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matrices to tridiagonal form is studied. It is well-known that any
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between its super- and subdiagonal elements. The corresponding
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ibility in the reduction will then be exploited and properties when
applying the reduction on symmetric, skew-symmetric, Hermitian,
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complex-symmetric and pseudo-symmetric matrices are presented.
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tion as well as an efficient method for computing a unitary complex
symmetric decomposition of a normal matrix are given.
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Abstract In this article the unitary equivalence transformation of normal matrices to tridiagonal
form is studied.

It is well-known that any matrix is unitarily equivalent to a tridiagonal matrix. Incase of a nor-
mal matrix the resulting tridiagonal inherits a strong relation between its super- and subdiagonal
elements. The corresponding elements of the super- and subdiagonal willhave the same absolute
value.

In this article some basic facts about a unitary equivalence transformation of an arbitrary ma-
trix to tridiagonal form are firstly studied. Both an iterative manner based onKrylov sequences as
a direct manner via Householder transformations are deduced. This equivalence transformation
is then reconsidered for the normal case and equality of the absolute valuebetween the super-
and subdiagonals is proved. Self-adjointness of the resulting tridiagonalmatrix with regard to a
specific scalar product will be proved. Flexibility in the reduction will then beexploited and prop-
erties when applying the reduction on symmetric, skew-symmetric, Hermitian, skew-Hermitian
and unitary matrices and their relations with, e.g., complex-symmetric and pseudo-symmetric
matrices are presented.

It will be shown that the reduction can then be used to compute the singular value decompo-
sition of normal matrices making use of the Takagi factorization. Finally some extra properties of
the reduction as well as an efficient method for computing a unitary complex symmetric decom-
position of a normal matrix are given.

Key words normal, complex symmetric, Takagi factorization, tridiagonal, singular values,uni-
tary equivalence, unitary-complex symmetric factorization, Krylov subspaces

1 Introduction

Normal matrices are an important class of matrices arising in various applications and satisfying
the following simple commutative relationAAH = AHA. Hermitian, skew-Hermitian and unitary
matrices are all well-known subclasses of the class of normal matrices. Many interesting proper-
ties are known about normal matrices [20,21,17,10,25] related to e.g. the eigenvalue and singular
value decomposition, the polar decomposition, the Hermitian 1/2(A+ AH) and skew-Hermitian
part 1/2(A−AH) and their relation with the Toeplitz decomposition. Also nowadays attention is
paid to the class of co-normal matrices [12,11].

⋆ The author has a grant as “Postdoctoraal Onderzoeker”from the Fund for Scientific Research–Flanders (Belgium).
This research was alos partially supported by the Research Council K.U.Leuven, project OT/05/40 (Large rank struc-
tured matrix computations), and by the Interuniversity Attraction Poles Programme, initiated by the Belgian State,
Science Policy Office, Belgian Network DYSCO (Dynamical Systems, Control, and Optimization)
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Concerning eigenvalue and singular value methods, many algorithms for the classes of, e.g.,
Hermitian, skew-Hermitian and unitary matrices are deduced [6,14,33,34,30,16]. All these meth-
ods consist of two phases. An initial reduction to simpler formO(n3), followed by for instance the
widespreadQR-method, which takes on averageO(n3) operations for computing all eigenvalues1.

The most widespread and well-known method for computing singular values isthe Golub-
Kahan method [15]. Again two steps are required, the so-called Golub-Kahan bidiagonalization
procedure followed by aQR-like method. The article [15] describes both a direct method based
on Householder reflectors [16], as well as an iterative Lanczos-like method for reducing a matrix
to bidiagonal form.

For computing eigenvalues of a Hermitian matrix first a unitary similarity transformis used to
tridiagonalize the matrix. The eigenvalues of the resulting tridiagonal matrix canthen be computed
by eitherQR-methods, divide and conquer methods, ... [8,30,37] (an overview canbe found in
[7]).

Also for the generic normal case eigenvalue problems have been studied.Iterative methods for
computing eigenvalues as well as methods for transforming normal matrices to sort of band matri-
ces have were proposed in [9,10,22,24,23,38]. The method proposed in [9,10] brings the normal
matrix to a band form with increasing band-width. In case of Hermitian and skew-Hermitian
matrices this approach coincides with the standard tridiagonalization procedures. Unfortunately
even though attractive, this approach is not capable of achieving the samecomplexity as the well-
known methods for computing eigenvalues of Hermitian matrices. Computing singular values of
normal matrices has not been studied intensively, since the standard Golub-Kahan algorithm is
capable of computing all singular values and singular vectors of also normal matrices.

In this article we will study the unitary equivalence transformation of a matrix to tridiagonal
form and apply this reduction onto normal matrices. This transformation might seem artificial
since one can always use unitary equivalences to transform matrices to bidiagonal form. In [31],
however, it was stated that for particular least-squares problems this approach might be more suit-
able than the standard bidiagonalization procedure due to the extra createdfreedom. The equiv-
alence tridiagonalization procedure as described in [31] is also discussed here, but from a more
theoretical viewpoint.

Applying this reduction onto normal matrices will yield interesting properties related to super-
and subdiagonal elements of the resulting tridiagonal matrix. Even though equivalence transfor-
mations are naturally linked with singular values, we will see that for the normalcase there are
also tight connections with the eigenvalues when applying the reduction procedure onto specific
matrix classes.

Flexibility in the unitary equivalence reduction will be exploited to obtain specificoutcomes
in case the algorithm is applied onto symmetric, Hermitian, skew-Hermitian, unitary,... matrices.
The connections with the Householder tridiagonalization and Krylov subspace methods will be
explored. Interesting properties such as an easy way of computing the unitary-complex symmetric
factorization [13,12] of the involved normal matrix are deduced. Finally some comments on the
relation with singular values and eigenvalues are presented.

The article is organized as follows. Section 2 proposes the tridiagonalization procedure for
arbitrary matrices. A direct Householder method, a Lanczos variant andtheorems related to the
essential uniqueness are given. The method is refined for normal matrices in Section 3. It is proved
that the resulting matrix inherits a strong relation between super- and subdiagonal elements. Re-
ductions to specific matrix types and their relations with scalar product spaces are explored. In
Section 4 we will deduce the tridiagonalization procedure based on “cyclical” Krylov subspaces.
First cyclical Krylov subspaces are defined, followed by an analysis stating that a unitary basis for
these subspaces can be used for transformating a matrix to a unitary equivalent tridiagonal form.
Vica versa it is shown that any unitary equivalence transformation to tridiagonal form is coming
from cyclical Krylov subspaces. In Section 5 some extra properties of the tridiagonalization pro-
cedure are presented. Section 6 discusses how to compute the singular values of a normal matrix
using techniques discussed in the manuscript. The final section contains some conclusions.

1 For detailed complexity counts we refer to the books [30,37,36]
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2 Preliminary results: Unitary equivalence with tridiagonal form

In this section we will analyze a unitary equivalence transformation of an arbitrary matrix into a
tridiagonal matrix (see also [31]). Most of the results are quite obvious, some extensions to the
literature such as the essential uniqueness Theorem 1 are provided. This section contains, how-
ever, all necessary ingredients and preliminary results for understanding the following sections
in which we will focus to the normal case. E.g., the formulas related to the Lanczos variant, the
tridiagonalization procedure as well as the essential uniquenes theorem are essential in the proof
of the main theorem of this article provided in Section 3.

Two matricesA andB are said to be equivalent of nonsingular matricesT andSexist such that
A = S−1BT. Unitarily equivalent indicates that bothSandT are unitary.

2.1 Householder equivalence tridiagonalization

The existence of two unitary matricesU andV for reducing an arbitrary matrix to tridiagonal
form is almost trivial. The algorithm involves a small adaptation of the ‘well-known’ standard
symmetric tridiagonalization procedure [16,30]. Instead of a similarity transformation we perform
now two different unitary transformations on each side of the matrix.

We consider here the Householder tridiagonalization procedure. Assumea matrixA∈ C
n×n is

given,Uk andVk denote Householder transformation matrices of the form:

Uk = I −αvvH , (1)

Vk = I −βwwH , (2)

whereα,v,β andw are constructed, given anx and ay such thatUH
k x = ω‖x‖e1, andVH

k y =
σ‖y‖e1. The vectore1 is the first standard basis vector of length equal tox, respectively,y. The
complex numbersσ andω lie on the unit circle (i.e.|ω| = |σ| = 1).

The following simple algorithm transforms an arbitrary matrix to tridiagonal form.

