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1 Introduction

The flexibility of geometric modelling of complex surfaces relies crucially on the use of an appro-
priate mathematical representation [9]. Typically one wants to represent the surface s as a linear
combination of basis functions φi,

s =
N
∑

i=1

ci φi. (1.1)

The surface can be locally controlled and edited in a predictable way when the basis functions
satisfy certain properties. Particularly important are the properties of having a local support, and
forming a convex partition of unity, i.e.,

φi ≥ 0, and

N
∑

i=1

φi = 1, (1.2)

In order to generate sufficiently smooth surfaces, continuity conditions can be imposed.

Commonly used in many computer aided geometric design (CAGD) packages are basis functions of
tensor product B-spline type [5]. A drawback, however, is that such splines are restricted to regular
rectangular meshes. As a consequence, a single vertex cannot be inserted in such a mesh without
propagating an entire row or column of vertices. This often rules out an adequate adaptive mesh
refinement. The local refinement of spline surfaces was pioneered by Forsey and Bartels [10, 11]
in their study of hierarchical tensor product B-splines. These so-called H-splines can be locally
adapted by using overlays: a local fine spline is put on top of a given coarse spline. Based on this
model, they were able to create complex surfaces economically. Kraft [14] developed a compact
basis for this hierarchical spline space.

In a more general framework, Grinspun et al. [12, 15] focused on conforming hierarchical adaptive
refinement methods (CHARMS). They outlined two kinds of adaptive space refinement strategies,
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2 POWELL-SABIN SPLINES 2

leading to hierarchical and quasi-hierarchical bases for refined spaces. In the former case, the basis
functions of the original (coarse) space are retained in the basis of the refined space. The extra
basis functions therefore represent the finer details added onto the coarser approximation scales.
Examples of bases constructed in this way are the classical hierarchical bases studied in the finite
element literature (see, e.g., [27]), and the wavelet bases [13], widely used in signal analysis and
image processing. In a quasi-hierarchical refinement method, the coarse-level basis functions are
replaced by finer-level basis functions. The finer functions are related to the coarser functions by
subdivision. Because of the generation of nested spaces in the CHARMS methodology, one can
easily incorporate multigrid solvers [27, 2].

Other spline spaces built on non-conforming meshes involve no notion of hierarchy. Weller and Ha-
gen [25] studied spaces of piecewise polynomials with an irregular, locally refineble knot structure.
Their approach is restricted to so-called semi-regular basis functions. Sederberg et al. developed
T-splines [20, 19]. These splines are defined over T-meshes, which are formed by a set of horizontal
and vertical line segments where T-junctions are allowed. Deng et al. recently presented other
splines on T-meshes in [4].

In this paper, we consider a new type of quasi-hierarchical basis functions, which we shall call
quasi-hierarchical Powell-Sabin (QHPS) B-splines. They form a compact basis for the hierarchi-
cal Powell-Sabin spline space, i.e., a C1-continuous bivariate quadratic spline space defined on
a particular hierarchical triangulation. The mesh is obtained by refining an initial conforming
triangulation by (local) triadic splits. Using the subdivision rules for the classical Powell-Sabin
splines [24], the C1-continuity constraints between neighbouring triangles on different refinement
levels can be determined easily, efficiently and in a stable way. This allows us to construct an
inherently C1-continuous normalized spline basis on the hierarchical mesh. The resulting basis
functions satisfy the same interesting properties as the classical Powell-Sabin B-splines [6]: they
have a local support, they form a convex partition of unity (1.2), and they can be geometrically
interpreted by means of tangent control triangles. In addition, the hierarchical mesh admits lo-
cal subdivision in a very straightforward way. That is an advantage over classical Powell-Sabin
splines. There, the necessary conformity of the mesh requires specialized shape-improvement and
refinement propagation techniques [21] to adopt local subdivision. The QHPS idea can be further
extended to parametric surfaces.

The paper is organized as follows. Section 2 recalls the definition of the Powell-Sabin spline
space, and covers the relevant aspects of the Powell-Sabin subdivision scheme. In section 3 the
hierarchical Powell-Sabin spline space is defined, and the construction of a suitable normalized
quasi-hierarchical basis is presented. In section 4 we discuss some practical implementation is-
sues. Section 5 illustrates the power of the quasi-hierarchical spline representation with some
applications. Finally, in section 6 we end with some concluding remarks.

2 Powell-Sabin splines

2.1 The space of Powell-Sabin splines

Consider a simply connected subset Ω ⊂ R
2 with polygonal boundary ∂Ω. Assume a conforming

triangulation ∆ of Ω is given, consisting of t triangles ρj , j = 1, . . . , t, and having n vertices Vk,
k = 1, . . . , n. A triangulation is conforming if no triangle contains a vertex different from its own
three vertices.

The Powell-Sabin (PS) refinement ∆∗ of ∆ partitions each triangle ρj into six smaller triangles
with a common vertex Zj . This partition is defined algorithmically as follows:



2 POWELL-SABIN SPLINES 3

(a) (b)

Figure 1: (a) A PS refinement ∆∗ (dashed lines) of a given triangulation ∆ (solid lines); (b) the
PS points (bullets) and a set of suitable PS triangles (shaded).

Definition 2.1 (PS refinement).

1. Choose an interior point Zj in each triangle ρj. If two triangles ρi and ρj have a common
edge, then the line joining Zi and Zj should intersect the common edge at some point Rij.

2. Join each point Zj to the vertices of ρj.

3. For each edge of the triangle ρj

(a) which is common to a triangle ρi: join Zj to Rij;

(b) which belongs to the boundary ∂Ω: join Zj to an arbitrary point Rj on that edge.

In Figure 1(a) such a PS refinement of a given triangulation is drawn in dashed lines. Let Π2 be
the space of bivariate polynomials of degree 2. The space of piecewise quadratic polynomials on
∆∗ with global C1-continuity is called the Powell-Sabin spline space:

S1

2(∆∗) =
{

s ∈ C1(Ω) : s|ρ∗

j
∈ Π2, ρ∗j ∈ ∆∗

}

. (2.1)

Powell and Sabin [18] proved that the following interpolation problem

s(Vk) = fk,
∂s

∂x
(Vk) = fx,k,

∂s

∂y
(Vk) = fy,k, k = 1, . . . , n, (2.2)

has a unique solution s(x, y) ∈ S1
2(∆∗) for any given set of n (fk, fx,k, fy,k)-values. It follows that

the dimension of the Powell-Sabin spline space S1
2(∆∗) is equal to 3n. Every Powell-Sabin spline

can be represented as a linear combination of 3n basis functions,

s(x, y) =

n
∑

i=1

3
∑

j=1

ci,jB
j
i (x, y). (2.3)

To construct the basis functions Bj
i (x, y) we use a geometric method suggested by Dierckx [6].

