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Abstract

Consider the sequence of poles A = {1, ag, ...}, and suppose the
rational functions ¢; with poles in A form an orthonormal system
with respect to a Hermitian positive-definite inner product. Fur-
ther, assume the ¢; satisfy a three-term recurrence relation. Let the

1
i
ciated rational function of ¢; of order 1; i.e. the @51\)1 do satisfy the

same three-term recurrence relation as the ¢;. In this paper we then

give a relation between ¢; and cpx)l

functions of the second kind. Next, under certain conditions on the

rational function ¢\, with poles in {as, a3, ...} represent the asso-

in terms of the so-called rational

poles in A, we prove that the @51\)1 form an orthonormal system of
rational functions with respect to a Hermitian positive-definite in-
ner product. Finally, we give a relation between associated rational
functions of different order, independent of whether they form an
orthonormal system.
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Orthogonal rational functions,
associated rational functions and
functions of the second kind*

Karl Deckers’ and Adhemar Bultheel*

Abstract— Consider the sequence of poles A = {1, az, . ..}, and suppose the ratio-
nal functions ¢; with poles in A form an orthonormal system with respect to a Hermitian
positive-definite inner product. Further, assume the ¢; satisfy a three-term recurrence re-
lation. Let the rational function 9"21\)1 with poles in {2, as, ...} represent the associated
rational function of ¢; of order 1; i.e. the <p§1\>1 do satisfy the same three-term recurrence

relation as the ¢;. In this paper we then give a relation between (; and cpﬁ)l in terms

of the so-called rational functions of the second kind. Next, under certain conditions on
the poles in .4, we prove that the g0§.1\>1 form an orthonormal system of rational functions
with respect to a Hermitian positive-definite inner product. Finally, we give a relation be-
tween associated rational functions of different order, independent of whether they form
an orthonormal system.

Keywords: Orthogonal rational functions, associated rational functions, rational func-
tions of the second kind, three-term recurrence relation, Favard theorem.

1 Introduction

Let ¢; denote the polynomial of degree j that is orthogonal with respect to a positive
measure £ on a subset .S of the real line. Further, suppose the orthogonal polynomials
(OPs) ¢; are monic (i.e. they are of the form ¢, (x) = 27 +...) and satisfy a three-term
recurrence relation given by

d_1(x) =0, ¢o(z) =1,
¢j(z) = (z — aj)pj-1(z) — Bidj—2(z), j =1

*The work is partially supported by the Fund for Scientific Research (FWO), project ‘RAM: Rational
modeling: optimal conditioning and stable algorithms’, grant #G.0423.05, and by the Belgian Network
DYSCO (Dynamical Systems, Control, and Optimization), funded by the Interuniversity Attraction Poles
Programme, initiated by the Belgian State, Science Policy Office. The scientific responsibility rests with the
authors.

TDepartment of Computer Science, Katholieke Universiteit Leuven, Heverlee, Belgium. Email:
Karl.Deckers @cs.kuleuven.be

iDepartment of Computer Science, Katholieke Universiteit Leuven, Heverlee, Belgium. Email: Adhe-
mar.Bultheel @cs.kuleuven.be




Let the monic polynomial gbyc_)k of degree j — k denote the associated polynomial (AP)
of order k > 0, with 7 > k. By definition, these APs are the polynomials generated by
the three-term recurrence relation given by

oM (@) =0, 67 () =1,
6 (2) = <xfaj>¢§§)_1)_k<x>—5j¢§j!>_2)_k<z>7 IS Y

Note that this way the monic APs of order 0 and the monic OPs are in fact the same.
The following relations exist between monic APs of different order (see e.g. [7])

6 (@) = (2 = )OSy (@) = Bryad o (2), G R+1 (D)

and
6\ (@) = 08 (@)6)" () = Bria ey ()0l ) (@), k1 <1< -1 ()

From the Favard theorem it follows that the APs of order k£ form an orthogonal system
with respect to a positive measure 1(*) on S. Therefore, another relation exists between
the APs of order k — 1 and k in terms of polynomials of the second kind:

