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Multilevel finite element preconditioning for v/3 refinement

Jan Maes! Peter Oswald?

Abstract

We develop a BPX-type multilevel method for the numerical solution of second order elliptic
equations in R? using piecewise linear polynomials on a sequence of triangulations given by regu-
lar /3 refinement. A multilevel splitting of the finest grid space is obtained from the non-nested
sequence of spaces on the coarser triangulations using prolongation operators based on simple
averaging procedures. The main result is that the condition number of the corresponding BPX
preconditioned linear system is uniformly bounded independent of the size of the problem. The
motivation to consider v/3 refinement stems from the fact that it is a slower topological refinement
than the usual dyadic refinement, and that it alternates the orientation of the refined triangles.
Therefore we expect a reduction of the amount of work when compared to the classical BPX precon-
ditioner, although both methods have the same asymptotical complexity. Numerical experiments
confirm this statement.
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1 Introduction

In this paper we propose an optimal multilevel preconditioner of BPX-type for the solution of second or-
der elliptic problems using non-nested spaces of linear elements on triangulations of a two-dimensional
bounded domain, where the triangulations are obtained by regular v/3 refinement. In order to develop
the theory we will restrict ourselves to the most simple elliptic equation: the Poisson problem

—Au=f in Q, u=0 on 09, (1.1)

where € is a polygonal domain in R? and 99 is its boundary. The BPX preconditioner [3] was
originally introduced for linear elements on a nested sequence of quasi-uniform triangulations A; of
the domain (2, where the triangulation A; has mesh-size h; ~ 277 and has been obtained from some
initial triangulation Ay by j steps of a regular dyadic refinement process. Roughly speaking, the BPX
preconditioner stresses the fact that discretization matrices of elliptic problems with respect to the
frame of all standard nodal basis functions on all resolution levels 0 < j < J is significantly better
conditioned than those arising from the standard nodal basis on the finest level J. It has been shown
in [12] that the condition number of the BPX preconditioned system for linear elements on dyadically
refined triangulations is uniformly bounded in the size of the problem. This estimate results in a
preconditioned conjugate gradient method for solving (1.1) which is optimal in the following sense: if
the solution can be approximated to accuracy O(hy) in the energy norm by a continuous piecewise
linear function on A 7, then the BPX preconditioned conjugate gradient method (applied in conjunction
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with nested iteration) constructs an approximation with the same asymptotic accuracy in only O(n )
operations, with ny the number of standard nodal basis functions on the finest resolution level J.

Before introducing the BPX method for linear finite element discretizations on quasi-uniform triangu-
lations obtained by regular v/3 refinement we first explain how /3 refinement works. We start from
an initial conforming triangulation Ag of 2. For every triangle in Ag we choose a new vertex inside
this triangle, and connect it with the three old vertices of the triangle. Flipping the original edges
then yields the new triangulation A;. Note that A;j is not contained in Ag. When we apply another
step of v/3 refinement to A;, we arrive at Ay which, roughly speaking, is equivalent to the result of
one step of triadic refinement, i.e., each original triangle is replaced by 9 new triangles. See Figure
1 for an illustration of these geometric rules in the case of a uniform partition, where the inserted
point is always chosen at the barycenter of the triangle. For the analysis in this paper, and to avoid
possible degeneracies, from now on the following version of the /3 refinement scheme is adopted. In
the odd refinement step Ag; — Agjiq the inserted vertices are the triangle barycenters while in the
even refinement step Agjy1 — Aggjyqy the points P, = (2P- + P,)/3, Pe y := (P~ +2P;)/3 on an
edge e with endpoints P_, P from Ay; are inserted. We refer to Figure 2 for a visualization of the
notation that is used throughout this paper. The boundary treatment is implemented by extending
the triangulation as follows: To every boundary edge e of Ay;, we will attach a virtual exterior triangle
Te,— (take the only triangle T, ; in Ay; that is attached to e, and reflect it about the edge midpoint
M,), and then apply an odd and an even refinement step to the extended triangulation as described
above. To obtain Agji1 and Ay(j41), we intersect the obtained (extended) triangulations with 2. In
Ayji1, half-edges that connect with the barycenters of virtual boundary triangles are removed, to
avoid the appearance of an additional ghost vertex at the midpoint of the boundary edge (which does
not appear in Agj ). Figure 3 depicts the V/3 refinement process near the boundary. For all this
to work in agreement with the geometric idea of v/3 refinement, one has to require that the union of
two triangles T, 4 attached to an interior edge e in Ag is a strictly convex quadrilateral (a sufficient
condition for this to hold is that the maximal interior angle of any triangle in Ag is less than 7/2).

Figure 1: /3 refinement of a uniform triangulation. One new vertex per triangle is computed, this
vertex is connected with the vertices of the triangle, and the edges between old vertices are flipped.
Applying the v/3 refinement twice yields a triadic refinement.

The following properties are then obvious:

a) The sequence {A;} is automatically regular and quasi-uniform, with typical element size param-
eter hj ~ 379/2 and regularity constants depending solely on the initial triangulation.

b) The subsequence {Ay;} is obtained by triadic refinement from the initial triangulation Ay.
c) The ladder of linear finite element subspaces
So—=S1—-—=8 = =85 — (1.2)
in H}(Q) associated with {A;} is only partially nested: On the one hand, we have
SoCSyC---C 8y C--- (1.3)



Figure 2: Visualization of the notation for vertices and triangles in the neighborhood of some edge e.

