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Abstract

In this article the unitary equivalence transformation of normal
matrices to tridiagonal form is studied. It is well-known that any
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a normal matrix the resulting tridiagonal inherits a strong relation
between its super- and subdiagonal elements. The corresponding
elements of the super- and subdiagonal will have the same absolute
value.

In this article some basic facts about a unitary equivalence trans-
formation of an arbitrary matrix to tridiagonal form are firstly stud-
ied. Both an iterative manner based on Krylov sequences as a di-
rect manner via Householder transformations are deduced. This
equivalence transformation is then reconsidered for the normal case
and equality of the absolute value between the super- and subdi-
agonals is proved. Self-adjointness of the resulting tridiagonal ma-
trix with regard to a specific scalar product will be proved. Flex-
ibility in the reduction will then be exploited and properties when
applying the reduction on symmetric, skew-symmetric, Hermitian,
skew-Hermitian and unitary matrices and their relations with, e.g.,
complex-symmetric and pseudo-symmetric matrices are presented.

It will be shown that the reduction can then be used to compute
the singular value decomposition of normal matrices making use of
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tion as well as an efficient method for computing a unitary complex
symmetric decomposition of a normal matrix are given.
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Abstract In this article the unitary equivalence transformation of normal matrices todode
form is studied.

Itis well-known that any matrix is unitarily equivalent to a tridiagonal matrixcaése of a nor-
mal matrix the resulting tridiagonal inherits a strong relation between its supgisubdiagonal
elements. The corresponding elements of the super- and subdiagor@weilthe same absolute
value.

In this article some basic facts about a unitary equivalence transformdit@masbitrary ma-
trix to tridiagonal form are firstly studied. Both an iterative manner base¢rglov sequences as
a direct manner via Householder transformations are deduced. Thigleqge transformation
is then reconsidered for the normal case and equality of the absolutebativeen the super-
and subdiagonals is proved. Self-adjointness of the resulting tridiaguataix with regard to a
specific scalar product will be proved. Flexibility in the reduction will therekploited and prop-
erties when applying the reduction on symmetric, skew-symmetric, Hermitiaw; ldkemitian
and unitary matrices and their relations with, e.g., complex-symmetric and psgodoetric
matrices are presented.

It will be shown that the reduction can then be used to compute the singlili& decompo-
sition of normal matrices making use of the Takagi factorization. Finally sorna psoperties of
the reduction as well as an efficient method for computing a unitary compiersyric decom-
position of a normal matrix are given.

Key words normal, complex symmetric, Takagi factorization, tridiagonal, singular valiures,
tary equivalence, unitary-complex symmetric factorization, Krylov sutspa

1 Introduction

Normal matrices are an important class of matrices arising in various applieatimhsatisfying

the following simple commutative relatiohd” = A7 A. Hermitian, skew-Hermitian and unitary
matrices are all well-known subclasses of the class of normal matricey. itanesting proper-
ties are known about normal matrices [20,21,17,10, 25] related to e.gighnvalue and singular
value decomposition, the polar decomposition, the Hermitié@{A+ A™) and skew-Hermitian
part 1/2(A— A7) and their relation with the Toeplitz decomposition. Also nowadays attention is
paid to the class of co-normal matrices [12,11].

* The author has a grant as “Postdoctoraal Onderzoeker"from the fibu Scientific Research—Flanders (Belgium).
This research was alos partially supported by the Research Counciléulen, project OT/05/40 (Large rank struc-
tured matrix computations), and by the Interuniversity Attraction PolegrBnome, initiated by the Belgian State,
Science Policy Office, Belgian Network DYSCO (Dynamical Systems t@grand Optimization)
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Concerning eigenvalue and singular value methods, many algorithms foladses of, e.g.,
Hermitian, skew-Hermitian and unitary matrices are deduced [6, 14, 33) 34]. All these meth-
ods consist of two phases. An initial reduction to simpler f@a(n?), followed by for instance the
widespread)R-method, which takes on average¢n®) operations for computing all eigenvaldes

The most widespread and well-known method for computing singular valuée i€olub-
Kahan method [15]. Again two steps are required, the so-called GolhbsKbidiagonalization
procedure followed by R-like method. The article [15] describes both a direct method based
on Householder reflectors [16], as well as an iterative Lanczos-likbaddor reducing a matrix
to bidiagonal form.

For computing eigenvalues of a Hermitian matrix first a unitary similarity transfeumsed to
tridiagonalize the matrix. The eigenvalues of the resulting tridiagonal matritheswrbe computed
by eitherQR-methods, divide and conquer methods, ... [8,30,37] (an overvievibedaund in
[7]).

Also for the generic normal case eigenvalue problems have been stitigiative methods for
computing eigenvalues as well as methods for transforming normal matricas ¢d lsand matri-
ces have were proposed in [9, 10,22, 24,23, 38]. The method gedpo [9, 10] brings the normal
matrix to a band form with increasing band-width. In case of Hermitian and-skermitian
matrices this approach coincides with the standard tridiagonalization presedinfortunately
even though attractive, this approach is not capable of achieving theceasnpdexity as the well-
known methods for computing eigenvalues of Hermitian matrices. Computinglaingiues of
normal matrices has not been studied intensively, since the standard-Kathaln algorithm is
capable of computing all singular values and singular vectors of also horateces.

In this article we will study the unitary equivalence transformation of a matrixidéatyonal
form and apply this reduction onto normal matrices. This transformation megrh sartificial
since one can always use unitary equivalences to transform matricesagdmal form. In [31],
however, it was stated that for particular least-squares problems thiseahpmight be more suit-
able than the standard bidiagonalization procedure due to the extra ciregtgom. The equiv-
alence tridiagonalization procedure as described in [31] is also digthsse, but from a more
theoretical viewpoint.

Applying this reduction onto normal matrices will yield interesting propertiesed|t super-
and subdiagonal elements of the resulting tridiagonal matrix. Even thougvakmce transfor-
mations are naturally linked with singular values, we will see that for the nocas# there are
also tight connections with the eigenvalues when applying the reductiorgurme onto specific
matrix classes.

Flexibility in the unitary equivalence reduction will be exploited to obtain speotfiicomes
in case the algorithm is applied onto symmetric, Hermitian, skew-Hermitian, unitamatrices.
The connections with the Householder tridiagonalization and Krylov salespeethods will be
explored. Interesting properties such as an easy way of computingitheygcomplex symmetric
factorization [13,12] of the involved normal matrix are deduced. Finaligesaomments on the
relation with singular values and eigenvalues are presented.

The article is organized as follows. Section 2 proposes the tridiagonalizatieedgure for
arbitrary matrices. A direct Householder method, a Lanczos variantremdems related to the
essential uniqueness are given. The method is refined for normal reatri8ection 3. It is proved
that the resulting matrix inherits a strong relation between super- and sohdlagements. Re-
ductions to specific matrix types and their relations with scalar product sgaeesxplored. In
Section 4 we will deduce the tridiagonalization procedure based on “cydiogov subspaces.
First cyclical Krylov subspaces are defined, followed by an analyaimg that a unitary basis for
these subspaces can be used for transformating a matrix to a unitarglequtvidiagonal form.
Vica versa it is shown that any unitary equivalence transformation to todelgorm is coming
from cyclical Krylov subspaces. In Section 5 some extra propertiesedfidiagonalization pro-
cedure are presented. Section 6 discusses how to compute the singuearofea normal matrix
using techniques discussed in the manuscript. The final section contairscsaclusions.

1 For detailed complexity counts we refer to the books [30,37,36]
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2 Preliminary results: Unitary equivalence with tridiagonal form

In this section we will analyze a unitary equivalence transformation of laitrary matrix into a
tridiagonal matrix (see also [31]). Most of the results are quite obviaragsextensions to the
literature such as the essential uniqueness Theorem 1 are providedettion contains, how-
ever, all necessary ingredients and preliminary results for undeistatite following sections
in which we will focus to the normal case. E.g., the formulas related to the baneziant, the
tridiagonalization procedure as well as the essential uniquenes themrarssential in the proof
of the main theorem of this article provided in Section 3.

