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Abstract

We study particular sequences of rational matrix-valued func-
tions with poles outside the unit circle. Such kind of sequences are
recursively constructed based on a sequence of complex numbers
with norm less than one and a sequence of strictly contractive ma-
trices. In fact, such sequences are closely related to the so-called
Schur-Nevanlinna-Potapov algorithm for matrix-valued Schur func-
tions but also to orthogonal rational matrix-valued functions. As a
main result of paper, we shall see that rational matrix-valued func-
tions belonging to Schur-Nevanlinna-Potapov sequences can be used
to parameterize the set of all solutions of an interpolation problem
of Nevanlinna-Pick type for matrix-valued Schur functions.
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SCHUR-NEVANLINNA-POTAPOV SEQUENCES OF RATIONAL
MATRIX FUNCTIONS

ADHEMAR BULTHEEL* AND ANDREAS LASAROW**

ABSTRACT. We study particular sequences of rational matrix-valued functions
with poles outside the unit circle. Such kind of sequences are recursively
constructed based on a sequence of complex numbers with norm less than
one and a sequence of strictly contractive matrices. In fact, such sequences
are closely related to the so-called Schur-Nevanlinna-Potapov algorithm for
matrix-valued Schur functions but also to orthogonal rational matrix-valued
functions. As a main result of paper, we shall see that rational matrix-valued
functions belonging to Schur-Nevanlinna-Potapov sequences can be used to
parameterize the set of all solutions of an interpolation problem of Nevanlinna-
Pick type for matrix-valued Schur functions.

1. INTRODUCTION

Interpolation problems for certain classes of holomorphic functions in the open
unit disk have been investigated for nearly a century, beginning with the fun-
damental papers of Carathéodory [8], Pick [24], Schur [27], and Nevanlinna [23].
Nowadays, there is an extensive literature on several types of such problems inclu-
ding various generalizations (see, e.g., [1], [20], [13], [2], [15], [5], [12], [30], [6],
[4], and the references there). The present paper is another contribution to this
topic and deals with an interpolation problem for matrix-valued Schur functions
inD:={weC: |w <1}. Throughout the paper, C will denote the set of all
complex numbers, p and ¢ will be positive integers, and CP*? will represent the set
of all complex p x ¢ matrices. A matrix-valued function V : D — CP*? is called
a p x q Schur function (in D) if V is holomorphic in D and if I, — (V(w))*V(w)
is a non-negative Hermitian matrix for all w € D, where I, stands for the identity
matrix in C?7*? and (V(w))* denotes the adjoint matrix of V(w). The notation
Spxq(D) will stand for the set of all p x ¢ Schur functions (in D).
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2 A. BULTHEEL, A. LASAROW

We shall investigate the following multiple Nevanlinna-Pick problem for matrix-
valued Schur functions.

Problem (MNP):

Let m be a non-negative integer, let By, b1, ..., OBm be mutually distinct points in
D, let lg, 11, ...,y be non-negative integers, and let Vi be a complex p X ¢ matriz
for allt € {0,1,...,1x} and all k € {0,1,...,m}. Find necessary and sufficient
conditions for the existence of a p x q Schur function V' satisfying

1
(1.1) VOB = Vi, 0<t <l 0<k<m.

Furthermore, describe the set Sa of all p x g Schur functions V' fulfilling (1.1).

Problem (MNP) is an interpolation problem where not only values for the func-
tion itself, but also for its derivatives up to a certain order are prescribed. Hence,
Problem (MNP) can be conceived as a generalization of the Schur coefficient prob-
lem which corresponds to the special case m = 0 (see [27] and [1]) and of the classical
Nevanlinna-Pick problem which is obtained by taking lp =13 = -+ = I,,, = 0 (see
[24] and [23]). Furthermore, from the point of view of engineering, applications of
interpolation problems of Nevanlinna-Pick type abound in circuit theory, system
identification, robust control, and signal processing to mention a few (see, e.g., [14],
[10], [28], [16], and [3]).

It is well-known that there exists a V' € S,x4(D) satisfying (1.1) if and only if
a generalized Schwarz-Pick-Potapov matrix Pa (resp., Pa) for Problem (MNP)
is non-negative Hermitian (see, e.g., [21, Theorem 2.1]). The main issues of these
block matrices and of the Schur-Nevanlinna-Potapov algorithm for matrix-valued
Schur functions will be briefly recalled in Section 2. In the scalar case of complex-
valued functions (i.e. p = ¢ = 1), such algorithm was introduced by Nevanlinna
[23] as an extension of the classical algorithm of Schur [27]. For the matrix case
we refer to [9] (see also [18]). Starting from a V € Sa, we shall deduce that the
Schur-Nevanlinna-Potapov algorithm for V' does not break down after the n-th step,
where the integer n is given by Problem (MNP) via

(1.2) n::m—i—Zlk,
k=0

iff Pa (resp., P A) is positive Hermitian. We call this the non-degenerate case.

As the main result of this note we prove in Section 6 that, for the non-degenerate
case, the set of solutions Sa can be characterized as a linear fractional transforma-
tion of the set Spx4(ID). More precisely, with the data of Problem (MNP), one
may associate Schur-Nevanlinna-Potapov sequences (O)7_g, (Qr)i—o: (Pr)i—o

[ev,m]

and (Ry)j_, whose elements are matrix-valued functions and denoting by On"",

QLO""], P,[la’n], and RL?’H] the adjoints of O, @y, P, and R,, as defined in (2.9)
below, then a function V belongs to Sa if and only if there exists a p x ¢ Schur
function S such that

(1.3) V(w) = (Ol (w) + ba, (w)Qn (w)S (w)) (Pl (w) + ban(w)Rn(w)S(w)yl

or equivalently

(1) V(w) = (Q7 (w) + b (w)S()0n(w)) (R () + b, (1)) Pa(u))
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for all w € D, where b,,, is the elementary Blaschke factor corresponding to certain
point «,, (belonging to D), i.e.

v if a, =0,
1.5 be, (V) = as _
(1.5) . (0) Gn O =V ey
lan| 1 —av
for each v € C\ {%} (where we use the convention % = 00).

Some basics on Schur-Nevanlinna-Potapov sequences of rational matrix func-
tions are explained in Section 3. These sequences are generated during the Schur-
Nevanlinna-Potapov algorithm for matrix-valued Schur functions but they are also
related to orthogonal rational matrix-valued functions on the unit circle. Like in
the case of orthogonal functions (cf. [19] and [22]), we will see that the Christoffel-
Darboux formulae are important tools for studying Schur-Nevanlinna-Potapov se-
quences of rational matrix-valued functions (see Section 4 and the inverse question
discussed in Section 5).

Note that for instance the general considerations in [5] include already a descrip-
tion of the solution set Sa based on an operator-theoretic approach. The essential
new feature of this paper is that the functions O,,, @,, P,, and R,, which appear in
(1.3) and (1.4) are closely related to the theory of orthogonal rational matrix-valued
functions on the unit circle which were introduced in the scalar case by Djrbashian
[11] (see also [6] and other papers cited there). But the explicit interplay between
Schur-Nevanlinna-Potapov sequences and orthogonal rational matrix-valued func-
tions will be done in a forthcoming work. The results of this paper can be seen
as generalizations of two particular cases. For example, Theorem 6.4 below is a
matricial version of [7, Theorem 6.3] which formulates the scalar case. But our
approach can also be seen as a generalization of the approach used in [17] to solve
a Taylor coefficient problem at the point zero for matrix-valued Schur functions.
Inspired by these special cases, we study in Section 7 the geometric structure of the
sets {V(w): V € Sa} if w € D is a fixed point and {(lk}H)!V(l’“H)(ﬁk) : VeSa}
for some fixed interpolation point 3y with & € {0,1,...,m} according to Prob-
lem (MNP). In particular, we show that these sets are so-called Weyl matrix balls
and we determine their parameters based on Theorem 6.4.

2. PRELIMINARIES

Henceforth, we write Ny and N to denote the set of all non-negative integers and
the set of all positive integers, respectively. Moreover, if j € Ny and if 7 € Ny or
T = oo, then Nj ; stands for the set of all integers k satisfying j < k < 7.

With regard to Problem (MNP), we assume that the following data are given:
m € Ny, mutually different points Bg, 51, - .., Om € D, numbers ly, 11, ..., L, € Ny,
and matrices Vi € CP*9, ¢t € Ny, , k € Ny . We denote this data set by A, i.e.

(2.1) A= {(gk,zk, (th)y;o): 0}.

For a given function V' € S, 4(ID) we define similarly

AVl {(ﬂk,llm (%V(t)(ﬁk))?;()):;o}.

In particular, V € Sa if and only if AVl = A. Furthermore, we put the non-
negative integer n as in (1.2).
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The generalized Schwarz-Pick-Potapov block matriz (with respect to the data A)
of size (n+ 1)p x (n+ 1)p (resp., (n+ 1)g x (n+ 1)q) is defined as

Pp = (Pj’f)szo (resp.7 Py = (f)jk’)j,k:0>’

where the complex (I; + 1)p x (I + 1)p (resp., (I; +1)g x (I + 1)q) matrices
P (pgjt ))5:0,1,“.,1]' (resp., P (pgf ))s 0,100 ), J. k € No m,
t=0,1,...,1p, t=0,1 Ik
are determined by the entries

min{s,t}

Gk (s+t—r)! ﬁtirﬁisq
psjt = Z (s —r)rl(t —r)! (1— 3; ﬁk)s-i-t r+1 L

r=0

st min{{,h}

(h4£—1)! BB .
a Z Z Z —r)lrith =)l (1 - éj@)hw%fﬂrl Vijs=tViin

{=0 h=0 7r=0
min{s,t} —t=T e
( ~(jk) . (s+t—r) Bi B
resp., Pg = I
DR -

st min{{,h} —h—" b\

h—l—f—r) B; .
_ Z Z Z Mrl(h— ) (1 7é—jﬁk):HﬂHVj,sfer,tfh).

{=0 h=0 r=0

In the sequel, 0 stands also for the zero matrix of appropriate size, and if A, B
are Hermitian matrices of the same size, then A > B (resp., A > B) means that
A — B is a non-negative (resp., positive) Hermitian matrix.

The following criterion to have Sa # & is well known (see, e.g., [15, Section 5 in
Chapter X], [5, Section 1.1 in Chapter 1], or [21, Theorem 2.1]).

Theorem 2.1. For a given data set A as in (2.1), there exists a V € Spxq(D)
fulfilling (1.1) if and only if Pa > 0 (resp., Pa > 0).

Note that, in view of Theorem 2.1, if Po > 0 (resp., Pa > 0) then [21, Theo-
rem 3.1] implies the rank identity

rank PAo = rank Po + (n+1)(p—q).