Algorithm 1 (Householder equivalence tridiagonalization)
For k=1:n-2

Compute the Householder reflector Uk = I −αvvH , based on A(k+1 : n,k)
A(k+1 : n,k : n) = UH

k A(k+1 : n,k : n)
Compute the Householder reflector Vk = I −βwwH , based on A(k,k+1 : n)H

A(k : n,k+1 : n) = A(k : n,k+1 : n)Vk

end

Remark 1The implementation above is not fine-tuned. In practice the multiplication with the
Householder matrices should be performed more efficiently [16,27]. Moreover, the resulting tridi-
agonal matrix can be stored in ann×3 array. The storage initially occupied by the matrixA can
then be used to store the factored form (Householder vectors) of the matricesU andV.

Remark 2In the tridiagonalization procedure aboveUe1 = e1 =Ve1. This is not a constraint. Any
initial unitary transformation can be applied before starting the tridiagonalization procedure. This
means that, for instance one starts with the matrixUH

0 AV0 instead of withA, whereU0 andV0 are
unitary.

2.2 Lanczos variant

Assume the following relation holds:UHAV = T, for an arbitraryA andT tridiagonal. AssumeT
has diagonal elementsαi (i = 1, . . . ,n), subdiagonal elementsβi (i = 1, . . . ,n−1) and superdiag-
onal elementsγi (i = 1, . . . ,n−1). Denote the columns ofU andV asuk andvk, for k = 1, . . . ,n.
Based on

AV = UT and AHU = VTH



4 Raf Vandebril

we obtain the following relations:

Avk = γk−1uk−1 +αkuk +βkuk+1 (3)

AHuk = βk−1vk−1 +αkvk + γkvk+1, (4)

for k = 2, . . . ,n−1 (for k = 1 andk−n some terms can be dropped). SinceU andV are unitary
we have the following equalities with the generalized Rayleigh quotients (see e.g., [29]): αk =

uH
k Avk = vH

k AHuk. Rewriting (3) and (4) gives us:

r k+1 = Avk− γk−1uk−1−αkuk,

sk+1 = AHuk−βk−1vk−1−αkvk.

Henceβk = ‖r k+1‖2, uk+1 = r k+1/βk andγk = ‖sk+1‖2, vk+1 = sk+1/γk.

Remark 3In the equations aboveβk as well asγk are computed in the real field. Without loss of
generality, we can multiply them with respectivelyω andσ factors lying on the unit circle.

This leads to following Lanczos-like algorithm:

Algorithm 2 (Lanczos-like unitary equivalence tridiagonalization)
Initialize u1 andv1. (E.g.,u1 = e1 = v1.)

for k = 1 : n−1
αk = uH

k Avk

r = Avk− γk−1uk−1−αkuk

s= AHuk−βk−1vk−1−αkvk

βk = ω‖r‖2, γk = σ‖s‖2 (ω andσ are free, satisfying|ω| = |σ| = 1)
uk+1 = r/βk, vk+1 = s/γk

end

This Lanczos-like tridiagonal procedure is not yet tuned for acting on normal matrices, see
Section 3. Cocerning details on how to implement this method using restarts and re-orthogonalization
we refer to [36,32]. Moreover an effective implementation for solving least-squares problems by
this technique is discussed in [31], we refer the reader to this manuscript for a detailed analysis
on this method.

2.3 Essential uniqueness

The vectorsUe1 andVe1 uniquely determine the transformation. The following theorem is sort of
an extension of the well-known implicitQ-theorem [16].

Theorem 1Suppose T= UHAV and S= ÛHAV̂ are both tridiagonal, having all sub- and su-
perdiagonal elements different from zero. The matrices U,Û ,V andV̂ are all unitary. In case
Ue1 = ω̂Ûe1 and Ve1 = ωV̂e2, with |ω1| = |ω̂1| = 1, the resulting tridiagonal matrices T and S
are essentially identical. This means that there exists two unitary diagonal matrices D andD̂ such
that VD= V̂ and UD̂ = Û.

Proof The proof proceeds similarly like the proof of the implicitQ-theorem in [16]. DefineW =
VHV̂ andŴ = UHÛ . The following two equations hold:

TW = ŴS and THŴ = WSH .

Writing down the equalities for theith column we get fori = 2, . . . ,n−1 (S= (si, j)):

Twi = ŵi−1si−1,i + ŵisi,i + ŵi+1si+1,i ,

THŵi = wi−1si,i−1 +wisi,i +wi+1si,i+1,
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which can be rewritten as

ŵi+1si+1,i = Twi − ŵi−1si−1,i − ŵisi,i , (5)

wi+1si,i+1 = THŵi −wi−1si,i−1−wisi,i . (6)

In casei = 1 or i = n the some terms can be dropped in Equations 5 and 6. The initial assumptions
impose thatWe1 = ωe1 andŴe1 = ω̂1e1. Based on the recurrence relations (5) and (6) and the
fact thatT is tridiagonal we get that bothW andŴ are upper triangular. This implies bothW
andŴ are unitary diagonal implyingVD = V̂ andUD̂ = Û , with W = D andŴ = D̂. Denote the
diagonal elements ofD with ωi and the diagonal elements ofD̂ with ω̂i .

Essential uniqueness ofSandT follows easily (for any 1≤ k, l ≤ n):

tk,l = ekÛ
HAV̂el

= ω̂kωl (ekU
HAVel )

= ω̂kωl sk,l .

Hence,|tk,l | = |sk,l |.

Let us consider the case now in which irreducibility ofSandT is not guaranteed.

Theorem 2Suppose T= UHAV and S= ÛHAV̂ are both tridiagonal and the matrices U,Û ,V
andV̂ are unitary. Denote with K the smallest integer such that sK+1,K = 0 and L the smallest
integer such that sL,L+1 = 0.2 Assume Ue1 = ω̂Ûe1 and Ve1 = ωV̂e2, with |ω1| = |ω̂1| = 1. We
have to distinguish between three cases:

– K < L. The first K columns of U and̂U and the first K+1 columns of V and̂V are essentially
unique. We have (for1≤ k≤ K and1≤ l ≤ K +1): |tk,l | = |sk,l |.

– L < K. The first L+1 columns of U and̂U and the first L columns of V and̂V are essentially
unique. We have (for1≤ k≤ L+1 and1≤ l ≤ L): |tk,l | = |sk,l |.

– K = L. The first K columns of U and̂U and the first L columns of V and̂V are essentially
unique. We have (for1≤ k≤ K and1≤ l ≤ L): |tk,l | = |sk,l |.

Proof The proof is similar to the one of Theorem 1. We use the same notation as in the proof of
Theorem 1. We will only outline the first case:K < L. Reconsidering Equations 5 and 6, we can
only exploit Equation 5 for 2≤ i ≤ K −1 and Equation 6 for 2≤ i ≤ K. Equation 6 can be used
for one more value ofi. Hence the firstK columns ofŴ are upper triangular and the firstK + 1
columns ofW are upper triangular. Therefore, the upper left(K +1)×(K +1) block ofW and the
upper leftK×K block ofŴ are unitary diagonal. This proves the theorem.

Example 1Let us illustrate which parts of the matrix are essentially unique for differentcases.
The upper left block separated of the remainder of the 5×5 matrix is essential unique.

K < L andK = 3 K > L andL = 3 K = L = 3













× ×
× × ×

× × ×
0 × ×
× ×

























× ×
× × ×

× × 0
× × ×

× ×

























× ×
× × ×

× × 0
0 × ×
× ×













The reader can verify that this is a generalization of the implicitQ-theorem in case of Hermi-
tian matrices [16]. In Subsection 4.2 we will provide a shorter and more appealing proof based on
Krylov matrices.

2 In case no suchK exist we silently assumeK = n. The same holds forL.
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Remark 4Theorem 1 and 2 indicate thatU andV can be scaled by different unitary diagonal
matrices. This affects of course the resulting tridiagonal matrixT. When considering the House-
holder tridiagonalization procedure this flexibility can also be discovered in the construction of
each Householder reflector. The reflectors can be chosen such thatany ω or σ in the relations
following Equations 1 and 2 can be obtained. In normal circumstances a choice is made such to
obtain the most accurate result [16,36]. One can also choose to haveσ = ω = 1, such that one
projects onto a real positive number, this choice is the natural choice in the proposed Lanczos
procedure.

In the remainder of the manuscript, we will assume the most stable operation is performed.
Hence we do not know whether the sub- or superdiagonals are real ornot.

Everything presented in this section is directly applicable onto normal matrices.Hence, we
will not come back to the essential uniqueness and so forth.

