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On the existence of para-orthogonal rational
functions on the unit circle

Adhemar Bultheel and Andreas Lasarow

Summary: Similar as in the classical case of polynomials, as is known, para-orthogonal rational
functions on the unit circle can be used to obtain quadrature formulas of Szeg6-type to approximate
some integrals. In the present paper we carry out a thorough discussion of the existence of such
rational functions in terms of the underlying Borel measure on the unit circle.

1 Introduction

This paper is related to former work of Bultheel, Gonzdlez- Vera, Hendriksen, and Njastad
on para-orthogonal rational functions on the unit circle (see, e.g., [1, Section 15], [2], [3,
Chapter 5], and [4]). In particular, from [2] it is known that the zeros of such a kind of
para-orthogonal functions can be used to obtain the nodes of rational Szegd formulas, i.e.
quadrature formulas on the unit circle integration exactly a (maximal) class of rational
functions. They are the rational equivalent of the more classical Szegd quadrature for-
mulas that are exact in a (maximal) space of Laurent polynomials. The primary Szegd
quadrature formulas can be traced in the work of Grenander and Szegd (see, e.g., [11]
and [15]). For details on these quadrature formulas, one may also consult [12]. For more
information on para-orthogonal polynomials on the unit circle we refer to [5], [6], [7],
[10], [13, Section 2.2], [14], and [16] as well.

So far, in all the studies of para-orthogonal functions on the unit circle (even in the
classical case of polynomials) the associated inner product spaces were supposed to be
chosen such that these particular functions existed. However, this fundamental question
can and should be asked. The investigations below give a complete answer. In fact, we
carry out a thorough discussion of the existence of para-orthogonal rational functions
in terms of the underlying Borel measure on the unit circle that is used to define the
associated inner product space. Necessary and sufficient conditions for the existence
of the para-orthogonal rational functions are obtained. Particularly, we shall show that
the location of the poles of the involved rational functions does not have an influence.
Roughly speaking, the situation for para-orthogonal rational functions is similar to the
case of orthogonal rational functions, but not exactly the same.

AMS 2000 subject classification: 42C05, 33C99.
Key words and phrases: Para-orthogonal rational functions, orthogonal rational functions, reproducing kernels,
Borel measures on the unit circle.
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A brief synopsis is as follows. For the reader’s convenience we recall in Section 2
some notations and some basics on para-orthogonal (resp., orthogonal) rational functions
on the unit circle. We give the corresponding definitions and point out some elementary
facts that we will make use later on. Subsequently, in Section 3 we turn to the main
results of the paper. In the process, we verify some auxiliary results on reproducing
kernels of rational function spaces and molecular Borel measures on the unit circle that
have some value of their own.

2 Preliminaries

Let N be the set of all positive integers and let Ny := {0, 1,...}. We define the extended
sets N := NU {oo} and Ny := Ny U {oo}. Further, let D := {w € C : |w| < 1} and
T :={z € C: |z| = 1} be the unit disk and the unit circle of the complex plane C. The
extended complex plane C U {oo} will be denoted by C. By convention we set % 1= 00.
We also use the Kronecker delta defined as §;, := 1if j = kand §;, := 0if j # k.

For the choice of the poles of the rational functions in question, we consider a situ-
ation that is somewhat more general than in [1]-[4], where they are restricted to be all
outside D U T. Here the poles are given by a sequence (a;)72; of complex numbers that
satisfy only the restriction &jay, # 1 for all j, & € N. The notation 7; stands for the set
of all such sequences. Obviously, if («;)?2; € 71, then a; ¢ T for all j € N.

Let (« j);?‘;l € 7;. In the following, 7, ¢ stands for the constant function on C with
value 1, R, o denotes the set of all constant (complex-valued) functions defined on C,
and P, o as well as Z,, o are empty sets. If n € N, then 7, ,, : C — C is defined by

n
Tan(u) = H(l —ju),
j=1

R, denotes the set of all rational functions f that admit a representation

b

To,n

f=

with some (complex) polynomial p of degree not greater than n, and finally we set

Pon = o {(’%} and Zgp = O{aj}.
j=1

Henceforth, let n € Ny and let ;1 be a measure defined on the o-algebra Bt of all Borel
subsets of T. As in [1]-[4], the space R, of rational functions will be equipped with
the (complex-valued) inner product

(f.9), = / F(g@ u(dz), Y f.g € Ra.
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For each j € N, the notation b,; stands for the elementary Blaschke factor corres-
ponding to a, i.e.