For each vertex Vi this approach constructs a PS triangle ti(Qi,1, Qi,2, Qi,3). This triangle must
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contain the so-called PS points. The vertex itself is a PS point, together with the midpoints of all
edges in the PS refinement ∆∗ containing Vi. Figure 1(b) shows the PS points and a set of suitable
PS triangles. From such a PS triangle with corners Qi,j(Xi,j , Yi,j), j = 1, 2, 3, one can uniquely

determine the values (αi,j), and the x- and y-derivatives (βi,j , γi,j) of the three B-splines Bj
i (x, y)

at the vertex Vi(xi, yi) as





αi,1 αi,2 αi,3

βi,1 βi,2 βi,3

γi,1 γi,2 γi,3









Xi,1 Yi,1 1
Xi,2 Yi,2 1
Xi,3 Yi,3 1



 =





xi yi 1
1 0 0
0 1 0



 . (2.4)

The value and derivatives of Bj
i (x, y) at the other vertices are chosen to be zero, such that the basis

functions are uniquely defined by the interpolation problem (2.2). Since these PS B-splines are
quadratic polynomials on each triangle in ∆∗, they can be represented in a Bernstein-Bézier formu-
lation by means of Bézier ordinates [8]. In [6] it is shown how the values of these Bézier ordinates
can be derived in a stable way. In the Bernstein-Bézier representation the Powell-Sabin splines can
be easily represented, evaluated, manipulated and displayed using the de Casteljau algorithm.

The Powell-Sabin B-splines have a local support: Bj
i (x, y) vanishes outside the molecule of vertex

Vi. The molecule of a vertex (also called vertex star or 1-ring) is the union of all triangles that
contain the vertex. Dierckx showed in [6] that the proposed basis B = {Bj

i (x, y)} forms a convex
partition of unity (1.2). Furthermore, Maes et al. [17] proved that B is an L∞-stable basis. For
the max-norms

‖c‖∞ = max
i,j

|ci,j |, and ‖s(x, y)‖∞ = max
Ω

|s(x, y)|, (2.5)

they showed that for all choices of the coefficient vector c, one has that

k1 ‖c‖∞ ≤ ‖s(x, y)‖∞ ≤ k2‖c‖∞, (2.6)

where k2 = 1, and k1 depends only on the smallest angle θ∆ in the triangulation ∆ and on the size of
the PS triangles. Moreover, the smaller the PS triangles the better (the larger) the approximation
constant. Stable bases for higher order spline spaces on Powell-Sabin splits are developed in [1, 16].

We define the PS control points as
Ci,j = (Qi,j , ci,j). (2.7)

These points define PS control triangles Ti(Ci,1, Ci,2, Ci,3), which are tangent to the spline surface
z = s(x, y) at the vertices Vi. The projection of the control triangles Ti in the (x, y)-plane are the
PS triangles ti.

The above properties are the heart of the computational effectiveness of Powell-Sabin splines in
many application domains, see [7, 23, 22].

2.2 Powell-Sabin spline subdivision

Subdivision is a procedure to represent a surface on a finer mesh than the mesh on which it is
originally defined. The subdivision scheme for Powell-Sabin splines developed in [24, 21] is based
on the so-called

√
3-refinement scheme, illustrated in Figure 2. The refined triangulation, which

we shall denote as ∆
√

3, is constructed by inserting a new vertex Vijk at the position of the interior
point Zijk inside each triangle ρ(Vi, Vj , Vk). The edges of the original PS refinement ∆∗ that are

not edges in the original triangulation ∆ form the edges of the new triangulation ∆
√

3. The interior
points of the new PS refinement are chosen on the edges of ∆. Then, the edges of ∆ will be a
subset of the edges of the new PS refinement. Applying the

√
3-refinement scheme twice, we obtain

a triadic split, as shown in Figure 2. Every original edge is trisected and each original triangle is
split into nine subtriangles.
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Vi Rij Vj

Vk

Zijk

(a)

Vi Vj

Vk

Vijk

Ziij Zijj

(b)

Vi Vj

Vk

Viij Vijj

(c)

Figure 2: Two successive
√

3-refinement steps result in a triadic split. The corresponding PS
refinement is indicated with dashed lines.

The corresponding Powell-Sabin
√

3-subdivision rules are described in [24]. These rules learn how
to derive the PS control triangles on the refined mesh, from the given PS control triangles on the
original mesh. For the original vertices one can reuse the old PS triangles and the corresponding
spline coefficients. However, it is also possible to determine a smaller PS triangle by rescaling the
original one. The PS triangles tijk(Qijk,1, Qijk,2, Qijk,3) associated with the new vertices Vijk in
the refined mesh are defined by

Qijk,1 = (Vijk + Vi)/2, Qijk,2 = (Vijk + Vj)/2, and, Qijk,3 = (Vijk + Vk)/2. (2.8)

The corresponding coefficients are computed as convex combinations

cijk,1 = L̃i,1ci,1 + L̃i,2ci,2 + L̃i,3ci,3, (2.9a)

cijk,2 = L̃j,1cj,1 + L̃j,2cj,2 + L̃j,3cj,3, (2.9b)

cijk,3 = L̃k,1ck,1 + L̃k,2ck,2 + L̃k,3ck,3. (2.9c)

The triplets (L̃i,1, L̃i,2, L̃i,3), (L̃j,1, L̃j,2, L̃j,3) and (L̃k,1, L̃k,2, L̃k,3) are the barycentric coordinates
of Qijk,1, Qijk,2, and Qijk,3 respectively with respect to the PS triangles of the surrounding vertices
Vi, Vj and Vk. Since these points lie inside the corresponding PS triangles, all weights are positive.
Applying those rules twice, one obtains the control triangles of the new vertices in a triadically
refined mesh, e.g., of vertices Viij and Vijj in Figure 2(c). Adapted subdivision rules are needed
for vertices at the boundary of the domain, see [24, 21]. Figure 3 illustrates the triadic subdivision
for a given PS spline.