3 The normal case

In the general case, the above procedure produces just a tridiagonal matrix which is not of much
use in practice. For normal matrices, however, we will prove that|γk| = |βk|, for the sub- and
superdiagonal elementsβk andγk of the resulting tridiagonal matrix. We will first restrict ourselves
to the irreducible case. Furthermore we will show that there is some flexibility in the reduction
procedure, which can be exploited to reduce normal matrices to other specific matrix classes.

3.1 Basic theorem

The following proof is quite long and technical. Nevertheless, it provides interesting relations
between the unitary transformsU andV and polynomials in the matrixA andAH .

Theorem 3Suppose the matrix A∈ C
n×n is normal. Then there exist two unitary matrices U and

V, with Ue1 = ωVe1 (|ω| = 1) such that UHAV = T, with T having subdiagonal elementsβi and
superdiagonal elementsγi . When all subdiagonal and superdiagonal elements are different from
zero, we have|βi | = |γi |,∀i = 1, . . . ,n−1.

The formulation of the theorem might suggest that special kinds of transformationsU andV
need to be constructed. This is not true, the conditionVe1 = ω Ue1 is an initial condition after
which one can apply the reduction based on Householder reflectors as proposed before.

Proof We will prove the statement by finite induction onk (1 ≤ k ≤ n− 2). We denoteAk =
UH

0:k A V0:k, which has the upper(k+ 2)× (k+ 2) block already of tridiagonal form. Note that
the upper(k+ 1)× (k+ 1) block of Ak is already in the correct form and it will not be affected
anymore by any of the subsequent transformations.

In each step to go fromAk to Ak+1 we will simply apply Householder transformations as de-
scribed in Section 2.1.3 The matricesU0:k = U0U1 · · ·Uk andV0:k = V0V1 · · ·Vk are hence a product
of several Householder transformation matricesUk andVk. We haveU = U0:n−2 andV = V0:n−2.
The initial transformationsU0 andV0 are somehow arbitrary, onlyU0e1 = ωV0e1 is required. The
matrixU has columnsuk andV has columnsvk. Due to the structure of the Householder transfor-
mation matrices (see Section 2.1) we have that

U0:k [e1, . . . ,ek+1] = U [e1, . . . ,ek+1] = [u1, . . . ,uk+1],

V0:k [e1, . . . ,ek+1] = V[e1, . . . ,ek+1] = [v1, . . . ,vk+1].

The diagonal elements of the resulting tridiagonal matrix are denoted byαi , (for i = 1, . . . ,n),
the superdiagonal elementsγi (for i = 1, . . . ,n− 1) and the subdiagonal elementsβi (for i =
1, . . . ,n−1). We introduce the following notation:

β1:i = β1β2 . . .βi , and γ1:i = γ1γ2 . . .γi .

3 Since all tridiagonalization procedures are essentially equivalent (see Section 2), there is no loss of generality in
this assumption.
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In every induction stepk three important items need to be proved.

(i) Initially we prove|γk| = |βk|.
(ii) Secondly, based on the previous item, a recurrence relation in bivariate polynomials is proven

for AHuk+1 andAvk+1. More precisely we will obtain that:

AHuk+1 =
1

β1:k

(

AH β1:k−1

γ1:k−1
pk(A

H ,A)−βk−1γk−1pk−1(A,AH)−αkpk(A,AH)

)

v1

=
1

β1:k
pk+1(A,AH)v1

and a similar relation

Avk+1 =
1

γ1:k
pk+1(A

H ,A)v1,

wherep(·, ·) denotes a bivariate polynomial. Withp(·, ·) the same polynomial is meant having
complex conjugate coefficients. We initialize the recurrence withβ0 = γ0 = 0,p0 = 0 and
p1(x,y) = y. Note that

(

pk+1(A,AH)
)H

= pk+1(A
H ,A).

(iii) Based on the previous two items we can prove‖Avk+1‖2 = ‖AHuk+1‖2, which concludes the
induction step.

We start the inductive proof byk = 1. Finally we prove the statement fork assuming the
relations hold for alli = 1,2, . . . ,k− 1. We subdivide each item, into three parts, conform the
items above.

– Supposek = 1.
(i) We haveωv1 = u1. The following relations hold (sinceA is normal and|ω| = 1):

‖A1e1‖2 = ‖UH
1 UH

0 AV0V1e1‖2

= ‖Av1‖2

= ‖AHv1‖2 = ‖AHu1‖2

= ‖VH
1 VH

0 AHU0U1e1‖2 = ‖AH
1 e1‖2.

Hence, we obtain
|α1|

2 + |β1|
2 = |α1|

2 + |γ1|
2,

which proves that|β1| = |γ1|.
(ii) Secondly, we will prove the recursion formula. We have already

AHu1 = p1(A,AH)v1 and Av1 = p1(A
H ,A)v1.

Based on (3), (4) we get

β1u2 = Av1−α1u1 and γ1v2 = AHu1−α1v1.

Multiplying the first equation byAH and the second byA we get

AHu2 =
1
β1

(

AHAv1−α1AHu1
)

=
1
β1

(

AH p1(A
H ,A)−α1p1(A,AH)

)

v1

=
1
β1

p2(A,AH)v1,

Av2 =
1
γ1

(

AAHu1−α1Av1
)

=
1
γ1

(

Ap1(A,AH)−α1p1(A
H ,A)

)

v1

=
1
γ1

p2(A
H ,A)v1.

Note that(p2(A,AH))H = p2(A
H ,A).
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(iii) Finally we prove that‖Av2‖2 = ‖AHu2‖2. Plugging the relations above into‖Av2‖2, using
the fact thatA is normal and therefore the polynomials commute and|β1| = |γ1| gives us:

‖Av2‖2 = ‖p2(A
H ,A)v1‖2/|γ1|

=
(

vH
1 p2(A,AH)p2(A

H ,A)v1
)

/|γ1|

=
(

vH
1 p2(A

H ,A)p2(A,AH)v1
)

/|β1|

= ‖AHu2‖2.

This proves the initial step fork = 1.
– Let us assume by induction now that the statements hold for alli = 1,2, . . . ,k−1 and prove

the casek.
(i) Based on induction we have the relation‖Avk‖2 = ‖AHuk‖2. Hence,‖Akek‖2 = ‖AH

k ek‖2.
Since|βk−1| = |γk−1| one obtains the equality|βk| = |γk|.

(ii) The most difficult and technical part is proving the recurrence relation. Assume we have
(∀i = 1, . . . ,k):

AHui =
1

β1:i−1
pi(A,AH)v1 and Avi =

1
γ1:i−1

pi(A
H ,A)v1.

Based on (3) and (4), we obtain the following relations

AHuk+1 =
1
βk

(

AHAvk− γk−1AHuk−1−αkA
Huk

)

=
1

β1:k

(

AH β1:k−1

γ1:k−1
pk(A

H ,A)− γk−1βk−1pk−1(A,AH)−αkpk(A,AH)

)

v1

=
1

β1:k
pk+1(A,AH)v1,

and

Avk+1 =
1
γk

(

AAHuk−βk−1Avk−1−αkAvk

)

=
1

γ1:k

(

A
γ1:k−1

β1:k−1
pk(A,AH)− γk−1βk−1pk−1(A

H ,A)−αkpk(A
H ,A)

)

v1

=
1

γ1:k
pk+1(A

H ,A)v1.

The last equality is clear for the last 2 terms, for the first term we need|γk| = |βk| and
therefore,βk/γk = γk/βk. Note, that again we have

(

pk+1(A,AH)
)H

= pk+1(A
H ,A).

(iii) Finally we prove that‖Avk+1‖2 = ‖AHuk+1‖2. The relations above give us the following:

‖Avk+1‖2 = ‖pk+1(A
H ,A)v1‖2/|γ1:k|

=
(

vH
1 pk+1(A,AH)pk+1(A

H ,A)v1
)

/|γ1:k|

=
(

vH
1 pk+1(A

H ,A)pk+1(A,AH)v1
)

/|β1:k|

= ‖AHuk+1‖2.

Since the above inductive procedure was finite:k ≤ n− 2, we do not yet have the equality for
|γn−1| and|βn−1|. We have, however,‖Avn−1‖2 = ‖AHun−1‖2 which gives us the desired equality.

This proves the theorem.

It was not mentioned in the proof, but the polynomialspk(A,AH) are also normal [17]. In fact
we have even a stronger result. SinceAH = q(A), with q(·) a polynomial of degreen−1 we can
translate the proof of the theorem such that no biviariate polynomials are needed.