Since the main goal of this paper is to obtain the description of Sa via (1.3) and
(1.4) for the non-degenerate case, we will always assume in the further course

Pa>0 (resp., f’A > O).

The next aim is to show that Po > 0 (resp., Po > 0) implies that at least n + 1
steps of the Schur-Nevanlinna-Potapov algorithm [18, Section 5] can be performed
for a V € Sa without breaking down. For the reader’s convenience, we first point
out some basics on linear fractional matrix transformations (see, e.g., [26], [13], and
[12]) that we shall apply. Like in [12, Section 1.6] we use the following notation. If
A eCPP Be(CP*1, CeCi*P, D e C?%, and

°=(&5) (o==(5 1)
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and if X € CP*1? is so that det(CX + D)#0 (resp., det(XC + A)#£0) then we put
Ge(X):= (AX +B)(CX + D) !

(2.2) (resp., T=(X) = (XC+ A)"'(XD +B) )

Recall that a complex p x ¢ matrix S is said to be contractive (resp., strictly
contractive) if I, — S*S is a non-negative (resp., positive) Hermitian matrix. For a
strictly contractive p X ¢ matrix S, we know from [12, Lemma 3.6.32] that

(2.3) HsH g =1,

and

(2.4) (Hs)" (Ié) _01q> Hs = (I(f —01q>’

where we use from now on the notation

I,—SS*)"z S(I,—S*S)":
2.5 Hg = (I,
(25) S (S*(Ip —88%)3 (I ~§*S)3

with A2 denoting the (unique) non-negative Hermitian square root of a non-
negative Hermitian matrix A and A~z = (A~1)2 = (A2)~! its inverse.

Now we explain briefly the Schur-Nevanlinna-Potapov algorithm (SNP algorithm
for short) for p x ¢ Schur functions stated in [18, Section 5] (see also [9]). Let
S € prq(]D)) and let Co,Cl,CQ, ... € D. We set SO = 5 and SO = SO(CO) If SO is
a strictly contractive p x ¢ matrix then for each w € D the matrix I, — S§So(w)
is non-singular (cf. [12, Remark 1.1.2 and Lemma 1.1.13]) and we can define the

matrix-valued function (holomorphic in D)
1

S1:= Q(Ip —~8085) 2 (So — So)(Ty — S§80) (I, — S3S0)?
0
and recursively if for k& € Ny the function Sy is already defined and
(2.6) Sk = Sk(Ck)

is a strictly contractive p x ¢ matrix then
1

(2.7) Stpr = (I, — SiS})” 2(Sk — Sk) (I, — SES%) (I, — S;Sk)?,
[

where b, denotes the elementary Blaschke factor corresponding to ( (see (1.5)).
If S € Spuq(D) and (o, (1, ¢, ... € D such that the SNP algorithm can be carried
out at least r times (that is after obtaining S, and S,) then (S;)%._, given by (2.6)
is called the sequence of SNP parameters associated with the pair [S, ((x)f_]-
Using (2.5), (2.2), and [12, Lemma 1.1.12], the relation (2.7) can be written as

b<k(w)Sk+1(w) = GH_Sk(Sk(w)), w € D.
Thus, for each w € D, (2.3) and [12, Proposition 1.6.2] imply
Sk(w) = Sm_g )1 (b (W) Skt1(W)) = G5 (1) (Skr1(w))

() = Hs, ("0 )

q

with
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and, by virtue of [12, Proposition 1.6.3], consequently

S(w) = So(w) = &3, (651(“)) ( . (Gmm (Sk41(w)) )))

= G40 (w)B1 (w) - B (w) (Skt1(w)).

The algorithm defines p x ¢ Schur functions Sy, S1,S2,... (cf. (2.7), (2.4), and
[12, Theorem 1.6.1]). It breaks down after the r-th step (that means here after
obtaining S, and S,) if and only if I, —S’S, (resp., I, —S,S}) is a singular matrix.
In addition, the considerations in [18, Section 5] show that the feasibility of the
SNP algorithm is closely related to the non-degeneracy of the underlying p x ¢
Schur function S. Recall that an S € S,,(D) is said to be non-degenerate of order

r for some r € Ng if I, 1) — (S&S))*S@ is a non-singular matrix, where

(2.8)

Ay 0 - 0
s .o | A

: . -0

A, o A Ay

and the sequence (A ;)}_, of complex px ¢ matrices is given by the Taylor expansion
o0

of S via S(w) = Y Ajw?, w e D.

§=0
Proposition 2.2. If V € S,,(D) then the SNP algorithm can be carried out at
least n + 1 times for V' (and for any choice of points (o,(1,-.-,Cnr1 € D) if and
only if the matriz P o) (resp., Pany) is non-singular.

Proof. Because of [18, Corollary 2.7 and Theorem 5.5] we know that the SNP
algorithm can be carried out at least m + 1 times for V if and only if the p x ¢
Schur function V' is non-degenerate of order n. Since [21, Corollary 3.2] yields that
V' is non-degenerate of order n if and only if the matrix P vy (resp., P Alv]) is
non-singular, the assertion follows. [

In the next section, we shall treat sequences of rational matrix-valued functions
which are closely related to the SNP algorithm and to the dual pairs of orthogonal
functions discussed in [22]. For a fixed sequence (oy)j_, of points belonging D
and some k € Ny, with 7 € Ny or 7 = oo the notation ﬁ’,a’k stands for the space
of rational functions z that admit for some complex polynomial p of degree not
greater than k the representation

p

)
T,k

xr =

where the polynomial 7, j of degree not greater than k + 1 is given by
k

Tak(V) = H(l —a;v), veC.

j=0
Let k € Ny . Then ﬁzxkq denotes the set of all complex p x ¢ matrix functions each
entry of which belongs to Ry ;. Moreover, we use (with % := 00) the settings
k

1 k
Poj = U {aj} and Zq g = jL:JO {aj}.

=0
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Note that Zq r C D such that DUT C C\ P %, where T:={z € C: |2| =1}
The following transform of a rational matrix-valued function into another plays a
key role in the sequel (cf. [6], [7], [19], and [22]). For each X € Rgxkq, we define the
adjoint rational matriz-valued function X of X (with respect to ag, aq,...,ax)
as the rational matrix-valued function which is uniquely determined via the formula

(2.9) X1k () = %Bm(v) (X(i)) . 0 EC\ (PagUZayU0}),

where B, ; stands for the Blaschke product (of degree k + 1) concerning the points
o, A1y...,0L, i.e.
k

(2.10) Bag =[] ba,-
=0

Some information on the interplay between X!®* and the underlying rational
matrix-valued function X can be found in [19, Section 2]. Note that in [19] it
was assumed that ag = 0, but it is not hard to adapt this to the present situation.
For instance, it holds that if X € ﬁifkq then X[kl ¢ ﬁifkp and (X[@rh[ek = x

3. SOME BASICS ON SNP SEQUENCES OF RATIONAL MATRIX FUNCTIONS

In this section, we consider particular systems of rational matrix-valued functions
which are closely related to the SNP algorithm explained in the previous section. In
fact, we study sequences of rational matrix-valued functions defined by a sequence
of points belonging to D and a sequence of strictly contractive p x ¢ matrices. The
following results can be seen as a rational extension of the matrix polynomial case
treated in [17, Section 3] and as a matrix extension of the scalar rational case
discussed in [7, Section 3].

Let 7 € Ng or 7 = 00, let (ax)}_, be a sequence of points belonging to I, and
let (Fi)j_, be a sequence of strictly contractive p x ¢ matrices. Then we define
sequences of rational matrix-valued functions (Oy)j,_, and (Qx)}._, by the relations

1—|Olo‘2 * R V ].—|O[0|2 *\— L
(3.1) Og(v) := W(Iq—FoFO) 2Fy, Qo(v) := W(IP_F()FO) 2

for each v € C\ Py, and recursively via

] 1| 1—ag v o \—1 fok1]
0=\ [T B oy (T FiFR) " (b (2) Ok (0) + ),
Qk(’v):: 1—|O[k|2 1—0[]@71'0( ( )Qk 1( )+O[ak 1]( )F*)(I *FkF*)7%

1_|ak—1|2 1—0(7]@1} Qap—1 k 14 k

for each k € Ny, and each v € C\ P, i, where OO‘ A= and Q[a F=1 stands for
the adjoint rational matrix-valued function of Ok—l and Qk—1, respectlvely (as in
(2.9), but relating to the points g, a1, ..., ax—1). We call [(Or)}_o, (Qr)i_o] the
first SNP pair of rational matriz functions corresponding to (ou, Fi)j_,. Similarly,
we bring in sequences of rational matrix-valued functions (Py);_, and (Ry)j_o by

(32) Po(v) = Y2 1 gt Roe) = YO g o)

1—agv ’ 1—agv
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for each v € C\ P, and recursively via

1—|og|? 1—ag_1v o 1 « plok—
Py(v):= 1_|O|%_|1|2 e (= FiFy) (b s(0) P (0) + FLRES (),

1—|ag|> 1-a v o k—1] \ g sy —1
Ri(v):= I—lag—1* 1-agv (a’“ ()R- (v) + Py (v)Fk)(Ip_Fka) ’

for each k € Ny ; and each v € C\ Py . We call [(Py)i_os (Rk)j_o) the second SNP
pair of rational matriz functions corresponding to (ax, Fr)i_,-

We remark that Oy € Rq W Qr € ’Rpxkp, P, € Rixkq, and Ry € RqXp for
each k£ € Ny ;. Moreover, in the scalar situation p = ¢ = 1 we have the 1dent1t1es
Or = R and P, = @y, for each £ € Ny . These scalar rational function were
studied in [7], whereas the particular case of polynomials (i.e. the special choice
ay =0 for all k € Ny ;) already occurred in [27].

In view of (2.5) and [12, Lemma 1.1.12], by setting

[ ba,(0)Qi(v) O (w)
Oul0)= <bak<v>Rk<v> P[“ g <v>>

= [ ba(v)Pi(v)  bay(v)Ok(v)
(resp., Ei(v) = RLa,k] (v) LO‘ okl (v) >

and (for technical reasons)

(3.3)

—1 if A = 0,
3.4 N
34 " Sty £0,
|a|

for each k € Ny ,, the recurrence formulae above can be written in matrix form as

- 1—|Ozk‘2 1—0(16,11} -~
O T P e OO
(3.5)
= || 1-ap—vg |
(resp., Er(v) = |O¢k—1|2 T Er(v)E k,l(v))

for each k € Ny ; and each v € C\ P, 1, where

O1(v) ::HFk(bak(U)Ip o>

0 MTk—1 1
(3.6) (o1 !
= — a, \U)Lq 0 H *)
(resp., k(v) : ( 0 Ty Ip) F; )-
For later reference we use (3.6) also for k = 0, setting by definition n_; := —1.