Two matricesA andB are said to be equivalent of nonsingular matri€endSexist such that
A= S 1BT. Unitarily equivalent indicates that boSandT are unitary.

2.1 Householder equivalence tridiagonalization

The existence of two unitary matricés andV for reducing an arbitrary matrix to tridiagonal
form is almost trivial. The algorithm involves a small adaptation of the ‘wellvikmostandard
symmetric tridiagonalization procedure [16, 30]. Instead of a similarity teainsdtion we perform
now two different unitary transformations on each side of the matrix.

We consider here the Householder tridiagonalization procedure. AssumagrixA € C""is
given,Uy andV denote Householder transformation matrices of the form:

Uk = | —awH, (1)
Vie = | — pwwH, 2)

wherea, v, andw are constructed, given anand ay such thaty'x = w||x||e;, andVly =
o|ly|ler- The vectore, is the first standard basis vector of length equal,tcespectivelyy. The
complex numbers andw lie on the unit circle (i.e|w| = |o| = 1).

The following simple algorithm transforms an arbitrary matrix to tridiagonal form.

Algorithm 1 (Householder equivalence tridiagonalization)
For k=1:n-2
Compute the Householder reflectof & | — avw!, based on &+ 1 :n,k)
Ak+1:nk:n)=UMAKk+1:nk:n)
Compute the Householder reflectar¥ | — Bww!, based on Ak k+ 1 :n)H
Ak:nk+1:n)=A(k:nk+1:n)W
end

Remark 1The implementation above is not fine-tuned. In practice the multiplication with the
Householder matrices should be performed more efficiently [16, 27]eMar, the resulting tridi-
agonal matrix can be stored in arx 3 array. The storage initially occupied by the mathixan
then be used to store the factored form (Householder vectors) of theesatrandV.

Remark 2n the tridiagonalization procedure abdve; = e; =Ve;. This is not a constraint. Any
initial unitary transformation can be applied before starting the tridiagonalizptiocedure. This
means that, for instance one starts with the mduﬁBAVo instead of withA, whereUg andV are
unitary.

2.2 Lanczos variant

Assume the following relation holdstH AV = T, for an arbitraryA andT tridiagonal. Assumé&
has diagonal elements (i = 1,...,n), subdiagonal elemenf (i = 1,...,n—1) and superdiag-
onal elementy; (i=1,...,n—1). Denote the columns &f andV asuk andvy, fork=1,...,n.
Based on

AV=UT and A'U=VTH
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we obtain the following relations:
AVk = Yk-1Uk-1 + OkUk + BrUk+1 )
AU = By_q Vi 1+ 0V + ViVice 1, (4)

fork=2,...,n—1 (fork = 1 andk — n some terms can be dropped). Sitt@ndV are unitary
we have the following equalities with the generalized Rayleigh quotients (sed29p: ax =

utl Avy = vi! AHuy. Rewriting (3) and (4) gives us:

k1 = AVk — Yk—1Uk—1 — OkUk,
H ~ P
Skr1 = AUk — By 1Vk-1 — OkVk

HenceBk = ||rkr1l2, Ukt1 = Mke1/Bk andyk = ||Scra |2, Vi1 = Skr1/ Y-

Remark 3n the equations abo as well asy are computed in the real field. Without loss of
generality, we can multiply them with respectivebyandac factors lying on the unit circle.

This leads to following Lanczos-like algorithm:

Algorithm 2 (Lanczos-like unitary equivalence tridiagonalization)
Initialize u; andvy. (E.g.,u; =€ =vy.)

fork=1:n—-1
Ok = UEAVk
I = AVk — Yk—1Uk—1 — OkUk
s=Aug— B, Vi 1 — Ok
Bc=w|rll2, Yk=0|sl]2 (wando are free, satisfyindgw| = |o| = 1)
U1 =T/Bk, Vi1 =S/¥k
end

This Lanczos-like tridiagonal procedure is not yet tuned for acting@mal matrices, see
Section 3. Cocerning details on how to implement this method using restartsarttiogonalization
we refer to [36, 32]. Moreover an effective implementation for solvingtisguares problems by

this technique is discussed in [31], we refer the reader to this manusarigtdetailed analysis
on this method.

2.3 Essential uniqueness

The vectord) e; andVe; uniquely determine the transformation. The following theorem is sort of
an extension of the well-known implic@-theorem [16].

Theorem 1Suppose = U"AV and S= UHAV are both tridiagonal, having all sub- and su-
perdiagonal elements different from zero. The matriced W andV are all unitary. In case
Ue, = @Je; and Ve, = uVey, with |wy| = |om| = 1, the resulting tridiagonal matrices T and S
are essentially identical. This means that there exists two unitary diagortabesD andD such
thatVD=V and UD =U.

Proof The proof proceeds similarly like the proof of the impli€theorem in [16]. Defin&V =
VHV andW = U"U. The following two equations hold:

TW=WS and THW=wg'"
Writing down the equalities for thigh column we get for =2,...,n—1 (S= (s j)):

Twi = Wi_1S_1j +WiSj +Wit1S+1,
THW = Wi 181+ WS +Wit1S s,
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which can be rewritten as

—Wi_1S-1i — W;Si, (5)
—Wi_1§i-1— Wi§,. (6)

Wit1S+1i = Tw;
— H -~
Wir1Sit1 = T7W;

In casda =1 ori = nthe some terms can be dropped in Equations 5 and 6. The initial assumptions
impose thaWe; = we; andWe, = ¢y e;. Based on the recurrence relations (5) and (6) and the
fact thatT is tridiagonal we get that botW andW are upper triangular. This implies boti
andW are unitary diagonal implying' D =V andUD = U, with W = D andW = D. Denote the
diagonal elements @ with «y and the diagonal elements Dfwith Gy.

Essential uniqueness 8fandT follows easily (for any X< k,1 < n):

t = alU"AVe
= ooy (el AVe)
= QWS-

Hence,|tk7|| = |Sk7| |
Let us consider the case now in which irreducibilitydndT is not guaranteed.

Theorem 2 Suppose T= U"AV and S= UHAV are both tridiagonal and the matrices,U,V
andV are unitary. Denote Wlth K the smallest integer such tb@lﬁ( 0 and L the smallest
integer such that;s_ 1 = 0.2 Assume & = @Je; and Ve; = aVep, with [wy| = |Gy] = 1. We
have to distinguish between three cases:

—K < L. The first K columns of U and and the first K+ 1 columns of V an¥ are essentially
unique. We have (fat <k <K andl<| <K-+1): |ti| = |s«]-

—L < K. The first L+ 1 columns of U andJ and the first L columns of V and are essentially
unique. We have (fat <k <L+1land1<I <L) |tq| = [s]-

—K = L. The first K columns of U and and the first L columns of V and are essentially
unique. We have (fat <k <Kandl1l <I| <L): [tqi| = |s«]|-

Proof The proof is similar to the one of Theorem 1. We use the same notation as irotfeopr
Theorem 1. We will only outline the first cadé:< L. Reconsidering Equations 5 and 6, we can
only exploit Equation 5 for Z i < K —1 and Equation 6 for Z i < K. Equation 6 can be used
for one more value of. Hence the firsK columns ofW are upper triangular and the fitt+ 1
columns oW are upper triangular. Therefore, the upper (&ft+ 1) x (K + 1) block of W and the
upper leftk x K block of W are unitary diagonal. This proves the theorem.

Example 1L et us illustrate which parts of the matrix are essentially unique for differagés.
The upper left block separated of the remainder of thkeébGmatrix is essential unique.

K<LandK=3 | K>LandL=3 K=L=3
X X X X X X
X X X X X X X X X

X X X x x|0 x x|0

0 x x X | X X 0 x x

X X X X X X

The reader can verify that this is a generalization of the impQeiheorem in case of Hermi-
tian matrices [16]. In Subsection 4.2 we will provide a shorter and moreadipggroof based on
Krylov matrices.