3 Hierarchical Powell-Sabin splines

When an increased resolution is only required in a small part of a surface, the use of global
subdivision may lead to excessive computational and storage costs. In such case, a local adaptive
subdivision strategy is recommended. The

√
3-subdivision scheme can be used to refine a mesh

locally. In order to avoid poorly shaped triangles a refinement propagation is proposed in [21].
This improves the shape of the triangles near the boundary of the refinement region. The use of
such specialized shape-improvement heuristics and the propagation of the refinement into regions
where the refinement is not strictly required, could be avoided if non-conforming triangulations
were allowed. In this paper, we will show how classical PS splines can be adapted towards certain
non-conforming triangulations.



3 HIERARCHICAL POWELL-SABIN SPLINES 6

(a) (b)

Figure 3: (a) A PS spline with 7 control triangles; (b) the triadically subdivided spline.

3.1 Construction of a hierarchical Powell-Sabin spline space

We define a hierarchical triangulation or mesh ∆H on Ω as a set of non-overlapping triangles that
partition the domain Ω. It is constructed from an initial conforming triangulation ∆0 on Ω by
partitioning successively subsets of triangles with a triadic split. The hierarchical triangulation
has a total of n vertices. Of these vertices, nnc are non-conforming (or hanging) vertices. They are
located on interiors of triangle edges. The remaining ones, i.e. nc = n−nnc, are called conforming
vertices. An example of such a mesh is drawn in Figure 4(a) with solid lines. Here, ∆0 consists of
8 triangles and 8 (conforming) vertices. The hierarchical mesh in the figure consists of 16 triangles
and 15 vertices (nc = 9, nnc = 6).

To each hierarchical mesh ∆H we shall associate a hierarchical mesh structure ∆H . It is the set of
triangles ρk that are generated during the construction of ∆H . The superscript k of a triangle ρk

refers to the refinement level of that triangle, i.e., the minimal number of refinement steps needed
to construct the triangle. The triangles in ∆H that are part of ∆H are called leaf triangles. We
will denote ∆l

H as the subset of ∆H containing all triangles whose level is l or lower, and let ∆l
H

be its corresponding hierarchical triangulation. Note that these mesh structures are nested

∆0 ⊂ ∆1

H ⊂ ∆2

H ⊂ . . . ⊂ ∆H . (3.1)

A triangulation patch T l is defined as the union of connected triangles ρl of refinement level l. Such
a triangulation patch is a conforming triangulation, on which a classical Powell-Sabin spline can
be defined. The triangulation patch of level 0 is equal to ∆0. At the other levels, the hierarchical
structure ∆H can contain several (local) triangulation patches.

Further on, we shall always assume that Powell-Sabin triadic splits (see Figure 2(c)) are used in the
construction of the hierarchical triangulation ∆H . The PS refinements used in the splitting process
generate a particular refinement of ∆H which partitions each triangle in ∆H into six subtriangles.
We call this refinement the hierarchical Powell-Sabin (HPS) refinement ∆∗

H of ∆H . Analogous to
(3.1), the HPS refinement yields a nested structure of sets of triangles

∆∗,0 ⊂ ∆∗,1
H ⊂ ∆∗,2

H ⊂ . . . ⊂ ∆∗
H . (3.2)

In Figure 4(a) such a HPS refinement is drawn in dashed lines. The points Rj at the boundary of
each local PS refinement can in principle be chosen freely on the boundary edge. However, we will
see in §4.1 that particular choices may simplify the computations.



3 HIERARCHICAL POWELL-SABIN SPLINES 7

(a) (b)

Figure 4: (a) A HPS refinement ∆∗
H (dashed lines) of a given hierarchical triangulation ∆H (solid

lines); (b) the QHPS points (bullets) and a set of suitable QHPS triangles (shaded).

The space of piecewise quadratic polynomials on ∆∗
H with global C1-continuity will be called the

hierarchical Powell-Sabin spline space:

S1

2,H(∆∗
H) =

{

sH ∈ C1(Ω) : sH |ρ∗

j
∈ Π2, ρ∗j ∈ ∆∗

H

}

. (3.3)

Theorem 3.1 (HPS interpolation). Given a triplet (fk, fx,k, fy,k) for each conforming vertex
Vk in the hierarchical mesh ∆H , the interpolation problem

sH(Vk) = fk,
∂sH

∂x
(Vk) = fx,k,

∂sH

∂y
(Vk) = fy,k, (3.4)

has a unique solution sH(x, y) ∈ S1
2,H(∆∗

H).

Proof. From the definitions (2.1) and (3.3) it is easy to see that a HPS spline when restricted on a
triangle in ∆H can be represented by a PS spline. We first show how the nc triplets (fk, fx,k, fy,k)
at the conforming vertices uniquely define a PS spline sρ on each triangle ρ ∈ ∆H . We then prove
that these PS spline patches form a globally C1-continuous spline, i.e., the HPS spline sH .

For all level 0 triangles in ∆H , which have 3 conforming vertices, the corresponding triplets define
a unique PS spline by (2.2). Assume we have already determined the PS splines on the triangles of
level r < l. The PS splines on the triangles ρl are then defined as follows. Using (2.2) and the given
triplets (fk, fx,k, fy,k) at the conforming vertices, it is sufficient to show how the value and gradient
are determined at the non-conforming vertices of ρl. Such a vertex is situated on the interior of an
edge of a single triangle ρm with m < l. Since the corresponding PS spline sρm is already known
by assumption, we can use the value and gradient of sρm at the non-conforming vertex. We now
prove that this is the only choice that ensures a global C1-continuity of the spline patches on ∆H .

Consider the PS splines sρl and sρm on two neighbouring triangles ρl and ρm in ∆H . Suppose
that m ≤ l. We will triadically subdivide sρm (l − m) times, such that we obtain a conforming

triangulation ∆̃ on the domain ρl ∪ ρm. By (2.2) both PS spline patches form a globally C1-
continuous quadratic spline on ∆̃ if and only if they share the same function value and gradient at
the two vertices on the common edge.
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Vi

Vj

Vk

Vl

Vjl

Vlj

Figure 5: Hierarchical triangular mesh with HPS refinement.

Corollary 3.1 (HPS dimension). The dimension of S1
2,H(∆∗

H) is equal to three times the number
of conforming vertices in the hierarchical triangulation.

Figure 5 displays a hierarchical triangulation with two levels. The mesh contains nine conforming
vertices and two non-conforming vertices, i.e. Vjl and Vlj . The dimension of the HPS spline space
on this mesh equals 27.

