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1 Introduction

Quadratic Powell-Sabin splines are defined on triangulations with a particular refinement. Each
triangle in the triangulation is split into six subtriangles. These splines are C'-continuous, and they
can be represented in a normalized basis [2], in the sense that the basis functions B;, i = 1,..., N,
form a convex partition of unity, i.e.,

N
Bi(z,y) >0, and Y Bi(w,y) =1, (1.1)

i=1

for all points (z,y) in the domain. The construction of the basis allows us to define control triangles
in a natural way. This normalized B-spline representation is effective in a wide range of application
areas (see, e.g., [, 8,9, 13, 14]).

Several authors considered C2-continuous quintic spline functions over triangulations of Powell-
Sabin’s type [10, 6, 1, 7]. In this paper we will follow the approach by Lai and Schumaker [7], and
we will construct a compact normalized basis for this spline space. Recently, a normalized basis
was developed for reduced Clough-Tocher splines [12].

The paper is organized as follows. In Section 2 we recall some general concepts of polynomials on
triangles, and we define the quintic Powell-Sabin splines. Section 3 describes the construction of
the normalized basis, which is based on determining a set of triangles that contain a specific set of
points. In Section 4 we define control points and tangent control polynomials which are useful for
computer aided geometric design. We also consider a stable computation of the Bézier ordinates
of the spline. Finally, we show how the values of some spline coefficients can be determined from
the other spline coefficients in an appropriate way.
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Figure 1: Schematic representation of the Bézier ordinates of a cubic bivariate polynomial.

2  Quintic Powell-Sabin splines

2.1 Bivariate polynomials

Let T (V1, Va2, V3) be a non-degenerated triangle. Any point P in the plane of the triangle can be
uniquely expressed in terms of the barycentric coordinates 7 = (11, 72, 73) with respect to 7. Let
IT; denote the linear space of bivariate polynomials of total degree less than or equal to d. Any
polynomial pg € Iz on triangle 7 has a unique Bernstein-Bézier representation [4]

pa(r) = > bipBh(7), (2.1)
i+jt+k=d

with
d!
LR

the Bernstein polynomials of degree d, which form a convex partition of unity on 7. The coefficients
bi;i are called Bézier ordinates, and the Bézier domain points §;;, are defined as the points with
barycentric coordinates (57 %l, %) By associating each Bézier ordinate b;;;, with the Bézier domain
points &;;,, we can display the Bernstein-Bézier representation schematically as in Figure 1 for
the case d = 3. The piecewise linear interpolant of the Bézier control points, defined as b;j, =
(&ijk, bijk), is called the Bézier control net. This control net is tangent to the polynomial surface
at the three vertices. Polynomials in their Bernstein-Bézier representation can be evaluated in a
stable way using the de Casteljau algorithm. It can also be used to derive the continuity conditions

on neighbouring triangles.

ijk(T) Tl 3 (2.2)

The blossom (also called polar form) of a polynomial py(7) of degree d is a multi-affine symmetric
polynomial Py(7!, 72, ..., 7%) satisfying

pa(T) = Palr,7,. .., 7). (2.3)

For any polynomial there exists a unique blossom [11]. Let 7' = (7}, 7, Té), l=1,2,3, the blossom
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of p3 on triangle 7 (V4, Vs, V3) is given by

Pa(rh,7%,7%) = baoo (11 71 77) + boso (15 75 75 ) + boos (73 75 73)

thoo (i +m T+ i 7s) Fboor (3T T AT TS T 4T T TS)
tbon (37578 + T T3 o + 1o T 73) + 120 (T T3 75 +To T T3 + 75 75 77)
+ b (TE T2 T8 + 3 T8 4 13 T3 73) +bora (Tg T2 75 + T3 T2 T + T3 T T5)
thn (S d TS A TS 3 T T), (2.4)
with b, the Bézier ordinates of ps on 7. Subdivision is very easy using blossoming. Given a
second triangle, where its vertices W, [ = 1,2, 3, have o! = (0}, 0}, %) as barycentric coordinates
with respect to the original triangle. The Bézier ordinates d;;; of ps on the new triangle are then
found using (2.4) by

1

Ul 5 d210 :P3(01501502)7 d201 :P3<Ula01703)7

dzo0 = Ps(o’, 0", o)

dozo = P3(0%,0%,0%), doa1 = P3(0”,0%,0°), dizg = Ps(0",0°,0%),

doos = P3(o3, 0> 03), dioe = P3(ot,03,0%),  dora = P3(0?,03,0%),

di11 = P3(at, 0%, 0%). (2.5)

The multi-affine de Casteljau algorithm allows us to evaluate the blossom in a stable way.

2.2 The PS5-spline space

Consider a simply connected subset 2 C R? with polygonal boundary 9. Let A be a conforming
triangulation A of Q, i.e., no triangle contains a vertex different from its own three vertices. Let
Ny, Ny and n, be the number of vertices, triangles and edges in A, respectively.

A Powell-Sabin (PS-) refinement A* of the conforming triangulation A partitions each triangle
7; € A into six smaller triangles in the following way:

1. Choose an interior point Z; in each triangle 7, so that if two triangles 7; and 7; have a
common edge, then the line joining Z; and Z; intersects the common edge at a point R;;
between its vertices.

2. Join each point Z; to the vertices of 7;.
3. For each edge of the triangle 7;

(a) which is common to a triangle 7;: join Z; to the intersection point R;; of that edge and
the line Z; — Z;.