2 In case no sucK exist we silently assumié¢ = n. The same holds fdr.
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Remark 4Theorem 1 and 2 indicate that andV can be scaled by different unitary diagonal
matrices. This affects of course the resulting tridiagonal mdtriwhen considering the House-
holder tridiagonalization procedure this flexibility can also be discoveredertdmstruction of
each Householder reflector. The reflectors can be chosen sucénthator o in the relations
following Equations 1 and 2 can be obtained. In normal circumstancesieeasanade such to
obtain the most accurate result [16,36]. One can also choose tachawe = 1, such that one
projects onto a real positive number, this choice is the natural choice inrdipeged Lanczos
procedure.

In the remainder of the manuscript, we will assume the most stable operatioridanped.
Hence we do not know whether the sub- or superdiagonals are reat.or

Everything presented in this section is directly applicable onto normal matkieese, we
will not come back to the essential uniqgueness and so forth.

3 The normal case

In the general case, the above procedure produces just a tridiagatix which is not of much
use in practice. For normal matrices, however, we will prove tat= |Bk|, for the sub- and
superdiagonal elemerflg andyy of the resulting tridiagonal matrix. We will first restrict ourselves
to the irreducible case. Furthermore we will show that there is some flexibilityeimetiuction
procedure, which can be exploited to reduce normal matrices to othéficpeatrix classes.

3.1 Basic theorem

The following proof is quite long and technical. Nevertheless, it providesasting relations
between the unitary transforrasandV and polynomials in the matrig andA".

Theorem 3 Suppose the matrix A C™" is normal. Then there exist two unitary matrices U and
V, with Ue; = wV ey (Jw| = 1) such that U'AV = T, with T having subdiagonal elemeifsand
superdiagonal elementg. When all subdiagonal and superdiagonal elements are different from
zero, we havéfi| = |vi|,Vi=1,...,n—1.

The formulation of the theorem might suggest that special kinds of tranafmonsU andV
need to be constructed. This is not true, the condiMen = wUe; is an initial condition after
which one can apply the reduction based on Householder reflectorssspd before.

Proof We will prove the statement by finite induction ¢n(1 < k < n— 2). We denote’, =
Ul A Vox, Which has the uppefk + 2) x (k+ 2) block already of tridiagonal form. Note that
the upper(k+ 1) x (k+ 1) block of A is already in the correct form and it will not be affected
anymore by any of the subsequent transformations.

In each step to go fromy to A, 1 we will simply apply Householder transformations as de-
scribed in Section 2.3 The matriced)ox = UgU1 - - -Ux andVox = VoV - - - Vi are hence a product
of several Householder transformation matricgsandVi. We haveld = Ugn—2 andV = Vpn_o.
The initial transformationly andVy are somehow arbitrary, onlype; = w\pe; is required. The
matrixU has columnsi, andV has columnsy. Due to the structure of the Householder transfor-
mation matrices (see Section 2.1) we have that

UOZk [ely"'aa(Jrl] :U[ela"'veK+1] — [ula"'7uk+1]7
Vo [€1;. .., &1 = Ve, ..., &q1] = [V1,...,Vks].

The diagonal elements of the resulting tridiagonal matrix are denoteg, lffori = 1,...,n),
the superdiagonal elemengs(for i = 1,...,n— 1) and the subdiagonal elemeffis(for i =
1,...,n—1). We introduce the following notation:

Bri =PBiB2...Bi, and vii=viy2...Vi

3 Since all tridiagonalization procedures are essentially equivalent ge®$ 2), there is no loss of generality in
this assumption.
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In every induction stefp three important items need to be proved.

(i) Initially we prove |yk| = |B«/|-
(i) Secondly, based on the previous item, a recurrence relation in bdivgadynomials is proven
for AHuy.1 andAvi 1. More precisely we will obtain that:

1 qe
Au g = Bux <AH 51: L DA™ A) — Bi 1y 1Pk 1(A AT — api(A, AH)> V1
: 1k-1

1
= = pra(A ATV,
Bl:k

and a similar relation
1
AVii1 = = Pror (A Ay,
yl:k

wherep(-,-) denotes a bivariate polynomial. Wifi{-, -) the same polynomial is meant having
complex conjugate coefficients. We initialize the recurrence Bith= yo = 0,pp = 0 and

p1(x,y) =Y. Note that(pk+1(A,AH))H = P 1 (AT A).
(iii) Based on the previous two items we can proviv 1|2 = ||AHuk, 1]|2, which concludes the
induction step.

We start the inductive proof bix = 1. Finally we prove the statement ferassuming the
relations hold for alli = 1,2,...,k— 1. We subdivide each item, into three parts, conform the
items above.

— Suppos&k = 1.
(i) We havewv; = uj. The following relations hold (sinc&is normal andw| = 1):

|Aser[|2 = [|UT'Ug AvoVaer ||
= [|Av4]l2
= [|A"v]l2 = [|ATug |2
= IV{'V§' AUgUs |2 = [|Af ey 2.
Hence, we obtain
|az|?+ |Bal? = |ax [+ |val?,

which proves thaff31| = |yi|.
(i) Secondly, we will prove the recursion formula. We have already

Alu=pi(A AV, and  Avy =P (AT Ay
Based on (3), (4) we get

Biup=Avi—au;  and  yyvo = Aug —dgvs.
Multiplying the first equation byA™ and the second b we get

1
Auy = = (AHAv — oA uy)

B1
1

= E (AHbl(AH aA) - Glpl(A, AH)) \41

= —p2(A AT vy,
B1
1

Avy = = (AAYUL —T1AV:)

(Apo(AA) — TPy (A" A)) vy

Vi
1
Y1
1 _ H
ij(A 7A)V1'
Y1

Note that(py(A, A7 )P =p,(AH A).
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(iii) Finally we prove that|Avy||2 = ||Afuy||2. Plugging the relations above infiéw;||2, using
the fact thatA is normal and therefore the polynomials commute gt= |yi| gives us:

|AV2]|2 = [[P2(A™, Avill2/val
= (Vi p2(A AP (A" A1) /I
= (Vi'po (A", A) pa(A A V1) /B4
= [|A"uz|l2.

This proves the initial step fde= 1.
— Let us assume by induction now that the statements hold for=all, 2,...,k— 1 and prove
the casek.
(i) Based on induction we have the relatiphvi||2 = [|AMuy||2. Hence,||Acex||2 = [|AL &||2-
Since|Bk-1| = |Yk-1| one obtains the equality| = |yk|.
(i) The most difficult and technical part is proving the recurrence refatkssume we have
(vi=1,...,k):

Ay pi(A ATV and Ay = -

_ (A7 A,
Bri-1 Yii-1 i 1

Based on (3) and (4), we obtain the following relations

1
AR Ukr1 = E (AHAVk — yk,lAH Uk_1— GkAH Uk)
1 K
== <A“ PLict s (A A) — ye 1B 1P 1(AAY) —akpk<A,A“>> V1
Bik Yik-1
1
= prra(AAY vy,
Bl:k

and

1 — _
AVk+1 = — (AAH Uk — Bk—lAVk—l — GkAVk>
Yk
1 Vi = _
=_— <A1'k L k(A A — Vi 1B 1P 1 (AL A) — O‘kpk(AHyA)> Vi
Yik \ Bik-1

1_
= DA Ay,
Y1k

The last equality is clear for the last 2 terms, for the first term we nggd= |Bx| and

therefore By /¥y = Yi/By. Note, that again we havgy1(A, A"'))H =P (ATA).
(iii) Finally we prove that|Avy 1|2 = ||AMuk.1||2. The relations above give us the following:

AV 1ll2 = [Py (A7, Ava 2/ Iyaxd
= (V' P2 (A AP 1 (AT A)va) /i
= (VI P2 (A7, A) pr 1 (A A1) /[Ba]
= [|Auksa|2-

Since the above inductive procedure was finke: n— 2, we do not yet have the equality for
lyn_1| and|Bn_1|. We have, howevefiAvy 1|2 = ||A"un_1]|2 which gives us the desired equality.
This proves the theorem.