(k— (k—
¢(k) () = /S¢ k 1)() b; k 1)( )dp(k’l)(t), 3

t—x

Orthogonal rational functions (ORFs) on a subset .S of the real line (see e.g. [2, 5, 6]
and [1, Chapt. 11]) are a generalisation of OPs on S in such a way that they are of
increasing degree with a given sequence of complex poles, and the OPs result if all the
poles are at infinity. Let ¢; denote the rational function with j poles outside S that is
orthogonal with respect to a positive measure ; on S. Under certain conditions on the
poles, these ORFs do satisfy a three-term recurrence relation as well. Consequently,
associated rational functions (ARFs) can be defined based on this three-term recurrence
relation. Furthermore, in [1, Chapt. 11.2], the rational function of the second kind cp[l]
of ¢, is defined similarly as in (3); i.e.

)= [ B2 g0, @

The aim of this paper is to generalise the relations for APs, given by (1)—(3), to the
case of ARFs. But first, we start with the necessary theoretical background in the next
section.

2 Preliminaries

The field of complex numbers will be denoted by C and the Riemann sphere by C =
C U {oo}. For the real line we use the symbol R, while the extended real line will be
denoted by R = R U {oo}. Further, we represent the positive real line by R* = {z €



R : x > 0}. If the value @ € X is omitted in the set X, this will be represented by X, ;
e.g.
Co =C\ {0}.
Let ¢ = a + ib, where a, b € R, then we represent the real part of ¢ € C by #{c} = a
and the imaginary part by S{c} = b.
Given a sequence A; = {a1,az,...,0;} C Cy, we define the factors
x

Ziw) = 1—z/ay’

1=1,2,...,75,

and products

bo(z) = 1, bi(z) = Zi(z)bj—1(x), [=1,2,...,4,

1 l

bi(z) = , ome) =[]0 —2/ai), wolx) =1.

i=1

The space of rational functions with poles in .A; is then given by

L; = span{b(x),b1(x),...,bj(x)}.

We will also need the reduced sequence of poles Aj\, = {ax41, ki, ..., a5}, where
0 <k < j, and the reduced space of rational functions with poles in A\ given by

Lk = span{bp (), bt 1)\k(2); - -, bj\ ()},

where (@) -
bi(z ' F

b = = s

ne(@) b(z)  mw(z)

for! > k and
l

Wl\k(m) = H (]. — .’E/O[i), Wl\l(x) = 1.

i=k+1
In the special case in which £ = 0 or k = j, we have that Aj\o = A; and L;\o = L,
respectively A;\; = () and Ly =Ly = C. We will assume that the poles in A; are
arbitrary complex or infinite; hence, they do not have to appear in pairs of complex
conjugates.
We define the substar conjugate of a function f(x) € L, by

Consider an inner product that is defined by the linear functional M :



We say that M is a Hermitian positive-definite linear functional (HPDLF) if for every
f,9 € Lo it holds that

J#0e M{ff.}>0 and M{fg.} = M{fog}.

Further, let 11 be defined as g = M{1} € R{, and suppose there exists a sequence
of rational functions {¢;}, with ¢; € L£; \ £;_1, so that the ; form an orthonormal
system with respect to M.

Let ap € Co be arbitrary but fixed in advance. Then the orthonormal rational
functions (ORFs) ¢; = fr—; are said to be regular for j > 1 if p;(a;_1) # 0 and
pj(@j—1) # 0. A zero of p; at co means that the degree of p; is less than j. We now
have the following recurrence relation for ORFs. For the proof, we refer to [5, Sec. 2]
and [3, Sec. 3].

