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Abstract
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1 Introduction

In [8] a Favard theorem was given for Laurent polynomials. Later, several Favard
theorems were determined for classes of rational functions with restrictions on the
poles: first, the restriction that the poles are complex and outside the extended real line
(or, using an inverse Cayley Transformation, outside the unit circle), see e.g. [1, 2, 4, 7];
afterwards, the restriction that the poles are all on the extended real line (or on the unit
circle), see e.g. [3, 4]. Finally, in [5, Thm. 3.10] a Favard theorem was given for rational
functions without restrictions on the poles.

The complete proof of this last Favard type theorem was omitted in [5] because at
first it seemed that the outline of the proof would be similar to the proof given in [4,
Chapt. 11.9]. However, a detailed study in [6] revealed that Theorem 3.10 could not be
proved as in [4, Chapt. 11.9]; hence, Theorem 3.10 is still unproved.

The aim of this paper is to give a complete proof for Theorem 3.10 in [5]. The
outline is as follows. We start with an overview of the theoretical preliminaries in
Section 2. Next, in Section 3 we give some intermediate results required for the proof
of the Favard theorem. Finally, Section 4 contains a complete proof of the Favard
theorem formulated in [S, Thm. 3.10].

*The work is partially supported by the Fund for Scientific Research (FWO), projects ‘RAM: Rational
modeling: optimal conditioning and stable algorithms’, grant #G.0423.05, and by the Belgian Network
DYSCO (Dynamical Systems, Control, and Optimization), funded by the Interuniversity Attraction Poles
Programme, initiated by the Belgian State, Science Policy Office. The scientific responsibility rests with the
authors.



2 Preliminaries

The field of complex numbers will be denoted by C and the Riemann sphere by C =
C U {oo}. For the real line we use the symbol R, while the extended real line will be
denoted by R. If the value a € X is omitted in the set X, this will be represented by
X e.g.

Cp =C\ {0}.

Let ¢ = a + ib, where a, b € R. Then we denote the real part of ¢ by R{c} = a and the
imaginary part by S{c} = b.

Suppose a sequence of poles A, = {a1,az,...,a,} C Cy is given. Define the
factors

x k=12

Zk(a:):Zak(x):m, ,2,. ..

and the basis functions
bo(z) =1, br(x) =bk—1(x)Zk(x), k=1,2,...
Then the space of rational functions with poles in .4,, is defined as
L, = span{bg,b1,...,by}.

We denote with P,, the space of polynomials of degree less than or equal to n. Let 7y,
be given by

Then we may write equivalently

Enz{pn:pnepn}.
™

n

In the remainder, we will use the notation Tn\js with n > j, to denote the polynomial

0
ﬂ-n\j = 71_7’: S Pnfj-

In the special case in which j = 0 or j = n we have that 7,\g = 7, respectively

Tp\n = To = 1.

Note that the value ayy = 0 represents a forbidden value for the poles ;. Since we
consider only a countable number of poles «aj, we can always find a point aigC so that
ay, # og for every k > 1. A simple transformation can bring this ag to any position
that we would prefer. Therefore, this forbidden value oy is not a real restriction on the
sequence of poles, and we may assume it to be fixed by the value zero.

We define the involution operation or substar conjugate of a function f € L, as

This way we have that f(z) has a pole in z = « iff f.(z) has a pole in = @. With
L« we then denote the space of rational functions given by L,,. = {f. : f € L, }.



Next, let us consider an inner product that is defined by a linear functional M:

<f’g>:M{fg*}7 f7g€£00'

When M{ff.} # 0forall f # 0 that are in L, then the functional is called quasi-
definite; moreover, when M{ff.} > 0 for all f # 0 that are in L, it is called
positive-definite. Finally, the functional is called Hermitian if for every f € Lo - Loox
it holds that M {f.} = M{f}.