(b) which belongs to the boundary 0€: join Z; to an arbitrary point R;; on that edge;

The obtained subtriangles are denoted as 7* € A*. The space of piecewise quintic polynomials on
A* with global C2-continuity is denoted as

S2(A*) ={s€C*(Q): sl €5, T* € A*}. (2.6)

We consider a particular subspace of S2(A*) with additional meOthneSb around some vertices and
edges. Let V = {V;}, be the set of vertices in A, let Z* = {Z;}*, be the set of split points
in A*, and let £* be the set of all edges in A* that connect a split pomt Z; to a point R;;. The
quintic Powell-Sabin (PS5-) spline space is defined as

SEA*) ={se S2(A*): s€ C](W), We (VUZ*); s€Ce), ec . (2.7)
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Figure 2: A Powell-Sabin split of a triangle 7 (V1, Vo, V3) drawn with dashed lines.

Here, C*(W) means that the polynomials on triangles in A* sharing the vertex W have common
derivatives up to order p at that vertex. Analogously, C*(e) means that the polynomials on
triangles in A* sharing the edge e have common derivatives up to order u along that edge. In [7]
it is proved that the dimension of the space Sg (A*) equals 10n, + n¢. The following interpolation
problem can then be considered: there exists a unique spline s(z,y) € S2(A*) such that

anrb

WS(‘/[):fmabe, l:1,...,’nv, CLZO, bZO, a+b§3, (288,)

and
S(Zm) = gm;, m = 17"'7nt; (28b)
for any given set of fa, ;-values and g,,-values.

In the next section we will look for a suitable B-spline representation of s(z,y) € S2(A*),

N, 10 ne
s(ey) =YY el BY(x,y) + > cf Bi(x,y), (2.9)
i=1 j=1 k=1

in which the basis functions By ; (z, y) and Bi}.(x,y) have a local support and form a convex partition
of unity. We shall call B ;(z,y) and Bij (x,y) a B-spline with respect to vertex V; and triangle 7y,
respectively.

3 Normalized quintic Powell-Sabin B-splines

3.1 A B-spline with respect to a triangle

We define the B-spline B} (x,y) with respect to triangle 7, as the unique solution of interpolation
problem (2.8) with all f,a,» ; = 0 and with all g,, = 0, except for m = k, where g = B # 0. It is
easy to prove that such a spline vanishes outside 7.
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Figure 3: Schematic representation of the Bézier ordinates of a B-spline with respect to a triangle.

In order to specify the value of S, we look at the Bernstein-Bézier representation of B-spline
B} (x,y). We consider the macro-triangle 7;,(V4, Va2, V3), as shown in Figure 2, and we assume that
the points indicated in the figure have the following barycentric coordinates:

Vl = (17030)7 ‘/2 = (Oa 170)5 ‘/3 = (070; 1)7 Z = (21722723)7
Rz = (M2,21,0),  Raz =(0,A23,A32),  R31 = (A13,0, A31). (3.1)

On each micro-triangle in A* the spline is a quintic polynomial that can be represented in its
Bernstein-Bézier formulation, i.e., with d = 5 in equations (2.1) and (2.2). The corresponding
Bézier ordinates are schematically represented in Figure 3. Note that 8 = dis. From the definition
of the B-spline it follows that many of these ordinates are zero, as can be seen in the figure. The
remaining Bézier ordinates are constructed in such a way that they form Bézier ordinates after
subdivision of a single cubic polynomial defined on the triangle 7 with vertices
3 2 3 2 3 2
Pr=-Vi+-Z, Po==-Vo+-Z P3=-V3+-Z. 3.2
1= + 5 2= V2t g 3=Vt (3.2)
This construction ensures that the B-spline is C3-continuous at split point Z. We take the cubic
polynomial p3(7) in Bernstein-Bézier representation (see Figure 1) with

b3oo =0, b210 =0, b1 =0, bozo =0, boa1 =0, br20 =0,
booz =0, b1o2 =0, bo2=0, b1 =1

We consider the PS-refinement of triangle 7 (P, P2, P3) where the points have the same barycentric
coordinates as in (3.1). We then compute the Bézier ordinates of ps(7) on this refinement using
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Figure 4: Schematic representation of the Bézier ordinates of a B-spline with respect to a vertex.

the formulae (2.4)-(2.5), and we obtain the values

di = Xo123, db=2MNaNo1 23, di= N2z,
dio :2,22 Z3, dil = 22’3 (/\12 22 +)\21 2’1), d§2 = 221 Z3,
dt16 =6 Z1 29 Z3. (33)

Similar expressions hold for the other Bézier ordinates of Bj(x,y). Since all its Bézier ordinates
are nonnegative, the B-spline is nonnegative.

3.2 A B-spline with respect to a vertex

The molecule (also called 1-ring) M; of vertex V; is defined as the union of all triangles in the
triangulation that contain V;. The B-spline B} ;(z,y) with respect to vertex V; is defined as
the unique solution of interpolation problem (2.8) with all fya,»; = 0, except for | = i, where
Jraye i = ag‘f;, and with all g, = 0, except for any m such that 7,,, € M;, where g, = 3;;. Such
a spline is zero outside the molecule of vertex V;. In order to have a unique spline representation
(2.9), we must choose for each vertex ten decuples {oﬂb 0<a+b< 3}, j=1,...,10, which form

4,57
a set of ten linearly independent vectors.

We consider again the macro-triangle 75 (V1, Va, V3) depicted in Figure 2. The barycentric coor-
dinates of the points in the figure are given in (3.1). We use the Bernstein-Bézier representation
of B-spline BY ; (z,y) corresponding to vertex Vi, in order to specify the value of 6{% given the
decuple {oz‘f?j7 0<a+b< 3}. The corresponding Bézier ordinates are schematically represented
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in Figure 4. From the definition of the B-spline we get many ordinates that are zero. Because

of the C3-smoothness of the spline at V;, the ordinates dY,...,dY are uniquely determined by
the values of ai‘f’j. Later on, in §4.2, we discuss this in more detail. Using the C3-smoothness
conditions across the edge Z — Rj2, we obtain the ordinates dj-, ..., d5;. Defining the values
5 _ dig —Mi2dg 5, dfy —Miadg 5, diy — Aipdy (3.4)
10 o » a1y o , Ay o )
we get
iy = Mz (dig + Ao dig),  dis = Ai2® (g + 2 dar dip),  dig = Mia® i,
o = Mz (dfy + dar dfy),  diy = Mo? (dfy + 22X d}y),  dBy = Mo?dfy,
Sy = Mo (dYy + Aar dis),  dy = Ma® (df + 201 dy),  di5 = Aio® dYs. (3.5)
In a similar way we can compute the ordinates di, ..., d%,, using
o _ Qs —Msdy 5 dis —Msdg 5, die — Aisdg (3.6)