V

Figure 3: /3 refinement near the boundary. We extend the triangulation Ay; by attaching virtual
exterior triangles to the boundary. After applying an odd or both an odd and even refinement step to
the extended triangulation we intersect the obtained extended triangulation with €2 to obtain Ay, 4
resp. Agjio. If only an odd refinement step has been applied we also remove any half-edges that
connect with the barycenters of the virtual boundary triangles.



for even levels due to b), on the other, we obviously have Sy; & S2j11 and Saj11 & Sp(jt1)-

Thus, the construction of multilevel resp. multigrid algorithms using the ladder {S;} requires some
care, in particular, it requires nontrivial prolongation operators I; : S;_1 — Sj, 7 > 1, to connect
between the discretizations on subsequent levels 7 — 1 and j. In this paper, we consistently use
interpolation at the old vertices and linear averaging at the newly inserted vertices for defining the I;.
Le., if P is a new vertex in A;, and F;, 7 = 1, 2,3, denote the vertices of the corresponding triangle T
from A,_q, then

Livj 1 (P) =2 Y vj1(Py), (1.4)

=1

W =

while I;v;_1(P;) = vj—1(F;) for the vertices from A;_;. New boundary vertices appear only in even
refinement steps, for them the above rule is modified: The values at the two new boundary vertices
PL in Ay; located on a boundary edge from As; o are obtained by linear interpolation along the
boundary edge, i.e., from the values at the endpoints P1 belonging to Agj_o (and Agj_1). While
for odd j this definition is in agreement with local linear interpolation (i.e., Ipj11v2;(P) = v2;(P)
at the newly inserted barycenters), for even j this definition only guarantees local reproduction of
constants. Consequently, Iojioloj11 @ S2j — Szj42 is different from the natural injection for the
nested subspaces Sa; C S2;12, the resulting scheme associated with triadic refinment is not covered
by standard multigrid theory, and thus needs special consideration. The motivation for using the
sequence (1.2) instead of the traditional nested sequence of linear finite element spaces obtained by
regular dyadic refinement stems from the following considerations. First of all v/3 refinement is a
slower topological refinement than the usual dyadic split operation. This implies that we can have
more levels of refinement if a prescribed target complexity of the finite element space must not be
exceeded. Furthermore, v/3 refinement locally alternates the orientation of triangles in each step.
These properties potentially might have the advantage of reducing the amount of work in an adaptive
strategy, since certain features or singularities that are not aligned with the initial triangulation might
be detected more quickly. Although out of the scope of this paper, the /3 splitting operation easily
enables locally adaptive refinement, and the size of the surrounding mesh area which is affected by such
selective refinement is smaller than for the dyadic split operation, see [9, 10]. The work in this paper
may also be motivated from another perspective. Because of the non-nestedness of the subsequent
finite element spaces this work fits into the theory of multigrid preconditioners for nonconforming
finite element discretizations which has been investigated in, e.g., [1, 4, 5, 6, 7, 11, 14, 15]. Therefore
it can be considered as another case study in the construction of optimal multilevel preconditioners
with non-nested discretization spaces.

The remainder of the paper is organized as follows. In Section 2 we give a brief review of the theory
of multilevel splittings related to non-nested spaces. The proof of the main result of this paper
(the proof of a norm equivalence for the ladder {S;} and the prolongations {I;} yielding an optimal
condition number estimate for the associated multilevel preconditioner) is carried out in Section 3,
and consists of two essential parts. First, we prove modified Jackson and Bernstein estimates for the
spaces Sy; corresponding to nested triadically refined triangulations of the whole IR2, and establish
the desired norm equivalence for this special case (see Proposition 2.2 in Section 2). In the second
step, we extend the results for IR? to the general case of bounded polygonal domains, the case of
homogeneous Dirichlet boundary conditions, and to the full sequence {S;} (see the main result of
this paper, Theorem 3.5, in Section 3.3). Finally, in Section 4, we provide numerical evidence of
the optimality of the derived multilevel preconditioner based on /3 refinement, and compare it with
the standard BPX preconditioner for dyadic refinement from [3]. As it turns out, for problems of
comparable size, the v/3 approach needs less iterations than the standard BPX preconditioner.



2 Multilevel splittings related to non-nested spaces

We start with stating some basic facts on the variational theory of multilevel preconditioning with
non-nested spaces, a more detailed treatment can be found in, e.g., [15]. We restrict ourselves to
symmetric elliptic variational problems in Sobolev spaces of integer smoothness order k£ > 0. Let

‘/YO_>‘/Y1_>..._>‘/YJ-_>..._>VJ

be a sequence of (non-nested) finite element subspaces with respect to an increasing sequence of trian-
gulations obtained by regular p-adic refinement. The spaces V; are comprised of piecewise polynomials
of degree d with d > k — 1, and we assume that they allow for local reproduction of polynomials of
total degree < d. The main difficulty is the fact that, in general, V;_1 ¢ V;. Suppose that a given
symmetric positive definite variational problem in the Sobolev space H¥() is suitably approximated
by a sequence of variational problems in these finite element subspaces V/:

Find u; € Vj such that a;j(uj,v;) = (f,v;) Yv; € V. (2.1)

Here we will assume that the symmetric positive definite bilinear forms a;(-,-) are suitable discretiza-
tions of a bilinear form a(-,-) on H¥(Q), and that the ellipticity condition

2
aj(uj’uj) ~ Huj”k,j (2.2)

holds with constants independent of j. In order to avoid the repeated use of generic but unspecified
constants, we always mean by a ~ b that a < b and a 2 b hold, where a < b means that a can be
bounded by a constant multiple of b uniformly in any parameters on which a, b may depend, and a 2 b
means b < a. Since the V; are not assumed to be subspaces of H¥(Q) we have to be careful here, and
define the energy norm for u; € V; in (2.2) by

2 2 2
sz = NwslT, ) + D Mgl
TGAJ'

In order to construct a multilevel splitting for the fine-scale subspace V; one needs suitable operators
to project functions from the coarse-scale subspaces V; (j < J) into V. Introduce linear prolongation

operators

Pj : ‘/j—l_>‘/j7 jzl,...,J, P() ZIO, (23)

and their iterates

Pjj:=PjP;1---Piq : Vi—=Vy, j=0,...,J -1, Pr;:=1d, P_:=0. (2.4)

We also need the Lo-orthogonal projection onto V;,
QJ LQ(Q)_)‘/W jIO,...,J, Q—l = 07 (25>

ie., (Qjf,uj) = (f,u;) for all u; € V;, with f € La(Q2). Let b;(-,-) : V; x V; — R be another sequence
of symmetric bilinear forms such that

bj(uj,up) ~ P uyll,,  uj € Vi (2.6)

For the following theorem, A;, B;, denote the linear operators on V; induced by the bilinear forms
a;j(-,-), bj(+,-), respectively.