Proposition 3.1. Let TeN or 1=00, let (Fi);_,be a sequence of strictly contrac-
tive p x g matrices, let (ag)j_, be a sequence of points belonging toD, and let

1—apo_
Cp = i kENLT.

V=) (1 =far?)’
Furthermore, let (Og)i_, and (Qr)j— =0, be sequences of functions such that Opy, Qq
are defined as in (3.1) and that Oy € Rq T and Qi € szkp for all k € Ny ;. Then
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[(Ok)T—o: (Qr)Gp] is the first SNP pair of rational matriz functions corresponding
to (ar, Fr)l_o if and only if, for each k € Ny » and each v € C\ P, i, the following
backward recurrence relations hold:

=105 (v) — FLQYM (0) = ¢ (bay(v) — bay(@r—1)) (Tg— FiF1) 2041 (v),

=T Qi (v) = O (0)F, = ¢ (b (0) = b (1)) Qur (0) (T — FiFf) 2.
Moreover, if (Py)j._o and (Ri)j_, are sequences such that Py, Ry are defined as in
(3.2) and that Py, € ﬁgfkq and Ry, € ﬁifkp forallk € Ny . Then [(Pr)i_o, (Rk)io]
is the second SNP pair of rational matriz functions corresponding to (ous, Fi)j_o if
and only if, for each k € Ny . and v € C\ Py, the following relations hold:

M= P (0) = FLR M (0) = e (ba(v) — ba(r—1)) (I, — FiF1)2 Po_y (v),

M1 Re(v) — PP (0)F; = ¢ (bay(v) = bay(ar—1)) Ri—1(v)(I,— F1Ff)=.

Proof. Let k € N1, and let v € C\ Py . By virtue of (3.3), (3.6), and (2.3) (see
also [12, Lemma 1.1.12]), we get that (3.5) is equivalent to the relation

Qr(v)  Mrnk— O[a’k} v) 1—ag—7v
( ) ! o, ]( H g, = dk%@kq(v)
(v) 77/c77k 1P (v) Tk
Ok (v) 1—ar—qv
resp , Hop: o k] = dkliilak—l('l))),
TkMk— 1R;€ l(v) Mek—1Q} " (v) Qg

where dj, := /11 \(ijllw Hence, by considering the first column of ®_;(v) and the

first row of Ex_1(v), using

l1—agop_1 1—ap_qv
Mk~ 1W(bak () = bay (k1)) = ﬁbak_l(ﬂ%
one can finally conclude the assertion. O

Observe that the backward recurrence relations in Proposition 3.1 for the first
SNP pair of rational matrix functions corresponding to (ou, Fi)j,_, have the same
form as these for the second SNP pair of rational matrix functions. It comes across
an analogous concordance as in the case of the forward recursions defining such
pairs. However, the size of the matrix functions involved as well as the initial
conditions (3.1) and (3.2) are different.

A key tool in the proof of the descriptions (1.3) and (1.4) for the solution set
Sa of Problem (MNP) is an application of some well-known results on Potapov’s
J-theory (see, e.g., [25] and [26]). Recall that if r is a positive integer and if J is a
complex r X r signature matrix (i.e. unitary and Hermitian) then a complex r x r
matrix A is called J-contractive (rvesp., J-unitary), if

J>A*JA (resp., J= A*JA).

In our case we shall use the special (p 4 ¢) x (p + ¢) signature matrices

. I 0 . I 0
= () e (5

Henceforth in this section, [(Ox)]_¢, (Qr)i—o] (resp., [(Pr)f—q, (Rk)j—o]) stands
always for the first (resp., second) SNP pair of rational matrix functions corres-
ponding to (ax,Fg)i_,, where (ay)f_, is some sequence of points belonging to D
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and (Fy)7_, is some sequence of strictly contractive p x ¢ matrices. Furthermore,
we use the notations given by (3.3) and (3.6).

Theorem 3.2. For each k € No ; and each v € C\ Py,

1—|agl? A ~ ~
0:(r) = %L 84(1)81(0) -+ 1),

1—|ag]? =~ =~
Ex(v) = o Bk (v)Br-1(v) - Eo(v)

&’”’2 O (v) 18 jpq-contractive

1—
o0 = V1=]agl

(resp., jpg-unitary) and W:k(v) is jqp-contractive (resp., jop-unitary).

Moreover, if v € D (resp., v € T) then the matriz

Proof. Let k € Ny, and let v € C\ P, . We prove only the above expressions
with respect to @ (v). A proof for Ej(v) is similar. As an easy consequence of
(3.5) and the choice of Oy, Py, Qo, and Ry given in (3.1) and (3.2) we obtain

(3.7) Ou(0) = V1P G 0@, (0) - By(w).

1—agv

It remains to prove that if v € D (resp., v € T) then

. 1—agv >* . ( 1—agv )
> | ———==0Oy(v ————0O(v
o> (040 ) i (040
. 1—aw . 1—azv )
resp., jpg = | ——=0(v ————0O(v )
( P Jpg ( T—|ar]? K )) Jpq( T—Jar]? K (V)
Taking [12, Lemma 1.3.13] and (3.6) into account, this follows immediately from
(3.7) in combination with (2.4) and the fact that if v € D (resp., v € T) then

. bo,(v)I, 0 " ba,(v)I, 0
sz( 0 ur,) e\ ol

) bo (WML, 0\, [ba.(v)I, 0
(resp-, Jpq:( '7(0)p qu) .]pq( '7<0)p qu))

for each j € Ny, and some u € T. O

In view of (3.3) and some well-known results on j,,-contractive matrices (see,
e.g., [12, Theorem 1.6.1]), Theorem 3.2 yields particularly the following result.

Corollary 3.3. For each k € Ng » and each v € DUT, the matrices QLa’k] (v) and

Plia’k] (v) are non-singular and the matrices

(@ M@) T REH @), ba, (00 (@Q )7

O}[Ca,k} (U) (Pia,k} (U)) —1’ bak (U) (Pia,k} (1})) - Ry, (’U)

are strictly contractive.

Taking Corollary 3.3 into account, the next statement is an easy conclusion of
Proposition 3.1 and (3.5) with the special choice v = ay_1.
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Corollary 3.4. For each k € Ny ;, the matrices QE:"M (ag—1) and P,Ea’k] (ag—1) are
non-singular, the identities

Fi = nknkflOk(Oékfl)(Qf’k] (Oé/cfl))_l, Fj = nknkfl(Plga’k} (Oékfl))_le(akfl)y

(1_|ak‘2)(1_‘ak71‘2) o, k— ok -1
\/ 1—arag—1 Ec_l IJ(Oék*l)(QL ](O‘kfl)) )

(IL,— FxF})? = et

. 1 1—|ok)?)(1—|og—1]? o 1l k—
(I~ FiFy)? = mili—1 VI |1k|7)( L )(P,£ Mlar-1) P )
— Q-1

are satisfied, and particularly Fr, = 0 <= Og(ag—1) = 0 <= Ri(ax—1) = 0.

Note that, if we use the settings a_1 := 0, n_1 := —1, Q[fl’fl](a,l) =1, and
PLal’_l] (a—1) := I, then the relations in Corollary 3.4 hold also in the case k = 0.

Proposition 3.5. For each k € Ny ; and each v € C\ P,

0 I, _ 1—|og|? 0 I,
k(U> (_Ip 0 ) @k(v) - _nkWBa,k(v) _Ip 0 )
where O (v) and By (v) are defined as in (3.3), the number ny, is given as in (3.4),
and By 1, s given as in (2.10) with respect to ag,0q, ..., .

[11

Proof. Let k € Ny - and let v € C\ Py . Furthermore, let n_q := —1. A straight-
forward calculation yields

bo,(v)I, 0O >< 0 Iq)<ba.(v)1q 0 ) L ( 01 >
J o y o _ - b | .
( 0 milli—r1y)\ =1, 0 0 ) T W g g

for each j € Ng . Using this in combination with the fact that [12, Lemma 1.1.12]

implies the identity
0 I, (0 I,
me (L, 5= (5 8)
for each j € Ny, based on the decomposition of @ (v) and Zy(v) according to
Theorem 3.2, one can finally conclude the assertion. (Il
The next result is an easy consequence of Proposition 3.5, (3.3), and
0o I\ ' [0 -I,
-1, o) ~\1, 0o )

Corollary 3.6. For each k € Ny, and each v € C\ (Por UZy k), the matrices
O (v), Bi(v) are non-singular and

. -1 _ (1—@7,@/0)2 7QLa,k](,U) RLa,k](v)
(©(v)) k(1= |?)Bax (v) (bak(v)Ok(v) b (0)Pe(v) )

(Ek(v))_l =

(1—azv)> —PM () bay(v)Ri(v)
(1=lox?) Ba k() \ 0 (v)  —ba,(0)Qu(v) )

Taking (3.3) into account, Corollary 3.6 yields by considering the corresponding
block entries and using a continuity argument the identities below.
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Corollary 3.7. For each k € Ny . and each v € C\ Py,
a,k a,k a,k o,k
Ok(v)Qr(v) = Pe(v)Ri(v), Q" ()0 (v) = R () P (w),

PN 0)0k(w) = Ri(0)Qf M (v), - 0 (0) Pu(v) = Qu() R (),

bou(6) (O 0)010) = QIR () = i =t B0,

k] () _ plesk] _ o ol
bau(0) (Ru(0) B (0) = B 0) Pu(0) ) = s Bk (01T
k], \ (k] 1ol
b, () (Ox(2)O (@) = Pu0)P™(0)) = e =53 Bas (),
ok ok 1—|ag|?
bau(0) (B @) Rr(0) = QT 0)Qk(0)) = =t 55 Bar ()T
Since ag, aq ..., o1 are the zeroes of the function By j—1 if k € Ny ; (cf. (1.5)

and (2.10)), the last four equalities in Corollary 3.7 imply particularly the following.
Corollary 3.8. For each k € N1 . and each j € Ng j_1,
0;M (@) 0n(07) = Qulo)) Qi ey). Rulo) B () = P () Pi(ay),
Ok(a))0) () = Pu(ay) P (ay), R () Riay) = QI () Quley)-
Remark 3.9. If Fg = 0 then obviously
0 Nao) =0, Ryap) =0

and, for each & € Ny ;, by an application of Corollary 3.8 in combination with
det QLa’k] (o) # 0 and det P,Eo"k](ao) # 0 which follows by Corollary 3.3, one can
inductively derive from the recurrence relations (use, e.g., (3.5)) that

OF ™ (an) =0, Qi(ao) =0, Ry (ag) =0, Pi(ag) =0.
Proposition 3.10. For each k € Ng ; and each v € C\ Py 1,

det Qx (v) = (Vl_w>p_q det Py (v),

1—agv
« - V 1-— 2\ [
det QEC k] (v) = (77k|ak|> det P,£ K] (v).
1—agv
Proof. To simplify notation, for each k € Ny , we set
V1—|ag|?
= Py k.
(V) T aw v€eC\Pqy
Because of (2.9), for each k € Ny ,, one can easily see (cf. [19, Remark 2.6]) that
(3.8) det Qi (v) = (r(v))" " det Py(v), v € C\Pap,
is tantamount to

(3.9) det Q1M (v) = (—mpri(0))P ™" det PM(v), v € C\ Py
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Therefore, we only have to prove one of them. If k = 0 then it follow from the initial
conditions (3.1) and (3.2) by using some standard calculation rules of determinants
(see, e.g., [12, Lemma 1.1.8]) that

(ro()” (ro(v))”
Vdet(T,— FoFg)  /det(T,— F3Fy)

det Qo(v) = = (ro(v))"" " det Py(v)

for each v € C\ Po,0. Now we assume that, for some integer k¥ € Ny, and each
point v € C\ Py _1, we have

det Qr—1(v) = (re—1(v))"" " det Py_1(v)
and hence also
(3.10) det Q5 H(w) = (—mr_1ri_1(0))7 " det PLFH(w).