14 A31 ) 15 )\31 ’ 16 )\31

The remaining Bézier ordinates must be chosen such that the B-spline is C3-continuous at split
point Z. Therefore, we take the values of d%, di,, dis, di,, dss, d5,, d5s, dis, ..., dg, as the Bézier
ordinates after subdivision of a single cubic polynomial defined on the triangle with vertices (3.2).
We consider the cubic polynomial p3(7) in Bernstein-Bézier representation (see Figure 1) with

bsoo = d¥, baro =djy, baor =diy, boso =0, boa1 =0, biz =0,
booz =0, b2 =0, boi2 =0, b1 =0.
Following the same procedure as in §3.1, we compute the Bézier ordinates of p3(7) on the particular
PS-refinement where the points have barycentric coordinates identical to (3.1). Using the formulae
(2.4)-(2.5), we get
s = Mo dis + A1 21y, dSs = Az (Mo dis + 2001 21dYo),  d8r = Az 21 i,
dsg =0, dsg =0, dj,=0,
iy = =1 (dis + 22 diy + 2z3d7y),  dis = 21 (M2 (dis + 22 dfp + 23.diy) + Aor 21 d3),
dis = 1% iy, dir = 21° (Naa dfy + As2 d7,y),
gy = 21° (dis + 222 d}y + 2 23 d3,). (3.7)
We find expressions similar to (3.7) for the Bézier ordinates dy;, dj,, djs, dig and djy. It holds
that G ; = dg.

To obtain conditions ensuring nonnegativity, it is sufficient to impose that all Bézier ordinates of the
B-spline BY ;(,y) on triangle 7;(V1, V2, V3) are nonnegative. Looking at the formulae (3.4)-(3.7),
this is the case when

d; >0, l=1,...,9, (3.8a)

and
Ay >0, djy >0, djy>0, dj, >0, dj5>0, djsg>0. (3.8b)

If the molecule of vertex V7 has more than one triangle, we have to impose similar conditions for
each of these triangles.
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3.3 A geometric approach to form a convex partition of unity

We now determine for each vertex V; a particular set of ten linearly independent decuples
{ag? %, 0<a+b< 3}, =1,...,10, such that the corresponding B-splines B i (x,y) and Bf(z,y)
will form a convex partition of umty.

With each vertex V; we associate a triangle ti(Qfﬁl, P2 v4). Bach decuple {04z 5 0<a+b< 3}
is then related to the function and derivative values at the point V; of one of the Bernstein poly-
nomials (2.2) of degree three with respect to triangle ¢;. They are defined as

20 3\ ¢t ga+b
ab __ —
ST G a-b(d—a-b) (5) Dz dyb Bioo(1):
20 3 a+b aa+b
ab __ —
Y2 = (b-—a—-0b)(4—a—"0) (5) Oz Oy Bigo (Va).
a+b ga4b
adh = 2 I s v,
B (5—a—b)(d—a—b)\5 Dz dyb Bios
at+b aq4b
ol = 20 A R Vi),
T 5—a—-b)(d—a—b)\5 Dz dyb Biio

20 3\ “1P gatb
ab e B3 V.
i,10 b—-—a—-b)(4—a—D>) (5) Ox*dyb m Vi), (3:9)

for all 0 < a + b < 3. The triangle ¢; shall be called the PS5- triangle with respect to V;. The
blossom of the Bernstein polynomial corresponding to decuple {a 0<a+b< 3} in (3.9) is
denoted by B; ; (1,72, 73).

9,77

Property 3.1. The B-splines BL(z,y) and B} (z,y) constructed using a set of PS5-triangles form
a partition of unity.

Proof. From the definition of the B-splines it follows that only ten basis functions have function and
derivative values at vertex V; that are not all zero. We also know that the Bernstein polynomials
in (3.9) form a partition of unity on ¢;. We then immediately obtain that

10
> ali =1, (3.10a)
j=1
and
10
dagh=0, 1<a+b<3, (3.10b)
fori=1,...,n,. We now show that
10
Bt > Y B =1, (3.11)
i\ TheM; =1

for k = 1,...,n;. We consider the triangle 75 (Vi, V2, V3) depicted in Figure 2. There are 31
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B-splines that have a nonzero function value at split point Z. Using (3.3), (3.7) and (3.10), we get

Br = 621 22 23,
10

D Bl == (1+22 +22),
j=1

10

D By =27 (1422 +221),
j=1

10

> B =22 (1422 +22).
=1

They sum up to one, since z1 + 2o + 23 = 1 and

6Z12223+212(1+22’2 +223)+222 (1+223 +221)+232 (1—|—2Z1 —|—222)
:212+222+232+2(2122+ZQZ3+2321)(21+22+23)

= (2’1 +ZQ+23)2 =1.

The proof is completed by considering interpolation problem (2.8) and (3.10)-(3.11). O

We now give a geometric approach to satisfy the nonnegativity conditions (3.8). We will request
that a specific set of points must be inside each PS5-triangle. These points shall be called PS5-
points.

Property 3.2. The B-splines BL(z,y) and Bﬁj(x,y) constructed using a set of PS5-triangles t;
are nonnegative, when each t; contains its corresponding vertex V; and the points

2 3
Sy ==V, + =V, 3.12
1= % +5 l ( )

for all vertices Vi that are situated at the boundary of the molecule M; of V;.