Theorem 2.1. Let Ey € Co, v_q1 € Ry and oy € C be arbitrary but fixed in advance.
Then the ORFs pj, ] =n —2,n—1,n, withn > 1, are regular iff there exists a three-
term recurrence relation of the form

enl0) = 2o { [ Bt 52| s @) | O
with E,, # 0 and
Cn::7£h—+ﬁ%zzn,ﬂan,g 40,
En
The initial conditions are p_1(x) = 0 and po(x) = \/% where 1 is a unimodular

constant (|n] = 1).
Let (pi@f € L\, denote the associated rational function (ARF) of ¢; of order k;

ie. <p§.®€, Jj=k+1,k+2,...,is generated by the same recurrence relation as ¢; with

initial conditions SDE:)—l)\ w () = 0and cp,(;i)k (z) = n(()k). Note that in the special case

in which k£ = 0, we have that g0§.(<)0 = ;. In the remainder of this paper we will assume
(k)

that Pk is of the form
k
(k) () = pg_)k(f)
J\k Wj\k(x)’
with X o i
pﬁjk(m) = n;jkmj_k +..., Hg-jk eC

and nék) # 0. We now have the following Favard theorem. For the proof, we refer

to [1, Chapt. 11.9].

Theorem 2.2 (Favard). Let {(,05@6} be a sequence of rational functions, and assume
that

(Al) ak,leﬁoandajGﬁo,j:k,k—kl,...,



(A2) @EQ, j=k+1,k+2, ..., is generated by a three-term recurrence relation of
the form given by Equation (5),

(A3) ¢\, € L\ LGonyw =k +1,k+2,..., and ¢}, € Cy,

and F; = F®) Then |Fj| < oo and

. ‘ i
(A4) Let F; = F;/E;, with E; = E) e

J\k

x . x . . 2 x . . R
J{a]ﬂz} - \S{ajz} : ‘E]712| - {\f{%;}mj'z - Q{Fg‘}} )
|ovj—o| |a; |Ej] |ovj—1]

a1} S{a;o}

laj_1? Jajof?

[|Ej_1|24 } j=k+1,k+2,...,

(A5) max {0,4%{%} : S{QH}} <|Bjl2<o0j=kk+1,...

la;l* Jaj-af?
(A6) CjEj,1 = — [Ej + Fj/ijl(ajfl)] £ 0, with Cj = CJ(]\C,Z,] =k+1,k+2,....

Then, if all the o are real, there exists a HPDLF M () so that

(f.9) =M(k){fg*}=/sfg*du(k)

defines a Hermitian positive-definite inner product for which the rational functions
995@6 form an orthonormal system.

In the remainder we will assume that such a HPDLF M (%) also exists in the case in
which the poles «; are arbitrary complex. Basically, this assumption is equivalent with
assuming that condition (A4) is sufficient to ensure that M (%) is Hermitian (see [4]).
Furthermore, we will assume that the system of ORFs (; satisfies every assumption in

Theorem 2.2. This way, if a1 € Ry, it is sufficient to prove that wgl& & LG-1\k

forj = k+ 1,k 4+ 2,..., so that the ARFs @51& form an orthonormal system with

respect to a HPDLF M () If a1 € Ry and condition (A3) is satisfied as well, we let
MO} = g = 1?72,

3 Associated rational functions

Suppose the ARFs gag.liaclzl) of order kK — 1 > 0 form an orthonormal system with
respect to a HPDLF M *—1) and let ®;\ (1—1) be given by

— k—1
P\ (k1) (z,t) = (1 - t/ak71)<p§-\(k7)1)(w). (6)
Then we define the rational functions of the second kind 1)\, by
Vive(z) = (1 — z/ok) %

@4 _ t, _@ _ ’t —
|:Mt(k—1){ A1) xt)_m]\u« b (@ )}_ ]}“RM], izk—1, (@




where 0; 1 is the Kronecker Delta and
(k=1) -
I T @®)

Note that this definition is very similar to, but not exactly the same as the one given

before in (4). We will then prove that the 1)\, satisfy the same three-term recurrence
(

relation as wjli@l_)l) with initial conditions ¢(;_1)\x(2) = 0 and

Yik(®) = —Ep1 O /RS # 0.
First, we need the following lemma.

Lemma 3.1. Let %‘\k» with j > k — 1 > 0, be defined as before in (7). Then it holds

that
0 j=k—-1

\p(2) = _ _ _
Yk () { —Ek—10k-/ﬁ(()k Do =k
while Y\ € Lj\y, for j > k.

