ — 3 | 4.5203¢ — 1 || 3.5207e — 3 | 4.5314e — 1
5 || 2.1264e — 5 | 2.2622e — 2 || 2.1264e —5 | 2.2622¢ — 2
6 || 2.0992¢ — 5 | 8.4495e¢ — 3 || 2.0986e — 5 | 8.4561e — 3
7 || 8.7345¢ — 8 | 2.7964e — 4 || 8.7345e — 8 | 2.7964e — 4

of rational interpolating functions at the nodes of rational Gauss-type quadrature
formulas associated with the measure pu. For this, we used the connection between
rational Gauss-type quadrature formulas on I and certain rational Szegé quadrature
formulas associated with a positive symmetric Borel measure /i on the complex unit
circle.

As an application, we constructed rational interpolatory quadrature formulas for
complex bounded measures ¢ on the interval and for complex bounded (not necessarily
symmetric) measures ¢ on the unit circle. Further, we gave conditions to ensure the
convergence of these quadrature rules for the case of the interval (conditions for the
case of the unit circle are easily obtained in a similar way).

Finally, an upper bound for the error on the nth approximation and an estimate
for the rate of convergence have been provided for these quadrature rules on the
interval as well as on the unit circle.
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