Proof. By (3.3) we see that all Bézier ordinates of B-spline B} (z,y) are nonnegative. Hence, the
B-spline with respect to triangle 7; is nonnegative. The remaining part of the proof is devoted to
the B-splines with respect to a vertex.

We first show that relation (3.9) implies that the Bézier ordinates of B-spline B} ;(z,y) in the
neighbourhood of vertex V; can be regarded as Bézier ordinates of a certain Bernstein polynomial
of degree three with respect to PS5-triangle ¢; after applying subdivision. We consider again the
triangle 75 (V4, Vs, V3) shown in Figure 2, and the schematic Bernstein-Bézier representation of
nyj(x, y) in Figure 4. Let u; and us be the unit vectors defined by

Ry — Vi Z -V

Ul = 70—, Ug = 5o
[Ri12 — V1| 1Z =W
A cubic polynomial ps defined on the triangle with vertices

2 3 2 3
P=V, P= 5V1+3R12’ Py = 3V1+gZ7 (3.13)



3 NORMALIZED QUINTIC POWELL-SABIN B-SPLINES 10

has the values df, ds, d3, dt, dg, d¥, dY,, d{,, di, and dj; as Bézier ordinates, if and only if

p3(V1) = By ;(V1) =dj,
130 10 dy —dv
S pa(V) == B (V)= —2 "1
35 8u1p3( 1) 5 8'LL1 1’j( 1) ||R12 - V1||,
130 10 dy — dv
22 (Vi) == —=—B? (V)= — "1
35 0V = 5 95 2L = T
1 § 1 82 v ):dg—2d3+d§f
6\5 Vi) =20 Oup2 ! |Riz — V1|2’
1 3 1 82 dv dv dv + dv
6(3) 9000,V = 30 B P ) = TRy Tz =W
10u 11 g [Ri2 — Vil |l s
1/3\? 92 1 92 de —2dY + dv
Z( 2 2p3 B” ( 1):773217
6\5/ Ous ~ 20 Juy |Z - Vi
1(3\° 2 pal 1 a3 ” ):d”fodeng?)dgfd}’
6\ 5 8’&13 3 608 ! HR12_V1H3 ’
1 3 93 1 3 Vo9V — Y v 2dY — v
_(§> ) G Vl):_a : B'fj(Vl)zd“ dy d5td3+ dy dl,
6\5) 9u 2w’ 60 Oui2 Oug  © IRz — VA|2][Z — Wi
173\’ & 1 o8 _ dyy—dy —2dy +2dy +dy — dY
U10U” 60 aulauQ HR12 — VlH HZ — V1||
1/3 o3 dvs —3dY +3dy — dv
o BY . _ %13 7 3 1
6(5) au23p3(v) 60 dugs CLs(V1) AAE

From (3.9) it follows that polynomial p; must be equal to a certain Bernstein polynomial of degree
three with respect to PS5-triangle ¢;.

Let o' = (of,0b,0%), 1 = 1,2,3, be the barycentric coordinates of the points P, in (3.13) with
respect to PS5-triangle ¢;. Note that these points can be written as

P =V, Py=X2Vi+ XS, P3=21Vi + 22512 + 23513. (3.14)

Referring to (2.5), we can compute the Bézier ordinates of B-spline BY ¥ (x,y) in the neighbourhood

of vertex Vi using the blossom By j(7!,72,73) of the corresponding Bernstein polynomial with

respect to t;, e.g.,
dy 281,47‘(01701701)7 dngLj(o'l?UlvUQ)?
d§ = By (o', 0%,0%), diy =B (0% 0%, 0%). (3.15)

By the multi-affinity of the blossom we obtain that 6211)0 in (3.4) can be computed as

~ Bi.i(02,02,0%) — A2 By (0!, 02, 02 02 —Aig ot
dql;o _ 1;]( ) : 12 1,]( ) _ Bl,j <)\712702’02)' (316)
21 21
Analogously, we have
- 02 — Moot N 02 — A5 ot
d,i)l :BLJ‘ (%,02703), dil)22617j<)\712,0'3,0'3>. (317)
21 21

The barycentric coordinates (02 — Aj2 01)/A2;1 correspond to the point Sz, since

Py — A2 Py

2 3
512—3V1+5V2— ol
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We get expressions similar to (3.16)-(3.17) for dYy, dVs and d.

Each Bernstein polynomial is nonnegative on its domain triangle. It follows that the blossom
By (', 7%,73) is nonnegative whenever the barycentric coordinates 7!, 72 and 73 are nonnegative.
Such barycentric coordinates correspond to points that are situated inside PS5-triangle ¢;. Using
(3.15)-(3.17), the nonnegativity conditions (3.8) for B-spline BY ;(z,y) on triangle 7y (V1, V2, V3)
are satisfied when PS5-triangle t; contains the points V, S12 and Sy3. A similar argument can be
used to ensure nonnegativity on the other triangles in the molecule of vertex V. O

The construction of a normalized PS5-basis is reduced to finding a set of triangles that must contain
a number of specified points. It is clear that this geometric problem always has a solution. There
are an infinite number of solutions. An appropriate choice, as suggested in [2] for PS-triangles, is
to calculate triangles of minimal area, the so-called optimal triangles.