Proof. Define q;_(x_2) by

G- (k-2 (@) = (1 — /1) 7 (1) (7)
For j > k it then follows from (6) and (7) that
Yive(@) = Wj\i@) MY {t _1 -
[tpyﬁ@l_)l)(t)qu(kfz)(af) - (1= t/aka)pﬁ»’i’(é)_l)(w)} }
g;ékq) Mt(k_l) {aEk) (t)}:ci
- )

i\ ()

Further, with

we have that

(k—=1) [ (k) _ Cik—1 4 (k—1) [ (k—1) _
M, {aj—(kfl)(t)} = =M, {soj\(k*l)(t)} =0,

Q-1
so that *
p; ()
i\k(z) = = € Lj\k-
I\ k() I\
For j = k we find that
k—1 — k-1
W | ety Wae@) = (1= t/am)p T (@)
Ky = M
—z(l —t/x)



Note that )
—1

) ereln®

lim Q2($)Mt(k by ) erain(

T—Q—1 X 1—t/l‘ ’
so that
_ (k—1)
_ 1—t/ag_
I { /i 1}101 ()
T—Qp_—1 1—t/x X

(k—1)| 2 . cpl(c’i(_k'lll)(x) . 1 5 Fy
‘KO ’ x—}En;@l,l Zk(l‘) B x—}érkl,l E(()kfl) |: k + Zk—l(x):|

= [Ep+ Fo/Zp_1(@r_y)] /RS,

Finally, in the special case in which j = k — 1, we have that

Mt {@(k—l)\(k—l)(taf) = @1\ (k—1) (7, 1) } _
t—x

kD g ED { (1- x/ak—lt):agl —t/dk-1) } — R 1,

where Rj_1 is given by (8). O

The following theorem now shows that these 1, do satisfy the same three-term
recurrence relation as the ;.

Theorem 3.2. Let 1\, be defined as before in (7). The rational functions v\, with
j=n—2,n—1nandn > k + 1, then satisfy the three-term recurrence relation
given by

Vork(T) = Zn(7) { |:En + Zan(xJ Ym—1)\k(T) + ch;z(x)ﬂ)(ng)\k(x)} ,

(10)
The initial conditions are Y j,_1)\(v) = 0 and

1/1k\k(:v) = —Fk,le/Eékfl) 7é 0.

Proof. First note that the ARFs @étfkl_)l), with 7 = n — 2,n — 1,n, do satisfy the
three-term recurrence relation given by (10), and hence, so do the @\ (x_1). We now
have that

Yo\k(T) PR Tiiae) {Zn(t)q)(nl)\(kl)(t>x) - Zn(m)q’(nn\(kn(iﬂ,t)}
I\EE) g

1—xz/ay t—z
Zn (1) Zn(x)
D Zoom Lo—\k-1) (5 7) — 7 P\ k-1 (2, 1)
t—x
ten) | 72 ® a1 (1 7) = 722 D0y (b (1)
+ Cth n—2% t n—2x ,
— X



VYork(T) = Zn(2) { [En + Z,ff(x)} Vin—1)\k(T) + ZC;()il)(n 2)\k (T )}

+ p D {f:(_x’;)} + 0 k1 RE-1Ch 1 {(1 B x/ak)ZZkkJrll((x))} ’

where f,(x,t) = (1 — x/ak)gn(z,t) and g, (z,t) is given by

In(x,t) = Ep[Z(t) = Zn ()] (n—1)\ (k1) (, 2)

+ F, |: (t)) - angfi>:| (b(nfl)\(kfl)(tvx)
+Cy |:Z71Zf2(fzt) - ij:()m)} D (—2)\(k—1) (L, T).
Note that
B (t—x)
G ey o T Ry oy
Zn(1) _ Zn () _ (t —a)/Zn—1(om)
Zn-1(t)  Zn_1(x) (1—t/apn)(1 —z/ay)
Zn(t) Zn () - (t — )/ Zn—24(atn)
Zn-oe(t)  Zn_ow(x)  (I—t/oy)(l—z/ay)’
so that
PO - sjan 2] 00 tfan) e
— [(1 —z/a )Zf fm() )] (1 + ZZ?) ha (1),
where