% : 1
njl—oTju if uG(C\{(Tj}
ba, (u) := 1
— if uw=o00,
|
where for technical reasons
-1 if a; =0
nj == ;.
! —L if a; #0.
|ov

Furthermore, let

n
Bao=mao and Bagn:=[[bs,, neN
j=1

We define the adjoint rational function fl*™ of some function f belonging to Ran
as suggested in [3] (but with an other name and notation there), i.e. fl*" denotes the
rational function which is uniquely determined via

F90) = Ban@)f(3): 0 €€\ (Pan UZan U0}

In the particular situation thatn = O or ; = O forall j = 1,2, ..., n it follows

flenl(y) = v”f(%), v e C\ {0},

and we will prefer to write £ instead of f[*"! (in Corollary 3.10). Some information
on further interrelations between the adjoint rational function f[*™ and the underlying
rational function f can be found in [3, Section 2.2] for the special circumstance that
o1, aa,...,q, €. However, an analog argumentation implies that for all f,g € R, »,
the properties below are satisfied in the current situation too:

(Rl) f[a,n] c Ra,vm (f[an])[a,n] —_ f
R2) flonl(a,) =0 <= f € Ran-1, n#0.
®3) (f,g), = (g, flor) .

Recall that the measure y is said to be nondegenerate of order n if the Toeplitz matrix

T = () o

is nonsingular, where ¢/ z) = cé“ ) and

cy‘) = /?,u(dz)7 ¢ € Np.
T
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We will write M for the set of all measures defined on 87 and M,, for the set of all
measures defined on B which are nondegenerate of order n. Moreover, we set

Moo := ﬁ M.
m=0

On the other hand, /\/l,r{“’l stands for the set of all measures defined on Bt which are
molecular of order at most n when n € N and, by convention, Mg“’l denotes the single-
ton consisting of the zero measure belonging to M. Recall that, for n € N, a measure
n € Mis called molecular of order at most n if there is a sequence (2;)7_; of n points
belonging to T such that (T \ {21, 22, ..., 2,}) = 0. It is well-known that the relation

Mmel = M\ M, (2.1)

holds. As a slight modification of that classical result (cf. [9, Theorem 5.6 and Proposi-
tion 6.4]), if fo, f1,..., fr is a basis of R, then

n

det(<fj,fk> ) =0 < peMprl (2.2)
®/ §,k=0

Let 1 € M,,. In view of (2.1) and (2.2) it is not hard to accept that (R4 n, (-, ) ) is

a finite-dimensional Hilbert space. In analogy to [3, Theorem 2.2.2], it has a reproducing

kernel K,(f"“ ) If fos fi,- .., fnis abasis of Ry, then the kernel can be represented via

n

-1
K;ww,v):(Tn<w>)*((<fj,fk>,t) ) Ta), Vo,w€C\Pay,

k=0
where T, := (fo f1 -+ fn)T. For each w € C \ P,,,,, we also use the setting

KL (v) = KW (w,v), Vv € C\ Py
As in [3], a sequence (apk)gzo of rational functions (with 7 € No) is called an ortho-
normal system corresponding to (O{j)?il and . if the two conditions below are satisfied:

O ¢ € Rak, k=0,1,...,7.
(02) <90j790k>u :5]167 j,k:(),].,...,’r.

If oy =0forall j =1,2,...,7 (orif 7 = 0), then an orthonormal system (5 )7._,
corresponding to (c;)52; and p simply consists of polynomials. In that particular case
we will also refer to (@)} as orthonormal polynomial system corresponding to fu.