3.4 Optimal PS5-triangles

We now look in more detail how we can compute optimal PS5-triangles. Computationally, such
a problem leads to a quadratic programming problem. We first consider the following relation
between the triplets (v; j,7;,7;;), 7 = 1,2,3, the PS5-triangle points Q7 ; = (¥;%;,Y}%;), 7 = 1,2, 3,
and vertex V; = (z,y;):

Vil Y2 Vi3 X Yvh o1 T oy 1
'Yiz,1 'Yiz,g 'Ygf?, XZJ,Q szz 1= 1 0 0 (3.18)
%y,1 %y,z 7?,3 sz,a Yi?B 1 0 10

Property 3.3. The construction of an optimal PS5-triangle t; with respect to vertex V; = (x;,y;)
is equivalent to the quadratic programming problem

max (’71?5,173{2 - 7317?,2)» (3.19)
subjected to the linear constraints

Vi1 +vi2 + i3 = 1,
Yi1t+Yia+vis =0,

Via T Viz2 + s =0, (3.20)
and
Yij > 0,
Litj ="+ g(ﬁj(xl —xi) 77y — i) >0, (3.21)

with 5 = 1,2,3, and for all vertices V; = (x1,y;) that are situated at the boundary of molecule M;
of Vi. Here, (vi1,%i2,%,3) and (Li1, L2, Li3z) are the barycentric coordinates with respect to
PS5-triangle t; of the PS5-points V; and Sy, respectively.

Proof. We first look at the objective function (3.19). Using (3.18) we obtain after some elementary
calculations that

X1 Y1 1 Vil Vi2 Vi3 1

Xio Yio 1 |=|7%1 72 7is
1 1

Xiz Yz 1 Y1 e s

IS R (3.22)
YV e = Vi VEe
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Minimizing the area of PS5-triangle ¢; is equivalent to maximizing |7$1'y§{ 9 — 'yz 17$2|. This can
be relaxed to (3.19). Suppose that the triplets (W;j,vﬁ;,'ﬁ’;), j=1,2,3, satisfy (3.20)-(3.21) and
that [v717/5 — 77175 is maximal with 4#1~/5 — 2/1775 < 0. Then, there exists another set of
triplets (37, 375,345). J = 1,23, with 471 = 775, 472 = V1. 425 = Vs 451 = 985, 485 = 97,
AE5 =85, 01 = Ve e = 7f1 and 4{3 = 7/3. These triplets also satisfy (3.20)-(3.21) and it
holds that 4719}5 — 471975 > 0 and [7714)5 — /193] = WE1vie — viivisl

We now explain the constraints (3.20)-(3.21). Let (01,02, 03) be the barycentric coordinates of a
point with respect to PS5-triangle ¢1. Let (71,72, 73) be the barycentric coordinates of the same
point with respect to triangle 7 (V1, Vo, V3) in A. It is proved in [12] that by relation (3.18) it holds

o1 1
g9 =A T2 , (323)
o3 T3
with
Y1 Y FA (@2 —2) 7 (e — 1) ma Hafa(@s —2n) + 97 (s — v1)

A= m2 Mo+t —z)+]22 —v1) M2+t — 1) +97 205 —v1)

T3 M3+ (@2 —2) sy —v1) s +fs(@s — 1)+ 3(ys — 1)

The barycentric coordinates (71, 72, 73) of the points Vi, S12 and S5 with respect to 7 (V1, Va, Vs)
are (1,0,0), (2/5,3/5,0) and (2/5,0,3/5), respectively. Substituting these values into (3.23), we
find that the barycentric coordinates (o1, 09, 03) of these points with respect to ¢; are nothing else
than the left hand sides of the inequalities (3.21). Imposing them to be nonnegative is equivalent
to the condition that the points V1, S15 and Si3 are inside the PS5-triangle ¢1. A similar reasoning
hold for all PS5-triangles t; and any triangle 7 in the molecule of V. O

In Figure 5 we illustrate the PS5-points and a few optimal PS5-triangles for a triangulation taken
from [3, 12]. Because of overlapping we have not depicted all PS5-triangles .

4 Applications

4.1 Control points and control polynomials of a PS5-spline

Since each B-spline By, (z,y), j = 1,...,10, with respect to vertex V; is related to a Bernstein
polynomial of degree three, see (3.9), the corresponding coefficients c; ; of the PS5-spline in (2.9) can
be represented schematically as in Figure 6 with respect to PS5-triangle ¢;. The cubic polynomial
defined on ¢; with the coefficients c;-f ; as Bézier ordinates shall be called the control polynomial
with respect to vertex V;. It shall be denoted by T;(z,y).

Property 4.1. The control polynomial T;(x,y) is tangent to PS5-spline s(x,y) at vertex V;.

Proof. By the local support of the B-splines and by definition (3.9), we see that

10
s(Vi) =Y aljel; = Ti(Va),
j=1
0 o~ 0w 0
%S(V;) - j;ai j Cij %TZ(V;%
0 ot O
8_y8(‘/;) - i,j Ci,j 8_yTZ(V;)7 (4 1)
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Figure 5: A triangulation with the PS5-points and a few optimal PS5-triangles.

Figure 6: Schematic representation of the B-spline coefficients ¢} ;, j = 1,...,10, with respect to
PS5-triangle ti(Qf,h QF 2 Q7 3)

which shows that T;(z,y) is tangent to the spline at V;. O
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Figure 7: A PS5-spline surface with a few control polynomials corresponding to the triangulation
shown in Figure 5.
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Figure 7 shows a PS5-spline surface together with a few control polynomials. The spline is an
approximation of the function f(z,y) = (exp ((z — 0.52)* + (y — 0.48)?) — 0.95)71 on domain ) =
[—1,1] x [-1, 1], where the data points are located at the vertices of the triangulation in Figure 5.

We define control points as

- (X'ijvy;vjv ;}j) c]lfc = (X};?Y]g?C?C)? (42)
withi=1,...,n,,7=1,...,10, and k= 1,. . Here, ¢ ; and ch are the B-spline coefficients
in representation (2.9). The points QY ; = (ij,Yv ) and Qi = (X}, Y}) satisfy

Moy nt
ZZX” B} ;(z,y) +ZXkBkscy)7:E (4.3a)
i=1 j=1 k=1
and
N, 10
ZZY” B} ;(z,y) +ZYkkay)fy (4.3b)
i=1 j=1 k=1

Since the PS5-spline basis forms a convex partition of unity, it follows that the graph of spline
(2.9) lies inside the convex hull of the control points (4.2).