It is also clear that the resulting tridiagonal matrices are not necessarily normal anymore, the
matrixT can be normal in specific cases as shown in Section 3.2.
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Remark 5The usage of the matricesAk in the proof of the theorem is not really essential. They
can be omitted. Writing the proof, however, in this fashion points out some interesting computa-
tional aspects. Experimentally one can observe the following. Assume we have a partially reduced
matrixAk, i.e., its upper left(k+1)× (k+1) block is already of the desired tridiagonal form. One
can check now, and it is proven in the previous theorem that‖Akek+1‖2 = ‖AH

k ek+1‖2. But the
equality‖Akei‖2 = ‖AH

k ei‖2, with k+1 < i ≤ n does not necessarily hold. Only in specific cases
equality can occur.

For a normal matrixA we always have‖Aek‖2 = ‖AHek‖2 (1≤ k ≤ n). But after performing
the first transformation, the matrixA1 does not satisfy‖A1ek‖2 = ‖AH

1 ek‖2 (2 < k≤ n) in general
anymore. The equality in norm is only reestablished for a certain columnk+ 1 if the columnk
was brought to tridiagonal form.

Remark 6As outlined in Remark 4, one can choose, e.g., to obtain positive real super- and subdi-
agonals. In this case the theorem states thatβk = γk for all k = 1, . . . ,n−1.

In the remainder no constraints will be posed on the value of bothβk andγk. Let us agree that
the most stable Householder reflector is chosen, whatever its outcome might be.

Unfortunately the theorem holds only when|βk| = |γk| is different from zero. An easy coun-
terexample consists of prepending a normal matrix by a zero column and row.The resulting matrix
is still normal, but one can easily construct an equivalence transformationfor which the theorem
does not hold anymore.

One can, however, overcome the problem. The proof breaks down since the recursions between
the vectorsui andvi do not hold anymore. Hence, we cannot prove by induction that‖Avk+1‖2 =
‖AHuk+1‖2 anymore, which is essential for proving the equivalence|βk+1| = |γk+1|. When we are
able to reestablish this equality in norms, we can proceed. Let us consider this in more detail.

Assume|βk|= |γk|= 0. The following matrix is obtained after having performed unitary trans-
formsU0:k−1 andV0:k−1:

UH
0:k−1AV0:k−1 = Ak−1 =





























. . . .. .

. . . αk−2 γk−2

βk−2 αk−1 γk−1

βk−1 αk

× × × ·· ·
× × × ·· ·
× × × ·· ·
...

...
...

.. .





























.

The next Householder reflectorsUk andVk were initially intended to create zeros in columnk
and rowk. Since there are already zeros we can choose them freely, acting only on rows and
columnsk+ 1 up ton. Considering stepk in the inductive proof of Theorem 3, we see that (i)
holds, (ii) cannot be completed and (iii) is undetermined. If we can chooseUk andVk such that
(iii) is satisfied, the proof can be proceeded. One can think of this as a sort of restart. When
‖Avk+1‖2 = ‖AHuk+1‖2 we can continue the inductive procedure.

SinceV0:k = V0:k−1Vk andU0:k = U0:k−1Uk and we cannot changeV0:k−1 andU0:k−1 anymore,
the vectorsvk+1 anduk+1 are fully determined by the(k+1)th column of respectivelyVk andUk.
By construction we know thatVkek+1 andUkek+1 have the firstk elements equal to zero. Let us
therefore partition these columns as follows:

Vkek+1 = [0, v̂T ]T and Ukek+1 = [0, ûT ]T ,

where botĥu andv̂ are column vectors of lengthn−k.
Let us partition the matricesV0:k−1 andU0:k−1 accordingly. The superscript(l) stands for the

left k columns, the superscript(r) refers to the rightn−k columns:

V0:k−1 =
[

V(l)
0:k−1,V

(r)
0:k−1

]

,

U0:k−1 =
[

U (l)
0:k−1,U

(r)
0:k−1

]

.
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Let us take an arbitrarŷv different from zero, and lets see that we can construct a vectorû such
that‖Avk+1‖2 = ‖AHuk+1‖2 holds.

Based on the definitions above we obtain the following equivalent relations (recall thatAk is
block diagonal):

‖Avk+1‖2 = ‖AHuk+1‖2

‖UH
0:k−1AV0:k−1Vkek+1‖2 = ‖VH

0:k−1AHU0:k−1Ukek+1‖2

‖AkVkek+1‖2 = ‖AkUkek+1‖2
∥

∥

∥

∥

(

U (r)
0:k−1

)H
AV(r)

0:k−1v̂

∥

∥

∥

∥

2
=

∥

∥

∥

∥

(

V(r)
0:k−1

)H
AHU (r)

0:k−1û

∥

∥

∥

∥

2

‖AV(r)
0:k−1v̂‖2 = ‖AHU (r)

0:k−1û‖2.

Due to the normality ofA, we only need to make sure that the following equation is satisfied:

U (r)
0:k−1û = V(r)

0:k−1v̂.

Given an arbitrarŷv we can therefore definêu =
(

U (r)
0:k−1

)H
V(r)

0:k−1v̂ and hence the equality in

norms‖Avk+1‖2 = ‖AHuk+1‖2 is established. One can continue the proof once the vectorsv̂ and
û are embedded into two unitary transformationsVk andUk (see e.g. [36]) both having the upper
left k×k block equal to the identity matrix.

3.2 Reduction to specific matrix types

In this section some particular cases will be studied. We assume that in case thematrix T is
reducible, the process is continued in such a fashion that equality betweenthe sub- and superdiag-
onal elements still holds.

The exposition in this section draws from [26,28] and uses results relatedto matrices and
scalar product spaces. Some extra definitions are required. Let us define the bilinear form〈·, ·〉Ω
as 〈x,y〉Ω = xTΩy. WhenΩ is diagonal we will shortly refer to the bilinear form as a scalar
product with weight matrixΩ. The adjoint of a matrixA with regard to〈·, ·〉Ω is the matrixA⋆

such that:
〈Ax,y〉Ω = 〈x,A⋆y〉Ω, for x,y ∈ F

n.

Let F be eitherC or R. A closed formula for the adjoint exists:

A⋆ = Ω−1ATΩ, (7)

where ·T denotes, as before, the standard matrix conjugate or transpose. Shortly, we will say
adjoint with regard to the weight matrixΩ.4 The matrixA is said to be self-adjoint ifA⋆ = A.
Based on this notation we can provide a more compact formulation of Theorem3.

We remark that when considering normal matrices inR
n×n we implicitly assume the transfor-

mationsU andV to be real orthogonal.

Theorem 4Suppose the matrix A∈ C
n×n is normal. Then there exist two unitary matrices U and

V, with Ve1 = ω Ue1, with |ω| = 1, such that UHAV = T, where T is self-adjoint with regard to a
scalar product〈·, ·〉Ω, with Ω a unitary diagonal matrix.

Proof The notation as provided in Theorem 3 is used. We have that the absolute values of the
sub- and superdiagonal elements are identical. This allows us to writeT as the product of a
complex symmetric matrixS and a diagonal matrixD: T = SD. When denotingδi = βi/γi we
have for instanceD = diag(1,δ1,δ1δ2,δ1δ2δ3, . . .) leading to the desired equality. We remark that
the matrixD is not unique. However, when one of its subdiagonal elements is chosen,all the
remaining diagonal elements are fixed5. Clearly the matrixΩ is unitary diagonal.

4 In [26] also results related to sesquilinear forms are presented. For our purpose bilinear is sufficient.
5 Note that when chosing one diagonal element freely, that its absolute value should equal 1 for the theorem to hold.
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PluggingT = SD into Equation 7 withΩ = D leads to the conclusion thatT⋆ = T and hence
is self-adjoint with respect to the weight matrixD.

The factorizationT = SD in the above proof is a complex symmetric unitary decomposition (see
Section 5.2) of the matrixT (see [20,21,13]).

Since the unitary transformationsU andV for transforming the normal matrix to tridiagonal
form are not uniquely determined there is some freedom. We can exploit this freedom to obtain
in fact a stronger result.

Theorem 5Suppose the matrix A∈ C
n×n is normal. For every given unitary diagonal matrixΩ

there exist two unitary matrices U and V, with Ve1 = ω Ue1, (|ω| = 1) such that UHAV = T,
where T is self-adjoint with regard to the scalar product〈·, ·〉Ω.

Proof Perform a tridiagonalization procedure as provided in Theorem 3. We have T̂ = ÛHAV̂.
From Theorem 4 we know that̂T can be written aŝT = ŜD̂, whereŜ is complex symmetric and
D̂ is unitary diagonal.

