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Abstract

In this paper an implicit (double) shifted QR-method for com-
puting the eigenvalues of companion and fellow matrices will be pre-
sented. Companion and fellow matrices are Hessenberg matrices,
that can be decomposed into the sum of a unitary and a rank 1 ma-
trix. The Hessenberg, the unitary as well as the rank 1 structures
are preserved under a step of the QQR-method. This makes these
matrices suitable for the design of a fast Q R-method.

Several techniques already exist for performing a QQR-step. The
implementation of these methods is highly dependent on the repre-
sentation used. Unfortunately for most of the methods compression
is needed since one is not able to maintain all three, unitary, Hes-
senberg and rank 1 structures.

In this manuscript an implicit algorithm will be designed for per-
forming a step of the ) R-method on the companion or fellow matrix
based on a new representation consisting of Givens transformations.
Moreover, no compression is needed as the specific representation
of the involved matrices is maintained. Finally, also a double shift
version of the implicit method is presented.

Keywords : Companion matrices, Fellow matrices, Q) R-algorithm, implicit
method, multishift.
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Abstract In this paper an implicit (double) shifta@R-method for computing the eigenvalues of
companion and fellow matrices will be presented. Companion and fellow madreétessenberg
matrices, that can be decomposed into the sum of a unitary and a rank 1 ml¢ridessenberg,
the unitary as well as the rank 1 structures are preserved under af sbep@R-method. This
makes these matrices suitable for the design of aj&smethod.

Several techniques already exist for performir@Rstep. The implementation of these meth-
ods is highly dependent on the representation used. Unfortunately forofmibe methods com-
pression is needed since one is not able to maintain all three, unitary,ndesgeand rank 1
structures.

In this manuscript an implicit algorithm will be designed for performing a stefheiQR-
method on the companion or fellow matrix based on a new representation cansis@ivens
transformations. Moreover, no compression is needed as the spgmiéiseatation of the involved
matrices is maintained. Finally, also a double shift version of the implicit methog&septed.

Key words Companion matrices, Fellow matric&3R-algorithm, implicit method, multishift
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1 Introduction

Computing roots of polynomials is an interesting problem with many challengesy Mathods
act directly on the polynomials, e.g., bisection, Sturm sequences andls@lfiotn actual imple-
mentations, however, the problem often is formulated in a matrix setting and tiressgonding
matrix problem is solved. When working with the standard monomial basis, domgpuoots of a
polynomial coincides with computing eigenvalues of the associated matrix.iféevalues of a
companion matrix equal the roots of the associated polynomial.

* The research of the first two authors, was partially supported by theaRss Council K.U.Leuven, project
OT/05/40 (Large rank structured matrix computations), CoE EF/05/0GBn@gation in Engineering (OPTEC), by
the Fund for Scientific Research—Flanders (Belgium), G.0423.08AR#ational modeling: optimal conditioning and
stable algorithms). All three authors were supported by the Interwifiyekttraction Poles Programme, initiated by
the Belgian State, Science Policy Office, Belgian Network DYSCO (Dyndr8igstems, Control, and Optimization).
The first author has a grant as “Postdoctoraal Onderzoekertfrerund for Scientific Research—Flanders (Belgium).
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Definition 1 Given a monic polynomial (@) = po + p1z+ P22 + ... + pn_12""1 + 2" the associ-
ated companion matrix is of the following form:

0 —Po
1.
Co=|" Pr 1)
1 —pnaa

When changing the basis the idea remains the same, but the associated raatyesglone obtains
e.g., confederate, congenial, comrade matrices and so forth [2]. Ak thiedblems are worth
investigating, but in this manuscript we will restrict ourselves to the claswipanion and
fellow matrices because it is the most widespread.

In the current LAPACK implementation the eigenvalues of the companion matix@m-
puted by the standar@(n®) Hessenberg eigenvalue solver. This is an unfortunate choice, since a
companion matrix and it®R-iterates are highly structured as we will see later on.

Recently, many authors have been intrigued by hidden rank propertiease thatrices. Basic
theoretical results on rank structured matrices [3,4], quickly evolvegdtem solvers for these
matrices [5,6] and to eigenvalue methods based on these matrix struct@eq J7

A companion matrix, which is Hessenberg, can be written as the sum of ayuaiitdra rank
1 matrix. Since both the unitary and the rank 1 matrix are structured rank nsatoice wishes
to exploit these structures to come to an efficient method. The brute-fasseHberg eigenvalue
solver use)(n®) operations for computing the whole spectrum, whereas an efficient method e
ploiting all involved matrix structures would only us¥n?) operations. The problem has already
been studied extensively. Let us make a summary of the existing methods g¢ladiauthors
who have contributed to the development of these methods.

Independently of each other Bindel et al. and Bini et al. [10, 11] gddhat theQR-iteratesHy
have{1,3}-quasiseparable structure whelg = U 4 uv" is a Hessenberg matrix that is unitary
plus rank one. Hence, each Hessenberg méigixcan be represented using(n) parameters.
Based on this fact, several algorithms where developed that perfa@Reétration steps on the
Hessenberg matricé. These algorithms differ in the way the Hessenberg matrix is represented,
in the way the Hessenberg as well as the unitary plus rank one structurentsimad and in the
explicit or implicit way of performing eacR-iteration step.

In the paper by Bini et al., the following relationship betwé&&yof (1) and its inversé:lg1 is
used (whemy is different from zero):

Cp=C,"+uv",

with Uy, Vik € C™2. The QR-iteration step with shift is implemented in an explicit way. The ex-
periments described in the paper show that the implementation of the algorithnuimasical
difficulties (overflow/underflow, no convergence).

In the manuscript of Bindel et al. a larger class of matrices is considerec precisely, the
symmetric, skew symmetric or orthogonal matrices plus a low rank modificatianalforithm
uses a compression technique to maintain the structure.

In Bini et al. [12] an alternative algorithm was developed to solve the étdseyg, unitary plus
rank one casekl, = Uy + ukvE. The authors showed that the matdi can be written as a product
of three sequences of22 unitary transformations as represented in (7). The presented method is
an explicitQR-algorithm, in which special compression is needed to maintain the unitary struc-
ture.

As in the paper of Bindel et al., a bulge chasing procedure is designd@Jinlifh contrast to
the previous papers this is done for a single as well as for a double dhéftepresentation that is
used for the Hessenberg matHy in each step is itQR-factorization, i.e.Hx = QkR«. A chasing
technique is used to chase the implicitly created bulge. Unfortunately this sesréfae rank of a
certain involved factor. Compression is therefore needed to maintain a corepeesentation.

1 The literature related to this subject is much more extended than theseféeances.
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All the previous papers handled the cabe- U +uvt, i.e., when the Hessenberg matkixis
the sum of a unitaryy and rank one matrixvt. Only the manuscript of Bindel et al. considered
the more general class of symmetric, skew symmetric, or unitary plus rantageeln the paper
[14] by Bini et al. of 2005, the matriceS= (& j)i j considered have the following form:

ai = di+2zW, )
aj = UitiTVj wheni > |

with t”* =t_1ti_»---tj41 and given vectors, v, t, z,w,d?. This set is called the set of generalized
companion matrices. It includes the arrowhead matrices, comrade matyicesétric tridiagonal

plus rank one), diagonal plus rank one matrices, . ... Note that eachx mfthis set is{1,3}-
guasiseparable. The authors prove that this set is closed under tieatmp of each step of

the QR-algorithm. Each step of th@R-algorithm is performed in an explicit way, i.e., tigR-
factorization ofAx — k! is computed and then the two factors multiplied in reverse order are added
to l.

In this manuscript we will present a new manner of representing the coompamatrix, which
uses less parameters than the ones presented in the manuscripts ab@evelauring the
algorithm no compression is needed to maintain a low complexity algorithm. Theseypation
is based on Givens transformations and easily admits an imQiRillgorithm. The implicit
version is based on structure restoring manipulations of the involved matodxdér to maintain
the same representation in each step of@emethod. Once the single shift version is known,
the double shift or multishift version is a straightforward extension.