Theorem 2.1. The symmetric preconditioner Cj associated with the additive subspace splitting

Visay(,)}) = Z 5,0 {Viibi ()} (2.7)

and recursively given by
Co = By*, Ci=B '+ PC;. P, j=1,...,J (2.8)
is optimal for preconditioning Ay, i.e.,
cond(CyAy) = O(1), J — 00, (2.9)

if and only if the two-sided inequality

WuslllGe < aslug,ug) <TluslllGg, — ws €V, (2.10)
holds with constants 0 < v <T' < oo independent of J. The norm ||| - |||sx in (2.10) is defined by
lws 5k == inf, ZpQﬂkngHLQ (2.11)

w;i€Vj: ug= E; 0 JJwJ] 0

More generally, the spectral condition number of CjAy is exactly characterized by cond(CyAy) =
inf I'/7, where the infimum is with respect to the constants in (2.10).

This theorem clearly exhibits the role of the iterated prolongation operators 153 J in establishing con-
dition number bounds, and makes precise the type of multilevel norms involved.

The present paper is about establishing the norm equivalence (2.10) for the sequence {S;} of linear
finite element subspaces related to v/3 refinement (p = v/3), and the sequence {I;} of associated
prolongation operators when applied to solving an H}(€2) elliptic problem (k = 1). Both S; and I;
have been introduced in Section 1. We will make use of the simplifying property (1.3), and put most
of our effort in Section 3 into establishing

Proposition 2.2. Suppose that R? is equipped with a reqular, quasiuniform triangulation Ao with
ho ~ 1, and that the sequences {A;}, {S;}, {I;} associated with /3 refinement are as described in
Section 1. Then for the nested subsequence {Sz;} we have the norm equivalence

J
luzs i ~ Illuzslllf = inf >3 |lwylf7, (2.12)

J
wa; €825t uag=37_¢ I2j,2 w2, =0

The continuous analog of (2.12) for J — oo holds as well.

A similar norm equivalence, with Iy;12l2;41 replaced by the natural injection operators for Sp; C
S2j42, is a well known fact about approximation spaces related to linear finite element spaces on
sequences of nested quasi-uniform triangulations (see Theorem 15 of [13]), and we will make use of
it and its counterpart for H*(IR?), 0 < s < 3/2, when proving upper and lower bounds in (2.12). In
particular, significant effort goes into the proof of a Bernstein type estimate for f%g Ju2; to hold in
H*(IR?) for some 1 < s < 3/2.

The analog of Proposition 2.2 for general domains €2 and the whole ladder {S;} of linear finite element
subspaces of H}(£2) will be proved in subsection 3.3. Although the proof is only a slight extension of
the argument for Proposition 2.2, we have decided to separately deal with = IR? to more clearly
exhibit the arguments needed.



3 Multilevel norm equivalences for /3 refinement

3.1 Lower bounds: Jackson-type estimates
Our aim is to establish the lower bound

sl < luzs |3, ugy € Sa7, (3.1)

under the conditions of Proposition 2.2, i.e., for Q = R

We will depart from the mentioned before standard norm equivalence

J
w2 7 () ~ inf ) 3lwyllz,,  uas € Sa, (3.2)
w2 Eng: UQJ:Ej:O wa; §=0

which holds for any 0 < s < 3/2, with constants independent of ug; and J > 0. This result holds also
for triadic refinement of an arbitrary polygonal domain Q C IR? satisfying the exterior cone condition
(this excludes polygonal domains with slits) equipped with a regular, quasi-uniform triangulation Ag
of typical element diameter hg ~ 1 (see Theorem 15 in [13]). In this subsection, we use it with s = 1
only.

Choosing in (3.2) appropriate wa; (e.g., way; = Qa2juz; — Q2j—2u2y, j > 1, and wy = Qouzs will do)
and setting vo; = wo + wa + ... + wy; € Sz such that ugy = v, we have

J
> 3 w17, S Iluaslli (3.3)
=0
Now define the decomposition
uzy = Ip25v0 + Z(I2j,2J’U2j — Ipj_925v2j—2) = Ip25wo + Z Iyjo5(vaj — IojI2j_1v2j—2),
j=1 j=1

and write

J
Nuasl[If < lwollF, + D 3% gy — Iaj 251025l |7,
j=1
g J-1
< 2329\|w2j|\%2 + Z 3%7|| wa; — Injyalajr1va; |7,
j=0 J=0

Wojt2:=

Since the first sum in the last expression can be estimated by (3.3), it remains to estimate the Ly norms
of Waj1o € Soj42. This step corresponds to establishing an appropriate Jackson-type estimate for the
given set of prolongation operators. The technical difficulty we have to overcome is that the prolonga-
tions I; do not preserve linear functions locally (unless Ag is a uniform type-I triangulation). Using
only the obvious fact that the prolongations locally reproduce constant functions will unfortunately
not lead to the desired sharp bound (3.1), compare Remark 3.1 at the end of this subsection.

Due to the definition of the refinement process and of the prolongations I 1 resp. Izj42, the only
vertices of the triangulation Agj o, where 19;42 does not vanish, are the vertices P, 1 inserted in the
even refinement step into edges from Ag;. More precisely, for each edge e from Ay; we have

be(vay)

Wojyo(Pes) =+ 5 Oe(vay) 1= v2j(Py) + v2j(P-) — v9;(Q—) — v2;(Q+).