Taking (2.1) and (2.2) into account, some elementary considerations imply the fol-
lowing (see also [3, Section 2.2]):

Proposition 2.1 Let 7 € Ny and 1 € M, then there exists an orthonormal system
(1) feq corresponding to (a;)3<, and v if and only if 1 € M.

Finally, we arrive at the notation for the para-orthogonal rational functions. A se-
quence (Xj)JT:l of rational functions (with 7 € N) is called a para-orthogonal system
corresponding to (cv;)32; and i if, for each element, the following three conditions hold:
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(P1) x; € RYS.
(P2) (xj Bayo), # 0and (x;, Ba,j), # 0.
(P3) If g € R,,; such that g(a;) = 0 and gl*7)(a;) = 0, then <Xj79>,t =0.

Similar as in the case of orthonormal systems, if o; = 0 forall j = 1,2,...,7, then
we will also refer to (Xj);-:l as para-orthogonal polynomial system corresponding to L.

The terminology above is guided by [2] (see also [1, Section 15], [3, Chapter 5], and
[12]). The phrase para-orthogonal therein is chosen because of deficiencies in orthogo-
nality properties of these sequences. In view of (P3) and the difference with the definition
implemented in [2] we note that (R2) implies the relation

Rij =19 € Raj1:9(a;) =0}, 2.3)
where we use from now on the setting
R, ;= {g9€Ra;:g(a;) = g[a,j](aj) =0}, j=1,2...,m

Moreover, the para-orthogonal systems of rational functions in [2] include additionally
the index 7 = 0 (involving some constant function). For that what follows, this seems to
be a bit nonnatural and unwieldy, since it would require a separate (trivial, but unesthetic)
treatment of the case 7 = 0 each time. Hence, the systems here begin with j = 1.

As is generally known, there is a relation between orthonormal and para-orthogonal
systems of rational functions. In fact (cf. [2, Theorem 2]), this is given by the following:

Theorem 2.2 Let 7 € Nand i € M. Furthermore, let (py)i_, be an orthonormal
system corresponding to (cj)32 and pi. Then a sequence (x;)j_; of rational functions
is a para-orthogonal system corresponding to (ozj);?';l and p if and only if, for each
element, there are two nonzero complex numbers a; and b; such that

X5 = ajp; + bj(,@%ad].

As a consequence of Theorem 2.2 and the Christoffel-Darboux formulas for or-
thonormal systems of rational functions (cf. [3, Theorem 3.1.3]) we get then:

Corollary 2.3 Let 7 € N, € M, and let (¢1)7._, be an orthonormal system corres-
ponding to ()5, and 1. Furthermore, let vy € C\ Py j for j = 1,2,...,7 be such
that ¢;(vj) # 0 and goga’ﬂ (v;) # 0 and let

Xi = (1= ba, (0))ba, ) K0

()
Then (x;)}— is a para-orthogonal system corresponding to (c;)52, and .
Remark 2.4 The location of the poles and zeros of orthogonal rational functions (cf. [3,

Corollary 3.2.2]) yields that, in any case, one can choose v; € T for j=1,2,...,7 in Co-
rollary 2.3 to catch a para-orthogonal system (x;)7_; corresponding to (c;)52 and .
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3 The main results

In view of Theorem 2.2 and Proposition 2.1 it is clear that (for 7 € N) there is a para-
orthogonal system (x;)7_; corresponding to some (a;)52; € 7; and u € M, when
the underlying measure p belongs to M. In this section we study now as to which
extent this property is necessary and sufficient. In particular, we will see that, for 7 € N,

actually the condition p € M _ is essential.

At first, we prove some auxiliary results concerning the reproducing kernel Kf,,o"“ ),

Here and in the following, we assume («;)32; € 7; and n € No.

Lemma 3.1 Let ;1 € M be such that there exist n + 1 functions fo, f1,..., fn € Ran
which are point evaluation kernels, i.e., for each f € R, the reproducing properties

<f7fk>ﬂ = f(wg), k=0,1,...,n,

hold, where wg, w1, . . ., w, are pairwise distinct points belonging to C \ Pq n. Then the

measure [ belongs to M., and fi, = Kr(ﬁ}f,? foreachk =0,1,... n.