The manuscript is organized as follows. In Section 2 some preliminary reseltdiscussed.
The relation between roots of polynomials and companion matrices is investigatestdme com-
ments on working with Givens transformations are given. In the followinges the different
aspects to the development of tRdR-methods are discussed. Section 3 discusses unitary plus
rank one matrices, both the preservation of the structure and the nefattése are investigated.
Section 4 and Section 5 discuss both the single and double shift technijeeso the special
representation of the involved matrices the deflation is uncommon, Sectionuskschow to
perform deflation. Finally some details on the implementation and numericalieqrds are
presented.

Note: When finishing this manuscript, we became aware of another similar algorithomto c
pute the eigenvalues of a companion matrix. This method was explained by Baiteaakshop
in Cortona [15].

2 Preliminary results

In this section we will firstly discuss the relation between polynomials and matSeesndly we
will present some tools for working with graphical interpretations of Gévieansformations.

2.1 Roots of polynomials

Suppose we are working with a polynomiglz) either inRp[z] or Cy[Z]. The subscriph in Rp[Z]
andCp[Z] means that the considered polynomials are of degree less than or egual to
Without loss of generality we can assumpgto be different from zero. Clearly the zeros of
p(z) equal the zeros gb(z) / pn, hence we will assume in the remainder the polynom{a) to be
monic, i.e. , withp, = 1.
The companion matrix associated with a monic polynomial of degreegiven in Equa-
tion (1).

2 This representation is called the quasiseparable representation.
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Note 10ne can fairly easy see that the eigenvalues of the companion matrix cowitidthe
zeros of the associated polynomfzk), because(z) = det(zl —C).

A theoretical, more broad context, not restricted to the standard monomial exastis for
proving the equality between eigenvalues of the associated matrix and fdbts molynomial.
More information can be found for example in [2, 16].

2.2 Working with Givens transformations

Givens transformations are a powerful tool for working with structumedrices. E.g., the implicit
QRalgorithm for Hessenberg matrices makes extensive use of Giverssdmasations [1] and
especially for structured rank matrices [9] they are a valuable tool.

Also for structured rank matrices, Givens transformations play an impaabmntin this sub-
section we will discuss a graphical way of working with Givens transfdiona. Also interactions
such as the “shift through” and “the fusion” of Givens transformatieitisbe discussed.

The following graphical scheme represents @R-factorization of a 6< 6 Hessenberg ma-
trix, based on Givens transformations. The scheme correspoi@is3ta . . GsR. The matrixR is
shown on the right and is clearly upper triangular. The Givens tramsfiionGs is located above
1, G4 in position 2 and so forth. One might consider this misleading, but one shdaldahthe
bottom line as a sort of timeline depicting which transformation needs to be afipdiedRewrit-
ing the formula we havet ...Gi'H = R HenceGY' annihilates the first subdiagonal element,
G the second and so forth.

E X X
X

EKK
C

54321

In the remainder of the manuscript we will make extensive use of sucimashavith many
more Givens transformations.

Givens transformations also interact with each other.

I
X X X

X X X X

X X X X X
X X X X X X

Lemma 1 Suppose two Givens transformations&d G are given:

-S S
G, = — | and
oo e [0 7E)
Then we have that {&; = Gz is again a Givens transformation. We will call this the fusion of
Givens transformations in the remainder of the text.

The proof is trivial. In our graphical schemes, we will depict this as fotlow

gl ol
g resulting ind |5 .
21 1

The following lemma is very powerful and will give the possibility to interchatigeorder of
Givens transformations and to obtain different patterns. Often Givansformations of higher
dimensions, saw, are considered. This means that the corresponding Givens transformation
is embedded in the identity matrix of dimensiopstill changing only two rows when applied to
the left.

Lemma 2 (Shift through lemma) Suppose thregx 3 Givens transformation;, G, andGs are
glven such that the Givens transformatigdsand 63 act on the first two rows of a matrix, and
G, acts on the second and third row (when applied on the left to a matrix).
Then there exis3 Givens transformation&1, G, and Gz such that
G1G2G3 = G1G,Gs,

whereG; and Gz work on the second and third row ar@p, works on the first two rows.
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This result is well-known. The proof can be found in [17] and is simplyebdasn the fact
that one can factorize a>33 unitary matrix in different ways. Graphically we will depict this

rearrangement as follows.
Olp H
alb e gl
0 resultingin [ [.
321 321

Of course there is also a variant in the other direction (from the right to thedeeme depicted
by ).

Important to remark is that the fusion of Givens transformations can sdered as a special
case of the shift through lemma. For our purposes we also need an aaldijpe@nation, which is
in fact also a special case of the shift through lemma, namely the scaled.fusio

Lemma 3 Suppose two Givens transformatidi@;, G, and k, with |a| = 1 are given,

o= 58] o [2 ) mmavoa)

1 G S C Oa

Then we have that &G, = Gzly = ¢G4, With Gz and G, again a Givens transformation. We
will call this the scaled fusion of Givens transformations in the remainder afttte

The proof involves straightforward computations, by embeddjrig a 3x 3 Givens transfor-
mation matrix, applying the shift through lemma and exploiting the fact that the matwkiich
lq is embedded is a diagonal matrix.

Graphically we will formulate this as:

0 [: 0 E 0
> ab resultingind|> a or Uja
321 \2 1 \2 1

Note 2We note that the matrik, can be replaced by a matriy of the following form:

a0
L-[29
leading to the following equation§;J, G2 = G3Jy = Jy G4.

This scaled fusion is necessary since in the forthcor@iRenlgorithm Givens transformations
will tend to become diagonal. In the real case these Givens transformatjaasthe identity and
hence there are no problems, but in the general complex setting they deagoaal consisting
of a anda with |a| = 1. Since these transformations will be surrounded by other Givenddrans
mations some special operations are needed in order to manipulate them igaant elay.

A final important operation is the shift through operation of lerigth

Lemma 4 Suppose we have the following matrix product GW X, in which G denotes asGive
transformation acting on ro and2. The matrices W and X are both unitary matrices consisting
of a descending sequence of | Givens transformations. This mearmthat/ and X consist of |
successive Givens transformations. The ith Givens transformatoof@/ acts on row -1 and
i +2. The ith Givens transformation/Gof X acts on row i and+ 1.

The matrix product GW X can then be rewritten as

GWX=WXG,
Whe[eé is now a Givens transformation acting on row-IL and |+ 2. The unitary matrice§V
andX are again descending sequences of | Givens transformations.

3 In fact these transformations are rotations. Throughout the mdptise assume to be working with rotations.
More information on Givens rotations can be found in [18].
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Before proving the statement we will depict this graphically. Initially on thevefthave the
following scheme, in whicl® is denoted by &. The unitary matriceg/ andX are both sequences
of 4 Givens transformationsy ranges from position 8 up to 5 axdranges from position 4 up to
1.

O O

ofe L ok b

ol S Y o
/Y o/

1l b 0l L G

987654321 987654321

On the right we see the resulting scheme which is equivalent to the firsTbeesivens transfor-
mationG is again denoted by a. The new sequend¥ ranges from 9 upto 6 and ranges from
5upto 2.

In the text we will refer to this as a shift through operation of lerigt@ne can also perform
a shift through operation from right to left. This will be referred to asit gtrough operation of
lengthl to the left.

Proof The proof consists of nothing else then a successive application ofiththsebugh opera-
tion. Without loss of generality we assuthe 4. Hence we will prove the transition from left to
right in Scheme (3).

Reordering permits the application of the shift through operation. This laadse right
scheme. We have marked another Givens transformation nowswith

%KK

(I Y .
[ Y Y Y

987654321 987654321

Rewriting gives us the possibility to apply again the shift through opera@sujting after rewrit-
ing in the right scheme.

EK

gL
C EK .