Remark 3.1. Let ∆H be a given hierarchical mesh, and ∆∗
H its HPS refinement, both generated

through a local refinement procedure with l refinement levels, starting from the mesh ∆0. If instead
of a local refinement a global refinement is used in each step, we get a conforming mesh ∆l and
corresponding PS refinement ∆∗,l. Assume a consistent selection is made of the new vertices in
the local and global refinements, then we have

∆∗
H ⊆ ∆∗,l, and S1

2,H(∆∗
H) ⊆ S1

2(∆∗,l). (3.5)

We shall call ∆∗,l the extended PS refinement of ∆∗
H . Hence, every HPS spline sH(x, y) can be

represented as a Powell-Sabin spline sl(x, y) on ∆∗,l. Let nl be the number of vertices in ∆l, then

sH(x, y) = sl(x, y) =

nl
∑

i=1

3
∑

j=1

cl
i,jB

j,l
i (x, y). (3.6)

Remark 3.2. Because of the nesting property (3.2), a HPS spline can also be represented as a sum
of (l + 1) PS splines sk(x, y), associated with each refinement level k in the hierarchical mesh, i.e.,

sH(x, y) =

l
∑

k=0

sk(x, y), (3.7)

where the splines sk(x, y) ∈ S1
2(∆∗,k), as defined in Remark 3.1, are constrained to be zero outside

the union of all triangulation patches in ∆H of level k. These splines represent the detail added at
each level. To form a compact hierarchical basis, we can select the PS B-splines of each sk(x, y)
that are associated with newly introduced conforming vertices at level k in the hierarchical mesh.

In the next section, we consider the construction of a compact quasi-hierarchical basis for the spline
space S1

2,H(∆∗
H). It results in the representation

sH(x, y) =

nc
∑

i=1

3
∑

j=1

ci,jB
j
i,QH(x, y). (3.8)

We shall call a hierarchical spline in its quasi-hierarchical representation (3.8) a QHPS spline.
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3.2 A quasi-hierarchical Powell-Sabin spline basis

We associate with each conforming vertex Vi in the hierarchical mesh ∆H three linearly independent
basis functions Bj

i,QH(x, y), j = 1, 2, 3, called QHPS B-splines.

Definition 3.1 (QHPS B-spline). A QHPS B-spline Bj
i,QH(x, y) associated with the conforming

vertex Vi is defined as the unique solution to interpolation problem (3.4) with all (fk, fx,k, fy,k) =
(0, 0, 0), except for k = i, where (fk, fx,k, fy,k) = (αi,j , βi,j , γi,j) 6= (0, 0, 0).

Figure 6 illustrates how a QHPS B-spline associated with the central vertex in the given triangu-
lation changes when some of the triangles are triadically refined. In the example the same triplet
(αi,j , βi,j , γi,j) is used in the three cases. Because the B-splines are non-zero at a single conforming
vertex, they will have a local support.

Property 3.1 (Local support). Let k be the smallest level of all triangles in the hierarchical
mesh ∆H that contain the conforming vertex Vi. The QHPS B-spline Bj

i,QH(x, y) is zero outside

the molecule Mk
i of Vi in ∆k

H .

Proof. Consider the hierarchical triangulation ∆̃H consisting of all triangles in ∆H that lie outside
the molecule Mk

i . Since the function values and gradients of Bj
i,QH(x, y) at the conforming vertices

in ∆̃H are zero, the QHPS B-spline must be zero on ∆̃H by Theorem 3.1.

In the next section we will see that the QHPS B-splines will form a convex partition of unity for
some particular choices of (αi,j , βi,j , γi,j).

Referring to Remark 3.1, a QHPS B-spline can be represented as a classical Powell-Sabin spline.
The corresponding coefficients can be calculated by means of the following algorithm.

Algorithm 3.1 (Representation of a QHPS B-spline). Let Bj
i,QH(x, y) be a QHPS B-spline

on the hierarchical mesh ∆H with l refinement levels. The value, x- and y-derivative of Bj
i,QH(x, y)

at the conforming vertex Vi are equal to αi,j , βi,j and γi,j respectively. The coefficients of the QHPS
B-spline in representation (3.6) on ∆l (with PS refinement ∆∗,l) are computed as follows:

1. Let k be the smallest level of all triangles in ∆H that contain the conforming vertex Vi.
Denote ∆∗,k as the extended PS refinement of ∆∗,k

H (see Remark 3.1), and ∆∗,k ⊆ ∆∗,l as
the corresponding mesh structure. Calculate the control triangles of the PS spline (2.3) on
∆∗,k with value, x- and y-derivative at Vi equal to αi,j, βi,j and γi,j respectively, and zero at
the other vertices in ∆k.

2. For m from k + 1 to l:

(a) Calculate the control triangles of the triadically subdivided PS spline on ∆∗,m, using the
subdivision rules (2.9).

(b) Set the values of the coefficients zero that correspond to conforming vertices in ∆m
H

different from Vi (and that are not zero yet).

3. The coefficients of the QHPS B-spline are the z-components of the control triangles.

These coefficients are computed in a stable way, since Algorithm 3.1 only uses the PS subdivision
rules which are convex combinations. One can intuitively verify that the algorithm constructs the
desired B-spline as follows. During the iteration corresponding to level m, step 2b only changes
the values of coefficients that are associated with vertices in the interior of a triangulation patch
of level m in ∆m

H . Since the remaining values are calculated by subdivision (step 2a), the spline
will not be modified on the triangles in ∆H of level r < m. It follows that the final spline is a
quadratic polynomial on all triangles in ∆∗

H . Since this spline is also C1-continuous, it belongs to
S1

2,H(∆∗
H). Step 1 and 2b ensures that the interpolation condition in Definition 3.1 is satisfied.



3 HIERARCHICAL POWELL-SABIN SPLINES 10

(a)

(b)

(c)

Figure 6: Contour plot of a QHPS B-spline (right) associated with the same vertex for several
triadically refined meshes (left). The HPS refinement is indicated with dotted lines, and the
conforming vertices with bullets. Each B-spline differs from zero at a single conforming vertex.

3.3 QHPS splines in a normalized B-spline basis

We will follow the common practice for the classical PS B-splines, and identify the three QHPS
basis functions Bj

i,QH(x, y) at the conforming vertex Vi by means of a QHPS triangle ti. Such a
QHPS basis will be a normalized basis in the sense that the B-splines form a convex partition of
unity (1.2).
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Definition 3.2 (QHPS point). Let k be the smallest level of all triangles in the hierarchical
mesh ∆H that contain the conforming vertex Vi. The QHPS points of Vi are the PS points of Vi

in the PS refinement ∆∗,k.

