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Abstract

We present a model reduction Lanczos method for the computation of frequency response functions of

Rayleigh damping problems. The connection with modal extraction and modal superposition is made. The

usual model reduction methods require complex arithmetic. With the proposed method, complex arithmetic is

only used for the reduced problem. A numerical example from structural damping is given.
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1 Introduction

Consider the system

(K − ω2M + D(ω))x = f (1)

for ω = ω1, . . . , ωm. Problems of this form arise in the computation of the frequency response function of vibration
problems, discretized by finite elements. The matrices M and K in Rn×n are the mass and stiffness matrices
respectively, and are symmetric and positive definite [7] [6]. Often, K is positive semi-definite. The matrix D is a
damping matrix and is also symmetric but complex. In this paper, we study the case of Rayleigh damping

D(ω) = γ(ω)K + δ(ω)M . (2)

This a special case of modal damping, i.e. there are U ∈ Rn×n so that

U∗KU = Λ2 , U∗MU = I , U∗DU = ∆ (3)

where Λ = diag(λ1, . . . , λn) and ∆ = diag(δ1, . . . , δn) are diagonal matrices. The columns of U are eigenvectors.
Rayleigh damping is a physical model that is actively studied over a long period [13] [14] [17]. The most popular
method for solving models with Rayleigh damping is modal superposition, i.e. the matrices K, M and D are
diagonalized by right and left multiplication with well selected columns of U . This reduces (1) into a diagonal
linear system. Sometimes complex systems are approximated by Rayleigh or proportional damping models [2]. The
major disadvantage of this approach is that a relatively large number of eigenvalues and eigenvectors of (K, M)
may have to be computed. This is usually accomplished by the block Lanczos method [15, 16, 19].

In this paper, we propose the Lanczos method that is very close to modal superposition but can be more efficient
in terms of memory. The method is significantly easier to implement than modal extraction. In general less vectors
are required as well, since the method focuses on computing only the modes that have important contributions
to the solution. This type of method has been successfully applied in electronic circuit design [10] [3] and for
undamped structures [20], and exterior acoustic problems [18]. See [8] for an overview of model reduction methods.

In the literature, methods are proposed when γ and δ are a linear function of ω. We then have a problem of
the form

(A0 + ωA1 + ω2A2)x = f
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a. Structural damping b. Fluid damping

Figure 1: Spectrum for Rayleigh damping

where A0, A1 or A2 are complex symmetric. Krylov methods for polynomials of degree two in ω are well suited,
e.g. [5] [4]. When γ and δ are higher degree polynomials in ω, we can use [11]. These methods can be expensive
for large degree polynomials. Moreover, the construction of the Krylov subspaces requires complex arithmetic. In
this paper, we present a method based on the Lanczos method that builds a Krylov space in real arithmetic, which
leads to significant reductions in computation time and memory.

Since K often is singular, K is shifted into Kσ = K −σ2M with K −σ2M non-singular. The Lanczos method
relies on the existence of such a σ. (Note that when M and K have a common nullspace, this condition is too
strong. In this case, it is not obvious how to solve linear systems with K − σ2M and therefore we do no longer
consider this case. See [9] for more details on the spectral structure.)

In this paper, we extend the Lanczos method for the solution of undamped systems to systems with Rayleigh
damping. The Lanczos method has connections with the conjugate gradient method [20]. With the presence of
damping, these properties slightly change. The connection with Padé approximation [10, 3] is less helpful in the
context of this manuscript.

We use x∗y to denote the Euclidean inner product of x and y and by ‖x‖ or ‖x‖2, we denote the induced norm.
We also use the inner product x∗My and the induced norm ‖x‖M =

√
x∗Mx.

Here is the plan of the paper. In §2, we define proportional and Rayleigh damping and show properties. In
§3, we introduce the Lanczos method and its use for the solution of problems with Rayleigh damping. Section 4
shows the connection with iterative methods and the vector Padé approximation. The convergence is similar to
the undamped case, but the damping may turn the residual of (1) quicker to zero. The theory is illustrated in §5
for a vibrating windscreen, which is an example of structural damping. We finally summarize the conclusion in §6.

