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Abstract

The Fast Fourier Transform (FFT) is based on an important factor-
ization of the Fourier matrix F,, into a product of sparse matrices. In this
paper, we demonstrate the existence of a set of FFT-like factorizations for
an arbitrary Kronecker product of Fourier matrices F' = i, ® ... ® Fy, .
We show that there exists such a factorization for any chain of nested
subgroups of the Abelian group Zn, X ... X Zy,. The classical FFT will
then be a special case of this scheme. However, the construction of FFT-
like factorizations will allow a lot of freedom. This will allow to construct
factorizations which cannot be obtained by simply inserting the classical
FFT of each of the Kronecker factors of F'. It will also be shown that the
FFT-like factorizations of the matrix F' can be brought into correspon-
dence with the partitions of F' into nested grids of rank-one blocks.
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1 Introduction

This paper is a continuation of the authors’ work on Fourier matrices and Kro-
necker products, and their relations with low rank submatrices and sparse matrix
factorizations. Let us start with some definitions.
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For A € C™*P and B € C"*4, define the Kronecker product of A and B as
the block matrix

CL(),()B e a07p_1B
A®B= : : . (1)
am,l)oB PN G,mfl’ple
For n € N\ {0}, define the Fourier matriz of size n as F,, = ﬁ[w”m;o, where

w = exp(2ri/n) with i :=/—1.
The following property is well-known:

(AB)® (CD) = (A® C)(B® D),

which is valid when the matrix products AB and CD are well-defined.

Let us now summarize some of the findings of our earlier work on Fourier
matrices. In [2] we described a set of rank-one submatrices of a Fourier matrix
with order a power of a prime number F,=, and we showed how these submatri-
ces are an indication of a more intrinsic factorization of the matrix Fj,», namely
the well-known Cooley-Tukey FFT-factorization [5, 1].

In [3], we described a set of rank-one submatrices of a general Kronecker
product of Fourier matrices

F=F, ®...QF,,. (2)

We showed that such submatrices can be constructed in a nested form, and that
they can be brought in correspondence with the chains of nested subgroups of
the Abelian group Z,, X ... X Zy,,.

It is then natural to ask if these rank-one submatrices of the matrix F in (2)
are also a reflection of an underlying FFT-like factorization. This will be the
subject of the present paper.

This paper is organized as follows. Section 2 provides some basic definitions
from group theory and linear algebra. Section 3 contains the main theorem of
this paper, involving FFT-like factorizations of a Kronecker product of Fourier
matrices F. It will be shown that such factorizations can be obtained for any
chain of nested subgroups of Z,,, X ... X Zy, . Section 4 deals with the intimate
relation between the FFT-like factorizations of the matrix F', and the partitions
of F into nested grids of rank-one blocks. Finally, some conclusions are provided
in Section 5.

2 Basic definitions and notations

In this section we provide some basic definitions and notations from group theory
and multilinear algebra to be used throughout this paper.

We denote by Z,, the Abelian group Z, := {0,...,n — 1}, with group op-
eration defined by the addition modulo n. We denote by Z,, x Z,, the direct
product (cartesian product) group, i.e., the set of couples (i1,i2) with i1 € Z,,



and i € Z,, with group operation defined by the componentwise addition in
L.y, and Z,,, respectively.

The row indices of the matrix A® B in (1) can be naturally labeled by means
of the direct product group Z,, X Z,, while the column indices of this matrix
can be naturally labeled by means of the direct product group Z, x Z,. This
allows to reformulate the definition of Kronecker product as follows:

(A ® B)ihiz;jhjz = Qg gy bi, J20 (3)

where (i1,i2) € Zy, X L, (j1,J2) € Z, X Zy parameterize the rows and columns
of (1), respectively.

Similarly, the row indices of the matrix F = F,,, ® ... ® Fy,, in (2) can be
naturally labeled by means of the direct product group Z,, x ... x Z,,, and
similarly for the columns*. This allows to reformulate the definition of F' in (2)
as follows:

1
F(g,h) = %wgyn CowIkhE (4)
where the multi-indices g := (g1,...,9x), h:= (h1,..., hg) € Zp, X ... X Ly,
parameterize the rows and columns of F', respectively, where n :=n ...ng, and
with wy = exp(27i/k) denoting the kth root of unity.

We will often find it convenient to abbreviate (4) using the compact notation

g1hi gkhr _.  ,gh
WILRL Ik = (87, (5)

For example, consider the submatrix of F3 ® F3 involving the rows labeled
by the double indices (0,0), (1,2), (2,1) € Z3 x Z3, and the columns labeled by
the double indices (0,0), (1,1), (2,2) € Z3 x Z3. The position of this submatrix
is shown in Figure 1.

X X X
L X X
X X X

Figure 1: The figure shows the submatrix of F5® F3 whose elements are labeled
via the multi-indices mentioned in the text. The entries of the submatrix are
shown highlighted.

Note that the submatrix of Figure 1 can be expressed as

L[
— 11 1], (6)
VIl1 o1

*In fact, this connection is even tighter: the matrix F' is known to be a realization of the
so-called character table of the Abelian group Zn, X ... X Zn, [4].



since for example w2 (LD = 11,21 = )% = 1, and similarly for the other

entries.
More generally, we have the following definition.

Definition 1 (Orthogonality:) We say g, h € Z,,, X ... X Zy, to be orthogonal,
denoted g L h, if
weh = 1. (7)

Here we used the notation of (5).

Here are some notions related to the concept of orthogonality. Let G be a
subgroup of Z,, x ... X Zy, . The annihilator

H: =G CZp x...xX Iy,

is defined as the set of all elements h for which h 1 g, for all g € G.
It is known from a theory called Pontryagin duality [4] that the annihilator
of G is itself a group, which is isomorphic to the quotient group!

H=(Zp, X...X7ZLy,)/G.

In particular, it follows that |G| - |H| =n with n :=nq ... ny.

Since orthogonality is a symmetric relation, we will sometimes refer to a
subgroup G and its annihilator H as a pair of annihilating subgroups. For ex-
ample, an obvious pair of annihilating subgroups in Zj3 x Zs is given by G =
{(0,0),(1,0),(2,0)}, H ={(0,0),(0,1),(0,2)}. A less obvious pair of annihilat-
ing subgroups is given here by G = {(0,0), (1,2),(2,1)}, H = {(0,0), (1,1),(2,2)}:
see (6).