Here, Py are the endpoints of e, Q4+ denote the remaining vertices of the two triangles T¢ 4 attached to
e,and P, _ = (2P_ + P,)/3, P.+ = (P_ +2P4)/3, consistent with the notation used before. Indeed,
according to the definition of the prolongations via averaging (1.4), we have

Iyjyalajiivej(Pe-) = % (vzj(P) + vaF) ¥ v2j(§)+) T 02(Q-) + vayPo) & ij(SPJr) il UQj(QJr))
5u9; (P-) + 2v9;(Py) + v (Q ) + v2;(Q+)

9 )
while vo;(Pe,—) = (2v9;(P-) + v2j(P4))/3, similarily for P, . Thus,

lojrall7, S37D 02(va) = 37 Y Ge(vy)’ Z Sers (3.4)
e e/

eCA, s e||e

where the summation in the first expression is with respect to all edges e in Ag; while in the second
expression the outer summation is with respect to all edges €’ from the coarsest triangulation Ag, and
the inner summation combines all edges e from Ag; that are parallel to €/, and belong to the union
Qe =Ty _ UTy 1 of the two coarse triangles attached to €/. Evidently, each e is accounted for in
exactly one such inner summation term S.,. To estimate S./, we map the region ()., by a piecewise
affine map ¢, onto the unit square Q = [0, 1]? subdivided into two triangles. Consider the function
Ugj 1= vg; O (be_,l which is a linear finite element function on a uniform type-I triangulation of the unit
square () (with mesh-size 377). It is not hard to see that

2
J-1

Ser Swa877,0))7 ) S w2877, 20)7,0) + Z lwaetallLa@,) |

with a constant C' independent of ¢’ and va;. The first step is elementary (just observe that, for the
edges e from Ag; under consideration for the sum S/, the expression d.(v2;) is bounded by the second
difference of AZvy; with step-size |h| = 3-U+1) in the direction orthogonal to the image ¢ (e) of e in
@ on a sufficiently large subregion of ¢ (£2¢)), the second uses standard properties of the Lo-modulus
of continuity wa(t, f)r, applied to the decomposition

J-1

T = Tigg — Y _(Barya — D0,
l=j

together with the obvious fact that
~ ~ 2 2
02042 = D2el|7,5 () ~ lw2esellyq,,)-

Substituting this into (3.4), we get the desired estimate for the second sum in the expression for the
upper bound for |||ugy|||? as follows:

J-1 J-1 J-1 J-1
. i : —j
D B|ldggealll, S D (D0 3YwaB 7 w2n) ] + 2,37 Y 3 lwarall?
j=0 e/ \j=0 3=0 t=j
1
S D laesling + 237D lwsralli, )
e’ 7=0 e’
1
S D luesllina,y + D 37 lwajsali, S lluaslin
’ =0



Here we used that

J-1 J-1 J-1 J-1
O lwaesallra@,)® < Q379 - O3 lwarall?,,) S D3 llwariall?, -
= = =

=j

The term involving the moduli of smoothness of %a; = ugy o gf);l was estimated by the square of the
norm of 4y in the Besov space Bé’Q(Q) which is equivalent to its norm in H'(Q). Furthermore, we

used that the considered piecewise affine transformations ¢. resp. gb;l are linear homomorphisms
between the corresponding H' spaces, and that

iz, =5 Z\IwHLQm lulln =5 ZHUIIm )

by the additivity of the involved norms with respect to decompositions of the underlying domain.
Altogether, this establishes the desired lower bound (3.1).

Remark 3.1. Using the fact that the Ly orthogonal projections (); are H L_stable on regular, quasi-
uniform meshes, i.e.,

1Qjullgr < llullm,
see, e.g., [2], one can easily prove a suboptimal lower bound (involving an additional factor J). Indeed,
an estimate for the Lo norm of ;49 is obtained by using the fact that the prolongations I; locally
reproduce constant functions
[va = Injialojrivaglli, S 374 |lugll,
which combined with
lv2 71 = Qajusllin < lluzsllin
yields the suboptimal bound < J|ug,||%,, for the second sum.

This simplified argument also goes through for the general case considered in Section 3.3 below,
however, it does not lead to the best possible estimate.

3.2 Upper bounds: Bernstein type estimates

In this section we establish the following Bernstein type estimate for the spaces fgjg J52;:

Theorem 3.2. Let Ag be a reqular, quasi-uniform triangulation of R* (hg ~ 1), and {A;} be obtained
by /3 refinement, as specified above. Then the iterated prolongation operators satisfy

Tzj 00005l S 3% vzjllnas  vaj € Szjy 0<j< T <o, (3.5)
for the range 0 < s < sg, where so := 14 1og3(9/5)/2 > 1, with constants independent of vaj, j, and
J.

Proof. For the proof we again rely on the norm equivalence (3.2). A simple consequence is that if we
denote Vom = IQmIQm,1 s I2j+1v2j and Wom+2 = V2m+2 — U2m, then

J—-1
220253 S 3% l0agl1Z, + Y 3% [[womer2|1,- (3.6)

m=j

It is obvious that H'U)Qm—f—QH%Q N H’UzmH%2 by the Lo boundedness of the prolongation operators. The
main observation for the proof of (3.5) is that the Ly norms of wo,+2 decay at a geometric rate:

lwamsallZ, S 3720 logll7,,  m >, (3.7)



with the above defined sy > 1.
The proof of (3.7) is tedious but elementary. First observe that by construction we have
lwamiall2, ~ 3723 6o (vam)? = 37275, m >, (3.8)
€

where the summation is with respect to the edges e of Ag,,, and the differences

Se(vam) = vam (Py) + vam(P-) — v (Q-) — vam(Q+)

mimic the mixed second derivative of v near e. For the notation and some calculations leading to this
result, see the previous subsection.