Property 4.2. In order to satisfy (4.3), the points Q7 1, Q7o and Q7 5 are the three vertices of
PS5-triangle t;. The remaining Q7 ; are found as

P4 = ; i1+ Qﬂa 1522 i1t sta Zszg 9t ng,

3,722 g,z‘*‘g@f,p is = % ;'J,3+§QZ1’ io = ; 3+ sz,

10 = % it %Qﬁz + %Qfg- (4.4)
The point Q. is situated inside triangle Tp,(Vi, Va2, V3), see Figure 2, as

o =1 (V1+V2+V3) ?Z:1+5221V1+1+5222‘/2+1+52Z3V3. (4.5)

Proof. The polynomial in Bernstein-Bézier representation (2.1), where the Bézier ordinates are
taken as the x-coordinates (or y-coordinates) of the corresponding Bézier domain points, is equal
to the plane z = = (or z = y). Referring to Figure 6, we obtain that by the choice of @} ; and by
relation (3.9) at vertex V; = (x;,y;) it holds

ZaOO Xv =, Z aOO Y’u =y,
Z alO Xv =1, Z alO Yv _
ZaOl XU — ’ ZaOl Yv —

Za“bX” =0, Za“bY” = 2<a+b<3. (4.6)
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By the construction of the B-splines in §3.1 and §3.2, the value of a PS5-spline at a split point can
be computed through a particular cubic polynomial evaluated at the split point. We consider the
macro-triangle 7y (V1, Va, V3) depicted in Figure 2. In case of the two PS5-splines in the left hand
sides of equations (4.3), we look at two cubic polynomials p%(7) and p4(7) defined on the triangle
with vertices (3.2). The Bézier ordinates of p%(7) are found by using (4.6), i.e

3 2

b300 = 501 + 5(21 T+ 2222 + 2373), b3y = _bgoo + _bg?,()v b301 = _bgoo + _bgosv
3 2

boso = 5L2 + 5(21 T+ 2272 + 2373),  bgoy = b§30 + b003v bia = bg:’,o + b3007
3 2

boos = 53 + 5(21 T+ 2229 + 2373), by = bgo3 + bsom bor2 = bgos + b0307

and by the definition of Q%, i.e.,
1 1 1
by = X = gbgoo + gbgm + gbgos'
It follows that
p3(7) = 11300 + T2bi30 + 3003
We then obtain that the value of p3(7) at split point Z with barycentric coordinates (z1, 22, 23)

equals (21 21 + 2222 + z323). In a similar way, we find that the value of p%(7) evaluated at the
same point is equal to (21 y1 + 22 Y2 + 23 y3). Thus,

X]in —‘,—ZZXU BU —21$1+ZQ.”L'2+Z3.’L'3,
i= 1_] 1

Yy Bi(Z +ZZYU B! j(Z) = z1y1 + 2292 + 23 Y3. (4.7)
1=1 j=1

Using interpolation problem (2.8) and (4.6)-(4.7), it follows that the proposed @ ; and Q! satisty
the conditions (4.3). O

We note that ¢j;, j = 1,...,10, are the Bézier control points of the control polynomial T;(x,y).
They can be organized in a Bézier control net. Figure 8 shows the Bézier control nets of a few
control polynomials of the PS5-spline depicted in Figure 7.

These control points can be used to interactively change the shape of the spline surface in a
predictable way. Because of the local support of the B-splines, a change of such a control point
will only affect the spline patches related to a few triangles in the triangulation.

4.2 Bézier ordinates of a PS5-spline

The Bézier ordinates of a PS5-spline in representation (2.9) can be computed in a stable way from
its coefficients ¢} ; and ¢f,. We consider again the triangle 7;.(Vi, Va, V3) in Figure 2. The Bézier
ordinates are schematically represented in Figure 9.

Because of the C3-smoothness of the PS5-spline at vertex V; and the local support of the B-splines,
the Bézier ordinates di, ..., ds in the neighbourhood of V; are completely determined by control
polynomial Ty (z,y). It has already been shown that the Bézier ordinates of the B-splines BY ;(z,y),
j =1,...,10, in the neighbourhood of vertex V; can be computed as the Bézier ordinates of the
Bernstein polynomials of degree three with respect to PS5-triangle ¢; after subdivision. Hence,
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Figure 8: The control Bézier nets of a few control polynomials of the PS5-spline shown in Figure 7.

the ordinates dy, . .., ds of the PS5-spline can be simply found by subdividing control polynomial
Ty (z,y). We compute these ordinates using two stages of subdivision. In the first stage we
subdivide the control polynomial onto the triangle with the PS5-points Vi, Si2 and Si3 as its
three vertices. In view of Property 3.3, the barycentric coordinates of these points with respect to
PS5—triangle tl are (’7171,’}/1)2,’)/1)3), (L1271,L12)2,L1273) and (L13’17L13,27L13,3), respectively. We
denote the Bézier ordinates of the control polynomial on this finer triangle by eq ;, j =1,...,10,
as indicated in Figure 10. They can be computed using only convex combinations through the
multi-affine de Casteljau algorithm. The formulae are given for the sake of completeness. Referring
to Figure 6, let

U U U U U U
€300 = €1,1, €210 = €14, €201 = €15, €030 = €12, €021 = €16, €1,120 = C1 7,

U U U U
€003 = €13, €102 =C18, €012 = C1 9, €111 = €1 10-
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v
1,1

Figure 10: Schematic representation of the Bézier ordinates e1,;, 7 = 1,...,10, of the subdivided
control polynomial T} (x, y) onto the triangle with vertices Vi, S12 and Si3.
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Applying the de Casteljau algorithm, we get