Giveng = (g1,-..,9x),h = (h1, ..., hg) € Zp, X...XZyp,, wesay that g < h
if there exists an index [ such that g; = h; for all i =1,...,[, and g;4+1 < hi41.
This is the so-called lexicographical ordering on Zy, X ... X Ly, .

An alternative interpretation of the lexicographical ordering is as follows.
To an element g = (g1,...,9%) € Zn, X ... X Zy,, one can associate the number

ging...ng+ ...+ g1k + gx € Ly, (8)

Using this identification, the lexicographical ordering on Z,,, X ... x Z,, corre-
sponds precisely to the usual ordering of integers in Z,,. Note that this identi-
fication (8) was already implicitly used in (3), (4).

Given a permutation P of Z,, X ... X Zy,, the associated matrixz of P is
defined as the matrix whose jth column contains an entry 1 on its P(j)th posi-
tion, and zeros elsewhere. We will use the same symbol P to denote both the
permutation and its associated matrix.

We define the image of a permutation P of Z,,, X ... X Z,, to be the tuple
(P(g1),.--,P(gn)), where g1,...,g, are the subsequent elements of Z,,, x...x
Zn,,, ordered lexicographically such that g; < g; if i < j. We can then state the
following definition.

TRecall that for an inclusion of Abelian groups G C Gy, the quotient group Go /G is defined
as the set of all the cosets go + G := {go + g| g € G}, with go € Go. The group operation is
defined in the obvious way.



Definition 2 (Permutations sorting modulo or anti-modulo a subgroup:) Given
a subgroup G C Zp, X ... X Ly, , and a permutation P of Zy, X ...X Ly, . Define
the image of P as described in the paragraphs above. We say the permutation
P to

e sort the indices modulo G if the image of P can be subdivided into the
Jform g +G,...,qq +G.

e sort the indices anti-modulo G if the image of P can be subdivided into
the form g1 +Q, ..., g9, + Q-

Here we denoted with @ a set of representants for the quotient group (Zp, X
X Zn,,)/G. We also assumed a certain order on the sets G, Q. (This may be
the lexicographical ordering, but another order could be used as well).

For example, for the subgroup G = {0,3} C Zg, the permutation P; :
0,1,2,3,4,5+— 0,3,1,4,2,5 sorts the indices modulo G, while the permutation
P;:0,1,2,3,4,5+— 0,1,2,3,4,5 sorts the indices anti-modulo G. Note that the
elements of G were indicated in boldface.

As a second example, consider the subgroup G = {(0,0), (1,1)} C Zy x Zs.
Then the permutation P; : (0,0),(0,1),(1,0),(1,1) — (0,0),(1,1),(0,1),(1,0)
sorts the indices modulo G, while the permutation P, with image (0,0), (0, 1),

(1,1),(1,0) sorts the indices anti-modulo G.
We note that Definition 2 is non-standard. We will need it to obtain compact
descriptions of certain permutation matrices P in what follows.

3 FFT and chains of nested subgroups

In this section we state a theorem concerning the existence of FFT-like factor-
izations for a Kronecker product of Fourier matrices F'. This section is organized
as follows. In Subsection 3.1 we state the main result, and we illustrate it for
several examples. In Subsection 3.2 we consider the proof of the main theorem.

3.1 FFT-like factorizations: statement of the main theo-
rem

In this subsection we state the main result of this paper. The proof of this
theorem is deferred to Subsection 3.2, but we will already illustrate it for some
special cases.

We need to introduce a little bit more terminology. Recall that Z,,, x ... x
Zy, denotes the cartesian product set, with group operation defined by the
componentwise addition in each of the Z,,. It is a well-known fact that any
finite Abelian group G is isomorphic to such a direct product of cyclict groups:

G = lny X oo X Loy, (9)

fRecall that a group G is called cyclic if it is spanned by a single element g € G. This
means that G = grp{g}, where grp{g} denotes the smallest subgroup of G containing the
element g. The element g is then called a generator for the group G.



(We used here indices myq, . .., m, instead of nq, . .., ng, since the latter will have
a fixed meaning in what follows.) We define then the corresponding Kronecker
product of Fourier matrices as

Fog:=Fn ®...Q0 Fp,. (10)

Note that this definition is only well-determined if the choice of the factors Z,,,
in the above decomposition (9) is fixed?, but this will be clear from the context
in what follows.

In what follows, we will use the notation Hle A; to denote the matrix
product A;...Ag. Here it is assumed that the dimensions of the matrices A;
are compatible.

Theorem 3 (FFT-like factorizations:) Let F = F,, ® ...® F,, be a matriz as
in (2). Consider a chain of nested subgroups of Zn, X ... X Ln,:

{0} =GpCc Gy C...C GL_1 C Gy, (11)
with G, = Zp, X ... X 2Ly, . Denote the corresponding chain of annihilators by

HyD>H,D>...DHp_1 D Hp ={0}. (12)
Then there exist permutations

Py : sorting simultaneously anti-modulo each of the Gy,
Py sorting simultaneously modulo each of the Hj,

such that the matriz PL F Py decomposes as

L
PIFP =T[(Uic, 1 © Fayye, @ Lim))Dr, (13)
=1

where each I, denotes the identity matriz of size k, k € N, where each D
denotes a suitable unitary diagonal matriz, with Dy, := I, and where the notation
Fg,/G,_, 18 defined according to (10), assuming a given identification of the
quotient group G1/Gi—1 as in the right hand side of (9).

The proof of Theorem 3 is deferred to Subsection 3.2.

For the remainder of this subsection, we will restrict ourselves to describing
some special cases of Theorem 3. First we will show that the factorization (13)
generalizes the classical FFT factorization.

To this end, let us first consider the case of the Fourier matrix F,» with p
prime. The Abelian group associated to this matrix equals Z,=. We can choose
then the chain of subgroups (11) of Z,m as follows:

{0} CZyC ... Clym—r C ZLpm,

8The nonuniqueness of the decomposition G 2~ Ly X oo X Lm,, follows since (i) Zmn =
Zm X Zyn, whenever m and n are coprime, and (ii) Zm, X Zp = Zn X Zmy. This is intimately
related to the fact that the corresponding character tables satisfy (i) Frmn = PIT(Fm ® Fn)P»
for certain permutations Pi, P [5, page 195], and (ii) we have the general identity A ® B =
PI'(B ® A)Py for certain permutations Ps, Py [5, page 84].



where we chose L = m, and where we used the canonical inclusions Z,; C Z+1
for each [. Note that we have here all the quotient groups cyclic of the form
Zpl+1/Zpl = Zp.