I s |
s |

987 6 54321 987654321

Clearly the undesired Givens transformation moves down, creating tweeguences, start-
ing in positions 9 and 8 and removing the sequences in positions 4 up to 1. @ogtihis
procedure, and applying two more times the shift through operation gsv8sheme (4).

K (4)

OoOoOooOodad
T
T

C

987654321
This corresponds to the desired situation. Mathematically we obtain
WXG,
whereW denotes the sequence of Givens transformations ranging from positipricdposition

6 andX denotes the sequence ranging from position 5 up to position 2. The resGitegs
transformation in position 1 i.

Note 30ne can easily see that the shift through operation is a special casmofd_¢, where the
two sequence®/ andX are of length 1.
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3 Unitary plus rank one matrices

In this manuscript we will develoR-methods for computing eigenvalues of Hessenberg, unitary
plus rank one matrices. This is an important class of matrices as the compaditimeafellow
matrix are both of this form. Hence, the problem of computing zeros of patjaie can be
translated to the eigenproblem of a Hessenberg, unitary plus rank orig.rhatrus divide this
section into small parts discussing some ingredients for developing an in@pRaitethod.

3.1 Structure under a QR-step

Let us denote the Hessenberg matrix we are working with as follows
H=U+uv", (5)

with H Hessenberd) unitary andu andv two vectors.
Suppose we have a shijitand we would like to perform a step of tli@gR-iteration on the
matrix H. We have the following formulas

H—ul =QR
H = RQ+pul = Q"HQ.

Applying now the similarity transformation on the terms of Equation (5) we obtaifoifeving
relations:

H = Q"HQ=Q"UQ+Q"w"Q

=U+09",

with H Hessenberd) unitary andQ"u andQ"v two vectors.

Hence the Hessenberg as well as the unitary plus rank 1 structureesvyaesinder a step of
the QReiteration. This is essential for developing an efficient impl@R-method exploiting the
matrix structure.

3.2 A representation for the unitary matrix

Since the unitary matrix in the splitting of the Hessenberg matrix is in general sedgatrix,
we want to represent this matrix as efficiently as possible. Even though thie imdull, it has a
structured rank part.

Consider

U=H-u",

since the matriH is Hessenberg and has zeros below the subdiagonal, the tdateeds to be
of rank 1 below the subdiagonal. The matdxs therefore unitary and the elemebdamake up
the structured rank part (rank 1) in thisx@ example:

X X X X X X

We will construct the representation of this matrix in a graphical form. In tisestheme we
already annihilated some elements in the last row of the midtrby a single Givens transforma-
tion acting on row five and six. Three elements are annihilated by a singlesairansformation,
since they are coming from a low rank part in the maltfix
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O X X X X X X

O X X X X X X

O K x X X X X

O KX x x x x

DK@@XXXX

0 X X X
1

Let us briefly explain the scheme above as they will be used throughouttihe manuscript.
The right part of the scheme depicts a matrix, in which the elen&@nssitisfy the low rank
constraints. The bracket above 1 indicates a single Givens transfonnaatiog on rowg]1 and
O of the matrix. Mathematically, the scheme depicts

U =G, (6)

whereG; corresponds to the Givens transformation in position 1 l&nd the matrix on the right
having extra zeros in the last row. In fact the scheme here presentsd xctorization of the
original unitary matrixU. The elements to be annihilated by the second Givens transformation
are marked in the scheme with. Applying a second transformation givesls= G1GyUs. In

the following scheme we see the matty on the right, Givens transformatidg, above 2 and

G, above 1. Recall that the bottom line depicts a time line, indicating in which ordésitreas
transformation have to be applied on the mattix(see Subsection 2.2).

OOOo0On0ono
@ KX X
XX X X
X X X X X

X X X X X X

X X X X X X

X X X X X X

21
After the Givens transformation acting on row three and four is perfomesdave completely re-

moved the low rank part. The matrix remaining on the right side is now a gerestaligssenberg
matrix having two subdiagonals.

O X X X X X X
O X X X X X X
0 E®><><><><><
D[: ® X X X X
DE ® X X X
O K X X
321

Pealing of the second subdiagonal, removing successively all elemerksdweéth &, will give
us an extra descending sequence of Givens transformations. Tivess @ansformations can be
found in positions 1 up to 4.

O X X X X X X
O K ® X X X X X
O E ® X X X X
DEE [: ® X X X
DE [: ® X X
O R X
7654321

In the final step the remaining subdiagonal from the matrix on the right is redaGhis will be
done by a descending sequence of 5 Givens transformations. We thigditlowing scheme.

SIS
b b T
S

121110987654321

C

X X X X

()

OOOoodd
X X X X X
X X X X XX
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In fact we have computed now@R-factorization of the unitary matrix consisting of three
sequences of Givens transformatiobls= QR Since the matrixR is upper triangular and also
unitary, the matrix will be diagonal. Moreover, the final sequence of &teansformations can
be chosen such that the diagonal maRiRas all diagonal elements except the last one equal to
1, henceR = Iq, with |a| = 1. Graphically this is depicted as follows (we do not depict the ones
on the diagonal ofy):

3 .
b el

987654321

C

o o s |

Denoting in Scheme (7) the sequence from 12 to 10/byhe sequence from 9 to 6 W
and the sequence from 5 to 1 By we have factored the unitary mattikas the product of three
unitary matricedJ = VW X},. We use three different symbols for the unitary matrices, because
the use of too many sub and superscripts would make the forthcoming implicit nafficalt to
read.

This will be the representation of the unitary matrix in the sdm= U + uv". Due to the
relation between the low rank parts in the matrioeS andU, we can decompose the vectoas
follows.

C ©)

OQOOX X X

KE

987

Cooooo

Important to remark is that the Givens transformations in position 9, 8 and ¢hiense (9) are
exactly the same as the ones in the corresponding position of Scheme (8).
This means that we get the following equalities:

H=U+uw
= VWX +uv
=V (WXk+V7uv")
=V (WXl +av"),

where the vectotl has only the first three elements different from zero (this is the vectoreon th
right in Scheme (9)).

The representation designed in this section is the one that will be usedvelodmg an
implicit QR-method for unitary plus low rank matrices.

In the next section we will discuss the implementation of the implicit single shijiednethod
based on this representation.

4 The single shift method

There exist several variants for performing an impl@R-method on unitary plus low rank ma-
trices. Unfortunately most of these algorithms are not capable of piegdruth the unitary and
the low rank structure. Numerical roundoff creates loss of the low ranktsire and hence a form
of rank compression is needed. This compression can create undesinitd such as loss of ac-
curacy. Often also an increase of parameters for representing theyyilita low rank matrix is
needed to deal with the loss of structure.

In this section we will discuss how to perform an impli@R-step on the companion matrix,
exploiting thereby the developed representation.
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4.1 Implicit QR-methods

Assume we havé — pl = QR with A, e.g., of tridiagonal, Hessenberg or semiseparable form.
Perform now a unitary similarity transformatidn= Q" AQ with O having Qe; = Qe such that
A has the same structural constraints as assumeal fiinen one can easily prove that the matrix
Alis essentially the same as the matrix coming from an ex@iBistep with shiftu performed on
the matrixA.

An implicit QR-method consists of performing the transformati@hAQ in such a manner
that the full matrixQ is not needed beforehand, but is determined on the fly.

The global flow of an implicit method is the following.

— Compute an orthogonal transformat@m such thaQ1 (A—phe, = Ber.

— Perform a similarity transformation wm@l on the matrixA: QHAQ1

— Perform now a new similarity transformation with the mat@(, with Q2e1 €1, such that
Q2 Q1 AQle has the same structural constraints as the original matrix

The first two items are often named the initialization step, whereas the third stéfens o
called the chasing step, since in the Hessenberg and tridiagonal clges &re chased away to
restore the Hessenberg or tridiagonal structure. This is also the smibdiused for the next two
subsections.