Proof: First of all, we prove by contraposition that

det((Baj, Bas),) _ #0. (3.1)

4,6=0

Suppose that (3.1) does not hold. Thus, suppose that there is a nonzero complex vector
u=(upu - u,) € C*" ! such that

u <<Ba7j,Ba7z>M):’e:0 — (00 - 0).

If we put

n
f:=> wBay,
=0

then f € R, . Furthermore, from fj, € R, we can infer that there is a complex vector
¢k = (Cosk C13k -+ o) € CP¥" T such that

n
fr ZZCg;kBa,g, k=0,1,...,n.
£=0

Hence, in view of the reproducing property we get

fwp) =(f, fr), =n <<Bo¢,ija,e>H>n =0, k=01,...,n.

4,6=0
Since wg, w1, ..., w, € ® \ Py, are some pairwise distinct points and since f € Rq .,
from the fundamental theorem of algebra one can conclude that f must be the zero func-
tion, i.e. up = 0 for £ = 0,1,...,n. This is a contradiction to the choice of u. There-

fore, the assumption was wrong and (3.1) follows. By using (3.1) in combination with
(2.1) and (2.2) we conclude that the measure p belongs to M,,. The remaining part of
the assertion is then a consequence of the uniqueness of reproducing kernels in finite-
dimensional Hilbert spaces (cf. [8, Theorem 10]). O
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Lemma 3.2 Ifu € M, then
(K(txd)li)) [o,n] (’U) — (K(tx H)) [o,n] (’lU), Vo,w € C \ Pa,n'

B
n, n,v

In particular K,g Z’“) Baon(2) (K,(fz’“))[a’n] holds for each z € T.

Proof: Let v,w € C\ P,,. In view of the reproducing property of the kernel K (em)
(R1), and (R3) it follows that

s

(KT(L%M))[a,n](U) _ <(K7(lozju))[a,n] K("v“)>
7

= () K) = (K w)

In particular, taking into account that | B, ()| = 1 for z € T, we get

KM () = | B (2) 2K (v, 2) = BM( ) Bon (2) K% (L)
= Ban(2) (E5) "™ (2) = Bam(2) (K1) (0),

[e,m]

ie. for each z € T the identity K" = B,.(2) (K,({f‘z’“)) ]

Based on Lemma 3.1 and Lemma 3.2 we are now able to prove that (for 7 € N)
there exists a para-orthogonal system (;)7_; corresponding to (c;)52 and y, when the
underlying measure 4 belongs just to M,_;. The next lemma relates this with Corol-
lary 2.3 and Remark 2.4. In fact, we obtain:

Lemma 3.3 Let 7 € Nand p € M, _1. If z € T, then the following are equivalent:
(@) (Bayr, K1) | = Ba s (2).

(if) ((1=ba, (2)ba, ) KL1), Ba) , = 0.

T—1,27

(iii) ((1=ba, ()b, ) KI1), Bar), = 0.

T—1,27

Moreover, there is only a finite set A of at most T pairwise distinct points belonging to T
such that (1) is satisfied. In particular, if z; € T \ A and if we set

Xj = (1= ba, ()b, ) KW G =1,2,...,7,

=1,z

(wherein z; € T can be arbitrarily chosen for j = 1,2,...,7 — 1), then the system
(Xj)j=1 is a para-orthogonal corresponding to (a;)32., and ju.
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Proof: Let z € T. In view of the definition of B, , and the reproducing property of the
kernel K ™) we get the equality

<(]- - baT (Z)boz.,.)KE-(i’i)zv BO(,T># = <K-£(i’i)zv BO(,T># - baT (Z)<K7(_(i’ﬁ)z, Ba,r—1>u

- < Bor K§i7“>z>ﬂ — Bar(2). (3.2)

)

By virtue of B, o(z) = 1 and using Lemma 3.2, | B, - (2)| = 1, (R1), and (R3) we obtain

(b o KT Bao) = ({7t Bao) — b () (b, KLFL Bo)

= 1= Ba ()b, (K40, Bug)

_ m@w(z) - <BQ,T,K§i’ﬁL>H). (3.3)

(From (3.2) and (3.3) the equivalence of the statements (i), (ii), and (iii) now follows.
Moreover, Corollary 2.3 yields in combination with Remark 2.4 the remaining part of
the assertion in the case of u € M.