Suppose there exists a sequence of rational functions {¢y, }, with ¢, € L, \ L1,
so that the ¢,, form an orthonormal system with respect to the Hermitian positive-
definite linear functional M; i.e. M{p;pr«} = d;x, where J;, denotes the Kro-
necker Delta. Further, assume that these rational functions are of the form p, (z) =
pn(x)/mn (). We then call ¢,, degenerate (respectively exceptional) iff p,, (@,—1) =0
(respectively p,,(ca,—1) = 0). A zero of p,, at co then means that the degree of p,,
is less than n. If ¢, is not degenerate and not exceptional, it is called regular. In [4,
Chapt. 11.1] (for all the poles on the extended real line), and [9, Thm. 2.1.1] and [5,
Sec. 3] (for arbitrary complex poles), the following three-term recurrence relation has
been proved.

Theorem 2.1. Let Ey € Cy, v_q1 € Ry and oy € C be arbitrary but fixed in advance.
Then the sequence of orthonormal rational functions {¢,, } is regular iff for everyn > 1
there exists a three-term recurrence relation of the form

on(z) = EnZp(z) [1 + Znil(x)} On—1(z) + anfl(j()x)gong(x), €))
with
E, # 0

Cn=-E,[1+F,/Zy 1(€n1)]/En-1 # O.

The initial conditions are p_1(x) = 0 and o(x) = , where 1 is a unimodular

n
constant.

The previous theorem starts from a system of rational functions {(,, } for which the
o, are orthonormal with respect to a Hermitian positive-definite inner product, to prove
the existence of a three-term recurrence relation iff the system is regular. In order to
derive a Favard type theorem, however, we need to verify whether the statement holds
in the opposite direction; i.e., starting from a regular system of rational functions {,, }
for which the ,, are generated by the three-term recurrence relation (1), we have to
prove whether there exists a Hermitian positive-definite inner product for which the ¢,
form an orthonormal system.

In the next section we give some intermediate results required for the proof of this
Favard type theorem. But first we need the following auxiliary results that have been
proved in [5, Sec. 3].

Lemma 2.2. Let A(a, 8) be given by

1 1
B =70 " Zotey



Then the following statements hold:

1. Ala,B) = %(m and hence is independent of x,

(
2. A(Oé,ﬁ) = _A(ﬁaa)’

4. Ao, B) — A(7, B) = A, ),

5 Ala, B) + A(a,y) = 24 (a, %)

Ek- \‘Ck—ly « 7& (677
Li_1, a=op

Lemma 2.3. Suppose ¢, () = knbp(x) + K,bp—1(2) + fn_2(x), where ki, k], € C,
Kkn # 0and fr_o € L,,_o. Then it holds that

/
o Rn + KnA(an; an—l)
E, = .
Rn—1

Lemma 2.4. Let aj(z), bj(x),cj(x),dj(x), Aj, Bj and Cj, with j = 1,...,4, be
given by Table 1. Then it holds that

a;(2) cjula)
bi(@) dyu(a)

If o =7 in Table 1, then the equality holds in the sense that the limit of the right hand
side for (a,v) — (a,@) tends to the left hand side with o =7 = a.

= Ajaj(x) + BjCj*(l‘) + Cj.

J |l aj(z) bi(x) ci(x) di(x) A B, G
1| Zo(z) Zg(x) 1 1 A(S, a) 0 1
2 | Za(x) Z(x) 1 ﬁgﬁl,ag A((i,jg 0
3| Zolx) Zs(x) Z,(z) 1 A@ﬁl 7% 0
4] Za@) Zp@) Z,(x) Zy(x) ACPAG) ACHARY

Table 1: Definition of a;(x), b;(z), ¢;(z),d;(z), A;, Bj and C; for j = 1,..., 4, with
{O[’ ﬂa Vs 5} - (C0~

3 Intermediate results

In this section we will assume that {¢,, }52 is a sequence of rational functions in L
and that the following assumptions are satisfied:



(Al) a_1 € Rgand v, € Co,n=0,1,...,

(A2) o, is generated by the three-term recurrence relation (1),
(A3) pp € L\ Lypo1,m=1,2,...,and g € Cy,

(Ad) F,eCand E,, € Co,n=1,2,...,

(A5)
1 —
|En?
- _ 2
2% Fn [1 + FnA(an_l’ wn)] + ’ 1+F71A(E0:z:1170¢n—1) A(an_27wn) 2
Al @) , @)
n=1,2,... where w, = ﬁ‘i?ng} and E, € C,,

(A6) CoE, 1 =—E, 14+ F,A(p_1,0,-1)] € Co.n =1,2,....
Let S,, and S, be given by
Sp =span {prp : 0 < k,l<n and k#Il}, n>0,
respectively
Soo =span {S, :n=1,2,...}.
Then we define M on S, by setting
Vi€ Sw: M{f}=0.

Note that it is always possible to define M in such a way, independent of whether the
assumptions given by (A1)—(A6) are satisfied.
Next, let 7,, and 7, be given by

T, = span {prpr« : 0 <k <n}, n>0,
respectively
Too =span {7, :n=1,2,...}.

Clearly we then have that S,, + 7,, = L,, - L, for every n > 0. Hence, it remains to
extend the definition of M to 7, in such a way that M {¢y @k« } = 1 for every k > 0.
But before we do, note that S, = {f« : f €S} =S, and T, = {fs : f €T} =
7, for every n > 0.

3.1 Extension of M to 7.,

If we want M {prpr.} = 1 for every k > 0, it is necessary and sufficient that

¢ = arprpre € (T NSoc) iff Y ar=0. 3)
k=0 k=0

We will now prove by induction that the condition given by (3) holds true under the
assumptions given by (A1)—(A6).



Initialisation n = 1.
Consider the subspace £ - L1, = 51 + T1. We then have the following theorems.

Theorem 3.1. Under the assumptions given by (Al)—(A6) it holds that

P1P1x — PoPox € S1.

Proof. From the three-term recurrence relation (1), Lemma 2.2 and Lemma 2.4 it fol-
lows that

P1P1x

e = 11+ Fy Ao, 01)|* Z100Z1+00x + | F1 > 0oos

+F 1 [1 4+ FiA(ao, a1)] Zigogos + F1 [1+ F1A(@o, @1)] Zi«poxpo
[1 + FlA(ao, Oél)] [1 + flA(ao, Ozl)}

= F; 2 * 7 *
| F1|*popos + A, ar) 100
[1 +F1A(@0,al)} [1 + FlA(OéQ,al)]
+ — Z1+90+$0-
A(Oll,Oél)
Further, we have that
[1+ F1A(ao, 01)] Zipopos = %Ei@lo* — Fipopox,
and o 100 —
[1+ F1A(@, a1)] Z1xpospo = To=— — F19000+-

Hence, there exists a function f; € S so that

. 1+ F1 A(@o,
2L [|F1|2 28%{F1 (1 (A al))}] Goon + fi.

|Eq|? A(ay, aq)
Note that
|y |2 1+ F1A(ap, 1) 1+ It (2A(a, ar) — A(@r, 1))
- Fl - = N - Fl —
2 A(Oq,oq) A(Oél,Oq)
- F 1 +F1A(60,w1)
- ! A(Oél,al) ’

where w; = %’?;‘f}. Finally, because

w{ ) =0

for a_; € Ry, it follows from assumption (AS5) that

1+F1A(Ot0,0£1):|} _ 1
A(a, o) e

|F1 ]2 — 2R {F1 [

Consequently,
O1P1x — Yoo« = |E1|*f1 € Si.



Theorem 3.2. Under the assumptions given by (Al)—(A6) it holds that

wjpi« € S1 for j=0,1.
Proof. First, consider the case that a; € Ry, and suppose that

bip1
P11 = WQ* € S1 = span {190, P10}
1

We then have that there exists a constant ¢ € Cg so that

cp1(x) + ep1a () _bh (z)p1+(x)
() W%(f)

Or equivalently,
m1(2) [ep1(z) + ep1a(@)] = p1(2)p1a ().