4.2 Initialization

The implicit QR-step performed on a Hessenberg matrix is determined by the first Girss tr
formationG; (corresponds tQ; from the previous subsection), such that

G (H —pl)er = || (H — pl)ed|er.

We will now perform the similarity transformatio®}'HG,, exploiting the factorization of the
matrix H

H =V (WXl+av"). (10)

The idea is to obtain again a Hessenberg matrix, after the conpletep is finished. More-
over, we want the resulting Hessenberg matrix to satisfy the same refatimeas shown in (10).
Of course after applying the first similarity transformation base&grhe structure will not be
exactly as desired. Hence extra Givens transformations will be cotesdriecrestore the structure.
This will be the chasing. Throughout the entire procedure we want firesentation to remain
as close as possible to the original representatidt. of

Let us perform the first similarity transformation on the mahtix Hp = Vg (V\/oXoIa + Oovg )
We obtain

Hy = G}V (WoXola + OV ) Ga
= GI'Vo (WoXolaG1 + Tovp G1 )
= G}'Vo (WoXolaG1 + TV )

with vi! = vi!G;. In the remainder of the derivations, all intermediate variables will be depicte
with a tilde or a hat and all final values for representihgwill be Vi, Wy, X1, u; andvs.

Since the Givens transformati@i' acts on the first two rows, ang acts on the rows 3 up to
6, they commute and we obtain the following:

H1 = Vo (G{WoXolg Gy + GY Uovl)
=Vy (le\/oXo|aG1 +01vy ) )

with @i = G{'uo, having only the first three elements different from zero.
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It seems that the matri; is already in the good form, except for the unitary ma@\eXolqG;.
Let us see how to change this matrix. The Givens transformafbis shown in position 10, po-
sition 9 up to 6 representdp, position 5 up to 1 represenkg and position 0 is reserved f@;
andly. The undesired Givens transformations are marked with a

g
e

£
e

I

C C
C [ q

109876543210
We will start by removing the Givens transformation in position 10. Neglectiegrdmsforma-
tions in position 1 and 0, we can apply a shift through operation of length 4.

The left scheme depicts the result. One can easily fuse the Givens traatfm in position
2 with the Givens transformation in position 1. Hence we have removed glteachdesired
transformation. This results in the right scheme.

g
: -
o Lk,

109876543210

(11)
C Ka

9876543210

[ Y Y
(I Y

This corresponds to the following relations:
Hy = Vo (WiXqla Gy +TaVY'),

the unitary matrice® andX; are two descending sequences of transformations.

The only remaining undesired Givens transformatio@4isn the middle of the formula. The
idea is now to drag this Givens transformation completely through the other esasirch that
it appears before the matriy and moreover acts on row 2 and row 3. It has to act on row 2
and row 3, so that choosing the next Givens transforma@igian be chosen to annihilate this
transformation and such that it does not interfere with row 1 anymore.

Let us continue, by trying to remove also the second undesired Givarsfdrmation, the
one in position 0. One can fairly easily apply two times the shift through opertgiobtain the
following scheme. In fact one applies a shift through operation of lenghize left.

(12)
C Ea

10987654321

I A
o>

Now there is an unwanted transformation in position 10. Denote this trangformveith él.
In formulas we obtain now:

Hy = Vo (GiWiXalg + UaVY)

in which the sequences of Givens transformatdhsindX; have changed again.
This gives us the following relations:
Hy = Voél <W1X1|a + é']__' lelV?) ,
=VoG1 (W]_X]_Iq + 01VT) ,

Two terms are of importance heM)'él and GT 1. Clearly the vectofi1, will fill in one of its
zeros. The vector will have now four nonzero elements.
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The matrix product/;G; does not essentially change the Givens structure of the métrix
A single fusion of two Givens transformations removes the undesiredoramstionG;, without
destroying the structure of the mathf. In the scheme below, the undesired Givens transforma-
tion can be found in position 0, whereas the Givens transformations in pasBiop to 1 make
up the matrixv.

O O

O O

0 O

o &€ _ ol .t (13)
al» C ol C

ol ol

3210 321

The resulting matri¥/; has the same Givens pattern as the original m&fyix
We obtain the following relations:

Hy = Vi (WiXalg +0avl) . (14)

But this is not sufficient yet. We want to obtain a similar factorization as of tiggnal matrix
H. Hence, the four nonzero elements in the vedtoneed to be transformed into three nonzero
elements.

To do so, we need to rewrite Equation (14). Denote the Givens trandformiia Scheme (12)
in position 9, withG', this meansG'W] = \W;, we will drag this Givens transformation out of
the brackets on the left. We denote all changed variables-Withclearly indicate that one extra
Givens has moved to the left. Until we will move the Givens back inside the btawke will
indicate this on the affected elements.

Hy = VG (v‘vl'xllq +G Halv?)
] (\ivl'x1|a + 0'1v5')

in whichG'" iy = 0}, still has four elements different from zero, the mawfixis now a sequence
having one more Givens transformation than
GraphicallyVa\W, = V1Wl is depicted as follows.

C

C Ce

(15)
L e

7654321 7654321

o s |
o |

The vertical line depicts the splitting of the product of the Givens transfiiomsa Clearly the
Givens transformation in position 4 on the left scheme has moved to the I¢finpdae right
scheme. In the left scheme, the mak¥fixconsists of the Givens in position 7 to\®, contains the
Givens from 4 to 1, whereas in the right scheme the Yifwonsists of the Givens transformations
in position 7 up to 4 anW' contains the Givens transformations in posmon 3uptol.
Construct now a leens transformation acting on row 3 and 4 of the vei:tmd annihilating
the element in position 4. Let us denote this Givens transformatioGbguch thatGHu1 =
u1 with u1 having only the first three elements different from zero. Let us plug thistimthe
formulas.

Hy =V (Wlxlux + 6,6 u1v1>
]I_ <G]_Gl WlX]_Iu + G]_ulvl )

~l A

— VG, ((GE'W1> X1Ia+u1vl)
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Let us take a closer look now él’le' Graphically this is depicted in the scheme below. The
Givens transformations from 1 up to 3 make up the mawlxand the Givenss!' is shown in
position 4. Applying one fusion, removes the Givens transformation in pogitio

e Ok
Loty

4321 321

Oogoog
ODoooog

This results in a sequence of Givens transformations denotél\as =W, .
The matrix producvl'Gl is of the following form. Applying the shift through lemma gives us
the following scheme.

g

C C (16)

OOOoOodd
I

£
EK

54321 54321

This scheme can be written 88V, , in whichV/ incorporates the Givens from position 1 to 4 and
Gz is shown in the fifth position. This Givens transformati@anwill determine the next chasing
step. First we need however to bring the Givens transformation in positegaih inside the
brackets.

Plugging all of this into the equations above gives us:

Hy = GoV (WiXala -+ Uy ).

Rewriting now the formula above by bringing the Givens transformaﬁblin position 1 of the
matrile' inside the brackets does not change the formulas significantly. We obtain:

H1 = Gle (W1X1|o( + U]_V?) R with V]_ :VJI_G‘?, W]_ = élW]I_, U = élu'l.

The equation depicted here is almost of the desired structure, the HHatisxalmost in Hessen-
berg form, except for a bulge in positid2,1). The representation is also almost in the correct
form, only the Givens transformatioB, is undesired. We will remove this transformation (re-
moving thereby also the bulge i), by applying another similarity transformation wiy.

4.3 The chasing

We have now performed the initial step, which was the most difficult step. Weamtinue now
the algorithm, in an implicit way. We will only depict how to remove the Givens fiansation
Gy, the procedure can be continued in a similar fashion.