Define nowU = Û , T = T̂D̂−1Ω−1 = ŜΩ andV = V̂D̂−1Ω. This gives us:

UHAV = ÛHAV̂D̂−1Ω
= T̂D̂−1Ω = ŜΩ = T.

Hence,T is a tridiagonal matrix written as the product of a complex symmetric matricŜ and a
unitary diagonal matrixΩ. BothU andV are still unitary withUe1 = ω̂Ve1 (|ω̂| = 1) and one can
verify that the matrixT is self-adjoint with regard to the weight matrixΩ.

Let us now consider few specific matricesΩ, leading to particular unitary equivalences be-
tweenA andT.

Corollary 1 Under the conditions of Theorem 5 one can obtain T of complex symmetric form
and hence self-adjoint for the standard scalar product. This means weight matrix I.

In fact we have forA∈ C
n×n, T of complex symmetric form and forA∈ R

n×n, T of symmetric
form. We will refer to this reduction as the symmetric reduction.

Before continuing we will shortly explain the upcoming nomenclature by few examples. A
more elaborate study and definition of these matrices can be found in [26]. In fact they are defined
as being, e.g., self-adjoint or skew-adjoint, with regard to a specific weight matrix.

A matrix T is pseudo-symmetric ifT = SD, with S symmetric andD a signature matrix. A
signature matrix is a diagonal matrix having diagonal elements either 1 or−1. This matrix satisfies
T⋆ = T, with regard to the weight matrixD. A matrix T is complex pseudo-skew-symmetric if
T = SD, whereS is complex skew-symmetric andD is a signature matrix. This matrix satisfies
T⋆ =−T, with regard to the weight matrixD. A matrix T is pseudo-Hermitian if it can be written
as T = SD, with S Hermitian andD a signature matrix. A pseudo-Hermitian matrix can also
be seen as being self-adjoint with regard to a specific weight, this involves,however, the use of
sesquilinear forms and a slightly modified definition of the self-adjoint. We refer the reader to
[26] and will not elaborate on this further in the text.

Corollary 2 Under the conditions of Theorem 5 one can obtain T having sub- and superdiagonal
elements differing only for the sign. This means that T is complex pseudo-symmetric and self-
adjoint for the scalar product〈·, ·〉D in which D is a signature matrix.

Again we have forA ∈ C
n×n that T will be complex pseudo-symmetric and forA ∈ R

n×n that
T will be pseudo-symmetric. We will refer to this reduction as the pseudo-symmetric reduction.
The sign relation between super- and subdiagonal elements can be chosen freely, for instance one
can demand that they are of opposite sign. In this case the weight matrixΣ has diagonal elements
(−1)i+1, for i = 1, . . . ,n. This will be addressed as the skew-symmetric reduction.

Corollary 3 Under the conditions of Theorem 5 one can obtain T having sub- and superdiagonal
elements as complex conjugates (or minus the complex conjugates).
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In the following table the application of a specific reduction onto a specific normal matrix structure is summarized. The
top row contains the possible reductions (including the weight matrix and the relation between sub- and superdiagonal
elements). The first column contains the type of matrix we are performingthe reduction on. The intersections depict
the structure of the resulting tridiagonal matrix. In case no particular namefor that special matrix structure exists a"

is printed.

Specific Reduction Types (Ω)
Relations forγi andβi

Matrix Type F Arb. (Ω) Sym. (Ω = I ) Pseu.-Sym.(Ω = D) Skew-Sym.(Ω = Σ)
|γi | = |βi | γi = βi , γi ,βi ∈ R γi = ±βi , γi ,βi ∈ R γi = −βi , γi ,βi ∈ R

Normal R Pseu.-Sym. Sym. Pseu.-Sym. Pseu.-Sym.
Sym. R Pseu.-Sym. Sym. Pseu.-Sym. Pseu.-Sym.

Skew-Sym. R Pseu.-Skew-Sym Pseu.-Skew-Sym. Pseu.-Skew-Sym. Skew-Sym.
Orthogonal R Pseu.-Sym. Sym. Pseu.-Sym. Pseu.-Sym

Orth. Block-Diag. Orth. Block-Diag. Orth. Block-Diag. Orth. Block-Diag.
Normal C " Cplx.-Sym. Cplx. Pseu.-Sym. Cplx. Pseu.-Sym.
Herm. C " Cplx.-Sym. Cplx. Pseu.-Sym. Cplx. Pseu.-Sym.

Skew-Herm. C " Cplx.-Sym. Cplx. Pseu.-Sym. Cplx. Pseu.-Sym.
Unitary C " Cplx.-Sym. Cplx. Pseu.-Sym. Cplx. Pseu.-Sym.

Unit. Block-Diag. Unit. Block-Diag. Unit. Block-Diag. Unit. Block-Diag.

Specific Reduction Types
Relations forγi andβi

Matrix Type F Herm. Pseu.-Herm. Skew-Herm.
γi = βi , γi ,βi ∈ C γi = ±βi , γi ,βi ∈ C γi = −βi , γi ,βi ∈ C

Normal R Sym. Pseu.-Sym. Pseu.-Sym.
Sym R Sym. Pseu.-Sym. Pseu.-Sym.

Skew-Sym. R Pseu.-Skew-Sym. Pseu.-Skew-Sym. Skew-Sym.
Orthogonal R Sym. Pseu.-Sym Pseu.-Sym

Orth. Block-Diag. Orth. Block-Diag. Orth. Block-Diag.
Normal C " " "

Herm. C Herm. Pseu.-Herm. Pseu.-Herm.
Skew-Herm. C Pseu.-Skew-Herm. Pseu.-Skew-Herm. Skew-Herm.

Unitary C Unitary Unitary Unitary
Block-Diag. Block-Diag. Block-Diag.

Table 1. Possible outcome of the reductions and the resulting structure of tridiagonal matrix.

We will refer to these reductions as the Hermitian and skew-Hermitian reductions. Similarly one
can also design a pseudo-Hermitian reduction.

The justification of the choice of names will become clear in the following table. Table 1
presents a summary of the outcome of applying variants of the reductions algorithms to several
types of normal matrices. In the upcoming examples some of the results presented in the table
will be discussed in more detail.

Remark 7When implementing the reductions as above, one can also choose to modify the out-
come of the Householder transformations. This can, however, result in cancellation (see [36]).
Hence, it is better to perform the most stable Householder transformations and to construct a
unitary diagonal matrix afterwards, performing the scaling. This results in amore stable imple-
mentation.

For simplicity we will assume in the Examples 2–6 that the resulting tridiagonal matrices are
irreducible.

Example 2SupposeA is symmetric and we apply the symmetric reduction:UTAV = T. Since the
matrixT is real we clearly have thatT is symmetric. This proves the relation depicted in the table.
In fact we have even more. Due to the symmetry ofT we get:

UTAV = T = TT = VTAU.
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Hence we have two different reductions applied on the matrixA, both resulting in a tridiagonal
matrix. SinceUe1 = ±Ve1 by construction, we can apply Theorem 1 and we getUD = V, with
D a signature matrix. SinceT is symmetric one can easily deduce thatD = −I or D = I , depend-
ing onUe1 = ±Ve1. HenceU = ±V and the standard orthogonal similarity transformation of a
symmetric matrix to symmetric tridiagonal form is obtained whenUe1 = Ve1.

Example 3SupposeA is skew-symmetric and we apply the skew-symmetric reduction:UTAV =
T. We know that the off-diagonal elements ofT satisfy the skew-symmetric structure, but we do
not yet know that its diagonal elements are zero. SinceA = −AT we have:

A = UTVT

= −AT = V(−T)UT .

So, we haveUTAV = T andVTAU = −T, two different reductions applied on the matrixA re-
sulting in two tridiagonal matrices. Applying again Theorem 1 we get thatUD = V, with D a
signature matrix. Hence we obtain

VTAV = TD,

since the off-diagonal elements ofT satisfy the skew-symmetric form andVTAV is skew-symmetric
we have thatD = ±I . HenceT is skew-symmetric andV = ±U . The reduction reduces again to
the standard orthogonal similarity procedure for tridiagonalizing a skew-symmetric matrix when
Ue1 = Ve1.

Example 4SupposeA is skew-symmetric and we apply the symmetric reduction:UTAV = T. Ta-
ble 1 states that the resulting tridiagonal will be pseudo skew-symmetric. The pseudo-structure is
obvious, only the skew-symmetric structure implies the diagonal elements to be zero. Similarly as
in Example 3 we obtainUTAV = T andVTAU =−T. Applying the essential uniqueness theorem
gives usUD = V. ThereforeVTAV = TD, with D a signature matrix. Moreover, sinceA is skew-
symmetric, the matrix productTD is also skew-symmetric. Therefore, the diagonal elements ofT
will be zero.