Let v € DUT. By Corollary 3.3 we know that Qkali 1 ( ) and Pé%ffl] (v) are
non-singular matrices, so that Corollary 3.7 yields the identity

Ok—1(v)( La_’]ifu (v))_1 = (P,Ei’ffl] (v))_le,l(v).

Thus, using the recursions of SNP pairs of rational matrix functions (see (3.5)),
some elementary calculation rules of determinants, and (3.10) we obtain

det Qka’k] (v)

_ re(v) \F det (QF 5 () + bay_,(0)FrO—1(v))
- (W’“ . 1(v) ) dot(T, - FrF))

pdet + bay,_(V)FrOk_1(v)( Eca;l; 1( )" 1)d tQ[ak 1]( )
( ) det(I,— F,F;)
( (v )p det p+ bovy () F i (PEE D () Ry (v )> det QL1 (1)

Uka
Nk—1Tk— 1

Me—17%—1( det(I,— F,F})

p det (Ty+ by, (0) (P (0)) Ri1 (0)F ) det Q5 ()
det( —F*Fk)

o pma (_r(v) ) det (P (0) + bay_(0) Bi1 (0)F)

_( " 17";3_1(11)) (77k17“k1(’0) det(I,— F;Fy)

= (= (v))"" " det PM (0).

Since det Q[a H det P,La’k], and rj are rational functions, we can conclude (3.9).
Hence, since (3 9) implies (3.8), for each k € Ny, and each v € C\ P, the
assertion is inductively shown. O

77k7“k
Nk—1Tk— 1

In the square matrix case p = ¢, Proposition 3.10 leads in combination with
the first both identities of Corollary 3.7, the statement of regularity pointed out in
Corollary 3.3, and a continuity argument to the following relations as well.

Corollary 3.11. If p = q, then for each k € Ny . and each v € C\ P, g,
det O (v) = det R (v) and det O,[Ca’k] (v) = det Rf’k] (v).
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4. CHRISTOFFEL-DARBOUX FORMULAE

In the present section, we shall show that, like in the case of orthogonal ratio-
nal matrix-valued functions (cf. [19, Section 5] and [22, Section 4]), also arbitrary
SNP pairs of rational matrix functions fulfill some Christoffel-Darboux formulae.
To prove these, we give first certain auxiliary identities. Here and in the sequel,
[(Ok)T—os (Qr)To) (resp., [(Pr)f—o: (Rk)%—o]) stands again for the first (resp., sec-
ond) SNP pair of rational matrix functions corresponding to (ax, Fx)j_,, where
(a)f_ is some sequence of points belonging to D and (Fy)j_, is some sequence
of strictly contractive p X ¢ matrices. For technical reasons, if £ € Ny, and if
v,w e C\ {0%}, we also use in view of (1.5) the notation

(1o |*) (1 —vw)

(4.1) b (v, W) =1 — by, (V)bo, (W) = (1—van) (1—arm)”

Lemma 4.1. For allk € Ny ; and all v,w € C\ P, , the following relations hold:

o (0,0) (@) (0)) QM (w) = (Ok(v)) O (w))
= ta,(w,0) (@ @) QY () = by ()b, (1) (Ok-1 (0)) O (w) )

o, (0,0) (O (@) (01 (W) = Qu(0) (Qu(w)))

= oy (0,0) (O @) (O () = ba,(0)ba (@) Qi1 (0) Qe (w))),

a0, 0) ( (B @) B () = (Pe(o) Pa(w))

= oy w0, 0) ( (R @) R () = by (0], (10) (Pt (0) P (),

(v, 0) (P (0) (P ) = Ri0) (i)'

= o, (0,0) (P @) (P @) = by, (0)bay (@) Rit (0) (B (w))'),

o (0,0) (@) R () = (0k(0) Pr(w))
= tay (w,0) (1 @) B () = by (0], (0) (On-1 () P (),

taro(0,0) (01 () (P () = Qu(v) (Ri(w))')
= b0, (0,0) (O ) (BT W) = by (0)bay (@) Qi (0) (Ria (w)) ).

Proof. Taking (3.3), (3.6), and (4.1) into account, the assertion is an easy conse-
quence of (3.5) and (2.4). We give an example of the straightforward calculation
involved by proving the first identity. Let k € Ny » and let v,w € C\ P, ;. Because
of (4.1) it follows

(1—Jo]*) (1 —ap—19) (1 - —1w)
(1—]ar—1)(1—apv)(1—agw)

Eak(w7 ’U) = Ecvk-,—1(w7 U)
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Consequently, by considering the lower p x (¢ + p) row of (Ej(v))” and the right
(¢ + p) x p column of By (w) we get

o (0,0) ((QI Y () QM (w) = (Ok(0)) Ou(w))
ot (o O Y e (o )
@\ e QM @) ) \ T Q" (w)

_ [1-lanl? 1=aiv o (bar(00sa ()Y
_Eakl(w7v)< 1_‘0%_1‘2 1—azv HFZ( Eﬁa_,l;—l](v) )) Jap X
1—|og > 1—a@qw bay_,(w) O (w)

” (Vl—iamz L—agw H( e w) )>

b ()0 1)\ . [ bap_,(w)Op(w
tutnn) (ph)”) i (M)
= o (w0,0) Q) QI () = b (V)b () (01 (1)) Opa (w)),

which is the first identity. (]

Theorem 4.2. For all k € Ng , and all v,w € C\ Py 1, the following Christoffel-
Darboux formulae hold:

k

(1= ban(0)ba,(w)) S~ (05(0)) 0;(w)
§=0
= QM ()" QY () — by (0)ber, (W) (O (v)) O (w) —

1—]ay|?

(1—ax?)(1—axw)

I,

1— o |?

(1—agv)(1—agw)

q»
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k
(1 = bay(0)ba(w)) Y Q;(v) (Ry(w))’
=0

J
= O M () (B (W) = b (0)ba () Qi (v) (Ri(w)).
Proof. In the particular case k = 0, the formulae follow immediately from the
initial conditions (3.1) and (3.2) by using some elementary properties of strictly
contractive matrices (see, e.g., [12, Lemma 1.1.12]). Using Lemma 4.1, the proof
follows by induction. As an example we prove the first Christoffel-Darboux formula.
Let v,w € C\ Py . According to (3.1) and (2.9), we have

* 1_|OZO|2 * — L1« * 1_|O[0|2 * —1 %
(000)) Oo(w) = (M —omy— (= FiFo) #F5) (Mo =(1,— FiFo) i Fy)
1—|ao|? -1
= Fo(I,— FiF F}
([ —a00)(1—agw) " e~ FoFo) " Fo

and
@5 @) QF ) (w)
(Mo 1—]ag? 1) —10y/1—]ag|? -1
= (TS @ FoRy) ) (SR 4 - Ry )
1—|a?

— o *\—1
- (1—0[0@)(1—&7011}) (IP FOFO) .

Hence, because
Fo(I,— FiFo) " 'Fg = (I,— FoFg) ™' FoFg
= (Ip_ FOFS)_I(FoFS I, + Ip)
= —I, + (I,— FoF5) ™",

we get

(1 - bao(v)bao(w)) Z(OJ (U))*Oj(w)
= (00(v)) Op(w) = bag(v)bag(w) (Oo(v)) Oo(w)
1—|Oéo|2

= (17040@)(1707010) FU(Iq_ FSFO)_lFS - bao(v)ba()(w) (OO(U))*OO(U})

= (QF () QE (1) — bug(v)bag(w) (O0(v)) Op(w) —

Thus, for the case k = 0 the first identity is verified. Now we assume that, for all
k €Ny, and all v,w € C\ Py _1, the formula

I-fao
(1—agv)(1—aow) "

k—1
(1 - bak*l(v)bak—l(w)) Z(Oj (U))*Oj(w)
§=0
= (@) QT () = bay i (0)bay () (Op—1(v)) Op—1 (w)
1— |O¢k71|2

(1—ap_17)(1—ap_qw) ”
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is already proved. Therefore, taking (4.1) into account, an application of the first
equality in Lemma 4.1 implies

k
(1- b, () Z
= k—1
- M“‘W”MWZ(@ (0)) O3(1) + by 0, 0) (O4 (1)) Ok(w)
Ak —1 ’ —o
— Eak(wav) [a,k—1] * ak—1] - y
= m(( k—li (U)) k—]; (W) = by (V) by, (W) (Ok—l(U)) Ok_1(w))
_ _tay(w,0) 1—|ap—1[?

I, + ¢, (w,0) (Ok(v))*Ok (w)

b, (w,v) (1—ap_10)(1—ap—1w)
QLM () QLM (1) — (O (0)) O (w) — —lon?
= (@ @) Q" (w) = (Ok(v)) Ox(w) a0
+ (Ok(0)) Ok (w) = b, (v)bay (w) (O (v)) Ok (w)
QI () QM (1) — B () bar (1) (Op (0)) Op () — —low|?
= (Q"" () Q™" (w) = bay (0)bay(w) (Ox(v)) Ok (w) o) (1)

firstly for v,w € C\ P, satisfying w # 1. Applying a continuity argument one
can get that this identity is actually fulfilled for all v,w € C\ Pq k. O

Obviously, the formulae in Theorem 4.2 can be restated as follows:

Corollary 4.3. For all k € N1, and all v,w € C\ Py, the following Christoffel-
Darboux formulae hold:

k—1

_ (OleH VY oleok] : el
= (@) k(w)—(Okw)) OH) ~ am) i) ™

[ k] [kl [, VY —|a|?
Oy () (O (W) — Qu(v) (Qr(w)) T w00 o) >
k—1
(1 = bay(0)ba,(w)) Y (P;(v)) Pj(w)
7=0
[a k] [ak] V. w —[ou|?
= (B (0) By (w) = (Pr(v)) Pr(w) + o)1 —ara)
k—1
(1 = bap(V)bap(w) ) Y Rj(v)(Rj(w))
§=0
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(1 ba EjQJ )" = O (W) (P ()" = Qu(v) (Ri(w))".