Since we want our matri¥d to become again of unitary plus low rank form obeying the
designed representation, we want to remove the disturli@ndeerforming the unitary similarity
transformation with this Givens transformation removes the transformation iafthbut creates
an extra transformation on the right. We obtain the following:

Hy = GYH1G;
= G5 GoVy (WaXalq +Usvy') Gy
= V1 (WiXela Gz + UV Gy)
= V1 (WiXelaGo +usVhy),

H _ H
wherevy; = vy Go.
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Similarly as in the initial step we can dr&g throughW; andX;, this means applying a shift
through operation of length 2. We obtadW X; G, = GoWuX,. The reader can create the schemes
to see on which rows the transformation is performed. This gives us

Hz = V1 (GWoXalo +upvY)
=Vi1Gy (szlea + Ggulvg) .

Since the Givens transformati@i'g' acts on row 4 and row K}? up = ug (up has~only the first
three elements different from zero). Applying a final shift throughrapen forV,G, we obtain
G3V2 = V1G; giving us (withu, = uy):

Hy = GaVa (WoXolg + UpVh ) .

We have performed now a step of the chasing method since the Givenftnaaison Gz has
shifted down one position w.r.t. the Givens transformaftBn

The chasing procedure can be continued in a straightforward manmierthately this ap-
proach does not allow us to determine the last Givens transfornfagion Let us show what goes
wrong and how to solve this problem in the next subsection.

4.4 The last Givens transformation

Suppose we have performed step 3 and we have the following situation:
Hn_3 = Gn_2Vh—3 (Wh_3Xq—3la + Un_aV} 3) .
Performing the similarity transformation determined@y » results in
Hn-2 = Va3 (Wh-3Xn-3laGn_2 + Un_3V}_3Gn_2)
= Vo3 (Wh—3Xn—3laGn-2+ Un72vﬁ_2) .

The Givens transformatio@,_» works on rowsh— 2 andn— 1, hence we obtain the left graphical
schemes for the first term of the equatmn_gxn_gquﬁ_z. Applying once the shift through
operation moves the Givens transformation in position O to position 6, depictggtaight.

C

C C C C

( L. C C 7)
C a £X [q
9876543210 109876543210

Unfortunately we cannot shift the Givens transformation through angnacsingle fusion can be
applied and the undesired transformation vanishes. We obtain the folloglagien:

Hn—2 = Vi_2 (Wh_2Xn—2la + Un_2V{} ).

The representation is of the desired form, but we know that the nidjrix is not yet of the
correct form, this matrix is of Hessenberg form with an extra bulge in position— 1). This
final Givens transformation can hence not be determined implicitly anymore.

We determine this Givens transformation explicitly by computing the matrix vectmuat
Hn-2€n_2, determine nows,_; such thag}! Gl |Hn_oen_» = 0.

The final similarity transformation results in:

Hno1 = G 1Va2 (Wh-2Xn—2laGn_1+ Un_2VH 5Gn_1).

Applying a fusion for the produc@ﬂflvn,z and a special fusion for the produ¥t_olqGn_1
results in

I
I |

Hn-1 = Va1 (Wh-1Xn—1la + Un-1Vy) 1),

which is a new Hessenberg matrix, i.e., a sum of a unitary and a rank 1 mapiesented using
the desired representation. This completes the single slijfiestep.
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5 The double shift strategy

For our purpose the double shift strategy is enough. Nevertheless tkishifiusetting can be
implemented as an almost trivial extension of the results presented hetethEiisingle shift
strategy was proposed since the double shift strategy is slightly more cotaglidaut makes
extensive use of the results from the single shift strategy.

Note 4In order not to overload the notation in the following subsections, we omitatiifa,
which is normally present in the bottom right corner. Its presence is nioflsential, hence it is
not so troublesome to omit it in the description.

5.1 Initial step

Suppose the initial Hessenberg matrxwith its representation is given. Two shiftsandy, are
given. Determine the Givens transformatigssandG, such that:

G5 G (H — pul ) (H — ol Jer = Bey,

with 3 a constant.

Let us perform now the initial similarity transformati@}' Gi'HG1G,, exploiting the repre-
sentation of the unitary plus low rank matrix. Just like in the single shift casaytt be the most
delicate step, since some Givens have to jump in and outside the brackets.

Again we consider the matrid of the following form:

H = Ho = Vo (WoXola + UVl ) . (18)

In the previous section all involved formulas were translated to graphibainses and vice
versa. Unfortunately going every time back to the formula approach resudtguite heavy no-
tation. Since it is clear that every scheme has a 1-1 correspondencefaithida, we will omit
the formulas here.

Since the reader is acquainted with the notation, we will consider schemes fafllthwing
form:

H

Ho = N A

C
C

In a certain sense, one can consider this as a formula. One shouldaraisidly the brackets
with arrows as a notation for Givens transformations. We note howewatba though all Givens
transformations are different they are indicated with the same symbol. Thisif@, in which one
can see the rows the Givens act on is extremely useful for developiogtatgs, since all actions
of the Givens are clearly visible.

This first scheme is nothing else than the Formula (18). The méjris shown on the left
outside the brackets and consists of three Givens transformationse thsicdbrackets we have
two terms. The first term consists of two sequences of descendingSGiegrsformationgp and
Xo. The second term is a rank one malmbvg. It is obvious that this extended formula contains
much more information than the traditional notational approach. E.g. also thieanwf nonzero
elements in the vectarg is known.

Let us computéd; = GHGI'HG,G,. Schematically we obtain (the unwanted transformations
are marked again with &):

3
3
+

OOOX X X

Hy =

1

+
OQOOX X X

<

o
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In the next scheme two things have happened, first we will bring the distuivens trans-
formationsG; and G, on the right inside the brackets. Secondly we will bring the first Givens
transformation of\p outside the brackets, to the left. This operation affects the vegtathe
changed elements are marked with-asign. The vector! will be transformed into/t!. In the
next scheme we have indicated some elements of the vectorhipstead of by ax. For every
scheme we will indicate elements that have changed w.r.t. the previous step-bElaments
which did not change w.r.t. he previous scheme are denoted by

%ﬁgﬁ
:

1

_|_
coo+ + X

<

=T

C

e | e

Hy = N

KK

1
1
_l_
OO0OOX X X
<
i

Bringing now three Givens transformations inside the brackets, andrpeny the indicated fu-
sion with the first term of the second factor gives us the following schemmark that the vector
i1 on the right has lost a zero now.

L

1
_|_
oco++++
<
Ll

Between the brackets a first application of the shift through lemma is dep&itadarly as in
the single step method one can apply a shift through operation of length 4ge tiis undesired
Givens transformation downwards. Finally one fuses it such that it péssap. After this we obtain
the following formulas.

Hy

C
EE

= \71 (V~\/1)21|QG;|_G2 + lle|f)

3

+
OOX X X X

<

=

There are two more undesired Givens transformat®nandG, andi; has too many nonzero
elements.

Applying twice a shift through operation of length 2 to the left moves the uree&ivens

transformations from right to left. Secondly one can take them out of #hekbts. Unfortunately
we create again fill in in the rank 1 part.
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e — |
<
Lol

3

1

+
OQOX X X X

7%

O+ ++ X X

C

The reader should be able now to apply the depicted shift through opefatiowed by a
fusion to obtain the following scheme.

Hy = KH
The following steps are the most delicate ones. We need to remove now trero@tements
in position 4 and 5 of the vectdr;. In the single shift case we had to bring one Givens transfor-

mation out of the brackets. Now, in the double shift case we have to bringsiwens outside.
This affects of course the matrices and the vegtdoetween the brackets.

g

3
3
+
OX X X X X
<
Lapu

Hy = N

KK

In the next scheme at two places two extra Givens transformations avéeddroth with~,
this means that they are each others inve@®88 = |. Hence they equal the identity and can be
put at any place.

C
gﬁ

—
_l’_
OX+++ X
<
ST

C
EK[: .
‘ o E

Hy

:
S

OX X X X X

C

This GivensG" is chosen such that the fifth element of the vector on the right is annihilated.
The Givens transformatid@ is brought outside the brackets. In the left term between the brackets
GH can be fused.