The permutation P; sorting anti-modulo each of the subgroups Z,: can now
be chosen to be the identity operator, while the permutation P, sorting modulo
each of the annihilators Z,m-: can be chosen to be the so-called digit-reversing
permutation P,m (as defined in Definition 9). The factorization (13) becomes

m

F_Pp'm == H(Ipl’I ® Fp ® Ian—l)Dl,
=1

which is nothing but the well-known Cooley-Tukey FFT-factorization [5]. One
could even further specify the value of each of the unitary diagonal matrices D
in the above expression by using the information in the proof of Theorem 3, see
Section 3.2, but we will not do this here.

More generally, a series of Cooley-Tukey FFT-factorizations is known for the
Fourier matrix F,, with n arbitrary [5, Chapter 2]. Each such factorization can
be obtained from a chain of subgroups

{0} = Zko - Zk1 C...C ZkL—l C Z’fL = L,

for a suitable sequence of integers k;, with k; a divisor of k;41 for each I. The
corresponding expression for the Cooley-Tukey FFT-factorization is exactly the
same as for the case of Fj» described above, except that the role of the digit-
reversing permutation P, should now be replaced by a more general indez-
reversing permutation Py, . (as defined in Definition 10):

m

Fth---,kL = H(Ikl—l ® Fkl/kl—l ® I”/kz)Dl'
=1

We will now provide another series of examples. To this end, we note that
(13) can be used to provide us with a set of nontrivial automorphisms of the
matrix F, i.e., equalities of the form P{ FP, = F where P;, P, are nontrivial
permutations. This will follow from the freedom that we have in the choice of
certain generators. (This will become clear in Section 3.2, see Lemma 6). Briefly,
this will allow us in certain cases to choose each of the diagonal matrices D; in
(13) equal to the identity, so that the factorization (13) becomes then

L

PlTFP2 = H(I\G171|®FG1/G171®I|Hl|)
=1

(Fa,/co @ U @ Fayya, @1) .. (1@ Fgyya,_,)
= Fa,/c,®Fgy6, 9. Q@ Fg, /6 (14)
which is again a Kronecker product of Fourier matrices.

We give now some examples of automorphisms of the matrix F', i.e., fac-
torizations for which (14) equals precisely the given matrix F. For the present



examples, we will restrict ourselves to simply observing in an empirical way such
a set of automorphisms.

As a first example of this type, consider H := {0, 1,2} C Z3, with annihilator
G = {0}. We have then the automorphism

FS([0723 1]7 [0723 1]) = F3~

Here we denoted the matrix PlT F3P, using a matlab-style notation.

Note that we have ordered here the elements of H in a nontrivial way, as
0,2,1. Corresponding to the permutation of the columns P, which is induced
by this ordering of the elements of H, we have then constructed a permutation
of the rows P; such that PlT F3P, = F3. This is a special case of a general
mechanism which will be described in Lemma 6.

As a second example of this type, recall that the subgroups H := {(0,0), (1, 1),
(2,2)}, G :={(0,0),(1,2),(2,1)} of Z3 x Z3 are annihilating. One can now check
the automorphism

(F3 ® F3)([(0a 0)7 (1a O)’ (27 O)a (27 1); (07 1)3 (1’ 1)7 (]-a 2)7 (23 2), (07 2)]7
[(07 0)? (17 1)? (27 2)? (07 1)’ (17 2)7 (2’ 0)7 (07 2)? (170)’ (27 1)]) = FS Y FS- (15)

Note that again, we have chosen here a fixed ordering for the elements of
H occurring in the permutation P,. Corresponding to this choice of ordering
of P,, we have then constructed a permutation of the rows P; (which is then
completely determined) such that Pl (F3 @ F3)Py = F3 @ Fj Il.

We should stress that such automorphisms-like factorizations of the matrix
F, thus for which each of the unitary diagonal matrices D; in (13) equals the
identity, are only possible under certain conditions on the chain of subgroups
(11). This will be one of the topics of the next subsection (more precisely, see
Lemma 6).

3.2 FFT-like factorizations: proof of the main theorem

In this subsection we come to the proof of Theorem 3. Incidentally, this will lead
to some more detailed information about the permutations P;, P, and the uni-
tary diagonal matrices D; involved in the statement of this theorem. The reader
should of course reacquaint familiarity with the statement of this theorem.

We will first prove Theorem 3 under the assumption that each quotient group
G1/Gi-1 = H;_1/H, is cyclic, and of order my, say, for certain m; € N. (For the

TMatlab is a registered trademark of The MathWorks, Inc.

I For the present example (and the previous one), the existence of a suitable permutation
P can in fact be anticipated from standard group representation theory. The reason is that
the permutation P> corresponds here to a group isomorphism f : G — H, with G = H =
Z3 X Z3. It is known that such an isomorphism induces a one-to-one correspondence between
the characters of G and H. This one-to-one correspondence induces then the existence of a
permutation P; such that the corresponding character tables satisfy PlTFG P> = Fg. However,
we will deal with more general situations as well, for which we are not aware of such a group
representation-based explanation.



general case, see further in this subsection.) Hence
GG = Hi_1/H = Ly, (16)

Denote then with

(17)

g a generator of G; over G;_1,
h; a generator of H; 1 over H;.

Here with g being a generator of B over A, we mean that A C B, g € B
and B = grp{A, g}, where we use the notation grp{V'} to denote the smallest
subgroup of B containing all the elements of V.

Consider now arbitrary a,b € Z,, X ... X Zy,. The above construction
allows to decompose these elements in a unique way as

{ a=aig +...+ayrgy, witheach q; €Z,y,, (18)

b=bh;+...+ b hy, witheach b € Zy,,.

Here we use the notation ag with a € N to denote the sum of a copies of g, i.e.,
g+...+8

The idea is now to consider (aq,...,ar) and (b1,...,br) as multi-indices for
the rows and columns of a multilevel decomposition of F', respectively.