2 Proportional damping

In this section, we describe a number of cases of proportional damping.
Structural damping takes the form

D ≡ iγK . (4)

The spectrum of
(1 + iγ)Ku = λ2Mu

lies on a line in the complex plane as shown by Figure 1.a. We obtain the equation

{(1 + iγ)K − ω2M}x = f . (5)

Fluid damping takes the form
D(ω) = iω(γK + δM) . (6)

The corresponding eigenvalue problem is quadratic, where each eigenvector has two distinct eigenvalues. The
spectrum of the quadratic eigenvalue problem

Ku + iλ(γK + δM)u− λ2Mu = 0

lies on a curve in the complex plane as shown by Figure 1.b. We then obtain

{

K + iω(γK + δM)− ω2M
}

x = f . (7)
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It is clear that both forms of Rayleigh damping are modal. A more general form of Rayleigh damping is called
proportional damping where

D(ω) =

q
∑

j=0

βjM(M−1K)j . (8)

In this paper, we use a different form of proportional damping which is closer to the numerical method that is
proposed :

D(ω) =

p
∑

j=0

αjKσ(K−1
σ M)j . (9)

The following theorem shows the connection between modal damping and proportional damping.

Theorem 1 Suppose that there is an n× n matrix U so that U ∗MU = I, U∗KU = Λ2 diagonal and U∗D(ω)U =
∆(ω) diagonal. Assume that if λj = λi, then δi = δj . Then there are p ≤ n and αj for j = 0, . . . , p so that (9)
holds.

Proof. First note that U∗MK−1
σ MU = Θ with

Θ = (Λ2 − σ2I)−1 = diag(θ1, . . . , θn) .

Let p be the number of distinct eigenvalues. Consider the linear system in α0, . . . , αp :

δi =

p
∑

j=0

αjθ
j−1

i i = 1, . . . , n . (10)

This is a Vandermonde linear system in α0, . . . , αp. If p λj ’s are distinct, this is a non-singular system. If δi = δj

when λj = λi, the right hand side is consistent and so we have a solution. From (10), we derive

∆ =

p
∑

j=0

αjΘ
j−1 . (11)

Next, we note that
D = U−∗∆U−1 (12)

and
p

∑

j=0

αjU
−∗Θj−1U−1 =

p
∑

j=0

Kσ(K−1
σ M)j . (13)

The proof follows from combining (11), (12) and (13). 2

As we shall see later, there is an advantage for having small p. For arbitrary modal damping, p can be very large,
so that the proposed method is not necessarily efficient. Recall that for structural Rayleigh damping, p = 0 and
for fluid Rayleigh damping, p = 1. We mainly concentrate on these two cases.

We just give a small example to illustrate Theorem 1. Let

K =





2
1

1



 M = I

and let δ1 = i0.1 and δ2,3 = 0.2i. Since U = I , we know that D = ∆, and since we have two distinct eigenfrequencies,
p12. We are now seeking α0, α1 so that δi = α0λ

2
i + α1. For i = 1, 2, 3, we find α0 = −0.1i and α1 = 0.3i.
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3 The Lanczos method

In this section, we introduce the Lanczos method for the matrix pair (K, M), see [15] [16] [20].
Here is an outline of the method.

1. Compute the initial vector w1 = K−1
σ f and normalize into v1 = w1/‖v1‖M . Let v0 = 0 and β0 = 0.

2. For j = 1, . . . , k
2.1. Compute Krylov vector wj+1 = K−1

σ Mvj .
2.2. compute γj = v∗j Mwj+1

2.3 Update: wj+1 ← wj+1 − βj−1vj−1 − γjvj

2.4 Normalization: βj = ‖wj+1‖M and vj+1 = wj+1/βj .
The Lanczos method produces a set of vectors Vk+1 = [v1, . . . , vk+1] and a k × k symmetric tridiagonal matrix Tk

whose diagonal entries are γ1, . . . , γk and whose off diagonal elements are β1, . . . , βk−1. They satisfy the relation

K−1
σ MVk − VkTk = βkvk+1e

∗

k . (14)

Let θ be an eigenvalue of Tk. Typically the large eigenvalues θ are good approximations to eigenvalues of K−1
σ M .

This property is used to compute eigenvalues of the undamped problem. It is the basis of the Lanczos method for
modal extraction [15]. If the right-hand side in (14) is zero, the eigenvalues of Tk are exact eigenvalues of K−1

σ M .
The vectors v1, . . . , vk+1 span the Krylov subspace span{v1, K

−1
σ Mv1, . . . (K

−1
σ M)kv1}. This property makes

the Lanczos method a Krylov method. Krylov subspaces play an important role in iterative methods in linear
algebra.

Steps 2.2–2.4 ensure M orthogonality of the columns of Vk in exact arithmetic, i.e. V ∗

k MVk = I . Due to rounding
errors, orthogonality is lost and, therefore, it may be advantageous to reorthogonalize the Lanczos vectors in order
to ensure orthogonality [15], although this is not required for the solution of (1) [20].