We assume now that u € M, _1 \ M. Furthermore, we suppose that (at least)

<Boc,‘ra Kﬁ‘i’{f)zk># = Bo.r(2k) (3.4)
for k =0,1,...,7, where zq, 21, ..., 2, are some pairwise distinct points belonging to
T. Let f € R, Hence, thereisan h € R, ~—1 and a c € C such that f = cB, » + h.

Therefore, from (3.4) and the reproducing property of K ioif ) it follows

n

T—1,21 T—1,21

= ¢Bo(21) + h(zk) = f(zk)

C<Ba7T,K(a7M) > + <h7K(aaN) >
1% 12

for k = 0,1,...,7. Accordingly, Lemma 3.1 implies u € M.. Consequently, there

are at most 7 pairwise distinct points zg, 21, ..., 2-—1 € T such that (3.4) holds for each
k =0,1,...,7 — 1. In other words, there is a finite set A of at most 7 elements such
that (Bo -, K\*{.) # Ba,(2) foreach z € T\ A. Let z € T\ A. Thus, by virtue

of (3.2) and (3.3) one can conclude that, by setting

Xr = (1= ba, (27)ba, ) K1

T—1,2:"

we have <Xn Ba77>u = 0 and <Xn Ba70>u = 0. In particular, for the special case 7 = 1

it follows that (x;)7_, forms a para-orthogonal system corresponding to (a;)32; and .
Now let 7 > 2. In addition, let z; € T and let

g = (1= b, (z)ba, ) KI  j=1,2,.. 7 — 1.

J=Lz
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Taking 4 € M,_; into account, then from Corollary 2.3 we can infer that (Xj);;ll is
a para-orthogonal system corresponding to (O‘j)?il and p. Suppose that g € R}, .. By
(2.3) the function g admits a representation

_pr

Ta,m—1

g:

with some polynomial p of degree not greater than 7 — 2 and p,(v) := o, — v forv € C.

)

If we put ¢, (v) := 7, (1 — @;v) for v € C, then the reproducing property of K. ioif and

the definition of b, _ lead to

o, Pr T 7\ o, Pr
<erg># = <K7(——f:)zTa T P>N - bocT (ZT)<baTK$_iLT7 7_r7p>H

a,7—1 a,7—1

_ (Mp(m) b (KT WL%

a,7—1
e pen) = o

I
<
—

I3
3
~—

S
Q
3
—

I
3
~—

N

To that (x;)7_; forms indeed a para-orthogonal system corresponding to (c;)52; and p1
in the case 7 > 2 as well. O

To demonstrate the converse statement, i.e. that the existence of a para-orthogonal
system (x;)7_, corresponding to (a;)$2; and p implies 4 € M, _1, we play on the
following lemma saying that if ;1 € M™°!, then orthogonality on R, .41 is equivalent
with orthogonality on R}, .1 = {9 € Ra,r+1: g(ars1) = gl () =0}

Lemma 3.4 Let 7 € Nand jp € M2\ Further, let (0;)52, € Ty and X € Rari1.
Then <X7 f>u = 0 for each f € Ry 41 if and only if<x,g># =0forallg € R, ;41

Proof: If (y, f>u = 0 holds for each f € R, 41, then clearly

(x.9),=0, VgER, - (3.5)
Conversely, assume that (3.5) holds. Since p1 € M™°!, there are pairwise distinct points
21,22, ..., % € T and some nonnegative numbers dy, ds, . .., d, such that
p=7 dies,, (3.6)
j=1

where €., denotes the Dirac measure defined on Bt with unit mass located at z; for
7 =1,2 ..., 7. Therefore, using some standard facts from integration theory we obtain