Using the same argumentation as for orthogonal rational matrix-valued functions
(cf. [19, Section 7]), we may conclude from the (first and the fourth) Christoffel-
Darboux formulae stated in Corollary 4.3 with v = w that the following statement
holds (cf. Corollary 3.3).

Corollary 4.4. Let k € Ny .. For each v € DUT, the matrices QLO"H (v) and

P,Ea’k] (v) are non-singular and the complex q¢ X p matrices

Ok () (QY (v))

are strictly contractive.

' and (P,Ea’k] (v)) “'Ry(v)

Remark 4.5. Let k € Ny ;. Since X[*#(ay) = 0 <= X € RN if X € REXY,
it follows from Corollary 4.4 that Q. € T\’,po \ Rpo L and Py € quq \Rixkq .-
Furthermore, Oy, € Rq ”, is possible (cf. Remark 3. 9) and Theorem 4.2 implies

s 1
Oy € Rgxfkp—l <~ Z Qj Qj (6773 ) = ﬁIm veC \ ]P)a,ka
* 1
— ZQj(ak)(Qj(ak)) = W:[p

] 0

— ZR Q] ak) =0, veC\Pyp,

= ZRj(ak)(Qj(ak))* = 0.

Jj=0

Similarly, the case Ry € Rq k118 possible and Theorem 4.2 shows

Ry e R\, < ZO(Pj(ak))*Pj(v) =7 —107,@1;1‘“ v € C\Pqp,

J:

— zk:O(Pj(ak))*Pj(ak) = mlq
J:

<~ zk:(Pj(Ozk))*Oj(’U) =0, ve€ C\Pa,k7
7=0

— -Zk:o(Pj(Ozk))*Oj(Ozk) =0.
J:

Remark 4.6. Let k € N; .. Based on the fifth or the sixth Christoffel-Darboux for-
mulae stated in Corollary 4.3 (cf. the reasoning demonstrated in [19, Lemma 6.5]),
for each v € C\ P, x, one can derive that

P (©0)04(w) = Re()QM(v) and O () Pie(v) = Quw) B (v).
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5. A CHARACTERIZATION OF SNP SEQUENCES

In the previous section (see, e.g., Theorem 4.2), we have explained that SNP
sequences of rational matrix functions fulfill some Christoffel-Darboux formulae.
In the present section we study now an inverse question. Roughly speaking, we
shall see that (cf. [22, Section 5] for the case of certain orthogonal rational matrix-
valued functions) the realization of Christoffel-Darboux formulae is in a way also a
sufficient condition for systems of rational matrix functions to be SNP sequences.
First, we give some information on the connection between the different types of
Christoffel-Darboux formulae.

Remark 5.1. Let 7 € Nor 7 = 0o and let (ay)7_ 0 be a sequence of points belonging
to D. Furthermore, let k € Ny, and let O, € RqXp, Q; € RZXJP, P; e Rngq, and
R; € Rq p for each j € Ny . Clearly, the followmg statements are equivalent:
(i) The first (resp., second, third, fourth, fifth, or sixth) Christoffel-Darboux
formula in Theorem 4.2 is satisfied for all v,w € C\ Py .
(ii) The first (resp., second, third, fourth, fifth, or sixth) Christoffel-Darboux

formula in Corollary 4.3 is satisfied for all v,w € C\ Pq .

Lemma 5.2. Let 7 € N or 7 = 0o and let (ag)],_o be a sequence of points belonging
to D. Furthermore, let k € Ny, and let O; € RqXp, Qj € sz]p} P; e Rngq, and
R; € RqXp for j € {k —1,k}. The following statements are equivalent:
(i) The first (resp., third, or fifth) identity of Lemma 4.1 is satisfied for all
v,w € C\ Py .
(ii) The second (resp., fourth, or sixth) identity of Lemma 4.1 is satisfied for
allv,w € C\ Py .

Proof. Taking (2.9) into account, the assertion follows by a straightforward cal-
culation. As an example, we demonstrate this fact on the basis of the first and the
second identities in Lemma 4.1. If we fix the complex number v € C\ P, then,
in view of (4.1), (2.9), and forming the adjoint with respect to the other variable
w and the underlying k + 2 points ag, aq,...,ak, ai_1, one can see that the first
identity of Lemma 4.1 is equivalent to the equality

(b ()b, (0)) (@ (@) QI (0) = O M (w) Ok (v))
= (ban(0)=ba (1) (B (0) Qo1 () QT V)=, (0O () Ok 1 (v))

for all v,w € C\ P, . Since, by fixing now the complex number w € C\ P, 1 and
forming the adjoint, this relation is equivalent to

~ oy (0,0) (Qu(0) (Qu(w)) =0 () (O T w)Y)
= =t (0,0) (B, (V)b () Q1 (0) (Qe1 (w)) = O (@) (O P w))')

for all v,w € C\ P, 5. Therefore, we obtain eventually the equivalence of the first
and the second identity of Lemma 4.1. ([

Lemma 5.3. Let 7 € N or 7 = oo and let (o)}, be a sequence of points belonging
to D. Furthermore, let (Ox)j_g, (Qr)ieo, (Px)ieg, and (Ry)i_, be sequences of
rational matriz-valued functions such that Oy, Qo, Py, and Ry are defined as in
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(3.1) and (3.2) and that Oy € RLE, Q € RESE, P € REY, and Ry € RLSE for
each k € Ny .. The following statements are equwalent

(i) For all k € Ny, and all v,w € C\ Py, the first (resp., second, third,
fourth, fifth, or sixth) identity of Lemma 4.1 is fulfilled.

(ii) Forallk € Ny, and allv,w € C\P, , the first (resp., second, third, fourth,
fifth, or sizth) Christoffel-Darbouz formula in Theorem 4.2 is fulfilled.

Proof. By using the same arguments as in the proof of Theorem 4.2, one can
inductively show that (i) implies (ii). It remains to verify that (ii) implicates also
(i). Exemplarily, we show this with respect to the first identity of Lemma 4.1 and
the first Christoffel-Darboux formula in Theorem 4.2. As already explained in the
proof of Theorem 4.2 in detail, the initial condition (3.1) leads to the validity of the
first Christoffel-Darboux formula in Theorem 4.2 for £ = 0 and all v,w € C\ Py .
Consequently, for all £k € Ny » and all v,w € C\ P4, from (4.1), Remark 5.1, the
first formula in Corollary 4.3, and the first formula in Theorem 4.2 it follows

o, (0,0) (@1 (0)) QP (w) = (Ok(v)) Ok(w))
= o, (00 (@ ) Q) — (Ou0) Outw) - o, )

(1—ax?) (1 —tgw
(1=l (A~ | [)(1-Tw)
(1—apv)(1—azw)(1—ap_19) (1 —ar_qw) "’

k—1
= w, v w,v () 0; w, v ~lowa]?
_Eak—l( ? )Eak( ? )jZO(O]( )) OJ( )+Eak( ? )(1_0%71@)(1_@10) 4
= o, (w,0) (@) QW) = B (0], () (Ok-1 (0)) Op 1 (w) ).

Thus, regarding the first kind of identities it is shown that also (ii) yields (i). O

Theorem 5.4. Let 7 € Ny or 7 = 00, let (o)f_, be a sequence of points belonging
to D, and let (Or)i_o, (Qr)ieos (Pr)i_o, and (Ri)j_, be sequences of rational
matriz-valued functions such that the following five conditions are satisfied:

(1) Oy € Rq , Q€ Rixkp, P, c Rixkq, and Ry, € Rq L for each k € Ny ;.

() If k € NOT then the first or the second C’hmstoﬁel Darboux formula in
Theorem 4.2 is fulfilled for all v,w € C\ Py, .

(III) If k € Ny, then the third or the fourth Christoffel-Darboux formula in
Theorem 4.2 is fulfilled for all v,w € C\ Py .

(IV) If k € Ny, then the fifth or the sizth Christoffel-Darbouz formula in Theo-
rem 4.2 is fulfilled for all v,w € C\ Pq .

(V) Qo(ag) > 0 and Py(ag) > 0 as well as the relations

NkNk—1 ak * o k—1
T (96 (@x0) Q Hanen) 20

NETk—1 [, k—1] [a,k] *
— P _1) (P, _ >0
1—aron_1 k—1 (Oék 1)( k (Oék 1)) =

are fulfilled for each k € Ny ..
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Then, for each k € Ny, and each v € DUT, the matrices ng’k] (v) and P,Ea’k] (v)
are non-singular and if we put

Fi :=Mnk—1 (Ok(ak—l)(QEj’k] (%—1))_1) , keNg,,

where a_q := 0 and n_y := —1, then [(Ok)]_y, (Qr)i_o] is the first SNP pair of
rational matriz functions corresponding to (ax,Fi)i_o and [(Pr)j_o, (Rk)jeol is
the second SNP pair of rational matriz functions corresponding to (o, Fi)i_o-

Proof.  First, we remark that in view of the conditions (I), (II), (III), and (IV)
an application of Lemma 5.3 and Lemma 5.2 yields that all Christoffel-Darboux
formula stated in Theorem 4.2 are satisfied for all k € Ny ; and all v,w € C\ P .
We consider now the case £ = 0. From the first and the fifth Christoffel-Darboux
formulae stated in Theorem 4.2 it follows

1—|agl?

(1—ap?)(1—agw)

(5.1)  (0o(v)) Op(w) = (QF " (v)) Qi (w) —

P

and
(5.2) (Po(w)) Op(v) = (R([)a’ol (w)) E;*‘” (v)

for all v,w € C\Py 0. In particular, we can infer from (5.1) that the matrix Q([)a’o] (v)
is non-singular for each v € C\ P, ¢ and that by setting

(5.3) Fo = 5 (00(0) (@ "(0)) 1)

a strictly contractive p X ¢ matrix is defined. Similarly, using the fourth Christoffel-
Darboux formula stated in Theorem 4.2 one can see that the matrix P(ga’o] (v) is
non-singular for each v € C\ Py ¢. Because of (I) there is a Q € CP*? such that

1—]apl?
5.4 =
(5.4 Qv = Y2 q
for each v € C\ Py . Since (5.1) and (5.3) leads particularly to

-1

I~ FoFj = (1-|ao%) (@5 (0) (@5 0)))
in view of (5.4), (2.9), and Qq(ap) > 0 we get Q = (I,— FoF§) 2, i.e.