The solution of (1) is now approximated by projection on the subspace spanned by the columns of Vk :

V ∗

k MK−1
σ (Kσ − (ω2 − σ2)M + D(ω))Vkz = ‖w1‖Me1 (15)

and compute x = Vkz. This is a k × k linear system whose solution is very cheap if k is significantly smaller than
n. The number k is much smaller then n, typically smaller than one hundred. Since there is, a priori, no relation
between K−1

σ D and K−1
σ M , there is no reason why (15) produces accurate results for (1). We shall see, however,

that it does make sense for Rayleigh damping.
The important points here are

• that the Lanczos method (the more expensive part) is carried out in real arithmetic and the k × k system
(15) in complex arithmetic,

• and that D(ω) may depend on ω.

4 Analysis

We first analyze the situation for Rayleigh damping and then show some results for a more general situation.
Another way to solving (1) is to apply an iterative method for solving

K−1
σ (K − ω2M + D(ω))x = K−1

σ f (16)

for any value of ω.
In [12] [21] [20], it was shown that the Krylov subspace is independent of ω 6= σ when D ≡ 0 and therefore it

is sufficient to compute it only once, using the Lanczos method. For Rayleigh damping we have a similar situation
as we now show.

4.1 Rayleigh damping

From (2), we have K−1
σ D(ω) = γ(ω)I + (δ(ω) + γ(ω)σ2)K−1

σ M , so

A = K−1
σ (K − ω2M + D(ω)) = (1 + γ)I + (δ + γσ2 − ω2 + σ2)K−1

σ M .
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The Krylov subspaces for K−1
σ M and A are the same if δ + γσ2 − ω2 + σ2 6= 0. From (14), we derive that

AVk − Vk((1 + γ)I + (δ + γσ2 − ω2 + σ2)Tk) = (δ + γσ2 − ω2 + σ2)βkvk+1e
∗

k . (17)

This is the recurrence relation that we would obtain if we would apply the Lanczos method directly to A. This
shows that we do not have to construct the Krylov subspace for any new value of ω. This property is valid in exact
arithmetic. A rounding error analysis was performed in [20] in the case of undamped problems. A more accurate
solution could perhaps be obtained when applying the Lanczos method to A for all values of ω of interest. Of
course, such an approach would be much more expensive.

4.2 Connection with iterative methods

Let Ku = λ2Mu with ‖u‖M = 1 denote the eigenvalue problem. Denote the eigenpairs by (λj , uj). The eigenpairs
of A have the form (µj , uj) with

µj =
λ2

j − ω2 + δ + γλ2
j

λ2
j − σ2

= (1 + γ) +
δ + γσ2

λ2
j − σ2

+
σ2 − ω2

λ2
j − σ2

(18)

Most λj lie far away from σ. we conclude that when ω ' σ, the spectrum of A is clustered around 1 + γ with
possibly a few eigenvalues near zero depending on ω. This is favourable for an iterative Krylov solver to converge
fast. When ω2 − σ2 becomes large, the clustering decreases, since the last term in (18) is no longer small for most
eigenvalues. So convergence is slower.

4.3 Characterization of the convergence

We define the Ritz pair (µ̃, ũ) of a matrix B as ũ = Vkz with V ∗

k MAVkz = µ̃z and ‖z‖2 = 1. The Ritz pairs of

K−1
σ M , (λ̃2

j − σ2)−1 are good approximations to the large (λ2
j − σ2)−1, i.e. the λ’s near the shift point σ are well

approximated.
Let (µ̃j , ũj) for j = 1, . . . , k be the Ritz pairs of A. The Ritz vectors ũj are the same for A and K−1

σ M and the
Ritz values are

µ̃j =
λ̃2

j − ω2 + δ + γλ̃2
j

λ̃2
j − σ2

.

Following (15), the solution can be written in the form:

x̃(ω) =

k
∑

j=1

ũj

ũ∗jMK−1
σ f

µ̃j(ω)
(19)

This looks very similar to modal superposition.
In [20], we have shown for the undamped problem the following results, which also hold for Rayleigh damping :

Proposition 1 Let r be the residual
r = K−1

σ (f −Ax̃)

then

‖r‖2 ≤
k

∑

j=1

βk|ũ∗jMf | ρj

|µ̃j |

with ρj = ‖Aũj − µ̃j ũj‖M .
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Proof. The proof follows the logic from the proof of Lemma 4.1 in [20]. 2

We note that the residual is small when either ρj/|µ̃j | or |ũ∗jMf | are small. Small µj need to be computed more
accurately than large ones. Small µj correspond to peaks in the frequency response function. The positions of
these peaks need to be computed accurately.