Taking = a, it then follows that p; (o1) = 0, contradicting our assumption given by
(A3). Consequently, v1¢1. ¢ S1, and from Theorem 3.1 it then follows that pgpo. ¢
Si.

Finally, consider the case that a; ¢ R, and suppose that

Popox € S1 = span {P19Po«, P1xP0}-
We then have that there exists a constant ¢ € Cq so that

cpi(z) | Tpi«()
1 (2) + 14 ()

= PoPox-
Or equivalently,
T (@)ep1 (@) + T (2)epri(@) = m1(2) T (2)Popos-
Taking * = a1 or = @, it then follows that
T« (a1)epr(ar) =0,

respectively
1 (al )épl* (61) = O

Due to our assumption given by (A3) we find that c = ¢ = 0 ¢ C,. Hence, wopo« ¢
&1, and from Theorem 3.1 it then follows that w101, ¢ Si. O

Hence, we now have proved that

D1 = appopox + a1p1p1« € (71 NS1) iff ag+ay =0.



Induction for n > 1.
Consider the subspaces L; - L, = S; + T}, with j = n — 1, n, and suppose that for
j =n — 1itholds that

n—1 n—1
Pp—1 = Z arPrPrs € (Tn-1 NSp—1) iff Zak =0.
k=0 k=0

We then have to prove for j = n that
On = Zakapwk* € (7T,.NS,) iff Zak =0.
k=0 k=0

First we need the following lemma.

Lemma 3.3. There exist functions g, h, € Sy, so that

[1 + FnA(an—la O‘n)} Zn@n—l@n—l*
1+ FnA(anflaanfl)

= A(an*% an) i Znpn—2Pn—1x — Fnon_10n—1x + gn
n—1
and
14 Fy A1, a0
A(an—Qa an) + = LO‘ L 1)Z7L90n—2§0n—2*
En—l
1+ F,A(a_1,0p—

== [1 + FnA(an—la Oén” Zn@n—l@n—%k* L ! 1) Cpn—ZSDn—2*+hn~

En—l

Proof. From the three-term recurrence relation (1), Lemma 2.2 and Lemma 2.4 it fol-
lows that

n Pk F,
% =Zy { <1 + FnA(an—la an) + Z:) Pn—1

1 —|— FnA(Oén_l,an_l) ( _ 1 ) }
- — A n—2, &n + - n— *
Tl (@n—2, ) 7. ) P2 Px

The equalities are now easily verified by taking k = n — 1, respectively k = n—2. O
Theorem 3.4. Under the assumptions given by (Al)—(A6) it holds that

OnPnx — Pn—1Pn—1x € Sh.
Proof. First, note that it follows from the three-term recurrence relation (1), Lemma 2.2
and Lemma 2.4 that

PnPrx
[ Enl?

= H,Hp — H,Gp — Hpi G + GG,

where

Fn
Hn = Zn (1 + FnA(anfban) + Z) Pn—1



and 1+ F, A ) 1
+ b Qp—1,0n—1 —
Gn:Zn - A Qp—2,0n) + —— n—2-
En—l < ( ? ) Zn) on

Next, let a,,, b,,, ¢, and d,, be defined as

1+ FnA(an—laan—l) (1 + FnA(an—la an))
En1 A0, o) ’

Qp = A(anf% an)

b = A3, @) A Tn) (1 - F"A(anl’a")) 7

E, 1 A(O‘nvan)
Fn 1 FTLA 7'”,7 b) n
Cp = 2% [ + (g L )} )
Alan, @)
and )
AnA Q1,00 —
d, = 2R ’1+F (E,Hl Y| Ay, wn)
m Aoy, ay) ’

where w,, = y‘;{“gﬁ}. Based on Lemma 2.2, 2.4 and 3.3, we find after some compu-

tations similar to those in [5, Thm. 3.5] that there exist functions f,,g, € S, and
hn_1 € S,_1 so that