Example 5Consider a skew-Hermitian matrixA and apply the symmetric reduction to it. Table 1
does not depict any specific structure, just the complex pseudo-symmetricstructure, which is
naturally imposed by the reduction. Let us take a closer look at the diagonalelements. Since
A = −AH we get

VHAU = −TH and UHAV = T.

Again applying essential uniqueness we getUD =V, with D a unitary diagonal matrix. Therefore
we obtain thatVHAV =−THD̄. This implies thatDT is skew-Hermitian. The diagonal elements of
DT are therefore complex. Unfortunately this does not impose a special structure on the diagonal
of T.

Example 6AssumeA to be skew-Hermitian and we apply the pseudo-Hermitian reduction to the
matrix. We are specifically interested in the diagonal elements ofT since the table states that they
are purely imaginary. Similar arguments as in the previous examples lead to

UHAV = T and VHAU = −TH ,

henceUD = V, with D unitary diagonal by Theorem 1. Therefore we haveUHAU = TD, which
is skew-Hermitian. This implies thatTD is skew-Hermitian. Since−TD = DTH and we know
the relation between the sub- and superdiagonal elements we have thatD = D is a signature
matrix, this implies in turn that the diagonal elements ofT need to be purely imaginary. Hence
the resulting tridiagonal matrixT will be pseudo skew-Hermitian.

Example 7Suppose the matrixA to be unitary:AAH = I . In this case we obtain a unitary complex
symmetric tridiagonal matrix. One can easily verify that this tridiagonal matrix cannot be irre-
ducible (assumen > 2). The resulting tridiagonal matrix will be of block diagonal form, having
block diagonals, which are 2× 2 unitary matrices or 1× 1 complex numbers lying on the unit
circle. In Section 4.3 we will even show that in practice the tridiagonal matrix willnormally have
2×2 blocks on the diagonal, and eventually a trailing 1×1 block in case of odd matrix size.
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4 Krylov subspace approach

In the previous section the Lanczos approach was deduced based on the Householder tridiago-
nalization scheme. Here, we will construct two Krylov sequences and prove that an orthonormal
basis for these Krylov subspaces will tridiagonalize the matrix. Based on theorthonormalization
procedure of these Krylov subspaces one obtains again the Lanczos variant as described in Sec-
tion 2.2. Moreover, this approach admits a more simple and not so technical proof of the essential
uniqueness Theorem 1.

4.1 Cyclical Krylov subspaces

We start first by studying arbitrary matrices, afterwards we specialize towards the normal case.
Assume we have the following cyclical Krylov sequences:

Ck(A,x) = span{x,Ay,AAHx,AAHAy,(AAH)2x, . . .},

Ck(A
H ,y) = span{y,AHx,AHAy,AHAAHx,(AAH)2y, . . .}.

Even though not specified in the above sequence, the subscriptk denotes the number of vectors in
the subspace (note that this is different from its dimension).

We call this a cyclical sequence since the vectorsx andy alternate to build up two sequences.
More precisely, theith vector of the sequenceC (A,x) is multiplied byAH and forms thei + 1th
vector ofC (AH ,y). Conversely theith vector ofC (AH ,y) is multiplied byA resulting in thei +1th
vector ofC (A,x).

Construct now for every 1≤ k ≤ n an orthonormal basis lets say{u1,u2,u3, . . . ,uk} for
Ck(A,x), similarly construct an orthonormal basis{v1,v2, . . . ,vk} for Ck(AH ,y). Pooring the vec-
torsui andvi into the columns of two matrices results in the matricesUk andVk. We remark that
the notation in this section changes substantially with regard to the one in the previous sections:
the matricesUk andVk do not denote Householder transformations or unitary matrices anymore!

The following two important relations clearly hold:

ACk(A
H ,y) ⊂ Ck+1(A,x), (8)

AHCk(A,x) ⊂ Ck+1(A
H ,x). (9)

Sincevk ∈ Ck+1(AH ,y)\Ck(AH ,y) we have thatAvk⊥ui , where 1≤ i ≤ k−2 and sinceuk ∈
Ck+1(A,x)\Ck(A,x) we have thatAHuk⊥vi , where 1≤ i ≤ k−2. Both relations can be proved by
Equation (8) and the fact that (〈·, 〉̇ stands again for the standard inproduct):

〈Avk,ui〉 = 〈vk,A
Hui〉, 〈AHuk,vi〉 = 〈uk,Avi〉.

Considering the orthogonality relations between the vectorsui andvi we get ( for 2≤ i ≤ k and
assume for now allβ andγ different from zero):

Avi = γi−1ui−1 +αiui +βiui+1,

whereβi+1 = 〈ui+1,Avi〉,αi = 〈ui ,Avi〉 andγi−1 = 〈ui−1,Avi〉. A similar equation holds forAui ,
also the upcoming formulas and conclusions in this section can be rewritten in terms ofAUk.

Combining all these equations into a single matrix formula gives us:

AVk = UkTk +βkuk+1eT
k , (10)

whereTk is a k× k tridiagonal matrix having the elementsαi on the diagonal, theβ’s on the
subdiagonal and theγ’s on the superdiagonal. Running the process to completion gives us the
desired tridiagonalization:UH

n AVn = UHAV = T.
We assumed, however, allβ andγ to be different from zero. Otherwise we have a breakdown

and some standard tricks are needed for restarting the procedure. Assume for exampleβk to be the
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first βi equal to zero and assume theγi 6= 0 with 1≤ i ≤ k (the caseγi = 0 is similar is considered
next). The fact thatβk = 0 coincides with the relationAHCk(A,x) ⊂ Ck(AH ,y). Equation (10)
simplifies, the last term drops out:

AVk = UkTk.

We can therefore conclude that the matrixVk is an invariant right singular subspace of the matrix
A. Moreover, we obtain the following relation:

UH
k AVk = Tk.

Since the matricesUk andVk with k< n are rectangular we do not necessarily haveUk as an invari-
ant right singular subspace since the relation is prepended by the orthoprojectorVkVH

k , projecting
the result onto the range ofVk:

(VkV
H
k )AHUk = VkT

H
k ,

thereforeUk is not necessarily an invariant left subspace. To obtain an invariant left subspaceγi

needs to become zero for a certaini, and a similar analysis applies. Thus we have that the Krylov
spacesCk(A,x) andCk(AH ,y) generate respectively the right and left singular subspaces. This is
logical since6 Kk(AAH ,x) which generates the right singular subspace is a subset ofC (A,x)2k−1,
and alsoKk(AHA,y) which generates the left ones is a subset ofC2k−1(AH ,y). ObviouslyC2k(A,x)
containsKk(AAH ,x), but due to the intimiate relation between the right and left singular vectors
C2k(A,x) also contains information on the left singular vectors, namelyKk(AHA,Ay) is a subset
of C2k(A,x) too. The Krylov subspaceKk(AHA,Ay) in which a starting vectorAy instead of an
arbitraryy is considered is called range restricted [4].

To continue the Lanczos-like tridiagonalization, a restart is required. In the case ofβk = 0
we haveAHCk(A,x) ⊂ Ck(AH ,y), and hence the cyclic subspaceCk(AH ,y), becomes invariant.
Following the standard approach a new vectorŷ is chosen orthogonal to the existing subspace
Ck(AH ,y) and the procedure restarts. A simple illustration forβ4 = 0 gives us the following cycli-
cal Krylov subspaces:

Ck(A,x) = span{x,Ay,AAHx,AAHAy,(AAH)2x,Aŷ,(AAH)3x . . .} (11)

Ck(A
H ,y) = span{y,AHx,AHAy,AHAAHx, ŷ,AH(AHA)2x,AHAŷ, . . .}.

Taking a closer look at the sequences above, we can see that in the sequenceCk(A,x) the restart
takes place a little later than inCk(AH ,y). This coincides with the theoretical results from Theo-
rem 2. Krylov subspace approaches are common and discussed in, e.g.,[16,36].

Remark 8We will not go into the details, but the results presented here are closely related to the
following product block Krylov subspace:

Kk

([

0 A
AH 0

]

,

[

x 0
0 y

])

.

For details on these methods we refer to [35,36].