Definition 3.3 (QHPS triangle). A QHPS triangle ti of vertex Vi is a triangle that contains
all QHPS points of Vi.

Figure 4(b) depicts the QHPS points and suitable QHPS triangles for an example triangulation.
From such a QHPS triangle we can determine the value and derivatives of the three corresponding
QHPS B-splines at the considered vertex, using the relation (2.4). Further on, we shall always
assume that the QHPS B-splines are defined by means of a set of QHPS triangles.

Lemma 3.1. Let sH(x, y) ∈ S1
2,H(∆∗

H) be represented as a PS spline sl in the form (3.6) and as
a QHPS spline sQH in the form (3.8). If the QHPS triangles of sQH are used as the PS triangles
of sl, then ci,j = cl

i,j for all conforming vertices Vi in ∆H .

Proof. Note first that a QHPS triangle is a valid PS triangle for the extended PS refinement ∆∗,l.
Indeed, it contains the QHPS points which are situated further away from the vertex than the
required PS points for a valid PS triangle on ∆∗,l. If the QHPS triangles are used as PS triangles,
then the value and gradient of the QHPS B-splines at the conforming vertices are equal to the ones
of the PS B-splines, because of the common relation (2.4). Obviously, the value and gradient of
the QHPS spline sQH and its PS spline representation sl are also identical at these vertices. These
equalities can only be ensured as the coefficients of both splines, associated with the conforming
vertices, are equal.

We will now prove that the considered QHPS B-splines form a convex partition of unity.

Property 3.2 (Positivity). The QHPS B-splines are positive.

Proof. The QHPS B-spline Bj
i,QH(x, y) can be written as a linear combination of PS B-splines,

i.e., Bj
i,QH(x, y) =

∑nl

u=1

∑3

v=1
bl
u,vBv,l

u (x, y), as in (3.6). We will calculate the coefficients bl
u,v via

Algorithm 3.1. If we use the QHPS triangle of vertex Vi as PS triangle in step 1 of the algorithm,
then the constructed PS spline on ∆∗,k has a single coefficient equal to 1, and the other coefficients
equal to zero. The algorithm only uses convex combinations, so that the coefficients bl

u,v will be

positive. Since the PS B-splines Bv,l
u are also positive, the property is proved.

Property 3.3 (Partition of unity). The QHPS basis forms a partition of unity.

Proof. We consider the QHPS spline sQH in representation (3.8) with all coefficients equal to 1,

i.e., the sum of the QHPS B-splines. By relation (2.4) it follows that sQH(Vi) =
∑3

j=1
αi,j = 1,

∂
∂xsQH(Vi) =

∑3

j=1
βi,j = 0 and ∂

∂y sQH(Vi) =
∑3

j=1
γi,1 = 0 for all conforming vertices Vi. Using

Theorem 3.1, sQH must be identical to the unity function.

With each conforming vertex Vi one can associate three control points Ci,j , j = 1, 2, 3, and one
control triangle Ti(Ci,1, Ci,2, Ci,3), in a similar way as for classical PS splines, i.e. (2.7). These
control triangles satisfy the following property.

Property 3.4 (Control triangles). The control triangle Ti is tangent to the QHPS spline at the
vertex Vi.
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Proof. It follows from Lemma 3.1 that a QHPS control triangle is a valid PS control triangle in
the PS spline representation (3.6) of the quasi-hierarchical spline. Since a PS control triangle is
tangent to the surface at the considered vertex, the QHPS control triangle is tangent too.

Using these control triangles one can interactively change the shape of a given QHPS surface locally
in a predictable way. From Properties 3.2 and 3.3 it follows that the QHPS surface (3.8) lies inside
the convex hull of its control points Ci,j .

The coefficients cl
i,j in the PS spline representation (3.6) can be computed from the QHPS control

triangles using PS subdivision via the following algorithm. It is a generalization of Algorithm 3.1.

Algorithm 3.2 (Representation of a QHPS spline). Let sQH(x, y) be a QHPS spline on
the hierarchical mesh ∆H with l refinement levels, defined by the QHPS control triangles Ti, i =
1, . . . , nc. The coefficients of the QHPS spline in representation (3.6) on ∆l (with PS refinement
∆∗,l) are computed as follows:

1. Let V0 be the set of conforming vertices Vj that belong to a triangle of level 0 in ∆H . Define
s0 as a Powell-Sabin spline on ∆∗,0 with the PS control triangles associated with the vertices
Vj ∈ V0 taken equal to the QHPS control triangles of sQH at Vj, and with the other control
triangles chosen arbitrarily.

2. For m from 1 to l:

(a) Calculate the control triangles of the triadically subdivided PS spline sm on ∆∗,m, using
the subdivision rules (2.9).

(b) Let Vm be the set of conforming vertices Vj where m is the smallest level of all triangles
in ∆H that contain Vj. Set the PS control triangles corresponding to these vertices Vj

equal to their QHPS control triangles.

3. The coefficients of the QHPS spline are the z-components of the control triangles.

In step 1 of the algorithm we cannot directly select all PS control triangles as QHPS control
triangles for the PS spline s0, since on the (coarse) mesh ∆0 it is not guaranteed that the QHPS
control triangles of the conforming vertices Vj /∈ V0 are valid PS control triangles. Because the
algorithm only uses convex combinations, all coefficients cl

i,j are computed in a stable way.

Remark 3.3. Algorithm 3.2 generates a control triangle for each non-conforming vertex, using
only convex combinations of the QHPS control points associated with two conforming vertices in
the hierarchical mesh. These vertices form an edge on which the non-conforming vertex is situated.

The non-conformity of a hierarchical mesh allows a local triadic refinement in a natural way. That
is why QHPS splines can be easily locally subdivided, as contrasted with classical PS splines [21].

Property 3.5 (Local subdivision). A QHPS spline sQH(x, y) can be locally subdivided on a
given set of triangles using the triadic PS subdivision rules.