We are going to prove a recursive estimate for ,,. For further use, note that
1
B =5 2 0pan) Op(oam) = Y Ae(van) (3.9)
P e:Pce
where the summation is now over all vertices P of Ag,,. One easily checks that
St =3 S 0l + 3 Y d(mmra)®
e e'ek; P e'eE}

where the outer summations are with respect to edges e and vertices P of Agy, (not Ag,,12) while for
the inner summations E. denotes a group of 5 edges in Agy, o associated with e as shown in Figure
4 (a), and E'5 denotes the group of 2K p edges in Ay, 12 associated with a coarse vertex P as shown
in Figure 4 (b). Here Kp denotes the valence of P.

1"
1+1

bit1

(a) (b) (c)

Figure 4: (a) E.: Group of 5 edges in Ay, associated with edge e in Agy,. (b) Ejp: Group of 2Kp
edges in Ag,, 19 associated with vertex P from Asg,,. (c) Notation for the nodal values of vg,, and
Vom—2 for triangle PP;P;,1 near vertex P.

For evaluating 8./ (van,42)?, consider the l-ring of triangles in As, attached to P, and denote by
€1,€2,...,€eK, the edges in Ay, emanating from P (ordered counterclockwise). Figure 4 (c) shows
the chosen notation for the nodal values (denoted by a = vo,,(P) and b; = vo,(F;), i =1,...,Kp) of
Vo, near P, and the computed nodal values of v, 1+2 = Iomt2lom41v2m at the barycenters M; of the
triangle PP; P41,

Vo (P) 4 vam(P;) + vam (Pit1) _ 3a+3bi +3bia
3 - 9 ’

and at the newly inserted points P/ = (2P + P;)/3 and P/ = (P + 2P;)/3 on the edges ¢; = PP; of
Agmi

¢ = vom(M;) =

Vom (P) 4 vom (M;) + vy (M; 1) _ Ba+bi1 4 2bi +bip

d =
E 3 9 ’
g - Vo (P;) 4 v (M;) 4 v (Mi—1)  2a + bi—1 + 5b; + biy1
1 - 3 — 9 .

10



Using the nodal values of vy, 1o derived before, one can easily compute that
S (Vami2)? = 8¢, (v2n)?/81, € €E., i=1,...,6.
This implies

DY Ger(vante)? = 58m/81. (3.10)

e eek]
For the two types of edges in E,, we have the following. For ¢’ = PP/ on e; we have

4a —bi—o —bi—1 —biy1 —biya  Oe;_ (Vam) + 20¢; (V2m) + be;y (Vom)
56’(7)2m+2) = 9 = 9 .

Similarly, for ¢’ = P/P/ 41 connecting e; and e;41, we have

bi—1 4+ bit2 — 2a 5ei V2m +5ei U2m
0ot (Vamy2) = —— 9+2 O 5 o2 (V2m),

Thus, we get

81

Substituting this together with (3.10) into (3.9) we see that
Sy < gzm, m> (3.11)
Further substitution into (3.8) yields
lwam+2l7, S 37" S < 37209 (5/9)™ 37 S (5/81)™ 7 [lugf7, -
This is the desired estimate (3.7). Substitution of the latter into (3.6) yields (3.5) for 0 < s < sq:

~ 2 . . .
“IQj,QJU?j“HS < 32js ||U2jHiQ 1+ Z 32(7—m)(s0—s) < 3278 Hv?jH%Q )

O

With the Bernstein type estimate of Theorem 3.2 established, the upper bound of the norm equivalence
stated in Proposition 2.2 follows by a standard argument: Fix e € (0,1) such that 1 + € < sg, and
consider an arbitrary decomposition
J ~
ugg = ij,w’w% Wa;j € Saj.
§=0

Then, using well-known properties of the Hilbert spaces H'(IR?) and H'*¢(IR?), we have

Jugslfn = ZIQ]QJU)2]72[2]2JU}2]
J J ~
< 222‘ 12] 2Jw2]712£ 2JWa0) 1 ZZ ||12j,2Jw2j||H1+6HIZE,ZJ@UQZHHFE
J=0t=j j=01¢
J J J
D) i ’ ,
S 2D 3T way)lles) (3 llwalln,) Y 3% [lwasZ,-
J=0£=j J=0

11



It remains to take the infimum with respect to all admissible decompositions of us ;.

Remark 3.3. If we establish the Bernstein estimate (3.5) only in the case s = 1 (this is what has
usually been done in previous investigations for non-nested finite element discretizations), we can still
prove the suboptimal bound

luzs 7 S Jluag| £
This follows immediately from

2

J J J
~ ~ 2 .
(TR ) FSPYeSt B I S VRTINS e 1
=0 =0 =0

where the decomposition us; = Z}']:o I 2jwo; was chosen arbitrarily.

/ \\ . / \\ l»

valence 6 valence 4 near boundary

Figure 5: Examples of limit functions centered around vertices of different valence and near the
Dirichlet boundary

Remark 3.4. If we let J — oo then the above proof establishes de facto that the sequence
{I3j25v25, J > j} converges in H® for any s < sg. The limit functions have thus a Sobolev smoothness
exponent at least s = 1 + logs(9/5)/2 = 1.2675..., independently of Ay. Figure 5 depicts the limit

functions if we set j = 0 and choose as vg a nodal basis function from Sy at vertices of valence 6 and
4.

3.3 General case: Bounded domains and odd J

So far we have only established the theoretical estimate of Proposition 2.2 for {Ss;} and = R?. The
extension to domains will be exemplified with an application to a symmetric H&(Q) elliptic boundary
value problem in mind.

From now on, let 2 be a bounded polygonal domain satisfying the exterior cone condition, equipped
with an appropriate Ag such that hg ~ 1. The v/3 refinement process as explained in Section 1 yields
{A;}, the spaces S; consist of all linear finite element functions on A; that simultaneously belong to
H} (), and the prolongations I; : Sj_1 — S; are the same as in the IR? case but modified for new
vertices at the boundary of €2 such that zero Dirichlet boundary conditions are automatically enforced.