(o), = [T () = 3 dix(z) ) 37
T =



10 A. Bultheel and A. Lasarow

forall f € Ry, r41. Furthermore, for k =1,2,..., 7, let

Wa,r(zk) Pr+1 h

ks (3.8)
(a‘r-i-l - Zk) To,T

gk =

where p;11(v) := ar41 — v for v € C and where

1 if =1
iy Zj — 2k
i#k

for v € C. Since (3.8), (3.9), and (2.3) imply that g, € R, ., with g.(z;) = dy; for
7 =12,...,7,from (3.7) and (3.5) we conlude that

drpx(zr) = dix(zr)gr(2) = Zde(Zj)gk(Zj) = <X, gk>u =0.
j=1
This yields in combination with (3.7) the equality (¥, f ># =0forall f € Ror41. O

Summing up the auxiliary results above we get the following characterization con-
cerning the existence of para-orthogonal systems of rational functions:

Theorem 3.5 Let (O‘j)?i1 € Ty and T € N. The following statements are equivalent:
(1) we M‘rfl-

(i1) There exists a sequence (zj);-:l of points belonging to T such that, by setting

Xj = (1= ba, (2))ba, ) K21 (3.10)

Jj—1,z5°
a para-orthogonal system (x;)7_; corresponding to (c;)3<, and pu is given.

(iii) There is a para-orthogonal system (x;)j_, corresponding to ()52, and i such
that, foreach j = 1,2, ..., 7 and eachv € C\P,, ;, with some z; € T the equality

1—a;, v aj—
wi(v) = 8 (g ) —

1—agv

ba;_(25)p5-1(25)

e )bajfl(v)goj,l(v)) 3.11)
Pi-1 (Zj)

holds, where (1) _) is an orthonormal system corresponding to (vj)72q and p.

(iv) There is a para-orthogonal system (x;)j_, corresponding to (cj)32 and ju.

(v) There is a X+ € Ra,r such that <XT, f>ﬂ # 0 holds for some f € Ry, r and that
<XT,9># = 0 holds for each g € R,, . ={9 € Ra,r : g(a;) = g (a;) = 0}.



Existence of para-orthogonal rational functions 11

Proof: By Lemma 3.3, (i) leads to (ii). Moreover, the equivalence of (ii) and (iii) is a
consequence of the Christoffel-Darboux formulas for orthonormal systems of rational
functions (cf. [3, Theorem 3.1.3]). In addition, (ii) clearly implies (iv). Taking (P1)—(P3)
into account, one can see that (iv) yields immediately (v) as well. We suppose now (v).
In the particular case of 7 = 1, from (x1, f># # 0 for some f € R, 1 we find that
€ M\ MPLIf 7 > 1, then an application of Lemma 3.4 shows that 1 € M\ M}

Consequently, by (2.1) we infer that (v) entails (i). O

Since z; € T, we observe (cf. [3, Corollary 3.1.4]) that in (3.11),

AT

)ET, i=1,2,...,1.

With the background of Theorem 3.5 one can immediately conclude that in the case
of infinite sequences of rational functions the situation is as follows:

Corollary 3.6 Let (aj);?il € T1. The following statements are equivalent:
@ p € M.

(i) There is a sequence (z;)32; of points belonging to T so that the system (x;)52,
with x; given by (3.10) is para-orthogonal corresponding to (ozj);-il and .

(iii) There is a para-orthogonal system (x ;)52 corresponding to ()52, and ju such

that, for each j € N and each v € C\ P, ;, with some z; € T the equality (3.11)
holds, where (¢1)32 is an orthonormal system corresponding to (c;)52., and fu.

(iv) There is a para-orthogonal system (x ;)72 corresponding to (cv;)72, and fu.

(v) Foreach j €N, there is a x; € Ra,; such that <Xj7 f>u # 0 with some f € Rq j
and that <Xj’g>u =0ifge R’a)j ={g9€Ra,j:9(ej) = g[o‘"ﬁ](aj) =0}.
Since the condition (i) in Theorem 3.5 (resp., (i) in Corollary 3.6) does not depend

on the concrete choice of the underlying sequence (c;)32; € 7; (i.e. the location of the
poles of the rational functions involved does not have an influence), it follows:

Corollary 3.7 Let T € N. The following statements are equivalent:

(i) For each sequence (c;)32., € Ty, there is a para-orthogonal system (x;)}_, cor-

responding to ()32, and p.