C
: C

bebe | owr. b 7

Applying a shift through of length 2 to the left and upwards (the first shifbugh is already
depicted in the scheme) moves the Givens transformation completely to theThenGivens

OO+ X X X
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transformation is still undesired here, hence it will be marked with Between the brackets the
fusion is applied.

C

g
K C

C
g

31
+
OQOX X X X
<
[

C

Some schemes ago we dragged two Givens transformations out of thetsrachis was done
to be able to annihilate the nonzero element in position 5 in the Veatddow, only the fourth
element in the vector is still undesired. This coincides with the single shift aasehich one
Givens transformation was brought outside the brackets. Hence, irageswe need to bring one
Givens transformation again inside the brackets. As a result the elemeptstiop 3 and 4 of the
vector change. Next one introduces again Givens transformationgdaith ~, which will be
used for annihilating the fourth element of the vector. A shift throughatjar is also depicted
on the left to get also the other undesired Givens transformation completbly keft.

C
s
C C K

In the following scheme the first of the two Givens transformations marked with brought
outside of the brackets, the most right one is performed on the vectoiilatindnthe element in
position 4. Again a shift through is depicted to move the undesired Givemsforanation to the
left.

X
X
4L | [
: 0
0

Hy = K%

C

Performing the indicated shift through and a fusion with the Givens maridwwe obtain the
following scheme.

C
Eﬁu &L

1
+
00O+ X X
<
=

g

W X
C

£
EE

1
3
+
OOOX X X
<
=

Rewriting this formula for the last time by another shift through operation aimjing a
Givens again inside the brackets gives us the desired form.

£

LT &

(

Now we have finished the first step of the double shift algorithm. Clearlethey three unde-
sired Givens transformations. The first two ones are used for thechaging step. One Givens,
the third one, will remain in that position, and is used in all consecutive steps.

C

(19)

C

31

_|_
oo+ + X

<

=T

4 Since it is clear which vector is meant, we do not ad@aa"to it anymore
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Note 50ne might be surprised by the fact that the matrix is now disturbed by thkem§irans-
formations, from which we will only take two for determining the next chasitgpsThis is

completely logical when comparing this situation with the double shift algorithriléssenberg
matrices. The double shift algorithm also has bulges of three undesiredmt from which only
two will be annihilated. The remaining third element of the bulge will shift dowergiteration

step, just like it will move down here.

5.2 Chasing

The chasing proceeds similarly as to the traditional case, we will simply depingke step. We
start with Equation (19). The chasing, since this is a double shift methodiste now of perform-
ing two Givens at the same time. The next two Givens determining the similarityfdrenegion
are chosen as the inverses of the two lefmost Givens transformatiopl/idgpthis similarity
transformation results in the matrik, which will be of the following form.

Hy, = X
C

With respect toH;, the first two Givens transformations are removed, and two other ones
appear at the right of the matrix. To continue one applies the last two Givamsformations
on both terms of the summation. This transfordjsinto v4'. Applying twice a shift through
operation of length 2 to the left moves the undesired Givens transformatiothe right through
the first term in the summation. This leads to the following graphical repra&mnta

EE

3

+
OQOOX X X

<

=T

>

Hp = X
C g

Bringing now the Givens transformations inside the brackets, markedwgihtside of the brack-
ets does not affect the column vector since these Givens transformatioms the zeros. Outside
the brackets we can again bring these transformations to the front, peafonal shift through
operation on the three leftmost Givens and complete this step.

We are now ready te perform the next similarity transformation based onrshénfo Givens
transformations.

EE

1
+
OOOX X X
<
N

Hy, = £

3
+
OOOX X X
<
N

5.3 Last step

Similarly as in the single shift case, we are not able to continue using the implpbagh until
the end. The last two steps cannot be completed in an implicit manner. Agaiast@determine
these columns of the Hessenberg matrix with its bulge explicitly to determine thes&iuens
transformations.
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6 Deflation

The goal of repeatedly applying@R-step is obtaining convergence to a quasi upper triangular
matrix, which has the eigenvalues of the original matrix on its diagonal.

In the standard Hessenberg case deflation is of the following form. Gortsie Hessenberg
matrix H, having a zero subdiagonal element

_ | H1
H_[O

o (20)

then the matrix is subdivided into two other Hessenberg matkigesndH, on which one con-
tinues working separately.

Suppose however that we are working with a Hessenberg matrix, writtéimeasum of a
unitary and a rank 1 matrix. In case of deflation, it is not true in generabtith matricedd; and
H, are also of unitary plus rank 1 form.

The idea exploited in this manuscript differs significantly from the stand#rdigision scheme
as mentioned above. Since the original maktixs written as the sum of a unitary plus low rank
matrix, we will not subdivide the matrix as a combination of smaller unitary plus &w matri-
ces. Instead we will simply continue working on the global representation.

6.1 Structure of the representation

The occurrence of a zero on the subdiagonal must have its impact oeptresentation. This
will be used for detecting subdiagonal zeros during the algorithm. Leecsnsider the Hes-
senberg matrix and its representation in case of a zero subdiagonal el&uppose the ma-
trix H satisfies Equation (20), assume the matrix to be of size77andH(4,3) = 0 (cases
H(3,2),H(5,4),H(6,5) can be dealt with similarly). The special casé®,1) andH(n,n—1) =
H(7,6) are considered afterwards.

We have the standard representatibe= V (W X, 4+ uv). Consider the following equation:

VHH = WX, +uv.

Due to the zero in positioki (4,3) the matrixV"H, which is a generalized Hessenberg matrix
having two subdiagonals, has a zero in positiy8). Since the rank one matriw™ has only the
top three rows different from zero, also the maWX needs to have a zero in positih 3). The
zero in position(5,3) corresponds to a diagonal Givens transformation present in therdtsge
sequence oV, this Givens transformation will act on row 4 and row 5.

This results in the following representation for the unitary matfixn H = U + uvH. The
dashed line coincides with the block division in the original Hessenberg mhtrikis represen-
tation, the diagonal Givens transformation is indicated by the paran®gtensld; (in factd; = ¢
ando; = ¢;, but we use this notation to indicate that the Givens transformation is almosindilag
i.e.,|ci| = 1). They simply indicate row scalings, just likedoes.

. oL
ol ____ S _bp_ .
i it x & (21)
[l o
141312111098 7654321

The zero subdiagonal element in the Hessenberg matrix appears asmati@yens transfor-
mation, in position 8 on the graphical scheme. Note that the diagonal Givposit®ned lower
than the actual dashed line indicating the cutting. This diagonal Givensdraragion is also the
criterion that will be used for deciding whether a block can be deflatedlUnfortunately we
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cannot monitor convergence in positibi{n,n— 1) in this fashion. This element has to be com-
puted separately. Also the eleméh2, 1) cannot be monitored in this fashion, we will come back
to this in Subsection 6.5.

Instead of subdividing the problem and trying to design two separateseptations, one
for the upper left and one for the lower right part, we will simply continuekivay with this
representation. We know that the line indicates the splitting in the Hessenbgrig, inence we
want to work on the part above and below the line separately. This will pietgel in forthcoming
subsections.

Continuing performing steps of tl@R-algorithm on this representation, will result in a quasi
upper triangular matriR, which is represented as the sum of a unitary and a rank one matrix. This
guasi upper triangular matrik has the eigenvalues of the original matrix on its block diagonal.

The Givens pattern of the final unitary matrix (omitting the row scaling factas)}he follow-
ing form. We see that during the reducing procedure we will transforrsihens transformations
from the inner sequence into unitary diagonal matrices.

:
A

C C

I

! e

1110987654321

Let us illustrate how to continue working on both parts of the HessenbergxmiBitie part
above and the part below the dashed line. The shift and the initial Givemsformation can be
computed by explicitly computing some columns of the Hessenberg matrix. Thisosilat most
O(n) operations.