To see what this means, let us first recall some ideas behind the standard
multilevel decomposition of the matrix F. Denote with €; € Z,,, x ... X Z,, the
standard basis vector which is zero except for its Ith component, where it has
an entry 1. Then we have that (using the notations of Section 2)

1 |:w(alel+-~~+akek)'(blel+--~+bkek):|
\/ﬁ a1,..4,ak;b1,4..,bk
= 71 {w(alel)'(blel) o w(akek)'(bkek)}
\/ﬁ a17...,ak;b1,...,bk
1
— a1by akby
- \/ﬁ [w'ﬂl s Wy ]al,...,ak;bl,...,bk
= F,®...0F,, (19)

where the first transition follows from the fact that the e; form an orthogonal
set, i.e., e; L e; whenever i # j (as defined in Definition 1), where the second
transition follows since w®® = w,, for all [, and where the last transition is
nothing but the definition of Kronecker product.

Now in the present situation, we will not use the standard basis vectors
e; anymore, but use instead the new basis vectors g; and h; constructed in
(17) to parametrize the rows and columns in a multilevel decomposition of F,
respectively. Formally, this corresponds to using the permutations

L, — Liny X .. X L, (20)
defined by

{ P:ams...mp+...+ap_1mp +ar — a18 + asgs + ... +argr, (21)

Py:byms...mp+...+br_1mp +br — bihy +bshs + ... +brhy.



Here the numbers on the left are assumed to be in Fuclidean division form, i.e.,
we assume that a; € Z,,, for each .

It is easy to see that the mappings P;, P, are bijective; see our earlier deriva-
tion of (18). To consider Py, Py as permutations on Zy, X ... X Ly, , it suffices
then to use the natural identification by means of lexicographical ordering of
their domain Z,, in (20) with Z,, X ... X Zy, .

We should be aware that, in contrast to the e;, the new basis vectors g; and h;
for the rows and columns do in general not form a biorthogonal system anymore.
Indeed, the condition g; L h; is now only guaranteed to hold when ¢ < j. The
latter follows since for ¢ < j, we have by construction that g; € G; C G;j—; and
hj € Hj_1 = Gj_; see (17).

The fact that in general g; / h; when ¢ > j will now cause some extra
factors to appear in the multilevel decomposition of P F Py:

1
—w

7
1
_ 71—[ (aigi)-(bjhy)
= w
Vi

1
= (aigi) (bjhy) (22)
I | w .
Vvn

127

(a1g1+...+argr)-(bihi+...4+brhyr)

Briefly, the fact that (22) still contains factors with i > j will cause P{ FP,
to be different from the simple Kronecker product form of (19), but instead to
have the more complicated form involving the unitary diagonal matrices D; in
the right hand side of (13).
To prove this claim, suppose that we fix the first indices a1,b;. We can then

refactorize (22) as follows:

Lw(algl)'(blhl)Hw(aigi)'(blhl) H w(aigi)'(bjhj)’

v i>2 i>j>2

or equivalently (distributing the factor /n)

1 1
(a1g1)(b1hy) (aigi)-(bihy) (aigi)-(bjhy) (23)
w I | w | | w .
Vvmi > vn/my i>i>2

Suppose now that we keep the indices a1,b; fixed, while varying the indices
as,. . .,ar;ba,. .. ,by,. The elements in (23) constitute then the submatrix

1
- (a1g1)'(b1h1)d' Il (aigi)-(bihy)
w lag w
Al i>2
- az;...,ar
1 (aigi)-(bjhy)
e — ||wlg’ ] . (24)

vi/m |5,

10



Recal now that a1, b; are the ‘dominant’ indices in the multilevel decomposition
of PLFP,, see (21). It follows then from (24) that the (a1, by )th block entry of
PL'FP, is of the form

Say,bs Db, T,

where S, T are fixed matrices (the matrix T is fized since it is the same for each
choice of ay, by, i.e., for each block entry of PI FP,), and where Dy, is a certain
diagonal matrix depending on the index by, but not on a;. The proof of (13)
can then be finished by means of a recursive application of the following two
lemmas. g

Lemma 4 Let S, T be given matrices. Suppose that we have given a matriz M
with (i, j)th block entry given by s, ;D;T, where Dj is a certain diagonal matriz,
depending only on j. More specifically,

s0,0D0T ...  Son—1Dp1T
M = : :
Sm-1,0D0T ... Sm-1n-1Dp 1T
Then we have that
M=(S®I)DI®T), (25)

for the diagonal matriz D = diag(Dy, ..., Dp_1).
PROOF. The matrix S ® I equals

80)0] e 80’n71]
S®I= :
Sm71,01— cee Sm71,n71]

On the other hand, we have D(I ® T') = diag(Do, ..., Dn—1)diag(T,...,T)
diag(DoT,...,Dp_1T). The result follows now immediately.

O

We need also the following, more technical lemma.

Lemma 5 Under the assumptions of (16) and (17), let us assume that the
generator hy of Hi_1 over H; has been fized. Then we can choose the generator
g1 of Gy over GGj_1 such that

weh = (26)

i.e., the myth root of unity. Hence

1 m;—1 1 o —1
=y (arg)-(bihy) _ ab; 1™ _
van {w Laz,bz}:o NG (i Lo my=o = s (27)

i.e., the Fourier matriz of size my.

11



PROOF. Consider the map
f:G —C* g wsh (28)

where we use C* to denote the set C\ {0}, with group operation defined by the
usual multiplication of complex numbers. This map f is a group morphism, in
the sense that it is compatible with the respective group operations: f(g;+8g;) =
f(g)f(&). It follows then from standard group theory that the image Im(f)
must be a subgroup of C*, more precisely

Im(f) = Gi/Ker(f), (29)

where Ker(f) := f~!(1) denotes the kernel of f.
We want now to characterize Ker(f). Recalling that h; was chosen as a
generator of H;_; over Hj, it follows immediately from the definition (28) that

Ker(f) D Hi, = Gi_1.

Substituting this in (29), we see that Im(f) must be isomorphic with a subgroup
of
Gl/Gl_l =L, (30)

We want to show now that Im(f) is actually isomorphic with the full group
Zm, in (30). Suppose thus by contradiction that Im(f) has order k < my. It
follows then from the definition (28) that

1= (wgrhz)k — wgl'(khl)’

for all g; € G;. Hence kh; € Gi* = H;. But since h; was chosen as a generator
of H;_y over H;, and in view of (16), the latter is only possible if k = m;.