(i1) There exists a para-orthogonal system (Xj);':1 corresponding to some sequence
()52, € T1 and .

(iii) There exists a para-orthogonal polynomial system (Xj)}-'zl corresponding to L.
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Corollary 2.3 and Remark 2.4 (see also Lemma 3.3) suggest that some converse is
also fulfilled. Namely, if (ii) (resp., (iii)) of Theorem 3.5 holds for every choice of points
21,22,...,27 € T, then p € M. In the final part of this paper we want to verify that
statement. We start by the following result concerning molecular Borel measures on T,
that can be seen as an addendum to Lemma 3.3.

Lemma 3.8 Let 7 € N and let i € M™°' 0\ M. _y. Then there exist exactly T pairwise

distinct points 21, 23, . . . , 2y belonging to T such that
(Borm KSHL) = Bor(z), j=12...7
Moreover, the measure [ admits the representation (3.6) with these points 21, 22, ..., 2;
- 1 - .

and d, 7}(52% ) for 3 =1,2, ..., 7. In particular,

T K(a’f) (Zk:) T K(OMH) (Z)
ZBQ,T(ZJ-)% =0 and Zba,(zj)w =0, k=1,2,...,7.
g;}c K7'717Zj (ZJ) g;}c K‘rfl,zj (Z])

Proof: The choice of ; implies in combination with (2.1) that i € MMl \ A0}

T—1°
Thus, the measure 1 admits the representation (3.6) with some pairwise distinct points
z1,29,...,2: € T and some positive numbers dy,ds,...,d,. Let k = 1,2,... 7.

Furthermore, let the polynomial /. of degree 7 — 1 be given by (3.9) and let

To,r—1(28) e

To,m—1

fr =

Since fi € Ra,r—1 so that fj(2;) = d; for j = 1,2,..., 7, in view of the reproducing

property of K i(i’f), (3.6), and some facts from integration theory (cf. (3.7)), we get

)

1= <fk, Kﬁ”jfl)u =) djfk(zj)Kv(—O:i)zk (z) = d/cKici’f,)zk (z) = dkKici’f)zk(Zk%
j=1

or in other words L

K(Q;M) (2%) ’

T—1,2

dp = (3.12)

Because of Lemma 3.3 we already know that there is a set A of at most 7 pairwise distinct
points z belonging to T such that the identity
<Ba,T7K§(i’{ﬁ)z> = Ba,r(2) (3.13)
o

s

is satisfied. Let z € T. By virtue of (3.6) it follows

(B K21L) = Ezj d; Ba,r (2 K 21 (2):
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Consequently, we see that (3.13) is equivalent to
> diBo s () KM, (2) = B (2). (3.14)

Moreover, by using Lemma 3.2 and (R1) we obtain

o, ” a, [, 7—1]
(Bor KAL) = 30 diBar () Bara () (K240) 7 (2))
j=1

= Bar-1(2) Y djBa.r(2)) Bar—1(2) K1, (2))
j*l

= Ba,‘r 1 Zd b K‘gaf)z( j)'
Thus, (3.13) is equivalent to
> " djba, (5) KL, (2)) = b, (2) (3.1)

as well. Taking into account that the function

= ba (2)f
j=1

belongs to R, ~—1, Whereby the relation f(z;) = b, (z]) holds for j = 1,2,..., 7, the

(a u)

reproducing property of K and (3.6) provide us

ba. () = (K, 1) = ZdKT EC Zdb DR, ()

Therefore, the equality in (3.15) holds when z = z;. Since the identities (3.13) and
(3.15) are equivalent and since the set A has at most 7 elements, one can conclude

A= {217227"'7ZT}'
Furthermore, by using (3.12), the equivalence of (3.13) and (3.14) results in

e
ZBM % K(abj( . Zd Bo () KX, (21) = Bayr(2) = 0

J¢k T—1,z;

and the equivalence of (3.13) and (3.15) gives rise to

(o, )

’ KT 2 "

> ba, () Zdb (2) KL, (27) = ba, (21) = 0.
j=1

i#k
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Proposition 3.9 Let ()52, € Ty and 7 € N. The following statements are equivalent:
() peM,.