€1,ijk = V1,1 €i+1jk + V1,2 €ij+1k T V1,3 €ijk+1,
€2,ijk = L121 €it1k + L1222 €541k + L12,3 €k 1,
€3,k = L13,1 €it1k + L13,2 €41k + L13,3 €ijk+1,

forall i +j 4+ k=2, and

€1,ijk = V1,1 €1,i+1jk + V1,2 €1,ij+1k + V1,3 €1,i5k+1,
gk = 12,1 €2,4415 ) ,ij+1 s Jijk—+15
€2,k = L12,1 €2 k+ Lizges k+ L123€2 k41
gk — 113,1 €3,i+15 ) ,ij+1 3,3 €3,i5k+1>
€3,k = L1313 r+Lizoes k+ L33 €3 k41

€10,ijk = L12,1 €1,i+15k + L12,2 €155416 + L12,3 €1,i5k+1,
for all i + 5 + k = 1. Finally,

€1,1 = V1,1 €1,100 + 71,2 €1,010 + V1,3 €1,001»
er,2 = Lia1€2100 + L122 €2,010 + L12,3 €2,001,

e1,3 = Li3,1€3,100 + L13,2 €3,010 + L13,3 3,001,
e1,4 = Li21€1,100 + L12,2 €1,010 + L12,3 €1,001,
e1,5 = L13;1e1,100 + L13,2 €1,010 + L13,3 €1,001,
e1,6 = L13,1€2,100 + L13,2 €2,010 + L13,3 €2,001,
€1,7 = 71,1 €2,100 + V1,2 €2,010 + 71,3 €2,001,

€1,8 = Y1,1 €3,100 + V1,2 €3,010 1+ 71,3 €3,001,

e1,9 = Li21€3100 + L122 €3,010 + L1233 €1,001,

)

e1,10 = L13,1 €10,100 + L13,2 €10,010 + L13,3 €10,001- (4.8)

In the second stage we compute the values of dy, ..., dis from the ordinates ey ;, 7 =1,...,10. We
use again the multi-affine de Casteljau algorithm. Let

ds = Az era+ Aot ey, 510 = Az er7 + Aa1 €12,
de = z1 €14+ z2€1,7 + 23 €110, 511 =z1€e1,7+ 22€12 + 23 €16,
dg = z1e15 + z2€1,10 + 23 €1,8, C?15 =z1e18+22€19+ 23€13,
dio = M2 ds + Aot 510, di1 = M2ds + A C?11,
di3 = z1e1,10 + 22 €16 + 23 €19, dia = 21 dg + 22 Cill + 23 dy3,
dig = z1ds + 22dy3 + 23 6?15, (4.9)
then
di=e11, dy=MXzei1+Anera, dzg=zie11+2e14+23€15,
ds = M2da + Xords,  dig = M2 ds + A1 do,
ds = Ma2ds + A1 ds, di1 = M2de + A1 di1,
dy = z1d3 + 22dg + 23ds, di2 = M2dy + M1 di2,
dis = z1d7 + 2o dya + 23 d1a. (4.10)

Analogous expressions hold for dy, dg, dy, di4, d15, dig-
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Let ez, j = 1,...,10, be the Bézier ordinates of control polynomial T5(x,y) restricted on the
triangle with vertices (Va, S23, S21), and let es j, 7 = 1,...,10, be the Bézier ordinates of control
polynomial T3(z,y) restricted on the triangle with vertices (V3, S31, 532). Using eg ; and e3 ;, we
then obtain the values of dy7,...,dss in the neighbourhood of vertices V5 and V3 in a manner
similar to (4.9)-(4.10).

Alternatively, we could compute the values of dy, ..., dss using a single stage of subdivision. Later
on, in §4.3, the values of ¢; j, 7 = 1,...,10, will also be useful in a different context.

The values of the Bézier ordinates dyg, . . ., ds7 are obtained from the C3-smoothness conditions of
the PS5-spline across the edge Z — Ry2. Using

dso = Madio + a1 dz2, dsz = A2 dit + Aardar,  dse = Mia dia + Ay dso, (4.11)
we get

dag = Madio + a1 dso, dsi = A2 dso + A1 dsa,  dso = Mo dag + Aoy ds1,
dsa = Madiy + a1 ds3, dsa = M2 dss + Aoy dar,  dsz = Madsa + Ao dsa,
dss = M2 dia + A1 dss,  dst = M2 dss + Aot dzo,  dse = Ai2 dss + a1 dar. (4.12)

In a similar way we find the values of the Bézier ordinates dss,...,drs. Note that the values
of ds, dyg, dso, dso, ds1, d32 and dos can be regarded as B~ézief ordinates after subdivision of a
one-dimensional cubic polynomial with Bézier ordinates ds, d1g, ds2 and das, defined on the interval

3 2 3 2
-Vi+-=-R Vo + =Ri2| .
5 1+ 5 12, 5 2+ 5 12

The remaining Bézier ordinates drg, .. .,dg1 are obtained as the Bézier ordinates after subdivision
of a single cubic polynomial p3(7) defined on the triangle with vertices (3.2). Referring to the
construction of the B-splines, the polynomial ps(7) in Bernstein-Bézier representation (2.1) has as
Bézier ordinates

bsgo = d7, baio = dia, boor =dia, boso =d23, Doz =das, bizo = dso,

boos = dsg, bio2 = daa, borz =dag, D111 = c}.
Let

dr7 = 21 di2 + 2o d3o + 23 Chs

dso = 21 ¢}, + 22 dag + 23 dug,

dss = 71 dia + 22 ¢ + 23 dua, (4.13)
we then obtain

dre = Madiz + A1 drr,  drg = Madyr + Aa1 dag,  drr = A1z drg + Aot dis,
dss = z1diz + zodry + 23 dss,  dgy = 21 dyr + 22dag + 23dgo,  dsg = A1z dss + Aoy dsy,
dso = z1dss + zadso + z3das, do1 = 21 dgs + 22 dg7 + 23 dso. (4.14)

Expressions similar to (4.14) hold for dro, ..., dsa, dss and dgo.