We conclude that Im(f) is isomorphic to the group Z,,, in (30). Since by
construction Im(f) is a multiplicative subgroup of C*, this is only possible
if Tm(f) equals the set of roots of unity {w¥ }7";'. In particular, we have
wWm, € Im(f), and hence by the definition (28) there exists a g; € G} satisfying
the required condition (26).

To conclude the proof, we should then still show that the constructed g;
must indeed be a generator of G; over G;_1. But this follows easily since if
kg € G;_; for some k with 0 < k < my, then

1 = w(kgl)'hl = (wgl.hl)k = wk R
mi

whence k = m;. O
Summarizing, we have now finished the proof of Theorem 3 in the case where

each G;/Gi_1 =2 Hi_1/H| = Z,, is cyclic.
Let us now consider the case where

Gl/Gl—lng—l/ngZm”l x"'Xme)7 (31)
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for some P € N. (The superscripts in the above equation are used as labels,
not powers.) Consider the natural basis for the right hand side of (31), i.e., the
set of P-tuples €] which equal zero except for their pth component which is 1.
Denote with hf a representant of ef in H;_4, i.e., an element of H;_1 whose
image under the natural map H;_y — H;_1/H, equals €. Tt follows then for
example that

grp{Hy, b’} H = Z,y,

and
&Py zp{ Hi, 0}/ Hy = Q) Lo
q#p

Lemma 6 Under the assumption of (31), assume that the generators h} of
H;_1 over H; have been fized as described in the paragraphs above. Then we can
choose a set of generators g} of Gy over Gi_1 which form a biorthogonal basis
with respect to the hY, in the sense that

g/ L hf, (32)
whenever p # q, and moreover
gl’_hl’ o
wsL T = WP, (33)
for all p.

PROOF. The proof is similar to the proof of Lemma 5. Note first that the
required biorthogonality conditions imply that gl must belong to the group

Gf = (grpq?ép{Hl,h?})l.
Consider now the group morphism
f:GP - C* gl WS R (34)

It follows then that
Im(f) = G} /Ker(f),

where we have again the trivial inclusion Ker(f) O G;_;. Thus we see that
Im(f) is isomorphic to a subgroup of

GV/Giy = (gt {Hy b} /(Hi—1)*"
= (gtpyrp{Hi. B}/ (grp {Hi b))+ (35)
= grpq{Hl’ h?}/grpq;ép{Hlﬂ h?}
= me, (36)

where the last transition follows by the choice of the hj.

We want now to show that Im(f) is actually isomorphic with the full group
Ly in (36). Suppose thus by contradiction that Im(f) has order k < my. Tt
follows then that for all g € G7,

P . hP P, P
1= (wgl h; )k = w8 (khj )7
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whence kh] € (G)* = grp,.,{H;, h]}. Due to the choice of the h, the latter
is only possible if k = m].

We conclude that Imf is isomorphic with the group me in (36). Since by
construction Im( f) is a multiplicative subgroup of C, it follows then easily from
the definition (34) that there exists a g] € GY satisfying the required condition
(33). By construction of G, the required biorthonality conditions (32) are then
also satisfied.

To finish the proof, we should still check that the constructed g} form
indeed a set of generators of G over G;_;. Thus we must have that G; =
grpp(Gl,l7 g/), or by passing to the orthogonal complement,

H = H-in m(glp)L
P
= H_in ﬂ grpq;ép{Hl, hf}
P
By construction of the hy, the latter is indeed satisfied. O

Lemma 6 provides us with a non-cyclic analogue of (26). To obtain an
analogue of (27) as well, one should now replace the indices a;, b; by multi-indices
(a},...,al), (b},...,bF), respectively. It follows then from the biorthogonality
relations of Lemma 6 that
1 [w(a%g}+‘..a{3gf’)-(b%h%+-~b5’hf>

ai,...,ap;bi,....bp

_ 1 [ aj b} ai bf
= i W
VAL l l ai,...,ap;bi,...,.bp
= Fu®...0 F,r, (37)

where m; := m} ...m!. This provides us with the desired analogue of (27).

Observe now that the matrix (37) can be expressed as
FZmll X...XZmlp = FG’[/GZ,17

where we used (31). It is then straightforward to adapt the proof of Theorem 3 to
the present case. Indeed, one can use exactly the same proof as in the cyclic case
(P = 1), but now substituting each occurrence of the indices a;, b; by the multi-
indices (af,...,al), (b},...,b"), respectively; the details are straightforward.

Summarizing, we have now completely finished the proof of Theorem 3, for
the case of arbitrary quotient groups G;/G;-1 = H;_1/H;.

Remark 7 As an illustration of Lemma 6 and the subsequent derivation of
(37), let us reconsider the automorphism of F3 ® F3 that was provided in (15).
We have here that w8 := w§1h1w§2h2. Eq. (15) follows then from the following
set of biorthogonality relations:

wEb | (0,1) (1,1)
1,0) 1 w3

14



4 FFT and rank-one submatrices

In this section we show the relation between the FFT-like factorizations of the
matrix F = F,,, ® ... ® F,, discussed in Section 3, and the partitions of F' in
nested grids of rank-one submatrices. This section is organized as follows. In
Subsection 4.1 we discuss some preliminaries about the graphical interpretation
of the FFT-like factorizations of the matrix F. In Subsection 4.2 we consider
the relation with grids of rank-one submatrices.

4.1 Preliminaries: graphical interpretation of the FFT-
like factorizations

In this subsection we discuss some preliminaries about the graphical interpre-
tation of the FFT-like factorizations of Section 3. This material serves as a
preparation for some of the material discussed in the next subsection.

We will deal here with Eq. (13), which we restate for convenience:

L
PlTFP2 = H(IIGl—ﬂ ® FGl/Gl—l ®I|Hz\)Dl' (39)
=1

We recall the definition of a Givens transformation G; ; acting on rows and
columns 7, 7, with ¢ < j. This is defined as a matrix

1

Gij= I )

where the I denote identity matrices of suitable sizes, where ¢ and s are suitable
complex numbers such that |c|? + |s|?> = 1, and where the nontrivial entries are
positioned in rows and columns ¢ and j. When such a Givens transformation
Gi,; acts on the columns of a matrix A € C**", then all the elements of A will
be preserved, except for the elements in columns ¢ and j, which are acted upon
according to the 2 by 2 core of the Givens transformation

[ (40)

More generally, one can allow the second row of (40) to be multiplied by a
complex sign, i.e., by a complex number €' for some 6 € R.