Theorem 3.5. Suppose the domain Q@ and the sequences {A;}, {S;}, {I;} are as described before.
Then for the non-nested ladder {S;} we have the norm equivalence

J
s 7 ey ~ [lwsll71 = inf Y il (3.12)

J
wi €S =350 Ij,1w; ;=0

12



with constants independent of uy € Sy and J > 0.

Proof. First, the statement reduces to the following, direct analog of Proposition 2.2:

J
2|1 ) ~ luzs|lIf = inf > 3% w17, 0 (3.13)

J
wa; €S2 Uz g= E 0 IQj’QJ'LUQj i
J 7=0

Indeed, by definition of the triple norms in (3.12) and (3.13) we obviously have [|luz,||[5;; < [|luas|[[F.
For the other direction, take any admissible decomposition

ugy = lo2jwo + Iy 2wy + - -+ + way,
and rewrite it in the form

gy = Toaywo + Iooy(Iywy + wa) + - - + (Ioyway_1 + way).

Thus,
J .
luzslF < llwoll7, ) + Y 3% [ Tajwaj1 + walf7 0

j=1

J 27
2 25 2 2 25 2
S llwollz,@ + 23 ?([lwzj—1ll740) + w2l o) S 23 w7, )
j=1 5=0

Besides the triangle inequality, we have used the uniform boundedness of the Ly norm of I; : S;_1 —
S;. Taking the infimum with respect to all admissible decompositions, we get |||uzs|[|? < [|luz.s|]|5,1-

For odd indices, the argument is as follows. Let Rojy : Soji+1 — Sas be the restriction operator that
interpolates ug 41 at the vertices of Agy. Set tiog = Raojusjy1 € Sag, and woji1 1= uzj41—Ilojy1l2g €
Soy+1. By looking at the nodal values of these two finite element functions, it is easy to see that

X J
217 0y S llu2reillfny, 3% Hwersll, ) S luzsillEn g)-

Thus,

. J
luzralli 211771 0y + 3% Hlwas 1117, 0

2
A J
Z sl + 3% Hwaril7,0) 2 MuzrsallBr1s

since the admissible decomposition oy = 22‘] I 2 yw;, for which

§=0
2J

o131 ) 2 211370 2 D 3 wit, 0
j=0

due to the already established result for Ss;, automatically gives an admissible decomposition for

UgJy1:
2.7 2741
Ug g1 = Wajy1 + lojy1liog = w1 + I2J+1(Z Iiogwj) = Z Lo 1w;.
Jj=0 Jj=0

In the opposite direction, start with an arbitrary decomposition

2J+1 2J
ugsp1 = Y Lospw; = woyn + Loy (O wj),
J=0 Jj=0

13



and use the boundedness of Iojy1 : Soy — Soj41 in the H I norm and the inverse inequality on S J+1:

2J
lugsiiling < 2020410 wi)llin gy + llwaralFn
=0
2J 2J41
J )
S ||ij”§{1(g) +3? +1Hw2J+1||%2(Q) = Z 3J||wj‘|%2(g)-
=0 =0

In the last step, we have used the already established inequality for even indices. Taking the infimum
with respect to all decompositions, we finish the reduction step.

It remains to prove (3.13). This requires only minor changes compared to the proof given in subsections
3.1 and 3.2 which we list now. Note that the basic norm equivalence (3.2) holds also for the case that
the definition of the ladder {S,;} involves zero Dirichlet boundary conditions, however, with the
restriction 1/2 < s < 3/2, see [13, Theorem 18]. This is enough for the given application since for the
lower bound (Section 3.1) we needed only s = 1, while the upper bound (Section 3.2) required values
s =1,1+ € with 0 < e < 1/2 which is also covered. As in Section 3.1, the crucial step in the proof
of the lower bound is the estimation of H’lf)2j+2‘|%2(ﬂ) which is carried out using the bound (3.4). The
only change in (3.4) is that the summation defining S,/ for boundary edges in Ay is only with respect
to edges e parallel to €’ and interior to the only triangle Tpr y = Q. from Ag attached to €’ (the outer
summation has still to be carried out with respect to all edges €’ of Ag; for interior €’ the definition of
Ser remains unchanged). The rest of the argument goes through as before, terms for boundary edges
can directly be estimated by second order moduli of continuity, there is no need in using piecewise
affine maps.

We also claim that the statement of Theorem 3.2 carries over at least for 1/2 < s < sg. The crucial
step is proving sufficient geometric decay for Hw2m+2\|%2 or, what is the same, for ¥,, whose definition
changes as follows: According to our boundary treatment the differences wa,,+2 vanish identically on
the boundary. Thus, (3.8) holds if the summation on the right is with respect to all interior edges e
of Ay, only. This expression is again denoted by X,,.

With this at hand, the estimate 3,11 < (5/9)%,,, 7 > m will not change. Indeed, ¥,,+1 can be
split into a sum over edge groups E, associated with the interior edges of Agy,, and edge groups E)p
associated with vertices of Ay,,. The latter are modified for P on the boundary: Let eo,...,ex,
denote the edges emanating from such a P, starting from the boundary edge ey in counterclockwise
direction ending in another boundary edge ex,. Then by construction de,(vam) = de Kp (vam) = 0, and

Kp—1 Kp
5P(U2m)2 = Z 5ei(v2m)2 = Zéei(UZm)Q-
i=1 i=0

All formulas remain valid, in particular, for edges ¢’ € Ef interior to Agy,42, we automatically have
e (Vamt2)? = e (v2m)?/81 = 0, while the expressions for edges ¢’ € E, interior to Agy,4o close to
eo simplify to (20¢, (vam) + Gey (Vam1)))?/81 Tesp. be, (v2,)?/81. Similarly for the edges €’ close to
exp. Thus, the geometric decay of {¥,,} (with rate 5/9) follows by the same estimation steps. All
other arguments are the same for domains (with the extension property for Sobolev spaces) and R2.
The visualization of the limit behavior of the prolongation process for J — oo provided in Figure 5 c)
confirms this. This concludes the proof of Theorem 3.5. ]