4.2 Cyclical Krylov matrices

We have already shown that one can obtain the Lanczos process from the unitary tridiagonaliza-
tion scheme (based, e.g., on Householder transformations) in Subsection 2.1. Furthermore we also
stated in the previous subsection that the same process is obtained starting from initial cyclical
krylov subspaces. In this subsection we will prove that the unitary matricesinvolved in a unitary
equivalence to trididagonal form are always coming from specific cyclical subspaces. (The treat-
ment is similar to the one in [36].) For simplicity we assume the resulting tridiagonal matrices to
have both sub- and superdiagonals different from zero.

Based on cyclical Krylov subspaces, we can define cyclical Krylov matrices:

Ck(A,x) =
[

x,Ay,AAHx,AAHAy,(AAH)2x, . . .
]

,

Ck(A
H ,y) =

[

y,AHx,AHAy,AHAAHx,(AAH)2y, . . .
]

.

6 With Kk(A,x) = span{x,Ax,A2x, . . .} the standard Krylov subspace is meant.
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Lemma 1 Suppose AV= UÂ and AHU = VÂH hold, then we have the following equalities:

UCk(Â,x) = Ck(A,Ux),

VCk(Â
H ,y) = Ck(A,Vy).

The proof involves straightforward computations. We remark that it is not necessary thatU andV
are unitary.

The following theorem states that the unitary matrices used in the equivalencetransformation
to tridiagonal form, make up an orthonormal basis for a certain cyclical Krylov subspace.

Theorem 6Suppose UHAV = T, with U, V unitary and T tridiagonal having all sub- and super-
diagonal elements different from zero. We have for every k: the columnsof Uk form an orthonormal
basis forCk(A,u1) and the columns of Vk form an orthonormal basis forCk(AH ,v1).

Proof We have thatCk(T,e1) = R andCk(TH ,e1) = R̂, with both R̂ and R nonsingular upper
triangular. Based on Lemma 1, we obtain the following twoQR-factorizations for everyk:

UR= UCk(T,e1) = Ck(A,u1),

VR̂= VCk(T
H ,e1) = Ck(A

H ,v1).

This concludes the proof.

Interesting is that the relations above also lead to an alternative proof of theessential unique-
ness Theorem 1. Assume the conditions as provided in Theorem 1 hold, i.e.,u1 = ω̂û1 and
v1 = ωv̂1. Theorem 6 provides us the following equalities (RU , R̂U ,RV and R̂V are nonsingular
upper triangular):

URU = Ck(A,u1) = Ck(A, ω̂û1)ÛR̂U ,

VRV = Ck(A,v1) = Ck(A,ωû1)ÛR̂U .

Based on the uniqueness of theQR-factorization we know thatUD̂ = Û andVD = V̂ for two
unitary diagonal matriceŝD andD.

We will not go into the details but in case one of the sub- and/or superdiagonal elements is
zero the same analysis applies and using thereby, e.g., the relations 11 (in caseL > K = 4), we
see that we obtain results identical to the ones of Theorem 2.

The following theorem summarizes these results.

Theorem 7For U and V unitary, we have that UHAV = T is tridiagonal if and only if the columns
of U and V define an orthonormal basis for a specific cyclical Krylov subspace.

The proof consists of a combination of previous results.

4.3 The normal case

We are familiar now with the generic case. Let us see now what changes in the normal matrix
setting.

Let us consider as an example the Hermitian, skew-Hermitian and unitary case.

Example 8Consider the matrixA to be Hermitian, i.e.A = AH . In this case the procedure above
simplifies. One obtains the following two cyclical Krylov sequences:

Ck(A
H ,x) = Ck(A,x) = span{x,Ax,A2x,A3x,A4x, . . . ,Akx}.

We obtainCk(AH ,x) = Ck(A,x) = Kk(A,x). The latter sequence is just the standard Krylov sub-
space. Hence the method simplifies and produces nothing else than the standard Lanczos tridiag-
onalization procedure.
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Example 9For a skew-Hermitian matrixA = −AH we obtain the following cyclical Krylov sub-
spaces:

Ck(A,x) = span{x,Ax,−A2x,−A3x,A4x, . . .},

Ck(A
H ,x) = span{x,−Ax,−A2x,A3x,A4x, . . .}.

Clearly they equal the standard Krylov subspaceKk(A,x). Hence, the approach coincides with the
standard tridiagonalization approach.

Example 10AssumeA to be unitaryAAH = AHA= I . We know from Example 7 that the resulting
tridiagonal matrix will be a block diagonal matrix having 2× 2 blocks or 1× 1 blocks on the
diagonal. We distinguish between two cases:v an eigenvector ofA or not. If v is an eigenvector,
it is obvious thatC2(A,v) = C1(A,v) andC2(AH ,v) = C1(AH ,v) and hence we have a 1×1 block
on the diagonal and a restart is required.

If v is not an eigenvector we have:

C3(A,v) = span{v,Av,AAHv}

= span{v,Av, Iv}

= span{v,Av} = C2(A,v)

and similarlyC3(AH ,v) = C2(AH ,v). These invariant subspaces create a 2×2 block on the diag-
onal. Hence also in this case a restart is required.

We can conclude that the will obtain a tridiagonal matrix having blocks of size two at most
on the diagonal. Moreove, since one will almost never succeed in starting with a vectorv which
is an eigenvector, generically the resulting tridiagonal matrix will consist of 2× 2 blocks, and
eventually a trailing 1×1 block when the matrix is of odd size.

5 Extra properties

The unitary equivalence transformation of a normal matrix into tridiagonal form, and especially
into complex symmetric tridiagonal form implies some other interesting relations. In this section
we will further explore some properties related to the reduction and we will very brieflycomment
on a unitary complex symmetric decomposition.

5.1 Complex symmetric matrices

In this subsection we will silently assume that the matrixUHAV = T, with U,V unitary andA
normal, is complex symmetric, unless stated otherwise. This transformation of a normal matrix to
tridiagonal complex symmetric form can also be applied on matrices closely related to the normal
matrix such as its Hermitian conjugate or its inverse and will again result in a complex symmetric
matrix.

Corollary 1 Suppose UHAV = T, under the conditions of Theorem 3, with T complex symmetric
and A a normal matrix having distinct singular values. Then UHV will also be complex symmetric.

Proof The matrixT is complex symmetric, which implies the following relations:

UHAV = T = TT = VTATU .

Reshuffling the unitary matricesU andV gives us

VUHA = ATUVH , (12)

which implies that both matrix products are also complex symmetric. For simplicity we willde-
note this asXA= ATXT , whereX = VUH . Hence, it remains to prove thatX is complex symmet-
ric.
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Assume now that we have the following eigenvalue and singular value decomposition of the
matrixA: A=Ŵ∆ŴH =WΣD1WH , where∆ is a diagonal containing the eigenvalues,Σ a diagonal
containing the singular values andD1 a unitary diagonal matrix. We know that∆ = ΣD1, sinceA
is normal.

Plugging this intoXA= ATXT gives us:

X(WΣD1W
H) = (WD1ΣWT)X,

(XW)Σ(D1W
H) = (WD1)Σ(WTX)

The previous equation provides us two different singular value decompositions of the same matrix.
Since all singular values are distinct, the decomposition is essentially unique. Hence we obtain
for a unitary diagonal matrixD2 that

XW = WD1D2.

This proves thatX = XT and henceUHV is a unitary complex symmetric matrix.

Remark 9The previous proof implies the following interesting relation, assuming that all condi-
tions of the theorem hold. Given the eigenvalue decomposition ofA: A = W∆WH then we have
thatWTXW will be unitary diagonal.

A second theorem states that applying the equivalence transformation ontopositive powers of
A always results in a complex symmetric matrix.

Corollary 2 Suppose UHAV = T, under the conditions of Theorem 3, with T complex symmet-
ric and A a normal matrix having distinct singular values. Then UHAiV will also be complex
symmetric for i∈ N.

Proof We want to prove that
(

UHAiV
)T

= UHAiV. Equation (12) can be rewritten as:

UVTAT = AVUT . (13)

The remainder of the proof involves standard matrix reordering techniques and uses some of the
proved equalities, involving also Corollary 1:

(

UHAiV
)T

= VT(AT)i U

= UH(UVTAT)(AT)i−1 U

= UH(AVUT)(AT)i−1 U

= UH(AUVT)(AT)i−1 U

= UHA(UVTAT)(AT)i−2 U

= . . .

= UHAiVUTU = UHAiV,

which is the desired equality.

Many other of these equalities hold.

Corollary 3 Suppose UHAV = T, under the conditions of Theorem 3, with T complex symmetric
and A a normal matrix having distinct singular values. We have that the following matrices will
be complex symmetric. In few cases nonsingularity of A is assumed.