It was not mentioned in the proof, but the polynomiplgA, A™) are also normal [17]. In fact
we have even a stronger result. Sif¢e= q(A), with q(-) a polynomial of degrea — 1 we can
translate the proof of the theorem such that no biviariate polynomials adede

It is also clear that the resulting tridiagonal matrices are not necessarityahanymore, the
matrix T can be normal in specific cases as shown in Section 3.2.
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Remark 5The usage of the matricé in the proof of the theorem is not really essential. They
can be omitted. Writing the proof, however, in this fashion points out someestteg computa-
tional aspects. Experimentally one can observe the following. Assumewgatgartially reduced
matrix A, i.e., its upper leftk+ 1) x (k+ 1) block is already of the desired tridiagonal form. One
can check now, and it is proven in the previous theorem [tAat 1|2 = || A& 1//2. But the
equality ||Ake |2 = HA{je. 2, With k+ 1 < i < ndoes not necessarily hold. Only in specific cases
equality can occur.

For a normal matrid we always haveélAe||> = [|AMe|2 (1 < k < n). But after performing
the first transformation, the matrq does not satisfyjAsex |2 = |Al'ex||2 (2 < k < n) in general
anymore. The equality in norm is only reestablished for a certain cokunf if the columnk
was brought to tridiagonal form.

Remark 6As outlined in Remark 4, one can choose, e.g., to obtain positive real suqgesubdi-
agonals. In this case the theorem statesfthat yx forallk=1,...,n—1.

In the remainder no constraints will be posed on the value of Bp#ndyk. Let us agree that
the most stable Householder reflector is chosen, whatever its outcome might be

Unfortunately the theorem holds only whi8x| = |y« is different from zero. An easy coun-
terexample consists of prepending a normal matrix by a zero column an@ilmewesulting matrix
is still normal, but one can easily construct an equivalence transfornfatiovhich the theorem
does not hold anymore.

One can, however, overcome the problem. The proof breaks dowathimeecursions between
the vectorsy; andv; do not hold anymore. Hence, we cannot prove by induction|thet, 1|/» =
|AH Uy 1||2 anymore, which is essential for proving the equivaleifige:| = |V 1|. When we are
able to reestablish this equality in norms, we can proceed. Let us condilir thore detail.

AssumelBx| = |yk| = 0. The following matrix is obtained after having performed unitary trans-
formsUgk_1 andVox—1:

T Ok—2 Yk—2
Br—2 Olk—1 Yk-1
Ul 1AVox-1=Ac 1= Br—1 Ok
X X X oo
X X X ce
X X >< e

The next Householder reflectody and Vi were initially intended to create zeros in colurkn
and rowk. Since there are already zeros we can choose them freely, acting rombws and
columnsk+ 1 up ton. Considering stefx in the inductive proof of Theorem 3, we see that (i)
holds, (ii) cannot be completed and (iii) is undetermined. If we can chdpsadVy such that
(i) is satisfied, the proof can be proceeded. One can think of this astafogstart. When
|AVk 1|2 = |[Af Uk 12 we can continue the inductive procedure.

SinceVox = Vok—1Vk andUgx = Ugk_1Ux and we cannot chang®y_1 andUgk_1 anymore,
the vectorsy1 anduy, ;1 are fully determined by thé&+ 1)th column of respectively, andUy.
By construction we know thatkec 1 andUxeq, 1 have the firsk elements equal to zero. Let us
therefore partition these columns as follows:

Vie1=[0,9"]" and U1=1[0,0"],

where bothll andV are column vectors of lengtin— k.
Let us partition the matriceéy_1 andUpx_1 accordingly. The superscrigt) stands for the
left k columns, the superscript) refers to the right— k columns:

Vok-1 = [V()(:Ilz—lvvcg:rk—l} )

Uok-1= [U(gl:ll—l’ué:rk—l} :
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Let us take an arbitrary different from zero, and lets see that we can construct a vécsoich
that ||Avk 1|2 = [|AH Uk 1|2 holds.

Based on the definitions above we obtain the following equivalent relatrenall thatAy is
block diagonal):

IAVIG1]l2 = A ukia 2
UGk 1AVok-1Vk@1l|2 = [IVok 1A Uok—1Ukeksl2
| AVKke1]|2 = [|AUKE+1]]2

[(vg)" A = ()" gy o

AL 19l = [ARUE) Lallo.

2

Due to the normality oA, we only need to make sure that the following equation is satisfied:

H
Given an arbitrary we can therefore defing = (Ué;zfl) VO(:rk)—lv and hence the equality in

norms||Avi 1|2 = ||AHuk, 1|2 is established. One can continue the proof once the vettans!
0 are embedded into two unitary transformatidhsndUy (see e.g. [36]) both having the upper
left k x k block equal to the identity matrix.

3.2 Reduction to specific matrix types

In this section some particular cases will be studied. We assume that in casatilve T is
reducible, the process is continued in such a fashion that equality betineesub- and superdiag-
onal elements still holds.

The exposition in this section draws from [26,28] and uses results relatethtrices and
scalar product spaces. Some extra definitions are required. Lefins thee bilinear formy-,-)q
as (x,y)q = x"Qy. WhenQ is diagonal we will shortly refer to the bilinear form as a scalar
product with weight matrixQ. The adjoint of a matriA with regard to(-,-)q is the matrixA*
such that:

<AXay>Q = <X7A*y>Q7 for X,y € F".

LetF be eitherC or R. A closed formula for the adjoint exists:
A =Q1ATQ, 7)

where-T denotes, as before, the standard matrix conjugate or transpose. Sherthill say
adjoint with regard to the weight matri®.# The matrixA is said to be self-adjoint iA* = A.
Based on this notation we can provide a more compact formulation of Thebrem

We remark that when considering normal matriceRri" we implicitly assume the transfor-
mationsU andV to be real orthogonal.

Theorem 4 Suppose the matrix A C™" is normal. Then there exist two unitary matrices U and
V, with Ve; = wUey, with |w| = 1, such that WAV = T, where T is self-adjoint with regard to a
scalar product(-, -)q, with Q a unitary diagonal matrix.

Proof The notation as provided in Theorem 3 is used. We have that the absolués o the
sub- and superdiagonal elements are identical. This allows us to Write the product of a
complex symmetric matri6 and a diagonal matrifo: T = SD. When denotingy = 3;/y; we
have for instanc® = diag(1, 81, 815,, 815,83, . ..) leading to the desired equality. We remark that
the matrixD is not unique. However, when one of its subdiagonal elements is chake¢he

remaining diagonal elements are fixe@learly the matri>Q is unitary diagonal.

4 In [26] also results related to sesquilinear forms are presented. Fpuguose bilinear is sufficient.
5 Note that when chosing one diagonal element freely, that its absolute skatwld equal 1 for the theorem to hold.
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PluggingT = SDinto Equation 7 withQ = D leads to the conclusion that = T and hence
is self-adjoint with respect to the weight matiix

The factorizationl = SDin the above proof is a complex symmetric unitary decomposition (see
Section 5.2) of the matriX (see [20,21,13]).

Since the unitary transformatiokk andV for transforming the normal matrix to tridiagonal
form are not uniquely determined there is some freedom. We can exploiteliddm to obtain
in fact a stronger result.

Theorem 5Suppose the matrix A C™" is normal. For every given unitary diagonal matiéx
there exist two unitary matrices U and V, witteV= wUey, (jw| = 1) such that U'AV =T,
where T is self-adjoint with regard to the scalar prodyct)q.

Proof Perform a tridiagonalization procedure as provided in Theorem 3. We ha= UHAV.
From Theorem 4 we know that can be written a3 = 3D, whereSis complex symmetric and
D is unitary diagonal.

Define nowd =U, T =TD Q1 =80 andV =VD~1Q. This gives us:

utav =dHavD 10
=TDlo=%0=T.

Hence,T is a tridiagonal matrix written as the product of a complex symmetric m&tsind a
unitary diagonal matri2. BothU andV are still unitary withUe; = @Ve; (|®] = 1) and one can
verify that the matrixT is self-adjoint with regard to the weight matigx

Let us now consider few specific matric®s leading to particular unitary equivalences be-
tweenA andT.