(i1) For every choice of points 21, 23, ..., 2+ € T, a para-orthogonal system (Xj)jT'=1

corresponding to (aj)32.; and yu is given by (3.10).

(iii) For every choice of points 21, za,...,2; € T, there is a para-orthogonal system
(Xj)j=1 corresponding to (a;)32, and p such that, for each j = 1,2,...,7 and
eachv € C\ P, j, the equality (3.11) holds, where (1,);_} is an orthonormal

system corresponding to (a;)3%, and pu.

Proof: In view of Corollary 2.3 and Remark 2.4 we see that (i) implies (ii). Moreover,
the equivalence of (ii) and (iii) is a consequence of the Christoffel-Darboux formulas for
orthonormal systems of rational functions (cf. [3, Theorem 3.1.3]). Now we suppose (ii).
Consider at first 7 € N. For that, we prove by contraposition that (i) follows. Assume
that 4 € M\ M. By virtue of (ii), Theorem 3.5, and (2.1) we get 1 € M™' N M, _;.
Thus, a combination of Lemma 3.8 and Lemma 3.3 shows that there is sequence (2;)7_;
of points belonging to T such that (3.10) does not provide a para-orthogonal system
(X;j)j=1 corresponding to (a;)32; and p. This is a contradiction to (ii). Consequently,
(ii) results in (i) in the case 7 € N. Based on this, the case 7 = oo is obvious. O

Note that, in the particular case 7 = oo, the statements in Proposition 3.9 and Corol-
lary 3.6 actually coincide. (In Proposition 3.9 and below, 7 — 1 means co when 7 = 0.)
Similar to Corollary 3.7, from Proposition 3.9 one can conclude that:

Corollary 3.10 Let 7 € N. The following statements are equivalent:

(i) For each (ozj);?';l € 711 and each 21, 29, ...,2z: € T, a para-orthogonal system
X;)i_q corresponding to («;)S2 and p is given by (3.10).
i)j=1 di 3)521 and yuis given by (3.10)

(i1) For every choice of points 21, 23, ..., 2; € T, a para-orthogonal system (Xj)}':l
corresponding to some (ozj);";l € Ty and p is given by (3.10).

(iii) For every choice of points z1, zo, ..., 2z, € T, a para-orthogonal polynomial sys-
tem (X;j)7_, corresponding to y is given by

70
: Wy T
x;(v) == (1 — Zv) (UO ol ... U],1) (Tj’il) i , veC.
5
(iv) For each (aj)}?‘;l € Ty and each z1, 22, ...,z € T, there is a para-orthogonal
system (x;j)7_y corresponding to (cv;)32 and p such that, forall j = 1,2,..., 7

and all v € C\ P, j, the equality (3.11) holds, where (), _p is an orthonormal
system corresponding to (a;)3%, and pu.
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(v) For every choice of points z1, 22, ...,z € T, there is a para-orthogonal system
(Xj)j=1 corresponding to some (a;)32; € Ty and pso that, forall j = 1,2,..., 7
and all v € C\ P, j, the equality (3.11) holds, where (o), _¢ is an orthonormal
system corresponding to (;)3%, and fu.

(vi) For every choice of points 21, 23, ..., 2+ € T, there is a para-orthogonal polyno-
mial system (Xj);-:l corresponding to | such that the equality

j— zjpi—1(z;)
i) = W) = (L2 Yoy alv), ve,
;i1 (%)

holds, where (gak)g;é is an orthonormal polynomial system corresponding to L.

Remark 3.11 Because of Lemma 3.8, Proposition 3.9, and (2.1) it follows that the set A
in Lemma 3.3 is either empty (in the case of ;1 € M) or consists of exactly 7 elements
(when € M,_1 \ M.,). Moreover, one can see that the location of the poles of the
involved rational functions does not have an influence of the shape of A.
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