(5.5) Qofw) = VITI0F ¢ gy

1—agv

Nl

for each v € C\ Py, 9. Moreover, (5.2) and (2.9) result in
(5.6) P (w)0g(v) = Ro(w)Q" (v)

for all v,w € C\ Pg,0. Consequently, by virtue of (5.3) we have

Fo = —m( (A" (0) " Ro(0)
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which implies in combination with (5.6), (5.5), (2.9), and some elementary proper-
ties of strictly contractive matrices (see, e.g., [12, Lemma 1.1.12]) then

PY%(0) T Ro(0)Q ) (v)

(
(-m) (T - pory) )

1—agv

= VOO (1,— F;Fy) *F;
for each v € C\ Py 0. Thus, the initial condition (3.1) is proved. Particularly for
the case 7 = 0 it is shown that [(Ox)7_,, (Qk)j—o] is the first SNP pair of rational
matrix functions corresponding to (ou, Fi)j_,. Now let 7 € N or 7 = 0o and let
k € N; .. Since the assumptions include that the first and the fourth Christoffel-

Darboux formula stated in Theorem 4.2 are satisfied, we get that the matrices
Ej"k] (v) and P,La’k] (v) are non-singular for each v € DU T and that by setting

(5.8) Fr = Menr—1 (Ok(ak—l)(QLa’k](ak_l))%)*

a strictly contractive p x ¢ matrix is defined (note Remark 5.1 and Corollary 4.4).
Obviously, from (V) it follows

M Nk—1 ak—1 .k -1
(5.9) WQL_I ](ak—l)(QL ](Oék-_l)) > 0.

Furthermore, in view of b,, _,(ax—1) = 0, Lemma 5.3, and the first identity of
Lemma 4.1 we obtain

(@4 1)) Q) = (Ou(os)) Out0)
(5:10) = (1=bay (k-1)ba () (Q[a Mo ))*QLmk]('U)_(Ok(&k—l))*Ok(UD
(1=Par(@1)ba, () (A ) Q)

for each v € C\ Py . In particular, (5.10), (5.8), (4.1), and (5.9) lead to

(I,— FyF})%
= (Ip_ (( Ef“’k] (akfl))*)_l(ok(akfl))*ok(Oészl)(QLQJC] (akl))1>

1
2

5.11 1—|on|?)(1—]ar_1|?) ~.
(611 _ ((Azfex O] 21|)Qka
|1—ozkozk_1|
_ 7\/(1_|0‘k|2)(1_|ak71| ) la, k 1] [a, k] -1
= MMh—1 [ Qit M- (@) (aw-1))
L [a,k—1] [a k] —1 . . .
where Qj, := Q7 (1) (Q " (ak—1))  for technical reasons. With a view to

(2.9), the relation (5.10) implies

Qi ()Q (1) — O1* (1) Op (1) = (Beeg () by (k1)) Qi1 (1) Qe _y)
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for each v € C\ P, . Consequently, an application of (5.8) and (5.11) yields
MMk—1Qk (V) — Ol[ghk] (v)F}
= =1 Qi (v) — 10" (0) Ok (1) (@ (ar—1))

B12) e (ban(0) = bau-1) Qe ()RR 1) (QF (1)

B V(- |1Ykzé)k(oik—_lak—12) (ban(v) = bay(ar-1)) Qr—1(v) (T, — F,F;)?

for each v € C\ Py 1. In addition, by the sixth Christoffel-Darboux formula stated
in Theorem 4.2, Lemma 5.3, and b,, _,(ax—1) = 0 it follows that

O (o) (P (ap-1))" = Qi) (Ri(an-1))"
a,k— ¢ k— *
= (1 = bay(0)ba(ax-1) ) Oy (@) (P (ak))
for each v € C\ Py . By forming the adjoint rational matrix functions, we get
P (@ -1)Op(v) = Ric(ar-) Qi (1) = (bay (0) =bay (k1)) LY (k1) O (v)
for each v € C\ P, x. In particular, we see
P (g 1) Op(ak1) = Ri(an-1)QE" (1)
so that (5.8) results in
Fr =Mk ((P;gl’k] (%4))_131@(%71))

and similar to (5.11) one can conclude that

SIS

YOl P) ik, )1 plesk=q, ),

I,— FiF})? = e
(I, — FiFi)2 = me—1 arar,

To summarize the considerations after (5.12), in analogy to (5.12) we obtain

MTe—10k(v) — F1Q\" (v)
(513) lfoTkozk_l 1
= b, (V) — ba,(ak—1)) Iy — FiFL)2 Op—1(v)
\/(1—|a/c\2)(1—\ak—1\2)( " - )
for each v € C\ Py . In the end, by virtue of (I), (5.5), (5.7), (5.12), (5.13), and
Proposition 3.1 one can conclude that [(Ox)]_y, (Qr)f_o] is the first SNP pair of
rational matrix functions corresponding to (o, Fy)j_,- A similar argumentation
can be used for the second SNP pair. O

6. SOLUTION OF PROBLEM (MNP) IN THE NON-DEGENERATE CASE

In this section, we shall show that the solution set Sa of Problem (MNP) can
be parameterized by the linear fractional matrix transformations (1.3) and (1.4),
where O, Q,, P,, and R, are elements of some SNP pairs of rational matrix
functions with n defined as in (1.2), if A (as in (2.1)) is given such that Pa > 0.

With the interpolation points g, 81,...,08m in A we form here a sequence
(ak)}_, in which §; appears according to its multiplicity {; + 1 times for each
J € No,m,. For instance, we can choose oy, := 7y, with

j—1

J
=0 if j4+Y L <k<Y b, jE€Nom
r=0 r=0
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However, in the following, it is not essential that equal points are successors, i.e.
for an arbitrary bijective mapping e of {0,1,...,n} onto itself we can put

(6.1) Ak = Yp(k) k€ Nop.

In the sequel, [(Or)7_o, (Qr)i_o] (resp., [(Pr)i_o, (Rk)}i_o]) stands for the first
(resp., second) SNP pair of rational matrix functions corresponding to (o, Fi)7_,
where (Fy)7_, is a certain sequence of strictly contractive p x ¢ matrices.

Remark 6.1. In view of Corollary 3.3 and some elementary properties of strictly
contractive matrices (see, e.g., [12, Remark 1.1.2 and part (a) of Lemma 1.1.13])
one can conclude that, for every function S € prq(]D)) and every point w € D,
the matrices P\ n]( )+ ba,, (W) Ry (w)S(w) and Q- n]( ) + ba,, (0)S(w)O, (w) are
both non- smgular. Moreover, Corollary 3.3 implies in combination with the second
identity in Corollary 3.7 that by setting

(6.2) Vo(w) = O™ (w) (P (w)) ™, weD,
a function belonging to Spx4(D) is well-defined, where
Vo(w) = Q" (w)) "R (w), w e D,

Lemma 6.2. Let S € Sp4(D). Then the matriz-valued function
—1

V(w) = (08" () +be, (10)Qu ()8 () (P (1) +ba (w) B (w) S(w)) , w € D,
belongs to Spxq(D), it admits the representation
V() = (@™ () i () S ()0 (w))  (RE™ () b (w)S () Pa(w), w € D,

and A1 = AWVel where V, is the matriz function given by (6.2). Moreover, the
matrices —Pp(w) + Op(w)V(w) and —Qn(w) + V(w)R,(w) are non-singular for

each w € D\ Zq,n, whereby the function S can be recovered via

(63) S() = g (R w) = Q™ )V () (=Pa(w) + Opw)V ()

1 -1 a,n a,n
(64 §(w) = =5 (~Qu(w) + V(w)Ra(w)  (0F ) = V() P w)).
Proof. Let w € . In addition to the definition of V| we use in the following
W (w) = (@ () + b, (w)S ()0 () (R (w) + by, () () Po ().

In view of Remark 6.1 and the choice of V' (resp., W) this matrix-valued function
is not only well-defined but also holomorphic in D, where we can also write

V(w) = S (Sw))  (resp., W(w) = Tz (Sw)) ),
by using (2.2) with

— QW (xn Qn O ’U)
o) o 1 ()Qn(w) )

V1=[an|? ba,, (W) Ry (w) P[an (w)

(resp. E(w) := ﬂ (ban(w)Pn(w) O, (w ) )
| VIsloaP \ REUw) Qe (w)
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Because of (6.5) and Theorem 3.2 the complex (p + ¢) x (p + ¢) matrix O(w) is
Jpg-contractive (resp., Z(w) is jgp-contractive). Therefore, from a well-known result
on linear fractional matrix transformations (cf. [12, Theorem 1.6.1]) we see that
V(w) (resp., W(w)) is a contractive p X ¢ matrix, since S(w) is a contractive p x ¢
matrix. Hence, V (resp., W) belongs to Spx4(ID). Moreover, taking into account
that V and W are particularly holomorphic in D and that Proposition 3.5 yields in
combination with [12, Proposition 1.6.1] the identity

6@(1,) (S(”U)) = SE(U) (S(”U)), veD \ Za_’n,

by a continuity argument one can find that

V(w) = (@ (w) + b, () S@) O () (R () + b (1)) Py (w)).
Furthermore, by setting
N(©) 1= P (@) + b, () R (w)S (w),
Remark 6.1 leads in combination with Corollary 3.7 to the relation
V(w) ~ Va(w)
= (O™ @) + b, (w)Qn (w) S (w)) (¥ (0)) ™" = (@K™ (w)) ™ R (w)
6o = (@ @) (QE @O w) + ba, (w)QK () Qn () S (w)
— R () P (10) = b (w) RE™ () Ry (1) S () ) (N (1))

1_|0‘n‘2

=y, W B ) (Ol ()
nn(l_i )QBOé,n( )(Qn ( ))

QW

-1

'S(w) (N ()

Since the Blaschke product B, , has a zero of order [; + 1 at the point 3; for each
J € No.m (note (6.1), (2.10), and (1.5)), one can finally conclude

VO@r) =V (Br),  t € Nosy, k € No,
ie. AVl = AlYel. Now let w € D\ Z,.,,. Since (6.5) and Corollary 3.6 imply that
the matrix ©(w) (resp., E(w)) is non-singular, where

(Ow) =L <Q£?’”]<w> R (w) )
nnBa,n(w)m ban(w)On(w) _bocn(w)Pn(w)

(6.7)

(l"esp.7 (E(w))

_1: 1—a,w <_P1[1a’n] (w) ban(w)Rn(w) ) )
N Beon(w)y/T—[an2 \ O™ () —bo (0)Qn(w))

and since a basic result on inverting linear fractional matrix transformations (see,
e.g., [12, Proposition 1.6.2}) yields