To allow a graphical representation, we will often denote a Givens transfor-
mation acting on the columns of a given matrix A by means of a wedge, where
the two legs of the wedge are placed on the position of the columns i, j of A on
which the Givens transformation acts (see further).

More generally, one can define an elementary unitary operation G, .. ;,: this
is defined as a unitary operation which equals the identity matrix, except for
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the elements in rows and columns i1, ...,%;. Similarly as above, we will denote
an elementary unitary transformation acting on the columns of a given matrix
A € C™™ by means of a wedge, where the k legs of the wedge are placed on
the position of the columns 41, . .., i of A on which the transformation acts (see
further).

Now we come to the graphical interpretation of (39). Let us assume for
simplicity that each quotient group G;y1/G; in (39) is isomorphic to Zs, and
that L = 3; the general case is completely similar.

We start with the graphical interpretation of the rightmost factor of (39):
I, ® Fy, = I, ® Fy = diag(Fs, Fy, F, F5). This matrix can clearly be factorized
as Go,1G2,3G4,5G6,7, where each Gaj 2541 is a Givens transformation acting on
rows and columns 2k, 2k 4 1, where it acts like F = % [ i _} } . (The order
in which the Givens transformations Gag 2r+1 are multiplied with each other
does not matter, since Givens transformations acting on strictly disjoint row
and column indices commute with each other.)

Suppose now that we represent each Gy, 2k+1 by a wedge, with legs pointing
to the columns of an (invisible) matrix A € C3*® on which this operation acts.
We can then represent the global factor [y®F» = Go,1G2,3G4,5Ge,7 in a graphical
way as

AN

Second, consider now the middle factor [a®@Fy, 1 = Ih,@Fo®1; = diag(Fh®

x 0 x 0
. .. 0 x 0 x

I>, Fo® I5). Obviously, the shape of F» ® I is given by <« 0 x 0| We
0 x 0 x

can therefore factorize the matrix Io ® Fo ® Is as a product of Givens transforma-
tions G 2G1,3G46G5,7. (Again, the order of the Givens transformations does
not matter.) Using the same wedge notation as before, we can then represent
this matrix graphically as

XN XN

A similar representation can be derived for the leftmost factor F5 ® Iy, which
is easily seen to allow a factorization as a product of Givens transformations
Go0,4G1,5G2,6G3,7.

Finally, note that each of the unitary diagonal matrices D; in (39) can be
simply absorbed into the corresponding factor I\, ,| ® Fg,/q,_, ® I|g,|, hereby
not changing the sparsity pattern of the latter matrix. The complete right hand
side of (39) can then be visualized as (for reasons to become clear further, we
show here actually the action of the Hermitian transpose of the right hand side

e R\

N LN

NN N N

One can also consider more general cases. For example, the FFT-like fac-
torization of Fg induced by the chain of subgroups {0} C Zy C Zg, with the
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inclusions defined in the obvious way, looks like (again representing the Hermi-
tian transpose of the right hand side of (39))

AN

/N IN (41)

Note that we needed here some wedges with three legs to denote the elementary
unitary operations induced by the factor I, ® F3 = diag(Fs, F3) = Go,1,2G3.4,5.
On the other hand, the operations induced by the factor Fr ® Is = G 3G1,4G2 5
were represented by wedges with two legs.

More generally, one has the following result.

Lemma 8 Fach factor in the right hand side of (39) allows a decomposition of
the form

I|Gl—1‘ ® FGl/Gl—l ® I\HL\ = H G(a’c)v (42)

GEZ‘0171 | ,CEZ‘H”

where G(%°) is defined to be the elementary unitary operation which equals the
identity matriz, except for the elements in rows and columns

alH_1|+b|Hi|+¢, be ZIGZ/GL—1|7 (43)
where it has a submatriz Fg,/q,_, -

The correctness of Lemma 8 is easily checked. Moreover, note that the order
in which the elementary unitary transformations G(*® are multiplied in (42)
is irrelevant. This follows since the expression in (43) has a Euclidean division
form, so that these index sets are pairwise disjoint. (See also the examples
earlier in this subsection.)

4.2 Relation between FFT-like factorizations and rank-
one submatrices of F

In this subsection we show how the FFT-like factorizations as in (39) are related
to the rank-one submatrices of the matrix F.
We start with some definitions.

Definition 9 The digit-reversing permutation induced by an integer p™, with
p prime, is defined as the permutation map P,m on {0,...,p™ — 1} which maps

Pym Cm1 D™ 4+ op’ —cop™ L+ e

Here the involved numbers are expressed in the p-based number system, i.e., we
assume ¢ € {0,...,p— 1} for all k.

For example, Ps transforms the sequence 0, 1,2, 3,4, 5,6, 7 into the sequence
0,4,2,6,1,5,3,7.
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Definition 10 (See [5, p. 89]:) More generally, let there be given a sequence of
numbers p; € N, p; > 2, fori=0,...,m — 1. The index-reversing permutation
induced by the sequence

m—1
P = (Pm—1,Pm—2Pm—1,--- | | Pi)
=0

m—1

is defined as the permutation map Py on {0,...,(I[;=, pi) — 1} which maps
Pp 'Cm—1Pm-2---Po+...+C1po+cCco— CcoP1-- - Pm—1+..-+Cm—2Pm—1+Cm—1-

Here the involved numbers are in FEuclidian division form, i.e., we assume c¢; €
{0,...,pi - 1}

For example, Ps¢ (we have here m = 2, pg = 2 and p; = 3) transforms
the sequence 0,1, 2,3,4,5 into the sequence 0,3,1,4,2,5. Thus the indices are
sorted modulo 3.

As another example, P; 6 12 transforms the sequence 0, 1,2, 3,4,5,6,7,8,9, 10,
11 into the sequence 0,6,3,9,1,7,4,10,2,8,5,11. Thus the indices are sorted
simultaneously modulo 3 and modulo 6.