Han* - anZnQDn72SDn71* + anZn*(pnflk(pnfl + CnPn—1Pn—1x% + fn,
GGy = bpZpsop_14Pn—2 + EnZnQDn—lSDn—Z* + dpPn—29Pn—2+« + gn

and

HnGn* + Hn*Gn - - (anZn§0n72S0n71* +anZn*Q0n72*Sanl
+ann*S0n71*(Pn72 + EnZnQO'nflspnf%k) + hn71~
Consequently, we have that

PnPnx
| En?

= (Cn + dn)QDn—lspn—l* + kna

where
kn = fn + gn — hnfl - dn(ipnflﬁpnfl* - ‘pn7280n72*)'

From the induction hypotheses it now follows that

Pn—1Pn—1x — Pn—2¥n—2x € Sn—l g 8n7

so that k,, € S,,. Finally, we have that ¢,, + d,, = ﬁ due to our assumption (AS5),
so that
PnPnx — Pn—1Pn—1%x = |En‘2kn S Sn



As a consequence of the previous theorem, we now have the following corollary.

Corollary 3.5. Under the assumptions given by (Al)—(A6) it holds for j = 0,...,n—2
that

PnPnx = PjPjx € Sn-
Proof. Note that
Prnipnx = PiPix = (PnPnx = Pn1Pn—14) + (Pn-1Pn—14 — ©;Pjx) ,
where it follows from the induction hypotheses that
Pn—1Pn—1x — PjPjx € Sn—1 C Sp.
The statement now directly follows from Theorem 3.4. O

It remains to prove that vy g« ¢ Sy, for k =0, ..., n. Therefore we first need the
following lemma.

Lemma 3.6. Under the assumptions given by (Al)—(A6) it holds for every g,_o €
L, that
anl*gn72*80n
———— e 5,1
Zn € on1

Proof. First, note that there exist coefficients ay, as, ..., a,_1 so that

Zn-1(x)gn—2(x) = i aiby(z).
k=1

From the three-term recurrence relation (1) it now follows that

brxon Fn(z)
e 1
EnZn * anl

1+ FnA(an—laan—l) b
n— b * - n— . 4
] Pn—1bk o P2y “

By means of the last statement in Lemma 2.2 it is easily verified that the right hand
side of (4)isinS,,_1 fork =1,...,n — 2. While for K = n — 1 we have that

F,(x _
|:1 + 7 ( ):| QDn—lbn—l* = [1 + FnA(an—la an—l)] Spn—lbn—l* + Fn‘ﬁn—lbn—2*
n—1

and .

Pn—2 Z’VL—I* = A(an—27an—1)¢n—2bn—l* + Qpn—2bn—2*-

n—2x%

Consequently,

bp—1+¢n

En [1 + FTLA(an—17an_1)] Z”l

( A(an—%an—l)
=lpn-1—-—="""
Enfl

1
Wn—z) bp—14 — = Pn—2bp_2s + kn_1,

n—1

10



where
Fn

kp_1 =
! 1+FnA(an71;an71

)<pn—1bn—2* S Sn—l-

Suppose that ¢, _1 = kp—1bp_1+K;,_1by_o+ fr_3, where k,_1, k], | € C,kp_1 #
0 and f,,—3 € L,,_3. Then we get that

A(an—%an—l)
n—1—" " = ¥n—- bn— *
((p ! Enfl 4 ? !