S(U}) = G(G(w))—l (V(’LU)) (resp., S(’LU) = S(E(w))_l (V(w)) )7

one can reason that the matrices — P, (w) 4+ O, (w)V (w) and —Q,(w)+V (w) Ry, (w)
are non-singular and that the value S(w) can be recovered via (6.3) and (6.4). O
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Lemma 6.3. If [(Or)7_o, (Qr)i_o] (resp., [(Pr)i_q, (Rk)}i_ol) is the_first (resp.,
second) SNP pair of rational matriz functions corresponding to (ou, Fi)j_,, with
some sequence (ﬁk)zzo of strictly contractive p X q matrices, so that AlVe] — AlVel,
where V, is defined as in (6.2) and the matriz-valued function Vs similarly by

(6.8) Vo(w) := Ol (w) (P (w))_l, w e D,
then the equality f‘k =F}, holds for each k € Ny .
Proof. By virtue of (3.1), (3.2), and (2.9) we have for each w € D the relations

6.9)  Fo=0 " w) (P w) ™, Fo =05 w) (PN w) T,

and so f‘o = Fq follows evidently if n = 0. Now let n > 0. In view of the recursions
defining SNP pairs of rational matrix functions, (2.9), and Alel = AlVel we obtain

that the values of the matrix-valued functions
— ~ ~ N\~ ~ o \—1
(Ot (@) b,y (1) G a () F) (P () b, (w) R a () F) 5w € D,

ol (w)+b F,) (P (w)+b F,) | D
n—1 (w)+ anq(w)Qn—l(w) n{{n-1 (w)+ anq(w)Rn—l(w) n) , wel,

and their derivatives up to the order [; at the point 3; for each j € Ny ,,, coincide.
Because of Lemma 6.2, a successive continuation of this procedure yields that, for
each k € Ny ,,, the values of the matrix-valued functions

(01 )+ b () @ir (W)Y (BLE T () by () Bia (w)E) . w € D,

-1
k=1 =1
(OF )+ b () Quer (w)FR) (P (w) by, () Rie-a (w)F) , w € D,
and their derivatives up to the order r;, — 1 at any point (3; contained in the
sequence (cy)f_, (where 7; 5 stands for the number how many times) coincide and
in particular that

(6.10) O o) (BS*Ma)) ™

a,0 a,0 -1
= 05" (a0) (Py" " (a0)) ™.
In the following, by induction on k, we verify that I'N“k = F;, holds for each k € N ,.
In the case of k = 0, the equalities (6.9) and (6.10) supply immediately

F, = F,.

Now let & € N; ,, and we assume that the identity 1<~1j = F; is already proved for
each j € Ny ;—1. In view of this induction assumption, the definition of SNP pairs
of rational matrix functions, and the considerations below of the proof we obtain

that the values of the matrix-valued functions
1

(0};&’;‘” (w)+bak71(w)Qk_1(w)f‘kXP,Loff_l] (w)+ba,€71(w)Rk_1(w)f‘k>i, weD,
(O,Lfﬁ’;‘l] (w)+bak71(w)Qk_1(w)Fk>(P,£°i’f_1] (w)+bak71(w)Rk_1(w)Fk>_l, weD,

and their derivatives up to the order r;, — 1 at any point [3; contained in the
sequence (ay)k_ (where r; j, stands again for the number how many times) coincide
on the one hand and on the other hand, by setting

Ni(w) := P (w) + ba,_,(w) Ry—1 (w)Fy,
Ni(w) == QI (w) + bay_,(w)FrOx_1 (w),
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Remark 6.1, Lemma 6.2, and Corollary 3.7 provide
(O () 4 b, (0) Qe (w) ) (P w0) + by, () Rioa ()
— (OF ) + by, (1) Qe (w)F) (P () + by () B (1) )
= (O @) + by (0)Qu 1 (W)F) (Ni(w) ™!
= (Ne(w)) ™" (R (@) + by (w0)FiPey (w)
= (Ne(w) ™ (@ @)Of A w) + by (0)F4 041 (w) O (w

)
+bay_(W)Q N (W) Qp 1 (W) F + (bay_, (W) FrOp 1 (w) Qi1 (w)Fy,
—bak,xw)REﬁ’i (w) Ry (w)Fi — (bay_,(w))* FiPr1 (w)Ry—1 (w)F
— R @) P @) = bay ()P (w) P ) ) (Ne(w) ™!

-1

-1

1t g () (Ne(w) ™ (Fr — By (Ne(w)) ™

for each w € D. Since 7_1(1 —|ag_1|?) # 0 and since the Blaschke product By ;1
has in view of (6.1), (2.10), and (1.5) only k zeroes (at the points ag, aq, ..., ax—1),
one can finally conclude Fy = Fy. O

Now we are able to prove the main result of this paper, i.e. that in the non-
degenerate case the set Sa of all solutions of Problem (MNP) is given by a linear
fractional matrix transformation of the form stated in (1.3) and (1.4).

Theorem 6.4. Let A be a data set as in (2.1) whereby Pa >0 (resp., Pa > 0).
Furthermore, let Vo € Sa, let (ax)}_, be given as in (6.1), and let (S)}_, be the
sequence of SNP parameters associated with [V, (ou)i_o]. If V € Spxq(D) then the
following statements are equivalent:

() V e Sa.

(ii) (Sk)j_g is the sequence of SNP parameters associated with [V, (a)i_o]-
In addition, if [(Or)}_g: (Qr)r_o) (resp., [(Pr)i_o (Rk)i_o)) stands for the first
(resp., second) SNP pair of rational matriz functions corresponding to (cu, Fr)ji_q,
where Fo := Sy and Fy, := —n,_1Sy, for each k € Ny ,, then (1) is equivalent to:

(ii) There is an S € Spxq(D) so that V' admits, for each w € D, the description

V() = (O (w) + b, (1)@ (1) (w0)) (P ) 4 b (0) B () S 00))

(iv) There is an S € Spxq(D) so that V' admits, for each w € D, the description
- —1 ~
V(w) = (Q (W) + ba, () S(@)On(w)  (RE"(w) + b () S(w) Pa(w))

Moreover, if (1) is satisfied then S = S and the p X q Schur function S can be
recovered, for each w € D\ Zq p, via the formulae (6.3) and (6.4).

Proof. Let w € D. Note that, by Pa > 0 (resp., PA > 0) and Proposition 2.2, for
any solution of Problem (MNP) the SNP algorithm can be carried out (at least)
n + 1 times. Consequently, we can always suppose in the following a given p x ¢
Schur function V for which the SNP algorithm can be carried out (at least) n + 1
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times. In particular (cf. (2.6) and (2.8)), we find SNP parameters S, S1, ..., S,
associated with the pair [V, (a)7_,] which are strictly contractive p x ¢ matrices
and a p X g Schur function V11 such that the relation

(611) V( ) 6@ w)( n-‘rl( ))

is satisfied, where

= by (W), 0
By (w) ::H§k< k(g’)P Iq), k € Nou-

By virtue of (2.5) and (3.4), with n_; := —1 one can also write

According to Section 3, we define now [(O)2_, (Qr)7_o] (resp., [(Pr)_q, (Ri)i_o))
as the first (resp., becond) SNP pair of rational matrix functions corresponding to
(ak,Fk)k o With Fk = —Np_ 1S;C for each k£ € Ny ,,. Thus, setting

~ . ba,, (w)I 0
@k(w) = Hf?k ( k 0 P T Iq

Theorem 3.2 yields the identity

(ba”(w)@n(w) @La,nl(w)) VP g &y w)- B, w)
ba, |

(w)Ra(w) Pi"w))  1=aww

while (6.12) implies
( ) : )
o 0 —Tn 1

Hence, by (6.11), Remark 6.1, (2.2), and [12, Proposition 1.6.3], we see that

(6.13) V() =(08 ) w) b (1) () S 0)) ) (B a) i, (00) o () S a)))

with S(w) :=—n, Vo1 (w). Obviously, S€Spxq(D) because V11 €Spxq(D). More-
over, via the construction of the rational matrix functions 6n and ﬁn, Lemma 6.2
provides that the p x ¢ Schur function Vs given as in (6.8) fulfills AVl = AVl In
particular, since V4 € Sa, the considerations above supply that

Va(w) = (07 (1) + b, (w)Qu (1) S (w) ) (P 1) + b (1) Bo (1) 4 (w) )

for some Se € Spxq(D) and that the p x ¢ Schur function V, given as in (6.2) fulfills
the identity AlYel = AlVel. Consequently, if V' € Sa then

AlVel — AlV] — AlVe] — AlVe]

) ) ke NO,'m

:lz

—1
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and hence Lemma 6.3 yields f‘k =Fy (ie. §k = S;) for each k € Ny ,,. Therefore,
(i) implicates (ii) and in addition (6.13) leads to (1.3). Conversely, if V admits the
representation (1.3) for some S € Spxq(D) then from Lemma 6.2 one can get

AVI = AlVe] = AV

i.e. V € Sa. Furthermore, if (ii) is fulfilled then (6.13) implies that V' admits the
representation (1.3) with S(w) := —n,,V,,41(w). So it is proved that the statements
(i), (ii), and (iii) are equivalent. Based on it, the remaining part of the assertion is
an easy consequence of Lemma 6.2. (]

Observe that the equivalence of (i) and (ii) in Theorem 6.4 is closely related
to [12, Corollary 3.8.1] which is a matrix version of Schur’s classical result that,
for each I € N, there is a one-to-one correspondence between the first [ Taylor
coefficients of a Schur function at the point zero and the first [ corresponding Schur
parameters. Clearly, applying appropriate conformal mappings of the open unit
disk D onto itself, one can obtain a similar result with respect to arbitrarily points
Bo, B1,- .-, Bm € D. Nevertheless, it seems to be really hard and unwieldy to derive
the equivalence of (i) and (ii) directly from [12, Corollary 3.8.1], since the underlying
sequence (ag)i_, has only to fulfill (6.1) and hence the points ag,as, ..., q, are
not strictly in the order as (y)j_,. Furthermore, in the particular case of the finite
Taylor coefficient problem at the point zero for matrix-valued Schur functions, i.e.
if m := 0 and if Gy := 0 in Problem (MNP) is chosen, the equivalence of (i), (iii),
and (iv) in Theorem 6.4 leads to [17, Theorem 14].

7. ON WEYL MATRIX BALLS ASSOCIATED WITH PROBLEM (MNP)

Let A be a data set as in (2.1) such that Pa > 0 (resp., Po > 0). For a fixed
point w € D, we study below the geometric structure of the set

(7.1) faw i ={V(w): V€8a}.
Clearly, we have
(7.2) Rap ={Vro}, k€Nom,

where Vg is the prescribed value in Problem (MNP). In general, similar as in the
cases of the Taylor coefficient problem at the point zero and the Nevanlinna-Pick
problem for matrix-valued Schur functions (cf. [9, Section 5], [20, Section 2], and
[17, Theorem 16]), the set Ka ., is a so-called Weyl matriz ball R(M;L,R) with
certain complex p X ¢ matrix M, complex p X p matrix L, and complex ¢ X ¢ matrix
R, i.e. the set of all complex p x ¢ matrices X fulfilling the equality X = M +LKR
for some contractive p x ¢ matrix K. We compute now appropriate parameters M,
L, and R based on Theorem 6.4.