_ (k—1) F o)
hn(t) = [Enw(n D\ (k— MtHﬁ?) (n—1)\(b—1) (®)

Cn (k—1)
() P =2\ (o H®)]-
It clearly holds that

k— O, k+1Ck
M 1)) = ey,
Zjo— 1*(ak+1)

Further, note that

_ k) (k-1) (k1)
Zn(®)ha(t) = oo\ 621y (8) = Fnp (i e-1) (D) = Ca o -1y (D),

8



so that -
MEAZ,0Oha()}  6ps1Cra

s RO

Af+1
Consequently, we have that

Mt (BB R [0 nfa) 2285,
which ends the proof. O
The next theorem directly follows from Lemma 3.1 and Theorem 3.2.
Theorem 3.3. Let 1)\, be defined as before in (7). These 1) ;\;, are the ARFs @EQ of

order k with initial conditions @EZ)_l)\k(x) =0and
k Enl — (k-1
o\ (2) = ~Epa Ci /Ry £ 0.

In the above lemma and theorems we have assumed that the ARFs gagli@lzl) form

an orthonormal system with respect to a HPDLF M (*~1)_ The assumption certainly

holds for £k = 1, and hence, the ARFs @§1\)1 are the rational functions of the second kind

of the ORFs ;. The next question is then whether the ARFs (p§1\>1 form an orthonormal

system with respect to a HPDLF M (1) Therefore, we need the following lemma.

Lemma 3.4. Let the ARFs cpy& of order k be defined by (7). Then the leading coeffi-
cient K ](.]i)k, i.e. the coefficient of b;\, in the expansion of SD%C with respect to the basis
{bi\ks - - bj\k ) is given by

k) (k=1 (h—1) [1—t/ap_1 .
Ko = K2y My {1_t/aj » Jzk

Proof. Note that the leading K;’i)k is given by (see also [3, Thm. 3.1])

(k) (k
Pink(T) o (
K(.Ii)k: lim = lim w
J T—aj bj\k}(x) T—aj xi—k

Further, let g;_(,_2) be defined as before in Lemma 3.1. Clearly, for j > k it then
holds that

(k—1)
. @G- (k-2)(T) - (k1) ‘Pk\(k—n(t)
Ty ng—(k—l) 1 —t/;[;

So, from (9) we deduce that

(k—1) -
K", = lim pH’“‘”(x)M(k_l){l_t/ak1}
Jj—k

T—aj xj*(kfl) t 1 —t/]}
o (k-1) (k1) [1—t/ar—1
= Kj—(k—l)Mt - [
1—t/a;
This proves the statement. U



Provided that the hypothesis with respect to condition (A4) in Theorem 2.2 holds,
we now have the following theorem.
Theorem 3.5. Let the ARFs wgté of order k be defined by (7) and assume that a1 €
Ro. Further, suppose that

_ 1—t/ak_1
VPSR s S ) 11

whenever j > k and o; ¢ {ag_1,%, ar}. Then it holds that the goy& form an
orthonormal system with respect to a HPDLF M®*).

(k)

Proof. As pointed out at the end of Section 2, it suffices to prove that the ¢ Ak €

Lk \ E(j—1)\k for j > k.
(k) . (k) ()
Note that ¢} € Lj\x \ Lj—\x iff K7 # 0. We now have that K"l #£0
for every j > k, due to the fact that the ARFs w?i(_kl—)l) are regular. Moreover, as
M*=1) s a HPDLF and because w,ﬁ’i(_klll) is regular, we also have that

(h—1) [1—t/op_1
M; { 1—t/ay }#0

whenever o; € {ag—1, @, ar}. Thus, together with the assumption given by (11), it
follows from Lemma 3.4 that @51& € Lj\r \ Lj—1)\r for every j > k. Consequently,
the ARFs @5@ then satisfy the six conditions given in Theorem 2.2. O

Finally, in Theorem 3.7 we give a relation between ARFs of different order that

holds independent of whether the ARFs involved form an orthonormal system with
respect to a HPDLF. First we need the following lemma.