Definition 9 can be retrieved as a special case of Definition 10, by choosing
p; = p for all i. For example, the index-reversing permutation P, 4g trans-
forms the sequence 0, 1,2, 3,4, 5,6, 7 into the sequence 0,4,2,6,1,5,3,7 and can
therefore be identified with the digit-reversing permutation Pg of Definition 9.

Suppose now that we have given a chain of nested subgroups G; as in (11),
and denote with H; the annihilator of G;. Then the definition of the index-
reversing permutation Pg,| ... |c,| specifies to

co—1lHil+ ... +eilHp a1l +co v colGr-a| + ...+ c—2|Gi| +cp-1,

where ¢, € {0,...,|Gi/Gi-1| = 1} = {0,...,|H;—1/H;| — 1}, for all . In
particular, the inverse permutation is given then by

G| = PlHL 1|, Hol-

,,,,,

Let us now relate the FFT-like factorizations of Theorem 3 to the rank-one
submatrices of the matrix F'. Consider first a chain of subgroups (11) containing
only a single nontrivial subgroup: {0} C G1 C G2 = Zp, X ... X Zy,. Recall
that the elements in the multilevel decomposition of P F P, can be expressed
by means of the formula (22), which becomes here

L (g (bihy)  (aage) (biha) o (aag2) (baba)

NG

Now suppose that we fix the indices as and b;. The corresponding submatrix
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of I becomes then

L {w(algl>‘(b1h1>w<a2gz)~<b1h1>w<a2g2>‘<b2h2)]

\/ﬁ ai,ba

= Lw(a2g2)'(b1h1) [w(algl)'(b1h1)w(0232)'b2h2]

\/ﬁ a,bz
wl(a1,181)-(b1h1)
1
— (azg2)-(b1h1)
= —w
\/ﬁ w(al.\Gl\gl)'(blhl)
[ wlaeg2)(baaha) 0 (y(a282) (b2 h2) ]

=: Rk 1,

which is a submatrix of rank one.
Since the above argument holds for any fixed choice of as, b1, it follows that
the matrix (the provenance of the factor P\q;hl \11,) Will be explained further)

Py, 0 Py PP (44)
can be subdivided in a grid of rank-one submatrices, i.e.,

Rk1 ... Rk1
Pl o PLF P = : : ; (45)
Rk1 ... Rk1

where each Rk 1 denotes a matrix of rank 1, having size |G1| by |H1|. (For no-
tational simplicity, we represent here each rank-one block by the same notation
Rk 1, but these different blocks do not have to be equal to each other.)

Indeed, the presence of the index-reversing permutation P‘ZIH | 0 (44)
can be explained as follows: it was shown above that in order to obtain the
grid of rank-one submatrices, the indices as,b; should be fixed. Hence the
indices a1, as parametrizing the rows in the multilevel decomposition of P F P,
must be ordered in the reverse order, since we need as (and not a1) to be the
fixed coordinate describing the block rows of (45). It is easy to see that the
permutation achieving this reversal of coordinates a1, as is precisely the index-
reversing permutation P\ihl,\ Ho| (appearing with a transpose sign, since it is
applied to the rows and not to the columns.)

Concerning this last claim, note that the permutation P; has image 0, go, . . .,
(ma—1)g2,81, ..., cf. (21). To select from this image the indices 0, g1, ..., (m1—
1)g1, it suffices then to sort these indices modulo my = |Hy|, which was to be
demonstrated.

Also for a general chain of subgroups (11), one can apply these ideas. One
should then fix the indices ajy1,...,ar and by,...,b;, for a certain value of .
By the absence of all the factors w (&) (51) with i < j in (22), it is then easy
to see that the obtained submatrix of F'is of rank one. Since this must hold for
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any value of [, we obtain in this way a family of partitions of the matrix F' into
nested grids of rank-one blocks.
We can summarize this as follows.

Theorem 11 Let F = F,, ® ...® F,, be a matriz of the form (2), assume a
chain of subgroups Gy of Zn, X ... X Ly, as in (11), and denote with H; the
annihilator of G;. Denote with Py, Py the permutations such that PlTFPQ allows
an FFT-like decomposition as provided by Theorem 3. Then the matrix

A= Py, .. PTFP2 (46)

can be subdivided in a grid of rank-one blocks of size |G)| by |H;|, and this
simultaneously for all | = 1,...,L. Here we used Py, _,| ... |1, to denote the
index-reversing permutation defined in Definition 10.

Note that the permutations acting on the rows and columns of F' in (46) sort
simultaneously modulo each of the G;, H;, respectively. This follows since the
need to reverse the order of the coordinates ay, i.e., the presence of the factor
P\%Lfll,...,\ o) i (46), turns the anti-modulo sorting permutation Py of Theorem
3 into a modulo sorting permutation. In this way, the conclusion of Theorem
11 is consistent with an observation in [3].

Conversely, and maybe surprisingly, the presence of the rank-one submatrices
in Theorem 11 is in fact sufficient to guarantee the existence of an underlying
FFT-like factorization. This correspondence is not total in the sense that the
factors in (39) will now not need to be of Kronecker type (/jg,_,| ® Fg,/q,_, ®
I1p,)) Dy anymore; but they will at least have the same sparsity pattern.

The way how to see this was essentially presented in [2]. We will now adapt
these arguments to the present case.

We will illustrate the idea for a unitary matrix A € C%*6, under the assump-
tion that this matrix can be simultaneously subdivided in a grid of rank-one
blocks of size 2 by 3, and a (trivial) grid of rank-one blocks of size 1 by 6. We
want then to obtain an FFT-like factorization for this matrix: see Figure 2.

Let us comment on this figure. The general idea is to compress the elements
in the low rank blocks of the matrix A by means of elementary unitary transfor-
mations. In the first step of the compression process, we consider the partition
of the matrix A in a 3 by 2 grid of rank-one blocks: see Figure 2(a). Since the
three columns of such a rank-one block are obviously linear multiples of each
other, it is possible to find elementary unitary transformations Go1,2,G3.4,5,
chosen to annihilate the elements in columns 1,2, 4,5 of the topmost collection
of rank-one blocks, and in columns 2,5 of the middle collection of rank-one
blocks.

From the asssumed unitarity of the matrix A, it follows then that simultane-
ously the elements in columns 0,3 of the middle rank-one blocks, and columns
0,1,3,4 of the bottommost collection of rank-one blocks must be annihilated
under this process, hereby leading to the sparsity pattern in Figure 2(c).