Proposition 7.1. Under the assumptions of Theorem 6.4, if w € D is fixed then
the set Ra  in (7.1) can be described by

(73) ﬁA,w = ﬁ(Mn,w; |Ba,n (U/)‘Lé,w, R'rélL w)a

)

where

*

— e L (@I ) R ) = I (1) (On () Pa(w)).
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o 1_|an‘2 a,n * Na,n 2 * -1
L = T (@) Q7 () = b, () (On(w))Onw)
R = [ oaets (P ) (P 0 = o () ) (o))

Moreover, the complex p x g matriz M, ., admits also the representation

M, , = Lol (
' 1—|a)?

Proof. Let w € D. In view of Corollary 3.3 and «,, € D we see that the matrices
L, . and R, ,, are not only well defined but also positive Hermitian. Moreover, if
we set

Ol (w) (P (w))" = [ba,(w)[?Qn(w) (Rn(w))' )R"’w'

- 1\ ¥
K i= b, () (On(w) (Q" (w)) ")

then Corollary 3.3 implies in combination with Corollary 3.7 the representation
K = b (w) ( (Pl w)) ™ Ro(w))

Therefore, an application of Theorem 6.4 yields the equality

1 -aw|®
M, . =
n,w 1_‘an|2

= (Qk’”ﬂ (w) + ban(w)KOn(w)) o (RL‘X’"] (w) + ban(w)KPn(w))

*

T QU7 0) B ) = I () (O () Pa(w))

= (057 () + b (0)Qu () ) (P (0) + b () B (w)K)

_ ‘1_0[7”71}‘2 [a,n] [a,n] * 2 *
= S (Ol () (Pl () = [ba, () 2Qn () (R (1)) ) R

1—|ap|? ,

and
o] ! (Rlon)
M, = QW) + ba, (KO (w) ) (RE () + ba (w)K P (w) = Vio
for each k € Ny ,,. Hence, in view of (7.2) it follows

1 1
fas = {Vioh = Mg} = &My o5 Ban (B)|LS 5, Ry, )

for each k € Ng ., i.e. (7.3) for the particular case w = [y, since the Blaschke
product B, , has a zero at (j by definition. Now, let w € D\ {Bo, 51,--.,0m}
If we define ®(w) as in (6.5) then Corollary 3.6 shows that the matrix @ (w) is
non-singular and that (@(w))f1 is given by (6.7). Consequently, also the matrix

L -N\*(I, O -1
W= ((0@w) ™) ( U L,) (O(w))
is non-singular and by partitioning W and W~ into blocks as

W11 W12 —1 V11 V12
W = W =
(W21 W22> ’ V21 V22
with W11, V11 belonging to CP*P, W15, V15 belonging to CP*9, Wy, Vo belong-
ing to C?*P_ and Wy, Voo belonging to C7*7 we get

((@k () QU w) ~ Jba (W) (On(w)) On(w)),

1 -aw|®

Wll -
|Ba,n(w)‘2(1_|an|2)
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Wi — - Ba,n(;;g“'jam ((QIe ) )Y R ™) (w) — [bar ()] (O () Paw)).
Wiy — |Ba7nléu)ggv_|"‘|an|2) (Rl () RE™ (1) — (b ()] (Pa(w)) Pa(w) ).
Vi — _m (Ol ) (Ol (1))~ b (1) P Q1) (@) ),

Vip — _m Ok (w) (P () = o () Q1) (R () ),

and

Vi = =BT (Bl ) (P @) = (0 o) (o))

Thus, taking into account the technical similarity with [17, Theorem 16], using a
general result on linear fractional matrix transformations like in the proof of [17,
Theorem 16] (see also [9, Appendix], [20, Theorem 1 in §2], and [13, Chapter 6])
we obtain (7.3) for that case. O

Remark 7.2. Let the assumptions of Theorem 6.4 be fulfilled and let w € D be
fixed. If, like in the proof of Proposition 7.1, we set

Sn (w) = _ban(w)on(w) (Q%’n] (w))

then the matrix M,, ,, admits the representations

-1

-1

M= (QU) () + b, () (S0 (1)) O (w)) (B (w) + b (w) (S () Pra(w)).

-1

My, = (0101 (1) + by (1)@ (1) (S () ) (P (1) + b (1) Ro (1) (Su(w)))
Moreover, by virtue of Corollary 3.3 and Corollary 3.7 it follows

L. = M(Qw ()™ (1, ~ (Sa(w))'Suw) (@)Y
R, = m ((Bleri@) ™Y (1 = Saw) (Su(w) ) (B w) ™

In particular (keep in mind Proposition 3.10 and [12, Lemma 1.1.8]), we get
(7.4) det Ly, = det Ry, 4.

Note that the center M of a matrix ball & M; L, R) is uniquely determined, but
not the semi-radii L and R (see, e.g., [12, Corollary 1.5.1 and Theorem 1.5.2]).
Consequently, the concrete order of the points in the underlying sequence (aj);?:o
subject to (6.1) does obviously not have an influence on the shape of the matrix
M, .., given by Proposition 7.1. In view of (7.4) and [12, Theorem 1.5.2] one can
see that also the choice of the matrices L,, ,, and R,, ,, according to Proposition 7.1
includes this property.
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Remark 7.3. Let the assumptions of Theorem 6.4 be fulfilled. If w € D is fixed and
if S,, stands for the constant function on D with value (Sn(w))*, where S, (w) is
defined as in Remark 7.2, then Theorem 6.4 and Remark 7.2 show that, by setting

Vi (v) := (QL‘”’”] (v) + ban(v)Sw(v)On(v))_l (RL?""] (0) + ba (0)Sw (V) By (v))

for each v € D, a p X ¢ Schur function is defined which belongs to Sa and which
satisfies additionally the identity V,,(w) = M, ,. Moreover, if we define the matrix
functions V4 and S,, for each w € D, by

Ve(w) := M, and Se(w) := (S, (w))"

then V, is continuous, satisfies the identity Vo(8k) = Vo for each k € Ng ,,, and
admits the representation

Va(w) = (QU(w) + ba, (@)Su()On(w)) (BRI w) + b (10)54(0) Pa(w))

for each w € D. However, since the matrix-valued function S, is not holomorphic
in D (in particular Se & Spxq(D)), in view of Theorem 6.4 it follows V, & Sa.

Remark 7.4. Let the assumptions of Theorem 6.4 be fulfilled and let w € D be
fixed. Because of Theorem 4.2 and (4.1) we see that the complex matrices M, .,
L, w, and R, ,, introduced in Proposition 7.1 can be recovered by

M, = (1 |uf?)L nw(i(ij))*Pj(w))=<1—|w|2)(i;@xw)(Rj(w))*)Rn,w,

=0
Lyw= ( |w| ]z:;] )) )

n y -1
Ryw= ( |w‘ go ) ) :

Remark 7.5. Let the assumptions of Theorem 6.4 be fulfilled, let £ € Ny ,,, and
let the underlying sequence (Oéj)?:o be satisfying the additional condition «,, = [Fy.
Clearly (note (7.2) and Proposition 7.1), we have

VkO =0 <— Mn,gk = 07

where in the case of n = 0 from (2.6), (3.1), and (3.2) it follows that Voo = 0 if and
only if Og (resp., Rp) is the complex ¢ X p matrix function with value 0. Moreover,
if n > 1 then, by virtue of Remark 7.4 and Remark 4.5, one can see that

Vip=0 < O, eRqXpl < R, € RV

a,n—1-

Let k£ € Ny,,. Since the set 84 g, defined by (7.1) contains because of (7.2)
at least the required value Vo from Problem (MNP), this set is extraneous. But
following the idea of [29, Section 6] concerning complex-valued functions, if we
consider in the non-degenerate case instead the set

1

N g = vty ves
a0 {(zkﬂ)! (B) : V € Sa

then 8A g, fills a matrix ball as well, where based on the matrices L,, g, and R,, g,

defined in Proposition 7.1 one can calculate semi-radii of this matrix ball. This will
be emphasized by the concluding statement of this paper.
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Proposition 7.6. Let the assumptions of Theorem 6.4 be fulfilled. Let k € Ny,
let the underlying sequence (aj);’:o be satisfying the additional condition o, = Lk,
and let the complex matrices Ly, g, and R, g, be defined as in Proposition 7.1.
Furthermore, let

M/ 5 = V(lk+1)(ﬁk),

Pk (I +1)

where the rational matriz-valued function Vs is given by (6.2). Then

L 1
ﬁi\ﬁk:ﬁ( 7B ,W H bs, (Br)| +1) B sz,ﬁk)

J#k

Proof.  The definition of L, 3, (resp., Ry ,) implies by virtue of by, (an) = 0,
oy = P, and the polar decomposition of a non-singular (quadratic) matrix the
existence of a unitary p X p matrix V (resp., unitary g x ¢ matrix U) such that

1
V=B 2

1 plesn] (ﬂk)) — URS " )

(resp., W ( n

is fulfilled. Moreover, taking into account Theorem 6.4, (6.1), (2.10), bq, (o) = 0,
a, = [k, and the fact that by setting g := bif:rl it follows

(Qm(By) " =Lz, V
(7.5)

1

1
(lx+1)
g (O‘ ) = ,
(lk—l—l)! " ))lk+1

(n?(\an|2—1

based on (6.6), a straightforward calculation yields

1 1
(zk+1>!V(lk+l)w’€) CEsVACRNEY

- (7 (18 |2 ) (H b, l+1) (Qem(B1)) ™ S(B) (P (Br)) ™
n k -

%

for each V € Sa with some S € Spuq(D) (and any S € Spxq(D) can appear).
Therefore, in view of (7.5), one can conclude the assertion. (]

Finally, we point out that the rational matrix-valued functions O,,, @Q,,, P,, and
R,, which occur in the linear fractional matrix transformations according to Theo-
rem 6.4 can be constructed from the interpolation data A in Problem (MNP), but
indirectly. One needs to determine the corresponding SNP parameters first which
is not easy to do in general. A work around is the following. Since the defini-
tion of SNP sequences of rational matrix functions introduced in Section 3 is done
with a view to orthogonal rational matrix-valued functions on T and the recurrence
relations studied in [22], one can also use the theory of orthogonal rational matrix-
valued functions to compute the corresponding SNP parameters or the functions
Oy, Qn, P,, and R,. This will be explained in detail in a forthcoming work.
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