6.2 Upper part

Let us see how the algorithm changes in case of the following scheme (@nlynttary factor
is represented). The original Hessenberg matrix has a zero in pokit@®) and we want to
perform aQR-step on the top part, i.e., the first 5 rows. Since the stan@&gdrocedure applied
on a reducible Hessenberg matrix breaks down when reaching theutstiagonal element, we
would also expect a certain break during the chasing procedure in ##s ca

[ Y

131211109876 54321

The firstinitial disturbing Givens transformation is applied in an identical aglyefore the de-
flation. Nothing new here. The next Givens similarity transformation actingws and columns
2 and 3 can be performed as in the standard case, just like the transfeororatimws and columns
3 and 4. The next similarity transformation acting on row and columns 4 and$piscal one. In
the standard case, this Givens transformation does not create andtierHbence, the matrix is
again of Hessenberg form and tQ& procedure breaks down. One cannot compute the following
Givens transformation acting on row 5 and 6 anymore.

Let us see how this translates to our case. Suppose we have the folldwatgps, just before
applying the Givens similarity transformation. Since only the unitary matrix iswisdlg involved
in this chasing procedure we will not depict any operations on the ramalstoacture.
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OoOgooOodd
>

14131211109876 54321

Performing the Givens similarity transformation will remove the undesiredrGitansformation
in position 14 and create another one in the second position. In the lefnsctés situation is
depicted. A shift through operation is depicted and the result is shown nigtitescheme.

0 r b 5 S

= i I 0 O

D£K ,,,,, [; ,,,,, K{ - D{:K ,,,,, Kﬁ’EK{

ol % [ Sl % K

O O a O o a
1413121110987 654321 141312111098 7 654321

In the right scheme we see that we can apply another shift throughtioperdue to the fact
that the Givens transformation in position 7 crosses the dashed line. tiorsda! this Givens
transformation fused with another one and vanished. Hence, in thisveaske, not need to deter-
mine the last Givens transformation by explicitly computing the fourth column fihlaéstep is
therefore essentially different from the final step in Section 4.4.

So when dragging the remaining undesired Givens transformation compietidg left we
obtain the following scheme.

Ijlz ,,,,,,,,, gg{ﬂa

14131211109876 54321

OOgooobon.
o>
T

When performing the next transformation, the algorithm should stop sincel¢hgentH (6,5)

in the Hessenberg matrix is zero. This means that at the end of this similaritfotraation, all
undesired Givens transformations should be removed. Let us see isanatislates towards the
representation.

oOoooOooo
3
D
24

o o o o

a
1 1413121110987 6 54321

After the similarity transformation we obtain the left scheme. A fusion is depicteddnight
scheme.

As a result we obtain again a similar represented Hessenberg matrix. ®bésprcan easily be
repeated until another Givens transformation in the second sequenesd®oough to diagonal
form. The right scheme shows the application of a scaled fusion (scatetbdine parametes)
and hence all undesired transformations are gone.
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6.3 Bottom part

Applying a QR-step on the bottom part only differs from Section 4 in the way the first iGive
transformation is performed. The final Givens transformation again Hasdetermined by com-
puting the penultimate column.

Assume we have the situation as depicted in Scheme (21). Since we would likdfampa
QR-step on the bottom part, the initial similarity transformation will act immediately on eovds
columns 4 and 5. Suppose the transformation is determined and the similarifpnaatson is
performed. This results in the following scheme (the Givens transformati@napplied directly
below the dashed line).

- (
0 P P
O ~ {: o] E
oL 5 R
ol & C C
all! ( C
141312111098 7654321

The Givens transformation on the left marked withs shifted through such that it appears in
the middle. The next scheme clearly shows that only one fusion needs ppldao remove the
undesired Givens transformation from the left.

5 o b 0 o b

= e T aray
0l ple ap bEoo o b oap LR
ale ¢t B IO
121110987 6 54321 121110987 654321

As a result we obtain sort of the standard situation. The Givens tranafiom on the right is
not troublesome, dragging it through completely to the left as done béfarid,come out acting
on rows 5 and 6. Hence it can be used for determining the next Givarsfdrenation.

Remark Important to notice is the fact that the vectofrom the rank 1 part is not influenced
in the above procedure anymore. Only the vestbas to be updated when performing a Givens
transformation on the right. This means that performing the initial Givensftnanation is a
much cheaper procedure than in the upper part.

6.4 More general cases
Of course when running the algorithm cases like the following will occur:

Hql x| X
H= | 0|Hy x |. (22)
0| O0|H3

To apply aQR-step on the matriil,, a combination of techniques from the previous two sections
needs to be made. Performing the initial step is described in Subsection égastperforming
the last Givens is done like in Subsection 83R-steps performed on these middle blocks are
cheaper than the ones bh andHs.

6.5 Special cases

Two cases were not treated before, namely the possibilitiegmfn — 1) andH (2, 1) being zero.
The appearance of a zero element in both these positions is not refle¢tedrepresentation.
Hence one has to compute these elements explicitly and monitor their behavégrcan be
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computed by computing the vectorss,_1 andHe;. In caseH(n,n— 1) equals zero, nothing
special occurs, one can apply similar techniques as those describettion&e2.

We will focus now on the situatiofl (2,1) = 0. In Subsection 6.1, the proof that a Givens
transformation in the sequen@ébecomes diagonal, was based on the fact that the vednly
had three elements different from zero and hence did not interfere weitlrtitary part.

Here however, in cadd(2,1) = 0, this reasoning does not remain valid anymore. Hence, we
cannot monitor the first Givens transformation of the matyixo see if deflation can be applied
after the first element. This subdiagonal element has to be computed explicitly.

Suppose now that we have encountered the situati@1) = 0. This gives us the following
situation (the deflation line is depicted in the first term between the bracketsjepéat once
more that the first Givens transformationwifis not diagonal. The combination below, involving
also the rank 1 part has a zero in positté(2, 1) = 0.

g

+
OOOX X X

<

o

Applying now the similarity transformation on both sides of the matrix, acting orsrand
columns 2 and 3 gives us the following situation.

31

+
OOOX X X

<

o

The problem is now to get rid of the Givens transformation on the left. Omseathat the current
representation lacks structure to remove this transformation neatly. Bug,H{2¢l) = 0, more
structure needs to be involved. When reconsidering the matexH — uvM, we can see that the
matrix has the following structure:

XXX X X
KK X X X
XX X X X
X X X X X X
X X X X X X

X
X
X
X
X

XX XK

The element in positiof (2,1) is also marked with as it coincides with the rank 1 structure
from uv™. Due to this extra element involved in the relation we obtain the following scheme,
when bringing the first Givens transformation frékhout of the brackets.

no X

Ho = Vo

gL
KE

A
_|_
0000+ X

C

As a result, the vecton has only two elements different from zero anymore. Applying the
shift through operations gives us.

31

+
000 OoO+ X

<

o
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The Givens transformation marked with can easily be brought inside the brackets, without
creating extra undesired elements in the veatoApplying a final fusion removes this Givens
transformation. This brings us back in the standard case, and one m@mueowith the standard
chasing procedures.

7 Numerical experiments
7.1 Balancing strategy

Because of the possible variation in magnitude of coefficients of the polynamiahally a pre-
processing step is applied to the matrix as, e.g., in [13]. In fact this is a lradpstcategy, mean-
ing that the variation in magnitude of the elements of the matrix is reduced. Ggr@@&D ! is
computed withD a diagonal matrix. To obtain again a unitary plus low rank matrix, the diagonal
elements have to be chosen as follaks- B (for somep). This results in

[00...0 2]

10...0[35}1

DCD 1=p|:". .1 ¢ | =pC.
0. 7. 082
00..1%

For an appropriatf, the eigenvalues of matr® are then obtained by computing the eigenvalues
of matrixC and then multiply them by the fact@r Empirically, they found the following criterion
for choosingB to be useful. Choos@ such that

max{|€i],|Cz|,...,|Cn],1}

Rang€|Ci],|C2|,...,|Cn], 1} == min{[ea) TN,
) Y

is as small as possible. With= a; /f'.