Remark 3.6. Although we have only dealt with the case of homogeneous Dirichlet boundary condi-
tions, it is possible to get optimality results for Neumann and Robin boundary conditions and their
combinations as well (under the assumption that the type of boundary condition does not change
inside any boundary edge of Ap). The treatment of the boundary modifications can be based on the
observation that the definition of I5; at newly inserted boundary vertices (by linear interpolation along
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the boundary edge) can be achieved if we solely use the averaging rule (1.4), after extending functions
from Sy;_s to the virtual boundary triangles as shown in Figure 6. This extension trick allows us
to derive estimates in the case of polygonal domains 2 by basically reducing it to the IR? case since
the special boundary rules for prolongations appear now as normal averaging rules for the extension
(whose H' and Ly norms are easily controlled).

a,+a+—b

b
(a) (b) ()

Figure 6: (a) Function values near the boundary. (b) Function values after one step of v/3 refinement.
We introduce a virtual triangle to compute the function value outside the domain. (c) The function
values that are computed on the boundary after the second step of v/3 refinement preserve linear
functions on the boundary.

4 An optimal BPX-type preconditioner

In this section we provide some numerical evidence about the preconditioning performance of BPX-
type multilevel solvers for v/3 refinement covered by our theoretical optimality result (Theorem 3.5,
in conjunction with Theorem 2.1). Details will be given for the variational Poisson problem (2.1),
where a;(-,-) is the symmetric, continuous, and coercive bilinear form induced by (1.1), given by the
restriction of a(u,v) = (Vu, Vv) to Sj, and (-, )1, (q) denotes the La(f2) scalar product. If we combine
Theorem 2.1 and Theorem 3.5, we have so far established that the space splitting

J
{S7;(,)}) = ZTJJ {85537 (-, Vo) (4.1)
=0

leads to an asymptotically optimal preconditioner for the Galerkin discretization of the Poisson prob-
lem on S;. It is customary to replace the auxiliary bilinear forms b;(u;,v;) = 37 (uj, v;) 1, () appearing
in (4.1) by spectrally equivalent forms that lead to even simpler operations B; Lif implemented in the
standard finite element nodal bases in 5.

BPX-type multilevel solvers are characterized by diagonal matrices B; and Bj_l. E.g., we could use
the Lo stability of the nodal bases ®; := {¢; p} in S; which can be written in the form

YN cipdipli ~ Y cp~ Y A paldp, dip) (4.2)
P P P

Here summation is with respect to all interior vertices P in A;, and constants are independent of
{c¢j,p} and j. If we choose one of the latter two expressions (representing the squares of certain (5
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coefficient norms on S;), the resulting auxiliary b;(-,-) lead to B; = Id; resp. B; = diag(a(¢; p, ¢;j,p)),
and are easy to implement.

Another natural version of BPX type preconditioner (that we will use in our numerical tests below)
results from a reinterpretation of the additive space splitting (4.1) in terms of frames. Substituting
the first part of (4.2) into the norm equivalence of Theorem 3.5, we have

J
HUJH%H(Q) ~ 5 inf ZZC?,Pa uj €5y (4.3)
ur=3j=0 2pLi1¢%5P 20 p

This means that the redundant system U}]:ij, J®; is a frame in the finite-dimensional space Sy
equipped with the Hilbert space structure inherited from H'(f) resp. from the bilinear form af(-,-),
with frame bounds independent of J. Moreover, this frame generates an asymptotically optimal pre-
conditioning method (with B; the identity operator). These properties do not change if we rescale

the functions ¢~)j7p =1 j¢0;p €5y to d;llgg?)j’p with constants d; p ~ 1. Popular choices are

d\') = 3926, pll o(0)

%), =\ a(j.p, 5.p). (4.4)

That dg-ll)g ~ dfl); ~ 1 is left as an exercise to the reader. We note that the recursive implementation
of the preconditioner corresponding to these frames can be recovered from Theorem 2.1 by setting
P; = 1I; and B; = dia,g({di p}). In the tests below, we have used the so-called multilevel diagonal
scaling (4.4).

or

We can also define a hierarchical basis (HB) preconditioner by reducing the number of functions in the
above frame systems: We only take those qu7 p corresponding to the newly created interior vertices in
Aj. It can be shown using standard techniques combined with the properties that we derived for the
BPX-type preconditioners that such a HB system is indeed a basis in S;, and leads to a preconditioner
C; with condition number bounds of the order cond(CyA;) = O(J?) which is similar to Yserentant’s

result in [16].

We conclude this section by presenting some numerical tests. We solve the Poisson problem (1.1) on
the unit square, where we choose the initial triangulation Ag as indicated in Figure 7, and where f is
such that the exact solution u is given by z(1 — z)y(1 — y). The starting vector for each iteration is
uf,o) = 0. We stop the conjugate gradient iteration if the H'-norm of the residual is proportional to
the a priori bound for the discretization error, i.e.,

75l < eoh

Table 1 and Table 2 show the results for a regular resp. irregular triangulation Ag with ¢g = 0.01. Both
tables have the same structure. The first column contains the maximum resolution level J. Then we
distinguish between the results for the BPX preconditioner based on linear averaging v/3 subdivision
and the results for the classical BPX preconditioner from [3] (with multilevel diagonal scaling). For
each preconditioner we display the spectral condition number x of the system matrix for the linear
system of equations that is solved, the H!'-norm of the residuals corresponding to the approximate
solution, and the number of iterations that are needed to reach discretization error accuracy. Tables
3 and 4 show the results that are obtained with the suboptimal HB preconditioner.