1. UHV,VHU are complex symmetric.

2. UHAiV (with i∈ Z) is complex symmetric.

3. VHAiU (with i ∈ Z) is complex symmetric.

4. UH(AH)iV (with i∈ Z) is complex symmetric.

5. VH(AH)iU (with i ∈ Z) is complex symmetric.
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6. UH p(A,AH ,A−1)V is complex symmetric (p a polynomial).

7. VH p(A,AH ,A−1)U is complex symmetric (p a polynomial).

Proof All relations can be proved, based on three important relations:

UHV = VTU ,

VUHA = ATUVH ,

UVTAT = AVUT .

For the caseUHAHV one can use the argument that there exists a polynomialp(·) such that
AH = p(A) (see Condition 17 in [17]).

When applying unitary similarity transforms basedU andV ontoA andAH also some relations
hold.

Theorem 8Suppose UHAV = T, under the conditions of Theorem 3, with T complex symmetric
and A a normal matrix having distinct singular values. The following relation holds between
AU = UHAU and AV = VHAHV:

AU = AV .

Proof We have

AU = (UHAV)VHU = TVHU,

AV = (VHAHU)UVH = TUVH = TVTU .

Taking the complex conjugate provides us the result.

Remark 10Based on the relations above one can deduce a similarity transformation for transform-
ing the matrixA into its transposeAT :

(

UVT)

AT (

UVT)H
= A.

In the followingT is not necessarily complex symmetric anymore.

Theorem 9Suppose UHAV = T, under the conditions of Theorem 3, with T complex symmetric
and A a normal matrix having distinct singular values. The following relation holds between
AU = UHAU and AV = VHNHV:

|AU | = AV .

Remark 11Suppose the skew-symmetric reduction was applied onto a normal matrixA, i.e. that
the off-diagonal elements have opposite signs. We have the following relation betweenAU and
AV :

YAUY = AV .

with Y a diagonal matrix having diagonal elementsyii = (−1)i+1.

5.2 A unitary - complex symmetric decomposition

In [13,20,21] theSU-factorizationA=US, in whichSis complex symmetric andU is unitary was
presented. In fact in [13] another sort of polar-decomposition [18,19] was proposed. The standard
polar-decomposition for a matrixA is of the formA=UH, in whichH is Hermitian semi-positive
definite. Under some constraints the polar-decomposition is unique. TheSUPD-decomposition
which is a complex symmetric unitary decomposition with the complex symmetric matrix semi-
positive definite is studied in relation with normal and conjugate normal matrices in[11,12,13].

SupposeA to be a normal matrix. SinceA is unitary equivalent to a complex symmetric tridi-
agonal matrix, the matrixA admits aSU-decomposition of the following form :

A = UTVH

=
(

UVT)(

VTVH)

= WP.

The factorW = UVT is obviously unitary, andP = VTVH is complex symmetric.
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6 Eigenvalues and singular values

It is already clear from the previous sections that the reduction as proposed in this manuscript is
closely related to an initial step for computing for instance the eigenvalues andor the singular val-
ues. In this section we will briefly comment on possible alternative ways for computing singular
values and/or eigenvalues.

Based on the unitary equivalence transformation one can transform anynormal matrix to a
complex symmetric tridiagonal matrixT. For computing the singular values one can proceed
with the tridiagonal matrixT. Singular values of a complex symmetric tridiagonal matrixT can
be computed for example with methods from [5,2,1,3]. We will briefly commenton [3] with
regard to our interest.

SupposeC to be a complex symmetric matrixC = CT , then there exists a unitaryQ, such that
A= QΣQT , whereΣ is a diagonal matrix having diagonal elementsσ1 ≥ σ2 ≥ . . .≥ σn. These are
the singular values and the factorization is often named a symmetric singular value decomposition
(SSVD) or the Takagi factorization ofA.

The standard SVD equalsUΣV, hence it might not come as a surprise that the method proposed
in [3] can be faster than the standard SVD method, in case the unitary factorsQandQT are desired.
Moreover, the single unitary factorQ consumes less memory than the factorsU andV.

Applying the unitary equivalence reduction to tridiagonal form, followed bythe method pro-
posed in [3] leads hence to an alternative method for computing the singular values and singular
vectors of a normal matrix.

Since eigenvalues of particular subclasses such as Hermitian, skew-Hermitian and unitary can
be computed efficiently also the generic class of normal matrices is of interest.Different tech-
niques have already been proposed. Elsner and Ikramov proposed in[9] a condensed form for
normal matrices based on similarity transformations, which could then be exploited for develop-
ing fastQR-like methods. In [22,23,38] some iterative procedures were presented and analyzed.

In the previous sections we showed that the unitary equivalence presented in this manuscript
sometimes reduces to a unitary similarity transformation. Hence for the cases ofHermitian and
skew-Hermitian, when computing eigenvalues, this coincides with standard techniques for reduc-
ing the bandwidth and preserving the spectrum.

Based on the full singular value decomposition, one can however also compute the eigenval-
ues. Assume the normal matrixA has the following singular value decompositionA = UΣVH ,
based on properties of normal matrices we know that the eigenvalues are∆ = ΣD, whereD =
VHU . This means that based on previous results this section, we can compute the full eigenvalue
decomposition once the full singular value decomposition is known.

7 Conclusions and future research

In this article the unitary equivalence transformation of a normal matrix to tridiagonal form was
discussed. Furthermore, the transformation could be chosen in such a way that the resulting tridi-
agonal matrix was self-adjoint with regard to a previously defined scalar product space〈·, ·〉Ω, for
a unitary diagonal matrixΩ.

A Householder tridiagonalization scheme as well as an iterative method and its relation to
Krylov subspaces was presented. Several possibilities for reducing the matrices were extensively
explored and applied onto well-known classes of normal matrices. Extra properties related to the
equivalence transformation were proved. Finally few possibilities for exploiting the new method
for computing eigenvalue and singular values were briefly discussed.

Numerical experiments as well as a more detailed analysis related to the different techniques
for computing the eigenvalues and singular values were not discussed, since they were beyond
the scope of this article and are subject to further research. Extra effort is needed to implement
the methods, analyze their stability and computational complexity, study the convergence and
so on. The reduction from normal to tridiagonal form based on Householder transformations,
which is fairly straightforward to implement, can, however, be downloaded from the author’s
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homepage. The MATLAB files admit different kinds of reductions, such as, e.g., skew-symmetric,
skew-conjugate and so forth. The software includes extra m-files which enable the interested
reader to quickly tryout several of the theorems and properties provided in the manuscript and to
toy with different matrices.

Below you find as an example the documentation related to the transformation of anormal
matrix to tridiagonal form.

% UNIEQUINORM Transforms a normal matrix via unitary equiva lences
% to tridiagonal form
%
% T=UniEquiNorm(N)
% Outputs a unitary equivalent tridiagonal matrix T=U’ * N* V,
% N is assumed to be normal.
%
% [U,T,V]=UniEquiNorm(N)
% T is tridiagonal and N=U * T* V’, U and V are unitary.
%
% [U,T,V,D]=UniEquiNorm(N)
% D is unitary diagonal, such that T is self-adjoint
% w.r.t. the scalar product <x,y>_D = xˆT D y.
% This means that inv(D) * transp(T) * D = T.
% [See Mackey, Mackey & Tisseur, SIMAX, 2005]
%
% T=UniEquiNorm(N,redtype)
% [U,T,V]=UniEquiNorm(N,redtype)
% [U,T,V,D]=UniEquiNorm(N,redtype)
% redtype specifies the structure of the resulting tridiago nal.
% When not specified, T is arbitrary tridiagonal.
% redtype=’free’ no specific reduction,
% this is the standard setting;
% ’sym’ symmetric reduction;
% ’pseusym’ pseudo-symmetric reduction,
% specify d, consisting of 1,-1, (see below);
% ’skewsym’ skew-symmetric reduction;
% ’herm’ hermitian reduction;
% ’pseuherm’ pseudo-hermitian reduction,
% Specify d, consisting of 1,-1, (see below);
% ’skewherm’ skew-conjugate reduction,
% ’arb’ arbitrary reduction: Specify d, (see below).
%
% [U,T,V,D]=UniEquiNorm(N,’arb’,d)
% [U,T,V,D]=UniEquiNorm(N,’pseusym’,d)
% [U,T,V,D]=UniEquiNorm(N,’pseuherm’,d)
% the vector d imposes the relation between sub- and superdia gonal
% elements: T(i+1,i)=d(i) * T(i,i+1)
%
%
% Raf Vandebril
% Revision Date: 25 IX 08
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