Corollary 1 Under the conditions of Theorem 5 one can obtain T of complex symmetric fo
and hence self-adjoint for the standard scalar product. This means twigfnix |.

In fact we have folA € C™", T of complex symmetric form and fok € R™", T of symmetric
form. We will refer to this reduction as the symmetric reduction.

Before continuing we will shortly explain the upcoming nomenclature by fewngkas. A
more elaborate study and definition of these matrices can be found infj@égtlthey are defined
as being, e.g., self-adjoint or skew-adjoint, with regard to a specific weigtrix.

A matrix T is pseudo-symmetric it = SD, with S symmetric andD a signature matrix. A
signature matrix is a diagonal matrix having diagonal elements either 1.0Fhis matrix satisfies
T* =T, with regard to the weight matri®. A matrix T is complex pseudo-skew-symmetric if
T = SD, whereSis complex skew-symmetric arid is a signature matrix. This matrix satisfies
T* = —T, with regard to the weight matriR. A matrix T is pseudo-Hermitian if it can be written
asT = SD, with S Hermitian andD a signature matrix. A pseudo-Hermitian matrix can also
be seen as being self-adjoint with regard to a specific weight, this invdieegver, the use of
sesquilinear forms and a slightly modified definition of the self-adjoint. We téfe reader to
[26] and will not elaborate on this further in the text.

Corollary 2 Under the conditions of Theorem 5 one can obtain T having sub- anddsagenal
elements differing only for the sign. This means that T is complex pseouuetyic and self-
adjoint for the scalar product:, -)p in which D is a signature matrix.

Again we have forA € C™" that T will be complex pseudo-symmetric and fare R™" that
T will be pseudo-symmetric. We will refer to this reduction as the pseudo-syntmetiuction.
The sign relation between super- and subdiagonal elements can ba &teebg for instance one
can demand that they are of opposite sign. In this case the weight mdttas diagonal elements
(=1)"*1, fori=1,...,n. This will be addressed as the skew-symmetric reduction.

Corollary 3 Under the conditions of Theorem 5 one can obtain T having sub- anddagenal
elements as complex conjugates (or minus the complex conjugates).
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In the following table the application of a specific reduction onto a specifimabmatrix structure is summarized. The
top row contains the possible reductions (including the weight matrix aneon between sub- and superdiagonal
elements). The first column contains the type of matrix we are perforthengeduction on. The intersections depict
the structure of the resulting tridiagonal matrix. In case no particular damntbat special matrix structure existxa

is printed.

Specific Reduction TypesQ)
Relations fory; andf;
Matrix Type | F Arb. (Q) Sym.(Q=1) Pseu.-Sym(Q =D) | Skew-Sym.(Q =%)
Ivil = I8l Vi=Bi, VBER | vi=4B, WBRBER | vi=-PB, WBER
Normal R Pseu.-Sym. Sym. Pseu.-Sym. Pseu.-Sym.
Sym. R Pseu.-Sym. Sym. Pseu.-Sym. Pseu.-Sym.
Skew-Sym. | R Pseu.-Skew-Sym Pseu.-Skew-Sym. Pseu.-Skew-Sym. Skew-Sy
Orthogonal | R Pseu.-Sym. Sym. Pseu.-Sym. Pseu.-Sym
Orth. Block-Diag.| Orth. Block-Diag. Orth. Block-Diag. Orth. Block-Diag
Normal C X Cplx.-Sym. Cplx. Pseu.-Sym. Cplx. Pseu.-Sym|
Herm. C X Cplx.-Sym. Cplx. Pseu.-Sym. Cplx. Pseu.-Sym{
Skew-Herm. | C X Cplx.-Sym. Cplx. Pseu.-Sym. Cplx. Pseu.-Sym{
Unitary C X Cplx.-Sym. Cplx. Pseu.-Sym. Cplx. Pseu.-Sym|
Unit. Block-Diag. Unit. Block-Diag. Unit. Block-Diag. Unit. Block-Diag.
Specific Reduction Types
Relations fory; andf;
Matrix Type | F Herm. Pseu.-Herm. Skew-Herm.
ylzBiv WaBiGC w:iBiv yivBie(C WZ*Biv W7Bi€(c
Normal R Sym. Pseu.-Sym. Pseu.-Sym.
Sym R Sym. Pseu.-Sym. Pseu.-Sym.
Skew-Sym. | R Pseu.-Skew-Sym. Pseu.-Skew-Sym| Skew-Sym.
Orthogonal | R Sym. Pseu.-Sym Pseu.-Sym
Orth. Block-Diag. Orth. Block-Diag. Orth. Block-Diag.
Normal C X X X
Herm. C Herm. Pseu.-Herm. Pseu.-Herm.
Skew-Herm.| C Pseu.-Skew-Herm. Pseu.-Skew-Herm. Skew-Herm.
Unitary C Unitary Unitary Unitary
Block-Diag. Block-Diag. Block-Diag.

Table 1. Possible outcome of the reductions and the resulting structure of tridibmatiax.

We will refer to these reductions as the Hermitian and skew-Hermitian redac&amilarly one
can also design a pseudo-Hermitian reduction.

The justification of the choice of names will become clear in the following tablbleTa
presents a summary of the outcome of applying variants of the reductiongtaigoto several
types of normal matrices. In the upcoming examples some of the results ek serthe table
will be discussed in more detail.

Remark AWhen implementing the reductions as above, one can also choose to modifytthe o
come of the Householder transformations. This can, however, resudtnicellation (see [36]).
Hence, it is better to perform the most stable Householder transformatohtoaonstruct a
unitary diagonal matrix afterwards, performing the scaling. This resultsnioe stable imple-
mentation.

For simplicity we will assume in the Examples 2—6 that the resulting tridiagonal nataiee
irreducible.

Example 2Suppose\ is symmetric and we apply the symmetric reductidhAV = T. Since the
matrix T is real we clearly have thdtis symmetric. This proves the relation depicted in the table.
In fact we have even more. Due to the symmetril afe get:

UTAVy=T =TT =VTAU.
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Hence we have two different reductions applied on the marilkoth resulting in a tridiagonal
matrix. Sincele; = +Ve; by construction, we can apply Theorem 1 and welgbt=V, with

D a signature matrix. Sincg is symmetric one can easily deduce tBat —1 or D = I, depend-
ing onUe; = £Ve;. HenceU = +V and the standard orthogonal similarity transformation of a
symmetric matrix to symmetric tridiagonal form is obtained whiss =Ve;.

Example 3Supposé is skew-symmetric and we apply the skew-symmetric reductidrdV =
T. We know that the off-diagonal elementsTokatisfy the skew-symmetric structure, but we do
not yet know that its diagonal elements are zero. Sikhee—AT we have:

A=UTV'
=-AT=v(-T)U".

So, we havdJ TAV = T andVTAU = —T, two different reductions applied on the matAxre-
sulting in two tridiagonal matrices. Applying again Theorem 1 we getthat=V, with D a
signature matrix. Hence we obtain

VTAV =TD,
since the off-diagonal elementsbiatisfy the skew-symmetric form akd AV is skew-symmetric
we have thaD = +1. HenceT is skew-symmetric and = +U. The reduction reduces again to
the standard orthogonal similarity procedure for tridiagonalizing a skemsetric matrix when
Ue; =Ve.

Example 4SupposeA is skew-symmetric and we apply the symmetric reductibhav = T. Ta-

ble 1 states that the resulting tridiagonal will be pseudo skew-symmetric.SEugp-structure is
obvious, only the skew-symmetric structure implies the diagonal elements toh&mailarly as

in Example 3 we obtaitd TAV = T andVT AU = —T. Applying the essential uniqueness theorem
gives usUD = V. ThereforeV T AV = TD, with D a signature matrix. Moreover, sinéeis skew-
symmetric, the matrix produdiD is also skew-symmetric. Therefore, the diagonal elements of
will be zero.