Indeed: note that after applying an elementary unitary transformation
G3k,36+1,3k+2 to a triple of columns, by construction, the submatrix formed
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HKAXAKPKXX K
XX KX XX
HKAXAKPKXX K
XX XXX X
XX XXX X
XX XXX X

(a) Starting matrix
A, divided in a 3 by
2 grid of rank-one
blocks.

(b) Apply the first
elementary unitary
transformations to
the columns.

/7RN\

AN /N

X
X

X
X

X
X

X
X

X
X

X
X

(d)

Consider

the

partition in a 6 by
1 grid of rank-one
blocks.

(e) Apply the next
elementary unitary
transformations to
the columns.

/NN
X X
X X
X | X
X | X

X X
X X

(c) Entries are anni-
hilated as shown.

(f) Entries are anni-
hilated as shown.

Figure 2: Obtaining an FFT-like factorization for a unitary matrix A € C6%6.
It is assumed that this matrix can be simultaneously subdivided in a grid of
rank-one blocks of size 2 by 3, and one with blocks of size 1 by 6.
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by these three columns takes the form

u 0 0
av bv 0 |, (47)

cw  dw  ew

for suitable column vectors u,v,w € C2*! and scalars a,b,c,d,e € C. (We
expressed here that the middle block row must still be of rank one, and hence
must have column space spanned by a single vector v € C2*!, and similarly for
the bottom block row). Now since both the matrix A and the applied elementary
unitary transformation are unitary, the columns of (47) should be orthonormal
to each other. It follows that de||w||?> = 0. But since both e = 0 and ||w]|| = 0
are impossible since they would imply the matrix to be singular, it follows that
necessarily d = 0. Similarly, it can be shown that a = 0 and ¢ = 0, which was
to be demonstrated.
We can summarize the resulting sparsity pattern of Figure 2(c) by

(0,1,2,3,4,5) — (0,1,2,0,1,2), (48)

where we have k — 0 when the weight of the kth column is completely concen-
trated in its two topmost rows, k — 1 when it is concentrated in the two middle
rows, and k — 2 when it is concentrated in the two bottommost rows.

We consider now the partition of A in a 6 by 1 grid of rank-one blocks:
see Figure 2(d). Note that the row grid is refined by this operation. Now
we choose elementary unitary transformations Gg 3, G1.4,G2,5 to eliminate the
topmost nonzero element in each of the columns 3,4,5. Again, the unitarity of
the matrix A will then imply simultaneously the bottommost nonzero element of
the columns 0, 1,2 to be annihilated, resulting in the sparsity pattern of Figure
2(f).

We can summarize the resulting sparsity pattern of Figure 2(f) by

(0,1,2,3,4,5) — (0,2,4,1,3,5), (49)

where we have k — 0 when the weight of the kth column is completely concen-
trated in its topmost row, and similarly for the other values 1,2,3,4,5.

From the above description of the compression process, it follows that the
matrix resulting at the end of this process, will have precisely the same sparsity
pattern as the indez-reversing permutation P g: cf. (49).

To see the general mechanism behind this, note that in the first step of the
compression process, we have brought the weight of the kth column completely
to the Oth, the first or the second block row of A, cf. (48). It was found that this
assignment depends only on the column index modulo 3, which is the trailing
digit ¢g in the Euclidean division k = ¢13+ ¢p. On the other hand, the assigned
block row can be considered as assigning the leading digit ¢y in the Euclidean
division 7 = ¢p2 + ¢1, where r denotes the row index corresponding to the
column index k. Applying this argument recursively, the relation with the
index-reversing permutation should now be clear.
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In fact, by the unitarity of the matrix A, each of the columns of the com-
pressed matrix must still have norm equal to one, and hence by suitable choice
of the complex signs of the applied elementary unitary transformations, the
resulting matrix can be chosen to be precisely equal to the index-reversing per-
mutation P g: see Figure 3.

Figure 3: The figure shows the resulting permutation matrix P» ¢ obtained at
the end of the compression process of Figure 2.

Summarized, we have obtained a factorization
AGH = Py,

where GH denotes the product of all the elementary unitary transformations
used in the compression process. It follows that

A= Py G.

Since the matrix G¥ has exactly the same sparsity pattern as we obtained in
(41), this provides us then with the desired ‘FFT-like factorization’ of the matrix
A.

In the general case, we have the following result.

Theorem 12 Assume a chain of subgroups Gy of Zp, X ... XLy, asin (11), and
let A € C*"™ be a unitary matriz which can be subdivided in a grid of rank-one
blocks of size |G| by |H)|, and this simultaneously for alll =1,..., L. Then we
have the following converse of Theorem 11: there exists a factorization

A= Pay),... 6l G,

5

where Piq, ..., |a,| denotes the index-reversing permutation defined in Definition
10, and where G is a product of elementary unitary matrices, whose factors have
exactly the same sparsity pattern as the factors in the right hand side of (39),

in the sense of Lemma 8.

5 Conclusion

In this paper we described a class of FFT-like factorizations for a Kronecker
product of Fourier matrices F' = F,, ® ... ® F),,. We showed that there exists
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such a factorization for any chain of nested subgroups of the Abelian group
Zp, X ... X Ly, . The obtained class of FFT-like factorizations generalizes the
classical Cooley-Tukey FFT-factorizations, the latter corresponding to the case
of a single Fourier matrix F,.

The mechanism behind the FFT-like factorizations of this paper is a multi-
level decomposition of the matrix F, where the generators g;,h;, | = 1,... L
of the different levels of the rows and columns have to satisfy certain par-
tial biorthogonality conditions. The trivial multilevel factorization of F' =
F,, ®...® F,, (induced by the very definition of F' as a Kronecker product)
follows as a special case by choosing the generators of rows and columns as the
standard basis vectors e;, | = 1,..., k, in which case the system of generators is
completely biorthogonal.

We showed that the FFT-like factorizations lead to a partition of F' into
nested grids of rank-one submatrices, hereby retrieving an observation from [3].
Conversely, we showed that (a slightly larger class of) FFT-like factorizations
can be obtained under the weaker assumption that the given matrix allows a
subdivion into nested grids of rank-one matrices, hereby generalizing an obser-
vation from [2]. Some graphical illustrations of these factorizations, and of the
corresponding construction mechanism, have been provided.
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