Lemma 3.6. The ARFs ") = x{” ¢\, with s = b,k + 1,k +2and n > k +1,

n n\s’

satisfy the relation given by

A(k Fy, Ak Zy2(x) (&
@fl\)k(x) = Zy+1(2) [EkJrl + Zk(;l)} ¢£\T;iil)(x) + Ck+27Z;(x) @;\—g;ig)(x)
(12)

Proof. First, consider the case in which n = k + 1. From Theorem 3.2 we deduce that

(k) B Frit1 | L)
Plrring (@) = Zrta(z) {Ek+1 + Zk(x)] Prok()-

NG _ _ A(k+1 Ak _ _
We also have that @,E:\)k(x) =1 = ¢Ek+1§\(k+1)(x)’ while @Ekll)\k(x) =0 =
@EZﬁ;\(kH)(m). Hence, the statement clearly holds for n = k£ + 1.
Next, consider the case in which n = k£ + 2. From Theorem 3.2 we now deduce
that

A (k) _ Fria | v Zit2() (k)
<P(/c+2)\k($) = Zgy2(z) [Ek+2 + Zk+1($)} 90(k+1)\k(33) + Crt2 7Zk*(x) (Pk\k(x)-

10



Furthermore, we have that @li]i)lc( y=1= ¢E:I§§\(k+2)( ). While,

F R
Zy2(2) |:Ek:+2 + W] ng:ll)\k( )

Ziy1()
Fiy F (K
= Zt1(x) {Ek+1 + 7 (x)} Zg2(x) {Ek+2 + Z}:j&,)] Pt e (@)
Fy, A (k
= Zry1(x) {Ek-i-l oz (H)} Blir2n o @)-

Consequently, the statement clearly holds for n = k + 2 as well.
Finally, assume that the statement holds for n — 2 and n — 1. By induction, the
statement is then easily verified for n > k + 3 by applying the three-term recurrence

relation, given by Theorem 3.2, to the left hand side of (12) for gZJ( \)k, as well as to the
right hand side of (12) for ) | and p(512) O

Theorem 3.7. The ARFs gp(s\)s = /ﬁés)@;‘q\)s withs=k,j+1,j+2andk+1<j<
n — 1, are related by

Ak Ak Zit1(x) . (j+1 k)
Bk(®) = 2 (@)E0 @) + Cin 72 o U @@ @), a3)
J—1x%
Proof. Note that for every [ > 0 it holds that

Fr }

~(l (1
SD[(\)l( ) =1 and @Elll)\l(a}) = Zl+1(.’1}) |:El+1 + Zl( )

Thus, for j =n — 1 or j = k + 1, the relation given by (13) is nothing more than the
three-term recurrence relation given by Theorem 3.2, respectively the relation given by
12).

So, suppose that the statement holds for j. By induction we then find for 5 + 1 that

) = e @) + Cpr LA o)
and
Cra S0 @) = 60,0) = 5 (@) )
Consequently,

~(j+1) (2)f ~ (k) (z )+C]+2ZJ+2( )A(J-‘r?) (2)p (k)( )

Po\G+1) )Pk Z;. (@) Pr\(+2)\T)Pj\k
Zi1(x) (j+1) A (k) G) ()3 (F)
J‘+1m‘f’n\<a+1>( D) (@) + Oy (@) @50 (2),
which ends the proof. O

11



4 Conclusion

In this paper, we have given a relation between associated rational functions (ARFs) of
order k — 1 and k in terms of rational functions of the second kind, assuming the ARFs
of order k — 1 form an orthonormal system with respect to a Hermitian positive-definite
inner product. Further, we have given a relation between ARFs of different order that
holds in general; i.e. the relation holds independently of whether the ARFs involved
form an orthonormal system with respect to a Hermitian positive-definite inner product.
If all the poles are at infinity, we again obtain the polynomial case.
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