Example 5Consider a skew-Hermitian matriand apply the symmetric reduction to it. Table 1
does not depict any specific structure, just the complex pseudo-symrsietrature, which is
naturally imposed by the reduction. Let us take a closer look at the diagteraknts. Since
A= —A" we get

viau=-TH and UMAV=T.
Again applying essential uniqueness welgét =V, with D a unitary diagonal matrix. Therefore
we obtain tha¥ " AV = —THD. This implies thaDT is skew-Hermitian. The diagonal elements of
DT are therefore complex. Unfortunately this does not impose a specidisen the diagonal
of T.

Example 6AssumeA to be skew-Hermitian and we apply the pseudo-Hermitian reduction to the
matrix. We are specifically interested in the diagonal elementssifce the table states that they
are purely imaginary. Similar arguments as in the previous examples lead to

ufav=T and VHAU=-T",

henceUD =V, with D unitary diagonal by Theorem 1. Therefore we haNéAU = TD, which

is skew-Hermitian. This implies thatD is skew-Hermitian. Since-TD = DT and we know
the relation between the sub- and superdiagonal elements we have th& is a signature
matrix, this implies in turn that the diagonal elementsTaheed to be purely imaginary. Hence
the resulting tridiagonal matriX will be pseudo skew-Hermitian.

Example 7Suppose the matrik to be unitary AA™ = 1. In this case we obtain a unitary complex
symmetric tridiagonal matrix. One can easily verify that this tridiagonal matrixaihbe irre-
ducible (assume > 2). The resulting tridiagonal matrix will be of block diagonal form, having
block diagonals, which are 2 2 unitary matrices or % 1 complex numbers lying on the unit
circle. In Section 4.3 we will even show that in practice the tridiagonal matrixneilmally have

2 x 2 blocks on the diagonal, and eventually a trailing 1 block in case of odd matrix size.
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4 Krylov subspace approach

In the previous section the Lanczos approach was deduced basee Houkeholder tridiago-
nalization scheme. Here, we will construct two Krylov sequences anethat an orthonormal
basis for these Krylov subspaces will tridiagonalize the matrix. Based oorthenormalization
procedure of these Krylov subspaces one obtains again the Larenzast\as described in Sec-
tion 2.2. Moreover, this approach admits a more simple and not so techrocéigbithe essential
unigueness Theorem 1.

4.1 Cyclical Krylov subspaces

We start first by studying arbitrary matrices, afterwards we specializartisithe normal case.
Assume we have the following cyclical Krylov sequences:

Ge(A,x) = spar{x, Ay, AAHx, AAH Ay, (AAH)2x .. 3,
G(A™y) = spar{y, A'x, A Ay, A" AR, (AAT)?y, .}

Even though not specified in the above sequence, the sublsdepibtes the number of vectors in
the subspace (note that this is different from its dimension).

We call this a cyclical sequence since the vecioandy alternate to build up two sequences.
More precisely, théth vector of the sequenag(A, x) is multiplied by A and forms the + 1th
vector of C(AHy). Conversely théth vector of (A", y) is multiplied byA resulting in the + 1th
vector of C(A,X).

Construct now for every X k < n an orthonormal basis lets sgyi,uz,us,...,ux} for
Ge(A, x), similarly construct an orthonormal bagig;, Vo, ..., vk} for Ga(AM,y). Pooring the vec-
torsu; andv; into the columns of two matrices results in the matridggndVy. We remark that
the notation in this section changes substantially with regard to the one in theyzreections:
the matriced)y andVy do not denote Householder transformations or unitary matrices anymore!

The following two important relations clearly hold:

ACk(AH>y) - Ck+1(A>X)> (8)
AT G(AX) C Gerr (AT, X). (9)

Sincevk € Ger1(A™, y)\G«(A™,y) we have thatvy Lu;j, where 1< i < k— 2 and sincauy €
Ger1 (A X)\ Ge(A, X) we have that\™ uy Lv;, where 1< i < k— 2. Both relations can be proved by
Equation (8) and the fact that:() stands again for the standard inproduct):

(Avg, uj) = <Vk,AH ui, <AH Uk, Vi) = (Uk, AVj).

Considering the orthogonality relations between the veatpesdv; we get ( for 2<i < k and
assume for now ap andy different from zero):

AV; = Yi_1Ui_1 +Qjuj + BjUi,1,

whereBi1 = (Uit+1,Av)),0; = (uj,Av;) andyi_1 = (Ui_1,Av;). A similar equation holds foAu;,
also the upcoming formulas and conclusions in this section can be rewrittemis d&AU.
Combining all these equations into a single matrix formula gives us:

AVi = U Tic + Bl 161, (10)

whereTy is ak x k tridiagonal matrix having the elements on the diagonal, th@'s on the
subdiagonal and thes on the superdiagonal. Running the process to completion gives us the
desired tridiagonalizatiot T A, = UHAV = T.

We assumed, however, @llandy to be different from zero. Otherwise we have a breakdown
and some standard tricks are needed for restarting the procedunen@&s examply to be the
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first 3; equal to zero and assume the 0 with 1 <i < k (the case; = 0 is similar is considered
next). The fact thaBy = 0 coincides with the relatiod" G (A,x) C G«(A,y). Equation (10)
simplifies, the last term drops out:

AV = Uy Tk.
We can therefore conclude that the maWjxs an invariant right singular subspace of the matrix
A. Moreover, we obtain the following relation:

U Ak = T

Since the matricedy andVi with k < n are rectangular we do not necessarily hdyas an invari-
ant right singular subspace since the relation is prepended by the mjéeipr\iV, projecting
the result onto the range §:
MMHAR U =T,

thereforeUy is not necessarily an invariant left subspace. To obtain an invaridrdubspacsy;
needs to become zero for a certgiand a similar analysis applies. Thus we have that the Krylov
spacesk(A, x) and k(A" y) generate respectively the right and left singular subspaces. This is
logical sinc@ %i(AA, x) which generates the right singular subspace is a subgatok) 1,
and alsaki(AH A)y) which generates the left ones is a subsetpf 1 (A" y). ObviouslyCax (A, X)
contains%i(AAH x), but due to the intimiate relation between the right and left singular vectors
Cx(A,x) also contains information on the left singular vectors, nanfglfA A, Ay) is a subset
of Cxk(A,x) too. The Krylov subspacéi(A™A Ay) in which a starting vectoAy instead of an
arbitraryy is considered is called range restricted [4].

To continue the Lanczos-like tridiagonalization, a restart is required.drcédse ofgy = 0
we haveA™ Gx(A, x) € Gk(A™,y), and hence the cyclic subspacgA™,y), becomes invariant.
Following the standard approach a new vedtas chosen orthogonal to the existing subspace
Gc(Ay) and the procedure restarts. A simple illustrationfipe= 0 gives us the following cycli-
cal Krylov subspaces:

Gu(A,X) = spar{x, Ay, AA™x AAT Ay, (AAT)2x AY, (AAH)3X ..} (11)
G(Ay) = spar{y, Atx, AT Ay AFAAH X § AP (AHA)2x AP AY, ..
Taking a closer look at the sequences above, we can see that in tlemsegy A, x) the restart

takes place a little later than i6k (A", y). This coincides with the theoretical results from Theo-
rem 2. Krylov subspace approaches are common and discussed ifl,&.86].

Remark 8W\e will not go into the details, but the results presented here are closeigddétathe
following product block Krylov subspace:

“ (Lo -Loy])

For details on these methods we refer to [35, 36].

4.2 Cyclical Krylov matrices

We have already shown that one can obtain the Lanczos process famitary tridiagonaliza-
tion scheme (based, e.g., on Householder transformations) in Subsettien2hermore we also
stated in the previous subsection that the same process is obtained startingifial cyclical
krylov subspaces. In this subsection we will prove that the unitary mairigelved in a unitary
equivalence to trididagonal form are always coming from specific @iclicbspaces. (The treat-
ment is similar to the one in [36].) For simplicity we assume the resulting tridiagonaicesto
have both sub- and superdiagonals different from zero.