A(Qp 2,0 1 _
= (‘Pn—l - (21)(Pn—2> (Son—l* - H;_lbn—Q* - fn—3*)

En—l Kn—1
1 Fp—1 A(Qn—1,0n—2)
- = Pn—1Pn—1% — — Qpn—an—Q* - hn—l 5
Rn—1 Enfl

where

hn—l = Pn-1 (E/n_lbn—2* + fn—3*)
A(anf%anfl)

n— n—1x — Jn—3x% GSn,.
B . 'Z 2(@ 1 f 3) 1

Hence, with b}, _; = (Fn—1kn—1 — hn—1) € Sp—1 we have that

bn—l*@n
En [1 + FnA(anflyanfl)] Zn
1 Fn—1+ Ry 1 A(@n—1,0n2
= = Pn—1Pn—1% — ! = ( ! )Qpn72bn72* + h’lﬂfl
Rn—1 FE,_1

Finally, suppose that ¢,,_o = K_2by_o + I3, Where k,,_o # 0and [,,_3 € L,,_3.
Then it follows from Lemma 2.3 that

bnfl*spn _
En [1 + FnA<an—laan—l)} Zn En—l

[@n—1¢n—1* — Pn—2Pn—2x + 941—1] )

where g/, _1 = (h),_1 + ¢n—2ln_3+) € Sp—1, and
Cpn—lgon—l* - Son—ZSDn—Q* S Sn—l
as well due to the induction hypotheses. O

Theorem 3.7. Under the assumptions given by (Al)—(A6) it holds that
0P« €Sn for j=0,...,n.
Proof. First, consider the case that a,, € Ry, and suppose that

OnPnx = M € Sn - (Snfl + ®n Enfl* + Onx * ﬁnfl) .

T T

11



We then have that there exist a polynomial r,_; € P,_1 and function h,,_1 € S;,—1
so that
Pn(@)rn—1(2) + Pne(2)Pn—14(2) _ Pn(@)pns (@)

hp—1(z) + 7Tn71($)7rn* (x) - ﬂn(m)ﬂ'n* (x)

Or equivalently,

T (2) T () R —1 ()
+ T\ (n-1) (@) [Pn (2)7n—1(2) 4 Pre(@)rn—14(2)] = Pr (@) P ().

Taking x = «,, it then follows that p,, («,,) = 0, contradicting our assumption given
by (A3). Consequently, v, @n« ¢ Sy, and from Theorem 3.4 and Corollary 3.5 it then
follows that ;. ¢ S, for j =0,...,n.

Finally, consider the case that o, ¢ R, and suppose that

Pn—1Pn—1x c Sn

Pn—1Pn—1% = = (Snfl + ©n - Ln_1++ Pnx * Enfl) .

Tn—1Tn—1x
We then have that there exist a polynomial r,_; € P,_; and function h,,_1 € S;,—1
so that
Po(2)rn-1(2) | Prs(@)rn14(2) _ pu1(@)pn_14(x)

hn—1(x) + T (2) T 14 () + T () Tp—1() 7Tn—1(x)7rn—1*($).

Or equivalently,

Wn(x)ﬂ-n*(m)hnfl(x) + 7Tn*\(nfl)*(:E)pn(w)rnfl(-r)
+ 7Tn\(n—1)(x)pn* (x)rnfl*(l') = 7Tn\(n—1)(x)ﬂ—n*\(n—1)*(w)pnfl(w)pnfl*(l')'

Taking * = «, or x = @, it then follows that

T\ (n—1)% (an)pnl(an)rn—1(am) =0,

respectively

7"-n\(nfl)<an)pn>k (an)rnfl*(an) = 0.
Consequently, 7,—1(a) = rn—1.(@,) = 0 due to our assumption given by (A3).
Hence, there exists a function g,,_o € L,,_2 so that

pn(@)rn-1(z) | Pps(@)rn—1.(2)
T ()T —14 () + T ()T —1 ()

_ Zn15(%) gn—2+(T) o () + Zn—1(%)gn—2(7) Pn«(T)

From Lemma 3.6 it now follows that
PnTn—1 + PnxTn—1x

T T —1x T Tn—1

hn—l + S Sn—l,

while it follows from the induction hypotheses that ¢, 1,1, ¢ Sn—1. Hence,

On—1Pn—1x ¢ Sp, and from Theorem 3.4 and Corollary 3.5 it then follows that
©jpjx & Spforj=0,...,n. .