Proof. The QHPS control triangles of the conforming vertices in the original mesh remain valid on
the refined mesh. We now prove that the PS control triangles generated by Algorithm 3.2 for the
new conforming vertices are valid QHPS control triangles if the rescaling step is omitted during
the PS subdivision step. There are two types of newly introduced conforming vertices:

1. vertices that were non-conforming vertices in the original hierarchical mesh, and

2. new vertices, added inside a triangle.
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Suppose that we want to refine a single triangle with refinement level k. If more triangles must
be refined, then we can repeat the following reasoning for each of them separately. For the new
vertex inside the original triangle, the six triangles that contain the vertex in the refined mesh are
all of level (k + 1). For the other new conforming vertices (of type 1), it is easy to see that the
smallest level of all triangles containing such a vertex in the refined mesh must also be (k + 1).
Referring to Definition 3.3, the PS triangles of these vertices calculated in the (k + 1)th iteration
step of Algorithm 3.2 are valid QHPS triangles.

Since the control triangles generated by Algorithm 3.2 are obtained from the original QHPS control
triangles, we have shown how the new QHPS control triangles can be computed via the PS subdi-
vision rules. Of course, only a few (locally applied) steps of the algorithm are usually needed.

3.4 Stability of the QHPS basis

We specify stability for a hierarchical basis as in [3].

Definition 3.4 (Stability). A hierarchical basis is weakly L∞-stable if the constants k−1

1
and k2

in (2.6) have at most a polynomial growth in the number of levels. The basis is strongly L∞-stable
if these constants are independent of the number of levels.

The proof of the stability theorem will be similar to the one for classical Powell-Sabin splines [17].
However, our bound will be somewhat sharper. Denote θ∆∗

H
as the smallest angle in ∆∗

H , and let
|ρ| be the length of the longest edge of triangle ρ. We first introduce two lemmas.

Lemma 3.2. Let sQH(x, y) be a QHPS spline defined on the HPS refinement ∆∗
H . Consider a

triangle ρ∗ ∈ ∆∗
H , and denote its inradius as rρ∗ . It holds that

‖ ∂

∂x
sQH‖∞, ρ∗ ≤ 12

rρ∗

‖sQH‖∞, ρ∗ , and, ‖ ∂

∂y
sQH‖∞, ρ∗ ≤ 12

rρ∗

‖sQH‖∞, ρ∗ , (3.9)

with ‖ · ‖∞, ρ∗ the L∞-norm on ρ∗.

Proof. The relations (3.9) hold for the classical PS splines [17]. Since a QHPS spline is a PS spline
when restricted on a single triangle, these relations are also valid for QHPS splines.

The following definition and lemma deal with the choice of the QHPS triangles. This choice will
be important, since the B-splines and hence the approximation constants in (2.6) depend on these
triangles. We introduce a constant K that reflects the size and shape of the QHPS triangles used
in the definition of a normalized QHPS B-spline basis. One can always find a set of QHPS triangles
that satisfy K = 1.

Definition 3.5. Let Di be the smallest disk with radius ri and vertex Vi as center that contains all
the QHPS points of Vi, as shown in Figure 7. For each conforming vertex Vi we define Ki as the
smallest value such that there exists an equilateral triangle tDi

with inradius Kiri which contains
the actual QHPS triangle ti. Define K as the maximum of all constants Ki for each conforming
vertex Vi in ∆H .

Lemma 3.3. Let k be the smallest level of all triangles in the hierarchical mesh ∆H that contain
the conforming vertex Vi. Consider a triangle ρ∗,k ∈ ∆∗

H of level k that contains Vi, and denote
by ti the QHPS triangle of Vi. It holds that

|ti| ≤
√

3 Ki L |ρ∗,k|, (3.10)

with L = sin(θ∆∗

H
)
−π/θ∆∗

H .
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Di

tDi

Figure 7: The disk Di and the equilateral triangle tDi
for Ki = 1.

Proof. Let l1 and l2 be the lengths of two sides of the same triangle ρ. By the law of sines it follows

sin(θρ) l1 ≤ l2 ≤ |ρ|, (3.11)

with θρ the smallest angle in ρ. Using (3.11) we find that for any two triangles ρ1 and ρ2 in the
same molecule M ,

sin(θM )bm/2c |ρ1| ≤ |ρ2|, (3.12)

with θM the smallest angle in the molecule, and m the number of triangles in the molecule. This
number can be bounded by m ≤ 2π/θM .

In [17] is shown that |ti| ≤
√

3 Ki |ρ∗,k
m |, where ρ∗,k

m ∈ ∆∗,k contains the PS point in ∆∗,k with the
longest distance to vertex Vi. Since ρ∗,k and ρ∗,k

m both lie in the molecule of Vi in ∆∗,k, it follows

from (3.12) that |ρ∗,k
m | ≤ sin(θ∆∗

H
)
−π/θ∆∗

H |ρ∗,k|.

We now come to the main theorem of this section.

Theorem 3.2 (Stability). The QHPS basis is strongly L∞-stable, i.e., for any coefficient vector
c in the QHPS spline representation (3.8) we have

k1 ‖c‖∞ ≤ ‖sQH(x, y)‖∞ ≤ k2‖c‖∞, (3.13)

with

k1 =

(

1 +
48

√
3 K L

tan(θ∆∗

H
/2)

)−1

, and k2 = 1. (3.14)

Proof. The right inequality in (3.13) follows immediately from Properties 3.2 and 3.3. Using
Property 3.4 and relation (2.4), we have for each conforming vertex Vi





sQH(Vi)
∂
∂xsQH(Vi)
∂
∂y sQH(Vi)



 =





αi,1 αi,2 αi,3

βi,1 βi,2 βi,3

γi,1 γi,2 γi,3









ci,1

ci,2

ci,3



 =: Ai ci. (3.15)
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Taking into account that αi,3 = 1 − αi,1 − αi,2, βi,3 = −βi,1 − βi,2 and γi,3 = −γi,1 − γi,2, we find
that

Ai
−1 =





1 ηi,1 µi,1

1 ηi,2 µi,2

1 ηi,3 µi,3



 , (3.16)

where (see [17])

ηi,j = (αi,2γi,1 − αi,1γi,2 + δj,1γi,2 − δj,2γi,1)/e, (3.17a)

µi,j = (αi,1βi,2 − αi,2βi,1 − δj,1βi,2 + δj,2βi,1)/e, (3.17b)

with δi,j the Kronecker delta, and e = βi,1γi,2 − βi,2γi,1. From [6] we know that βi,j and γi,j can
be written as

βi = (βi,1, βi,2, βi,3) = (Yi,2 − Yi,3, Yi,3 − Yi,1, Yi,1 − Yi,2) e, (3.18a)

γi = (γi,1, γi,2, γi,3) = (Xi,3 − Xi,2, Xi,1 − Xi,3, Xi,2 − Xi,1) e. (3.18b)

Combining the expressions (3.17) and (3.18), together with αi,j ≥ 0, we obtain that

|ηi,1| = |αi,2γi,1 + (1 − αi,1)γi,2|/|e| = |αi,2(Xi,3 − Xi,2) + (αi,2 + αi,3)(Xi,1 − Xi,3)|
= |αi,2(Xi,1 − Xi,2) + αi,3(Xi,1 − Xi,3)| ≤ αi,2|Xi,1 − Xi,2| + αi,3|Xi,1 − Xi,3|
≤ (αi,2 + αi,3) |ti| ≤ |ti|.