Based on cyclical Krylov subspaces, we can define cyclical Krylovioestr

Cu(AX) = [x, Ay, AR X, AR Ay, (AAM)?x, .. ],
Cu(A™,y) = [y, Aflx, A Ay, AP AAT X, (AR 2y, .

6 with % (A,x) = spar{x,Ax,A%x,...} the standard Krylov subspace is meant.
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Lemma 1 Suppose A= UA and A'U = VA" hold, then we have the following equalities:

UCk(A,x) = C(A,UXx),
VG(A"y) = Ci(AVy).

The proof involves straightforward computations. We remark that it is ec¢ssary thadl andV
are unitary.

The following theorem states that the unitary matrices used in the equivdtansérmation
to tridiagonal form, make up an orthonormal basis for a certain cyclicdbiryubspace.

Theorem 6 Suppose UAV = T, with U, V unitary and T tridiagonal having all sub- and super-
diagonal elements different from zero. We have for every k: the colafagorm an orthonormal
basis for¢i(A, up) and the columns ofiform an orthonormal basis fofi (A, v1).

Proof We have thaCy(T,e;) = R andC(T",e;) = R, with both R and R nonsingular upper
triangular. Based on Lemma 1, we obtain the following t@i-factorizations for everk:

UR=UC(T,e1) = Ck(A,u1),
VR=VG(TH 1) = C(A",v1).

This concludes the proof.

Interesting is that the relations above also lead to an alternative proof e§deatial unique-
ness Theorem 1. Assume the conditions as provided in Theorem 1 hold);i.(0; and
v1 = wV;. Theorem 6 provides us the following equaliti&(l‘%,R\, andR, are nonsingular
upper triangular):

UI:QU = Ck(A,Ul) = Ck(A,T(OG]_)OF:)U,

VR, =Cy(A,v1) = Ck(A,wl1)URy.

Based on the uniqueness of t&R-factorization we know thatD = U andVD =V for two
unitary diagonal matrice® andD.

We will not go into the details but in case one of the sub- and/or superdiagtements is
zero the same analysis applies and using thereby, e.g., the relations 14gine& = 4), we
see that we obtain results identical to the ones of Theorem 2.

The following theorem summarizes these results.

Theorem 7 For U and V unitary, we have that'AvV = T is tridiagonal if and only if the columns
of U and V define an orthonormal basis for a specific cyclical Krylowspale.

The proof consists of a combination of previous results.

4.3 The normal case

We are familiar now with the generic case. Let us see now what changes mothal matrix
setting.
Let us consider as an example the Hermitian, skew-Hermitian and unitary case

Example 8Consider the matriA to be Hermitian, i.eA = A", In this case the procedure above
simplifies. One obtains the following two cyclical Krylov sequences:

G A X) = Ge(A x) = spar{x, Ax, A%, ASx, A%x, ..., Akx}.

We obtainGi (A7, x) = G«(A X) = k(A X). The latter sequence is just the standard Krylov sub-
space. Hence the method simplifies and produces nothing else than thedstaanttzzos tridiag-
onalization procedure.
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Example 9For a skew-Hermitian matridA = —A" we obtain the following cyclical Krylov sub-
spaces:

Ge(A X) = spar{x, Ax, —A%x, —A3x, A%x, ...},
Ga(A,x) = spar{x, —Ax, —A%x, A%, A%x, ...}

Clearly they equal the standard Krylov subspagéA, x). Hence, the approach coincides with the
standard tridiagonalization approach.

Example 10AssumeA to be unitaryAA™ = AHA = |. We know from Example 7 that the resulting
tridiagonal matrix will be a block diagonal matrix having<2 blocks or 1x 1 blocks on the
diagonal. We distinguish between two casean eigenvector of or not. If v is an eigenvector,
it is obvious thai>(A,v) = C1(A,v) and G (A7, v) = ¢1(A",v) and hence we have a1 block
on the diagonal and a restart is required.

If vis not an eigenvector we have:

Gs(A,v) = spar{v, Av, AA"v}
= spafVv,Av, v}
= Spar{V¢AV} = G(AV)

and similarlyGs(A",v) = G(A,v). These invariant subspaces createxa2block on the diag-
onal. Hence also in this case a restart is required.

We can conclude that the will obtain a tridiagonal matrix having blocks of sipeatwnost
on the diagonal. Moreove, since one will almost never succeed in stariih@wectorv which
is an eigenvector, generically the resulting tridiagonal matrix will consist wf22blocks, and
eventually a trailing X 1 block when the matrix is of odd size.

5 Extra properties

The unitary equivalence transformation of a normal matrix into tridiagonah fand especially
into complex symmetric tridiagonal form implies some other interesting relationsislsebtion

we will further explore some properties related to the reduction and we wlllwgeflycomment
on a unitary complex symmetric decomposition.

5.1 Complex symmetric matrices

In this subsection we will silently assume that the matif%AV = T, with U,V unitary andA

normal, is complex symmetric, unless stated otherwise. This transformatioroahalmatrix to
tridiagonal complex symmetric form can also be applied on matrices closelycrédettee normal
matrix such as its Hermitian conjugate or its inverse and will again result in a cesytametric
matrix.

Corollary 1 Suppose HAV = T, under the conditions of Theorem 3, with T complex symmetric
and A a normal matrix having distinct singular values. ThétUwill also be complex symmetric.

Proof The matrixT is complex symmetric, which implies the following relations:
URAV =T =TT =VTATU.
Reshuffling the unitary matricés$ andV gives us
VURA = ATOVH, (12)

which implies that both matrix products are also complex symmetric. For simplicity welevill
note this ag( A= ATXT, whereX = VU". Hence, it remains to prove thétis complex symmet-
ric.
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Assume now that we have the following eigenvalue and singular value desitiop of the
matrix A: A=WAWH =WzD;WH", whereA is a diagonal containing the eigenvalues, diagonal
containing the singular values afd a unitary diagonal matrix. We know thAt= >D,, sinceA
is normal.

Plugging this intoX A= ATXT gives us:

X(WZD,WH) = (WD zWT)X,
(XW)Z(DW") = (WDy)Z(WTX)
The previous equation provides us two different singular value decsitigts of the same matrix.

Since all singular values are distinct, the decomposition is essentially unigueehve obtain
for a unitary diagonal matri, that

XW =WD;D,.
This proves thak = XT and henc& "V is a unitary complex symmetric matrix.

Remark 9The previous proof implies the following interesting relation, assuming thabatiie
tions of the theorem hold. Given the eigenvalue decompositioh &= WAWH then we have
thatWw T XW will be unitary diagonal.

A second theorem states that applying the equivalence transformatiopasitive powers of
A always results in a complex symmetric matrix.

Corollary 2 Suppose AV = T, under the conditions of Theorem 3, with T complex symmet-
ric and A a normal matrix having distinct singular values. TheAA)N will also be complex
symmetric for ie N.

Proof We want to prove tha@U"'AiV)T = UHAV. Equation (12) can be rewritten as:
UVTAT = AVUT. (13)

The remainder of the proof involves standard matrix reordering technigoe uses some of the
proved equalities, involving also Corollary 1:

(UHAV ) vTi(Ah T
H (UVTAT)<AT)I 1771 9]
H(AVUT)(AT)I 177 U
"
H

AUVT)(AT)-1U

U
U
U
UHAUVTAT)(AT)' 2T

ufAvVUTU =uHAly,
which is the desired equality.

Many other of these equalities hold.

Corollary 3 Suppose HAV = T, under the conditions of Theorem 3, with T complex symmetric
and A a normal matrix having distinct singular values. We have that the fislfpmatrices will

be complex symmetric. In few cases nonsingularity of A is assumed.

1. UMV, VHU are complex symmetric.

2. UMAV (with i € Z) is complex symmetric.

3. VHAU (with i € Z) is complex symmetric.

4. UM (AM)IV (with i € Z) is complex symmetric.

5. VH(AM)IU (with i € Z) is complex symmetric.
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6. UM p(A A", A-1)V is complex symmetric (p a polynomial).

7.VHp(A A" A~1)U is complex symmetric (p a polynomial).