12



Thus, we now have proved the following theorem.

Theorem 3.8. Under the assumptions given by (Al)—(A6) it holds that

¢ = Zawwk* € (T NSux) iff Zak =0.
k=0 k=0

3.2 An equivalent for assumption (A5)

Note that the denominator of the right hand side in (2) equals zero whenever «a,, € Ry.
On the other hand, from Lemma 2.4 it follows that the equality in (2) must hold in a
limiting sense. Therefore, the numerator of the right hand side in (2) has to equal zero
as well whenever v, € Ry. We will now give an equivalent formulation for assumption
(AS) that is more interesting from a numerical point of view.

In [5, Sec. 3] it has been proved that Equation (2) is equivalent with

2

En—l
E, |
R e L e el B e
S{an,} )
|an|2

Note that for o,,_1 € Ry, Equation (5) reduces to

S{F,} = San} 1 S{ap—2} . 1 _
lanl>  |EnP om—? [Enaf?
While for o, 1 ¢ R, we have that
2¥{ -1} i
1P Zui (@)’

so that Equation (5) is equivalent with
2 |En71 |2 i An
|En|? Apt’

RIF Y+ (S{Fo} = iZ0-1(@n-1))” = [iZn-1(@n-1)]

where
Mant S{an-1}

N

A, =|E,* -4

Clearly, we may assume that A,,/A,,_1 > 0; otherwise the collection of (finite) F,
satisfying Equation (5) will be empty. Moreover, if A,,/A,_1 = 0, it follows that
F,=—-Z,_1(0n—1) = —1/A(apn—1,%,—1). Consequently,

CnEn—l == En []- + FnA(an—laan—l)} = 07
contradicting assumption (A6). Therefore, we should have that
An/An—l > O (6)

Finally, note that Ag = |Ep|?> > 0. Thus, suppose that A,,_; > 0. By induction it
then follgws from assumption (A4) or (6) that A,, > 0, if respectively o, 1 € R or
Qp_—1 ¢ R.
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4 Favard theorem

We are now able to prove the following Favard type theorem.

Theorem 4.1 (Favard). Let {©,, } be a sequence of rational functions, and assume that
the following conditions are satisfied:
(Al) a_1 € Rgand a, € Cop, n =0,1,.

o oy

(A2) ¢, is generated by the three-term recurrence relation (1),
(A3) pp € Lo\ L1, n=1,2,..., and g € Cy,
(A4) F, e Cand E, € Co,n=1,2,...

(A5)
%{an} 1 S{an,Q} 1
|a7l|2 Ilan‘2 |an—2|2 ‘En—1|2’

if an_1 € Ry, respectively

2 |£E|n—1|2 An

R{FY + (S{Fn} — iZp_1(@n_1))” = [iZn-1(Tn-1)] TN

ifan_1 ¢ R, where

g{O‘n} ) %{O‘nfl}

|05n‘2 ‘a’n—1|2

A, =|E,* -4 >0,

n=12,... with Ey € C,
(A6) ChEp 1= —FE, 1+ Fo/Zy 1(@n1)] €Co,n=1,2,...
Then there exists a functional M on L - Loox SO that
(f.9) = M{fg.}

defines a Hermitian positive-definite inner product on L, for which the v, form an
orthonormal system.

Proof. From Theorem 3.8 it follows that the linear functional M can be defined in
such a way that the orthonormality relations are satisfied. For every h € Lo - Loos

there exist functions f = > a;p; € Lo and g = Y bjp; € L so that h = fg,.
Consequently,

M{h*} =M {Zaz%* . ijgaj} = Zaibi = Zgiai = M{h}

Finally, the positivity is guaranteed by

M{ff.} =) lail* >0

for every f # 0. O
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