Similarly we find that |ηi,j |, |µi,j | ≤ |ti|, and in combination with Lemma 3.3, it results in

|ηi,j |, |µi,j | ≤
√

3 Ki L |ρ∗,k| ≤
√

3 K L |ρ∗,k|, (3.19)

for a triangle ρ∗,k ∈ ∆∗
H as defined in Lemma 3.3. Suppose that ‖c‖∞ = |ci,j |. Then,

‖c‖∞ = |sQH(Vi) + ηi,j
∂

∂x
sQH(Vi) + µi,j

∂

∂y
sQH(Vi)|. (3.20)

Using Lemma 3.2 and inequality (3.19), we deduce that

‖c‖∞ ≤ ‖sQH‖∞, ρ∗,k

(

1 +
12 (|ηi,j | + |µi,j |)

rρ∗,k

)

≤ ‖sQH‖∞, ρ∗,k

(

1 +
24

√
3 K L |ρ∗,k|
rρ∗,k

)

. (3.21)

The inradius rρ of a triangle ρ can be written as

rρ = tan

(

θ3

2

)

l1 + l2 − l3
2

, (3.22)

with li the lengths of the sides of ρ, and l3 corresponds to the side opposite to angle θ3. Let θρ be
the smallest angle in ρ, then the inradius can be bounded below by

rρ ≥ tan

(

θρ

2

) |ρ|
2

. (3.23)

Filling (3.23) into (3.21), we find that

‖c‖∞ ≤ ‖sQH‖∞
(

1 +
48

√
3 K L

tan(θ∆∗

H
/2)

)

. (3.24)
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(a) (b)

Figure 8: (a) A given hierarchical mesh. (b) The computed triangles for the construction of an
extensible HPS refinement of the mesh in (a). These extensions of the local PS refinements at
each level fix the positions of the points Rj at the boundary edges of the original refined regions
that are not part of the boundary of the domain. The positions of these points are indicated with
triangle symbols.

4 Practical implementation aspects

In this section we discuss some practical implementation issues. First, we explain how a HPS
refinement can be constructed such that the hierarchical mesh can be locally triadically refined in
an efficient way. Then, we show how algorithms for classical Powell-Sabin B-splines can be used
for the quasi-hierarchical variant.

4.1 Practical construction of the hierarchical mesh

The (local) subdivision strategy must allow that new triangles can be easily refined at a certain level
in the hierarchical mesh while preserving the edges in the original mesh and its HPS refinement.
If one decides to refine the triangle ρl that is adjacent to the already refined triangle ρk, the new
interior point Zl of ρl must be collinear with two points, i.e. the interior point Zk of ρk and the HPS
refinement point Rj on the common edge. Otherwise, the new HPS refinement will not be valid.

To anticipate such a situation and to avoid its related problems, it is better not to choose the HPS
refinement points Rj arbitrarily at the boundary of the triangulation patches of each refinement
level. Instead, we suggest the following procedure. We will first determine the interior points Zl

of the neighbouring triangles before we fix the positions of the points Rj . To that end, for each
refined triangle in the original mesh, we will also triadically split the adjacent triangles at the
same refinement level. Then, we will build the HPS refinement on the extended set of triangles.
For example, to construct an easily extensible HPS refinement of the mesh in Figure 6(c), we will
select the HPS refinement points Rj as computed in the mesh of Figure 8. Note that we do not
have to define the HPS refinement points at the boundary of the extended triangulation patches
(see Figure 8), since they are not needed in the computation of the points Rj .

The extra computed triangles are only needed for the construction of the HPS refinement, and are
not required for further calculations on the QHPS spline. Moreover, the number of these triangles
is still limited, and they could be recovered in a further triadic refinement of the hierarchical mesh.
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4.2 A generic algorithm for QHPS splines

Many efficient and stable algorithms exist for classical Powell-Sabin splines, e.g, to evaluate, to
visualize, and to manipulate the splines. In this section we show how these algorithms can be used
for working with quasi-hierarchical Powell-Sabin splines. A QHPS spline can be represented on
each leaf triangle by a particular PS spline. To construct this PS spline, we have to determine
the control triangles corresponding to the three corners of the considered triangle. The control
triangles associated with conforming vertices can be taken identical to the control triangles of the
QHPS spline. As mentioned in Remark 3.3, we can use subdivision to obtain the control triangles
for non-conforming vertices. The correct values can be easily computed while moving up in the
hierarchical mesh structure. Then, when the leaf triangle is reached, the corresponding PS spline
on the considered triangle will be fully defined. In this way, an algorithm for QHPS splines can be
straightforwardly reduced to the equivalent algorithm for PS splines. The generic QHPS algorithm
looks as follows:

Algorithm 4.1. Let ∆H be a hierarchical mesh structure, and ∆ be a conforming mesh. The
generic algorithm qhps algorithm(∆H) for QHPS splines is based on the equivalent algorithm
ps algorithm(∆) for classical PS splines.

function qhps algorithm(hierarchical structure ∆H)

for all triangles ρ in the initial triangulation ∆0 of ∆H :

qhps local algorithm(ρ, ∆H)

endfor

end

function qhps local algorithm(triangle ρ, hierarchical structure ∆H)

if ρ is not a leaf triangle:

1. Let l be the level of ρ in the hierarchical structure.

2. for all non-conforming vertices Vi of level (l + 1) at the interior of an edge of ρ:

Calculate the control triangle Ti by PS subdivision, using the control triangles
of two corner vertices of ρ.

endfor

3. for all 9 subtriangles ρi of level (l + 1) in ρ:

qhps local algorithm(ρi, ∆H)

endfor

else

ps algorithm(ρ)

endif

end

Remark 4.1. Using a different Powell-Sabin spline on each leaf triangle in the hierarchical mesh is
usually not more time-consuming than considering one PS spline per triangulation patch. Indeed,
most of the algorithms for PS splines run over all triangles in the mesh separately.