We know that the Lanczos method computes the λj ’s near σ accurately. Only the small µj ’s need to be
computed accurately. When damping is low, these correspond to the λj ’s near ω. It indicates that a larger Krylov
subspace (larger k) is needed for ω away from σ, because computing λj ’s near ω away from σ requires larger
subspaces. When modal damping is large (large δ), the accuracy of the eigenvalue is less important.

This also shows a connection with modal superposition. The spectral density also plays a role in the number
of modes (i.e. vectors) to be used. When the density of eigenvalues is high, a large number of eigenvalues must be
computed, and so a large Krylov subspace be built.

Note that if |δ + γσ2 − ω2 + σ2|/|1 + γ| is small, then A ≈ I . The Lanczos method then produces accurate
results, even for a small number of vectors. This situation only happens when δ and γ are small, and σ is close to
ω.

4.4 Connection to vector Padé

Consider the situation of Rayleigh damping with γ independent of ω. Define

α =
δ + γσ2 + σ2 − ω2

1 + γ

then (1) can be written as
(I + αB)x = b

with B = K−1
σ M and b = 1

1+γ
f . The Lanczos method for this problem is well understood. The connection with

the vector-Padé approximation is known, see [10][3][20].

Theorem 2 Develop

x = x0 + αx1 + · · ·+ αjxj + · · ·
x̃ = x̃0 + αx̃1 + · · ·+ αj x̃j + · · ·

then
xj = x̃j for j = 0, . . . , k − 1 .

Proof. See [10][3][20]. 2

Especially when α is close to zero, the Lanczos approximation is likely to be very accurate. For the undamped
case, α ' 0 when ω ' σ. Unfortunately, |α| can be large for Rayleigh damping : it depends on the values of δ and
γ. This makes the connection with the Padé approximation less useful as for the undamped case.

4.5 Proportional damping

The situation is more complicated, since A now takes the form

A = α0I + α1K
−1
σ M + · · ·+ αp(K

−1
σ M)p .

Note that α0I + α1K
−1
σ M contains the terms K−1

σ (K − ω2M). Let B = K−1
σ M . Define T k =

(

Tk

βke∗k

)

. Then

for p ≥ 2, we have

BVk = Vk+1T k

B2Vk−1 = Vk+1T kT k−1

· · · (20)

Bp−1Vk−p+1 = Vk+1T k · · ·T k−p+1
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Figure 2: Mesh of the car windscreen

from which we can cheaply compute V ∗

k MBVk, . . . , V ∗

k−p+1
MBp−1Vk−p+1. Hence V ∗

k−p+1
MAVk−p+1 is computed

from (20). So, we must perform p − 1 additional Lanczos iterations for computing V ∗

k MAVk using the Lanczos
method.

We do not explore this idea any further since it is not the objective of the paper.

5 Numerical example

The test problem illustrates the method on a structural model of a car windscreen. This is a 3D problem discretized
with 7564 nodes and 5400 linear hexahedral elements HEX08 (3 layers of 60× 30 elements) [1]. The mesh is shown
in Figure 2. The material is glass with the following properties: the Young modulus is 7 1010N/m2, the density
is 2490kg/m3, and the Poisson ratio is 0.23. The natural damping is 10%. This corresponds to γ = 0.1. The
structural boundaries are free (free-free boundary conditions). The plate is subjected to a point force applied on a
corner node.

The discretized problem has dimension n = 22, 692. The goal is to estimate x(ω) with ω ∈ [0.5, 200]. In order
to generate the plots the frequency range was discretized as {ω1, . . . , ωm} = {0.5j, j = 1, . . . , m} with m = 400.

We ran the Lanczos method with σ = 200 and k = 20. This run costed 14 seconds of which 9 were spent in
running the Lanczos process. Figure 3 shows the exact solution norm ‖x‖2 and the error norm ‖x − x̃‖2 for the
Lanczos method.

When we use σ = 0.5 and k = 40, there is no visual difference between the frequency response function from
the direct computation and the Lanczos method. Figure 4 shows the exact solution norm ‖x‖2 and the error norm
‖x− x̃‖2. The computation of the exact solution required complex arithmetic and costed 2653 seconds computation
time. The Lanczos method required only 26 seconds, of which 20 seconds were required for the construction of the
Lanczos process.

6 Conclusions

We have presented a model reduction method that exploits the spectral structure of Rayleigh damping. This allows
us to use the symmetric Lanczos method with real arithmetic for problems with complex valued damping matrices
that may be strongly frequency dependent.
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