Proof All relations can be proved, based on three important relations:

ufv =VvTU,
VUHA = ATOVH,
UVTAT = AvUT.
For the cas&J" A"V one can use the argument that there exists a polynopialsuch that
A" = p(A) (see Condition 17 in [17]).
When applying unitary similarity transforms basé@ndV ontoA andA™ also some relations

hold.

Theorem 8 Suppose WAV = T, under the conditions of Theorem 3, with T complex symmetric
and A a normal matrix having distinct singular values. The following relatiotd$ between
Ay =UHAU and A/ =VHARV: -
A =Ay.
Proof We have
Ay = (U"Av)VHU = TVHU,
Ay = (VHARU)UVH =TuVvH =TVTU.

Taking the complex conjugate provides us the result.

Remark 1Based on the relations above one can deduce a similarity transformaticsrfeicimm-
ing the matrixA into its transposé:

(UVT)AT (UVT) = A,
In the following T is not necessarily complex symmetric anymore.

Theorem 9Suppose WAV = T, under the conditions of Theorem 3, with T complex symmetric
and A a normal matrix having distinct singular values. The following relatiofd$ between
Ay =UHAU and Ay = VHNHV:
|Au| = Av.

Remark 11Suppose the skew-symmetric reduction was applied onto a normal rmaire that
the off-diagonal elements have opposite signs. We have the following relagioveend, and
Av:

YAUY = Ay.
with Y a diagonal matrix having diagonal elemepts= (—1) .

5.2 A unitary - complex symmetric decomposition

In[13,20,21] theSU-factorizationA=US, in which Sis complex symmetric and is unitary was
presented. In fact in [13] another sort of polar-decomposition [@J8nas proposed. The standard
polar-decomposition for a matriis of the formA =UH, in whichH is Hermitian semi-positive
definite. Under some constraints the polar-decomposition is uniqueSUMRD decomposition
which is a complex symmetric unitary decomposition with the complex symmetric matrix semi-
positive definite is studied in relation with normal and conjugate normal matridé4 b2, 13].

Supposeé\ to be a normal matrix. Sinc& is unitary equivalent to a complex symmetric tridi-
agonal matrix, the matriA admits aSU-decomposition of the following form :

A=UTVH
= (UVT) (VTVT) =wP

The factoW = UV is obviously unitary, ané® =V TVH is complex symmetric.
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6 Eigenvalues and singular values

It is already clear from the previous sections that the reduction as gedpo this manuscript is
closely related to an initial step for computing for instance the eigenvaluesrdhe singular val-
ues. In this section we will briefly comment on possible alternative waysdimpaiting singular
values and/or eigenvalues.

Based on the unitary equivalence transformation one can transformamal matrix to a
complex symmetric tridiagonal matriX. For computing the singular values one can proceed
with the tridiagonal matrixT. Singular values of a complex symmetric tridiagonal matrigan
be computed for example with methods from [5,2,1,3]. We will briefly comnoen{3] with
regard to our interest.

Suppose to be a complex symmetric mati= C, then there exists a unitay, such that
A=Q>Q", whereX is a diagonal matrix having diagonal elemeots> o, > ... > 0,. These are
the singular values and the factorization is often named a symmetric singuladedamposition
(SSVD) or the Takagi factorization éf.

The standard SVD equdlk>V, hence it might not come as a surprise that the method proposed
in [3] can be faster than the standard SVD method, in case the unitaryS@aodQ" are desired.
Moreover, the single unitary fact@ consumes less memory than the factérandV.

Applying the unitary equivalence reduction to tridiagonal form, followedh®symethod pro-
posed in [3] leads hence to an alternative method for computing the singldas\and singular
vectors of a normal matrix.

Since eigenvalues of particular subclasses such as Hermitian, skemitiderand unitary can
be computed efficiently also the generic class of normal matrices is of intBiffstent tech-
niques have already been proposed. Elsner and Ikramov propo§@daircondensed form for
normal matrices based on similarity transformations, which could then be exploitdevelop-
ing fastQR-like methods. In [22,23,38] some iterative procedures were prasantéanalyzed.

In the previous sections we showed that the unitary equivalence pedsarthis manuscript
sometimes reduces to a unitary similarity transformation. Hence for the caktgroftian and
skew-Hermitian, when computing eigenvalues, this coincides with standdmid¢ees for reduc-
ing the bandwidth and preserving the spectrum.

Based on the full singular value decomposition, one can however alsoutertiye eigenval-
ues. Assume the normal matrixhas the following singular value decompositién= U>VH,
based on properties of normal matrices we know that the eigenvalués-aED, whereD =
VHU. This means that based on previous results this section, we can compuit gigeinvalue
decomposition once the full singular value decomposition is known.

7 Conclusions and future research

In this article the unitary equivalence transformation of a normal matrix to tiédialgform was
discussed. Furthermore, the transformation could be chosen in sughthat#he resulting tridi-
agonal matrix was self-adjoint with regard to a previously defined scedaupt spacé-, -)q, for
a unitary diagonal matrig.

A Householder tridiagonalization scheme as well as an iterative method aredaitiom to
Krylov subspaces was presented. Several possibilities for redu@ngdlrices were extensively
explored and applied onto well-known classes of hormal matrices. Exdpeegres related to the
equivalence transformation were proved. Finally few possibilities folaitkpg the new method
for computing eigenvalue and singular values were briefly discussed.

Numerical experiments as well as a more detailed analysis related to therdiffsckniques
for computing the eigenvalues and singular values were not discussee tsey were beyond
the scope of this article and are subject to further research. Extnd isfiseeded to implement
the methods, analyze their stability and computational complexity, study thergenee and
so on. The reduction from normal to tridiagonal form based on Houdehdransformations,
which is fairly straightforward to implement, can, however, be downloadewh fthe author’s
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homepage. The krLAB files admit different kinds of reductions, such as, e.g., skew-symmetric,
skew-conjugate and so forth. The software includes extra m-files whable the interested
reader to quickly tryout several of the theorems and properties pibiidde manuscript and to

toy with different matrices.
Below you find as an example the documentation related to the transformationoofal
matrix to tridiagonal form.

% UNIEQUINORM Transforms a normal matrix via unitary equiva lences
% to tridiagonal form

%

% T=UniEquiNorm(N)

% Outputs a unitary equivalent tridiagonal matrix T=U’ * N+ V,
% N is assumed to be normal.

%

% [U,T,V]=UniEquiNorm(N)

% T is tridiagonal and N=U *T+xV', U and V are unitary.

%

% [U,T,V,D]=UniEquiNorm(N)

% D is unitary diagonal, such that T is self-adjoint

% w.r.t. the scalar product <x,y> D = X'T D y.

% This means that inv(D) xtransp(T) *D = T.

% [See Mackey, Mackey & Tisseur, SIMAX, 2005]

%

% T=UniEquiNorm(N,redtype)

% [U,T,VI=UniEquiNorm(N,redtype)

% [U,T,V,D]=UniEquiNorm(N,redtype)

% redtype specifies the structure of the resulting tridiago nal.
% When not specified, T is arbitrary tridiagonal.

% redtype="free’ no specific reduction,

% this is the standard setting;

% 'sym’ symmetric reduction;

% ‘pseusym’  pseudo-symmetric reduction,

% specify d, consisting of 1,-1, (see below);
% 'skewsym’ skew-symmetric reduction;

% 'herm’ hermitian reduction;

% ‘pseuherm’ pseudo-hermitian reduction,

% Specify d, consisting of 1,-1, (see below);
% 'skewherm’ skew-conjugate reduction,

% "arb’ arbitrary reduction: Specify d, (see below).
%

% [U,T,V,D]=UniEquiNorm(N,’arb’,d)

% [U,T,V,D]=UniEquiNorm(N, pseusym’,d)

% [U,T,V,D]=UniEquiNorm(N,'pseuherm’,d)

% the vector d imposes the relation between sub- and superdia gonal
% elements: T(i+1,i)=d(i) *T(i,i+1)

%

%

% Raf Vandebril

% Revision Date: 25 IX 08
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