7.2 The implementation

The algorithm using a double shift as explained in Section 5 was implementedtiabRiao
avoid the fact that the Givens transformations for the last two columnstbawe computed ex-
plicitly, we do one iteration step with the two shifts equal to zero, applied to thepotialZ2p(z)
which has clearly two additional zeros foe= 0. This iteration step brings these two zeros as eigen-
values of the bottom 2 2 block of the (extended) companion matrix. So, after this iteration step,
one can deflate these two artificial roots and no explicit computation of tren&tvansformations
based on the last two columns has to be computed again. We will refer to ounientigtion as
VanBarel. This software can be requested from the authors. We wanted to cothjsanaple-
mentation with all other methods for which we were able to obtain an implementatiohaw/e
access to the following implementatiori3elvaux corresponds to a Matlab-implementation of
the method proposed in [19Bini denotes the Matlab-implementation for the method from [12],
andeig no bal andeig bal correspond to the eig function of Matlab without and with balancing,
respectively (with balancing is meant an extra balancing inside the fureitpn

7.3 The experiments

Two different errors will be considered in the experiments. The maximuameajue error (Max
Eig Err) is defined as the distance between thes@$ andA(C):

dist(A(C),A(C)) = max{_max |[A —A(C)||, max ||A —A(C)|[},
AeA(C) AeA(C)

5 Matlab is a registered trademark of The MathWorks, Inc.
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where||A —X(C)|| = ming 5 ¢ A — 7\|, X(C) are the eigenvalues computed with our algorithm
andA(C) the eigenvalues computed by the Matlab functig (assume that these eigenvalues
are exact). The maximal componentwise relative error in the coefficiettie giolynomials (Max
Coeff Err) is defined as :

pi — fil
pil >’

wherep, p; are the coefficients of the polynomial obtained by the computed and exanvaige

ues, respectively. The coefficientisate computed in multiple precision.

max (
|

Experiment 1: In this experiment, we investigate the robustness of the different methtds w
respect to the choice of the scaling fadBadescribed in Subsection 7.1.

To do so, we consider the following monic polynomials each of degree 2€evahmost all of
these polynomials have a large variation in the magnitude of their coefficiontgp

Wilkinson polynomial with rootsk with k=1,.. ., 20.

Monic polynomial with rootsf—2.1:0.2: 1.7].

Monic polynomial with roots: '2with k= —10,...,9.

Scaled Wilkinson polynomial with rootﬁ:with k=1,...,20.
Reversed Wilkinson polynomial with root%‘.with k=1,...,20.
Polynomial with well separated rootgi: withk=1,...,20.

20 K
: oy < 2
7. Polynomialp(z) = (20!) k; i

8. Polynomialp(z) = 229+ Z9+... +z+1.

o g MLONE

For the polynomials 1 6) the roots are known, for)7 8) this is not the case. Because of the
wide range of the coefficients of the polynomial, i.e. for the Wilkinson polynbpiac [1,10%7,
balancing, which is discussed in Subsection 7.1, is of high importance=fbhedifferent balanc-
ing factorspB are applied to the matrig. Figure 1-2, contains the result of varying the balancing
factorp = 2/,j = —10,...,10 for the eight polynomials of degree 20. The result of the maxi-
mal componentwise error on the coefficients is shown in logarithmic scaleddiven different
methodsVanBarel, Delvaux, Bini, andeig no bal andeig bal.

The figures show that, when the methdaslvaux, Bini, andeig no bal give a (rather) ac-
curate solution, which is not always the case, it is only for some specédlmgdactorsp. For
the methodvanBarel the choice of the scaling paramefeis not so crucial to obtain an accurate
solution. As long as the scaling factor is not too large, the method works.sFbiss that this
method is very robust with respect to the otli¥n?) methods that we are aware of. The function
eig bal of Matlab always works well. Note that this is @{n®) method as well asig with no
balancing.

In Table 1, the maximal componentwise error on the coefficients (Max &refffor the
optimal choice of the paramet@ris shown for the methodBini, Delvaux andVanBarel. This
table shows that the meth&nBarel gives the most accurate results when scaling is necessary.

Experiment 2: To check that the computational complexity is of ordgn?), we constructed
random polynomials of degreg by computing the coefficientd, € C, | = 0,...,n by using
randomly distributed complex numbers. The matrix sizes were choser=&5-2 1 with i =
1,...,6. We assume that no balancirfg)=€ 1) is necessary. For each of these sizes samples
were considered.

Figure 3(a) shows the ratif,1/T; averaged over the 5 samples for the metbetizaux, Bini
andVanBarel. As you can see this is of the ord®(n?). Figure 3(b) shows the average number of
QRiterations per cycle. For the meth@glvaux the average is between 2 and 3. For the method
Bini it is a little bit more, between 5 and 6. FdanBarel, it is between 1 and 2.

In Table 2, the maximal componentwise error on the coefficients (Max Greffand the
maximal eigenvalue error (Max Eig Err) are shown for the mettiaelsaux, Bini andVanBarel.
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Bini Delvaux Van Barel

Max CoeffErr[ B Max CoeffErr [ B Max CoeffErr [ B
1 1010 279 1011 23 1014 279
2 1010 1 1011 1 1012 21
3 1P 271 10°% 272 1011 279
4 109 272 1011 21 10 14 26
5 1011 273 1011 273 1013 278
6 1F 220 10°% 212 1011 2-19
7 101 23 10 13 23 1014 22
8 1014 1 1014 1 1013 1

Table 1. Experiment 1: Maximum Coefficient error for the best balancing fergblynomials 1-8.
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Figure 1. Experiment 1: Looking for the optimal balancing facfoe 2! for polynomials 1— 4.

For the errors it can be seen thatiihcreases the errors increase slightly. Looking at the maximal
eigenvalue error the results obtained with metbadvaux are slightly better.

8 Conclusion

In this paper an algorithm to compute the eigenvalues of a monic polynomialdsizss This
is done by computing the eigenvalues of the corresponding companion nvsirishowed how
the QR algorithm can be adjusted such that the algorithm exploits unitary plus rasmistanc-
ture of the matrices involved and how the matrices can be represent@thbyparameters using
sequences of Givens transformations. The numerical performartbe afgorithm was demon-
strated by means of numerical experiments showing the good accuraeffiaimhcy of the algo-
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Figure 2. Experiment 1: Looking for the optimal balancing facfoe 21 for polynomials 5- 8.

Delvaux Bini VanBarel
n Max Coeff Err | MaxEig Err || Max CoeffEn]  Max Eig Err[| Max CoeffEff  MaEig Err
25 2141x 1014 | 4276x 10 ° || 3287x10 14 [ 1.226x 10 ¥ || 1.758x 10 13 | 2.210x 10 14
50 44378x 10 14 | 4650x 10 || 1.494x 1013 | 2.150x 1014 || 1.342x 1012 | 3.834x 1014
100 1734x 1013 | 1.106x 10 || 6.401x 1013 | 7.639x 104 || 9.349x 10712 | 1.292x 10713
200 5689x 10713 | 3774x 10 || 357010712 | 3551x 1013 || 8.111x 1011 | 4.093x 10713
400 3636x 1012 | 1.468x 10 13 || 2.016x 1011 | 9.245x 1012 || 7.671x 1010 | 1.534x 1012
800 2970x 1011 | 4.262x 1013 || 1.134x 10710 | 4367x 1011 || 7.075x10°9 | 8.901x 10 12
1600 || 2022x 10710 | 3.329x 1012 || 5605%x 10710 | 3565x 10710 [[ 6.507x 108 | 2.961x 1011

Table 2. Experiment 2: numerical results for methdaslvaux, Bini andVanBarel.

rithm. Especially the robustness with respect to the scaling parafetexs far as we know not
observed in any othe?(n?) method.

In the near future, we plan to make an implementation in C or C++ to study the edfjocd
the method compared to standard eigenvalue solvers, e.g., from LAPAEKIS® want to prove
the numerical stability of our algorithm.
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