Only convex combinations are needed in (4.9)-(4.14) to compute all Bézier ordinates of the PS5-
spline (2.9) from its spline coefficients. Using the de Casteljau algorithm, the PS5-spline can then
be evaluated in a stable way, given its normalized B-spline representation.

More general, if we apply the convex combinations (4.9)-(4.14) to the control points ¢} ; and cj,

in (4.2), we directly get the Bézier control points of the PS5-spline surface. Figure 11 shows the
Bézier control net of the PS5-spline depicted in Figure 7.
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Figure 11: Bézier control net of a PS5-spline surface.

4.3 Choice of the B-spline coefficients with respect to a triangle

We now determine specific values for the B-spline coefficients cf, k = 1,...,n¢, such that the
obtained PS5-splines are still able to reproduce quintic polynomials. In this way, their optimal
approximation order is retained with less degrees of freedom.

We consider a single triangle 7 (V1, Vo, V3) in A, on which we define a quintic polynomial ps(7) in
Bernstein-Bézier representation (2.1). Its Bézier ordinates are denoted by Eabc., a+b+c=5 We
recall that the control polynomial T3 (z,y) of a PS5-spline s(z,y), restricted on the triangle with
vertices (Vi, Si2, Si3), is a cubic polynomial with Bézier ordinates ey j, 7 = 1,...,10, as defined
in §4.2. By the definition of the control polynomial, the spline s(z,y) has the same function value

and derivative values up to order three at vertex V; as the polynomial ps(7), if
bsoo = e1,1, baio =er4, bao1 =e1s,

bs2o = e1,7, bs11 =er10, D302 =eis,

bago = €12, bazr =e16, b2z =er9, b2z =er3.

We obtain similar conditions to interpolate the function and derivative values at the vertices Vo

and V3.

Referring to Figure 9, the Bézier ordinates drg, .. .,d9; of a PSb-spline can be computed as the
Bézier ordinates after subdivision of a cubic polynomial p3(7) defined on the triangle with vertices
(3.2). The spline s(x,y) has the same function value and derivative values up to order three at
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split point Z as the polynomial ps(7), if the Bézier ordinates bup. of p3(7) satisfy

babe = 21 (21 bat2ve + 22 bat1p+1c + 23 Dat1bet1)

+ 22 (21 bat1b41c + 22 bav2c + 23 babyic+1)
+ 23 (21 bay1ber1 + 22 babr1e41 + 23 Daver2), (4.15)

for all a + b+ ¢ = 3. This can be proved as follows. Let P3 and Ps be the blossoms of p3 and ps,
respectively. By the choice (4.15) it can be checked that

P3(71a7—2a7—3) = PS(TlvTQaT?)?Z?Z)?

with z = (21, 22, 23). The subdivision property of blossoms (see, e.g., (2.5)) completes the proof.
Since c; is equal to bi11, we get the condition

CZ =z (= 13311 + 22 13221 + 23 5212)
+ 22 (=1 6221 + 29 6131 + 23 ?)122)

+ 23 (21 ba1z + 22 bizz + 23 3113)~ (4.16)
Hence, if ¢, is chosen as in (4.16), where

5311 = €1,10, 5131 = €210, 5113 = €3,10,
. 1 - 1 - 1
baa1 = 3 (e16 +€2,0), bioa = 3 (€26 +€39), baiz = 5(63,6 +e19), (4.17)

the corresponding PS5-spline will be able to reproduce quintic polynomials. We can rewrite (4.16)-
(4.17) to

¢, =21 (21€1,10 + 22€1,6 + 23€1,9)
+ 22 (21 €29 + 22 €210 + 23 €2,6)
+ 23 (21e36 + 2239+ 23€310). (4.18)

Using (4.8) and (4.18), it follows that only convex combinations are needed in the computation
of the proposed value of ¢} given the other B-spline coefficients ¢f ;. Thus the graph of such a
PS5-spline lies inside the convex hull of the control points c; ;.

One can model a C?-continuous quintic Powell-Sabin spline with the aid of the cubic control
polynomials 7;(z,y) (or its control points c} ;) and the choice (4.18). For further fine-tuning of
the spline, the control points ¢}, can then be used.

5 Concluding remarks

In this paper a normalized B-spline representation for quintic Powell-Sabin splines was developed.
The basis consists of ten basis functions associated with each vertex in the triangulation, and a
single basis function associated with each triangle in the triangulation. These basis functions have
a local support, they are nonnegative and they form a partition of unity. The construction of
the basis functions associated with a vertex relies on the determination of a triangle that must
contain a specific set of points. These points only depend on the geometry of the triangulation.
The function and derivative values of the basis functions at the vertex are related to the function
and derivative values of the cubic Bernstein polynomials defined on that triangle.

The normalized B-spline representation has a number of advantages for computer aided geometric
design. It allows us to define control points and cubic control polynomials. The control polynomials
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are tangent to the spline surface at the vertices. They enable a designer to interactively change
the shape of the spline in a predictable way. We showed that the Bézier control net of a PS5-spline
can be computed from the PS5-control points using only convex combinations. This results in a
stable way to evaluate the PS5-spline. We can also benefit from the convex partition of unity in
range restricted interpolation. In order to guarantee that a PS5-spline satisfies L < s(z,y) < U
with L < U given constants, it suffices to impose the constraints L < cg”j <Uand L < cfc <U.

Finally, we presented a particular way to determine an appropriate value for the B-spline coefficient
associated with a triangle, given the values of the B-spline coefficients associated with the vertices.
Only convex combinations are needed in the computation. The corresponding PS5-splines are still
able to reproduce quintic polynomials. In [1] another approach was proposed. There, a particular
C3-smoothness condition is imposed on each triangle in the triangulation. This condition, however,
is strongly asymmetric with respect to the vertices of the triangle.
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