Remark 4.2. The QHPS splines can be evaluated and manipulated in a stable way. Only convex
combinations are needed to convert the QHPS spline on each triangle to a PS spline, to represent
these PS splines with Bernstein-Bézier polynomials, and to evaluate these polynomials via the de
Casteljau algorithm.
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Figure 9: Noisy data values of the function (exp((x − 0.52)2 + (y − 0.48)2) − 0.95)−1.

5 Applications

In this section we consider two applications of quasi-hierarchical Powell-Sabin splines: smoothing
noisy measurement data, and surface modelling.

5.1 Data fitting

Given a set of data points pr, r = 1, . . . ,m, with corresponding (noisy) data values fr. We wish
to determine a spline that approximates the underlying smooth function. In this example, we use
the least squares criterion, i.e., we determine the spline sQH such that

m
∑

r=1

(

fr − sQH(pr)
)2

(5.1)

is minimized. As example we consider the test function (exp((x − 0.52)2 + (y − 0.48)2) − 0.95)−1,
taken from [7]. The data values, sampled on a regular grid, are perturbed by normally distributed
noise with zero expected value and standard deviation equal to 0.25. The noisy data interpolant
is shown in Figure 9. The following simple adaptive strategy has been implemented. For more
advanced methods we refer to [7, 5]. We start with a regular conforming triangulation consisting of
2 triangles. Then, the triangles with the largest sum of squared weighted residuals are refined till
the solution is considered satisfactory (see Figure 10). Since the original spline space is a subspace
of the refined one, we are guaranteed of a better approximation with an increased local resolution.
For the QHPS spline approximation in Figure 10(b) on the finest mesh, there are 3 × 33 degrees
of freedom.

Remark 5.1. The results globally depend on the data values, in contrast to a method that would
progressively reduce the residuals by adding constrained PS splines on the locally refined triangu-
lation patch. The values of the coefficients associated with vertices outside the refined patch also
change as the refinement proceeds. For example, the values of the three coefficients corresponding to
vertex Vi(−1,−1) in Figure 10(b) vary as (−2.22, 1.22, 5.83), (0.08, 0.45, 2.00) and (0.05, 0.39, 2.09)
for the three different meshes. The corresponding spline values sQH(Vi) are 1.61, 0.84 and 0.84
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(a) Triangulations with the positions of the data points
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(b) Approximating uniform QHPS spline interpolants
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Figure 10: Smoothing uniform QHPS spline approximations of the noisy data values in Figure 9,
for different refinement levels.
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respectively. Of course, the further the vertices are away from the refined patch, the less their
coefficients change.

Remark 5.2. When the initial mesh consists of identical triangles, as in Figure 10(a), all triangles
in the refined meshes will be uniform. We will call the corresponding spline a uniform QHPS spline.
Due to the high degree of symmetry, the HPS refinement is known in advance, and the shape of
the QHPS triangles can be fixed, i.e., for vertex Vi(x, y) the corners of the QHPS triangle are

Qi,1(x + h/2, y), Qi,2(x − h/2, y + h/2), and Qi,3(x, y − h/2), (5.2)

with h the largest local mesh size. Thus, the calculation of suitable QHPS triangles containing the
QHPS points at each vertex is no longer required. This enables us to implement the uniform QHPS
algorithms more efficiently.

5.2 Surface modelling

Local subdivision results in an efficient time and memory usage for representing complex surfaces.
The new basis functions after subdivision have a smaller support and give the designer more local
control for manipulating the surface. The locality of the subdivision scheme ensures that the
dimension of the subdivided space stays reasonable.

In the next example, we modelled the trefoil knot, using a parametric QHPS surface with 33
vertices. The QHPS splines defined in this paper can be easily extended to parametric surfaces.
Such surfaces are defined by control points Ci,j = (cx

i,j , c
y
i,j , c

z
i,j), i.e., the coefficients of three QHPS

splines, similar to parametric PS surfaces (see, e.g., [26, 21]). In Figure 11(a) the spline surface is
depicted, together with its control triangles. We subdivided two triangles, and moved the control
triangles of the newly introduced vertices, see Figure 11(b). The support of the B-splines associated
with these new vertices stays within the original triangles. This property is very useful for surface
editing: the user selects a triangle, where the surface can be locally subdivided, and then one can
morph the surface such that only the part within the selected triangle is affected. The new QHPS
surface only consists of 35 control triangles, whereas a globally subdivided Powell-Sabin surface
would need 297 control triangles.

6 Concluding remarks

In this paper we presented hierarchical Powell-Sabin splines in a quasi-hierarchical representation.
They are C1-continuous quadratic splines defined on a hierarchical triangulation, which can be non-
conforming. Such a mesh is obtained, starting from a conforming triangulation, by partitioning
successively a subset of triangles with a triadic split. The construction of the spline is based on
a particular HPS refinement of the mesh, and the dimension of this spline space is equal to three
times the number of conforming vertices in the mesh.

Instead of the triadic refinement scheme, other schemes could be used as well. For instance, one
can apply the dyadic scheme from [26] for uniform PS splines, that splits each triangle into four
subtriangles. However, the dyadic refinement of a single triangle is not able to create new degrees
of freedom as in the triadic case, since only non-conforming vertices are introduced. Therefore,
more triangles must be refined, e.g., all triangles in the molecule of a vertex.

We constructed a QHPS basis that retains all the advantages of the classical Powell-Sabin B-
splines: the basis functions have a local support, they form a convex partition of unity, they are
strongly L∞-stable, and the spline is locally controllable by means of control triangles. In addition,
local subdivision can now be applied straightforwardly, since the mesh is no longer restricted to be
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(a) Initial QHPS surface with control triangles

(b) Locally refined and adapted QHPS surface with control triangles

Figure 11: (a) A trefoil knot modelled by a QHPS surface. The control triangles and the triangular
mesh lines are shown. (b) Effect of moving some control triangles of the locally refined QHPS
surface.

conforming. Local subdivision is of interest in many application domains. We considered in the
paper data fitting and surface modelling.

We showed how the QHPS spline can be represented on each triangle by a classical PS spline. That
allows us to apply existing efficient algorithms for PS splines to QHPS splines. When it is possible
to work with uniform QHPS splines, the construction of the splines can be simplified even more.
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and L.L. Schumaker, editors, Surface Fitting and Multiresolution Methods, pages 209–218,
Nashville, 1998. Vanderbilt University Press.
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