Remark 4.1. In practical situations one should use a nested iteration conjugate gradient method to
solve the Poisson problem, i.e., by means of an outer iteration loop going from a coarse resolution
level to the finest resolution level J we compute the solution at each level with the conjugate gradient
method and we use the solution obtained at the previous coarser level as an initial guess. At each
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(a) regular triangulation (b) irregular triangulation

Figure 7: Initial triangulations Ag used in the numerical tests.

V3 dyadic
dim K residual #iter dim K residual Fiter
28 3.9141 1.588704e-3 5 59 5.3093 7.556074e-4 7
92 6.3213 | 4.430546e-4 7 284 7.0563 | 6.028206e-4 9
318 7.3168 | 2.845150e-4 8 1245 8.2735 | 2.583924e-4 11
994 8.3851 2.043044e-4 9 5214 9.2210 1.100118e-4 13

3128 8.8953 | 1.116595e-4 10 21343 | 9.9908 | 4.542528e-5 15
9528 9.5276 | 5.404067e-5 11 86368 | 10.6364 | 3.487208e-5 16
29050 | 9.8111 | 2.918821e-5 12 - - - -
87614 | 10.2460 | 3.024160e-5 12 - - - -

5 © 0N oot Wy

Table 1: Tteration history for the Poisson problem where A is as in Figure 7 (a). We compare the
linear averaging v/3 subdivision BPX preconditioner with the classical BPX preconditioner.

V3 dyadic
dim K residual #iter dim K residual Fiter
13 3.6157 1.951904e-3 5 14 4.2611 1.629611e-3 5
44 5.4647 | 1.852243e-3 6 73 8.7493 | 1.728254e-3 8
156 8.9801 | 1.626978e-3 8 334 16.4773 | 9.533907e-4 11

490 13.8072 | 7.256802e-4 11 1431 | 27.0260 | 4.409960e-4 14
1553 17.0791 | 5.177048e-4 12 5928 | 34.0499 | 2.394597e-4 17
4740 23.0554 | 3.049344e-4 14 24137 | 39.6848 | 1.119168e-4 20
14488 | 23.3967 | 1.786476e-4 15 97418 | 43.6778 | 7.599139e-5 22
43730 | 27.7796 | 9.540177e-5 17 - - -
132021 - 6.045146e-5 18 - - - -

© 00 O Uik W =Y

Table 2: Iteration history for the Poisson problem where Ay is as in Figure 7 (b). We compare the
linear averaging /3 subdivision BPX preconditioner with the classical BPX preconditioner.
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V3 dyadic

dim K residual #iter dim K residual Fiter
22 4.3456 | 1.628051e-3 5 49 10.5938 | 9.175040e-4 9
64 5.3072 | 3.667447e-4 7 225 19.5258 | 5.654000e-4 13

226 7.3655 | 4.404297e-4 8 961 31.8458 | 2.983709e-4 17

676 9.0361 | 1.610540e-4 10 3969 | 47.1430 | 1.207973e-4 23
2134 | 11.5352 | 1.669188e-4 11 16129 | 65.3815 | 6.466225e-5 29
6400 | 13.8060 | 7.884410e-5 13 65025 | 86.5135 | 3.560655e-5 35
19522 | 16.8823 | 4.721749e-5 15 - - - -
58564 | 19.7038 | 2.752511e-5 17 - - - -

5 © 00N oot Wy

Table 3: Iteration history for the Poisson problem where Ay is as in Figure 7 (a). We compare the
linear averaging v/3 subdivision HB preconditioner with the classical HB preconditioner.

V3 dyadic
dim K residual F#iter dim K residual F#iter
11 3.1914 | 1.442156e-3 4 12 5.7684 4.087885¢-3 5
31 5.8282 | 2.090327e-3 6 59 13.1867 | 1.941299e-3 9
112 7.5352 | 9.322677e-4 8 261 23.8813 | 1.036607e-3 13

334 11.5379 | 6.429110e-4 10 1097 38.5864 | 5.780299e-4 18
1063 | 13.6605 | 5.951582e-4 11 4497 57.2296 | 2.543152e-4 24
3187 | 18.3737 | 2.335414e-4 14 18209 | 81.4517 | 1.466856e-4 30
9748 | 21.4813 | 1.504386e-4 16 73281 | 110.8985 | 7.624960e-5 37
29242 | 27.2115 | 1.099977e-4 18 - - - -
88291 | 31.4535 | 5.415894e-5 21 - - - -

© 00 O Uk WN Y

Table 4: Iteration history for the Poisson problem where A is as in Figure 7 (b). We compare the
linear averaging v/3 subdivision HB preconditioner with the classical HB preconditioner.

level we stop the conjugate gradient iteration if the energy norm of the residual is proportional to the
discretization error. We do not use nested iteration in Tables 1-4 because our intention here is to
demonstrate the full power of the preconditioner itself.

Remark 4.2. Computing the H'-norm of the residual r; is easy. For an optimal preconditioner such
as the BPX preconditioner one can prove that the energy norm of the residual is equivalent to the £
norm of the residual of the discretized system, see, e.g., [8]. Although the HB-preconditioner is not
an optimal preconditioner, we have also used the ¢5 norm of the residual in this case.

Remark 4.3. In this last remark we motivate our decision to have
Ag— Ay — Ay — -

as regular triadic refinement. /3 refinement was originally introduced by Kobbelt ([9]) in a “para-
metric” version, i.e., new interior vertices are always computed as the barycenter of the old triangle,
so that the same subdivision rules apply for the x, y, and z component of the interior vertices. De-
spite its advantages in subdivision theory, this approach has some serious drawbacks for our purpose
here. Figure 8 shows that the parametric approach degenerates after 5 steps of refinement, due to
the single pair of triangles in Ag of Figure 7 (b) with an angle greater than 90 degrees. The /3
refinement approach that we have used throughout this paper does never degenerate, given that Ag
and its refinement Ay are conforming triangulations.
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The Kobbelt approach, where always the barycenters of the triangles are inserted, degenerates
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