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Abstract

Partial differential equations with random coefficients appear for example in reliability
problems and uncertainty propagation models. Various approaches exist for computing
the stochastic characteristics of the solution of such a differential equation. In this paper,
we consider the spectral expansion approach. This method transforms the continuous
model into a large discrete algebraic system. We study the convergence properties of
iterative methods for solving this discretized system. We consider one-level and multi-
level methods. The classical Fourier mode analysis technique is extended towards the
stochastic case. This is done by taking the eigenstructure into account of a certain matrix
that depends on the random structure of the problem. We show how the convergence
properties depend on the particulars of the algorithm, on the discretization parameters and
on the stochastic characteristics of the model. Numerical results are added to illustrate
some of our theoretical findings.
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1 Introduction

Mathematical models for scientific and engineering problems often take the form of systems
of ordinary or partial differential equations (PDEs). Such models usually involve certain
parameters, for example the coefficients in the differential operator, the initial and boundary
conditions, and the forcing function. Typically, all model parameters are assumed to be
known exactly. However, in realistic situations this assumption often does not hold, as many
of the parameters may have a random or stochastic character. More advanced models take
this stochastic nature into account. Certain components of the system are then modelled
as random variables, random fields or random processes. In that case one is interested in
answering the so-called uncertainty propagation question: “Given the stochastic properties
of the mathematical model, what are the stochastic characteristics of the solution ?”

∗This research was funded by Fund for Scientific Research - Flanders, project G.0130.03N and by the
Research Council of the K.U.Leuven, project OT/03/34.

†Corresponding author. E-mail: Stefan.Vandewalle@cs.kuleuven.be
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The numerical solution of PDEs with random coefficients can be calculated by using sta-
tistical or deterministic methods [1]. The most well-known statistical method is the Monte
Carlo simulation method [2]. The stochastic model parameters are sampled repeatedly, re-
ducing the problem to the solution of a deterministic PDE for each sample. The stochastic
properties of the solution are subsequently determined by a statistical analysis of the obtained
set of PDE solutions. Deterministic methods involve the direct treatment of the stochastic
PDE, i.e., by directly computing certain stochastic properties of the solution. Examples are
the perturbation method [3], the variance propagation algorithm [4], and the spectral expan-
sion approach [5, 6]. In the first two methods, deterministic equations are constructed for
the expectation and for the variance of the solution, and for a covariance matrix. In this
work, we will consider the third approach. It transforms a system of PDEs with random
parameters into a deterministic linear system by means of a projection onto a certain set
of random basis polynomials. The method allows the extraction, in a post-processing step,
of any statistical information desired, such as moments of the solution or the probability of
certain events related to the PDE.

Basically, the linear system generated by the spectral expansions approach, corresponds
to the discretization matrix of a large system of coupled deterministic PDEs. The size of the
system grows rapidly with the required spatial accuracy and with the required accuracy in the
stochastic dimension. Different ways of enhancing the performance of the expansion method
have been investigated in recent years. For example, by carefully choosing the polynomials to
include in the random polynomial basis the size [7] and the complexity of the resulting system
can be reduced [8, 9]. By developing multi-level solution algorithms the cost of solving the
system can be optimized [10, 11].

In this work, we analyze the convergence behavior of multigrid applied to PDEs with
random coefficients. This is done by extending the local Fourier analysis (LFA) technique for
deterministic problems [12, 13, 14, 15] to the stochastic case. The LFA accurately predicts
the convergence factors observed in practice, and it provides valuable insights in the depen-
dence of the convergence on the model characteristics, the discretization parameters and the
algorithmic components. The paper is organized as follows. In Section 2 the model problem is
presented. A brief summary is given of the different steps in the spectral expansion method,
and the basic ideas underlying the considered iterative methods are explained. In Section 3
we suggest an alternative set of random basis polynomials. The use of these polynomials
leads to a complete decoupling of the stochastic PDE into a set of deterministic PDEs of
the same type. Although perhaps only of limited use from a practical point of view, this set
of polynomials does prove to have interesting theoretical properties. Section 4 explains how
the LFA can be extended to the stochastic case. A series of two-level convergence factors
are derived for various multigrid components and strategies. The sharpness of the theoretical
convergence factors are verified in Section 5 by extensive numerical experiments. Finally, in
Section 6, we formulate some conclusions.
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2 The model problem and its solution by stochastic expansion

2.1 A two-dimensional diffusion equation

We consider a two-dimensional diffusion equation where the diffusion coefficient α(x, ω) mul-
tiplying the y-derivative is a random field,

∂2u(x, ω)

∂x2
+ α(x, ω)

∂2u(x, ω)

∂y2
= RHS(x) , (1)

with x = (x, y) ∈ D, the spatial domain, and ω ∈ Ω, a sample space. The sample space Ω
is part of a complete probability space (Ω,F ,P), with F a σ-algebra and P a probability
measure. The random field α(x, ω) is defined as the mapping D×Ω→ R. For a given x ∈ D,
α(x, ω) is a random variable with respect to (Ω,F ,P). The boundary conditions and the
forcing term are allowed to have random parameters as well. The convergence rates obtained
through local Fourier analysis do not depend on the boundary conditions and the forcing term
directly. Next, in Sections 2.2 and 2.3, we will detail the discretization of (1). In Section 2.4
we will recall the multigrid approach towards solving the discrete stochastic problem [10, 11].

2.2 Discretization of the random part of the problem

The random field α(x, ω) can be expanded into an infinite series of terms of decreasing im-
portance, by means of a so-called Karhunen-Loève (KL) expansion [5, 6, 16]

α(x, ω) = α0(x) +
∞∑

i=1

ξi(ω)αi(x) . (2)

The function α0 is the mean of the random field; the functions αi are suitably scaled (deter-
ministic) eigenfunctions appearing in the spectral representation of the covariance function of
the random field. The random coefficients ξi(ω) are uncorrelated random variables with zero
mean, and are assumed to be linearly independent. For notational simplicity we will further
on write the random variable ξi(ω) as ξi. For practical use the KL-expansion is truncated, say
after the term in ξN , ignoring the least significant terms. This truncated KL-expansion will
be denoted as αKL(x, ω). Any boundary conditions and/or forcing terms that are modelled
as random fields are treated similarly. This may result in an additional set of independent
random variables {ξi}i=N+1,··· ,N∗ .

Next, we consider the discretization of the PDE solution u(x, ω) and we start with the
random space dimension. Let L2(Ω,F ,P) be a Hilbert space of square integrable functions
of all N∗ random variables ξi on (Ω,F ,P). We shall construct a finite dimensional subspace
S of L2(Ω,F ,P) defined through a set of Q basis functions {Ψl}l=1,··· ,Q in the random vari-
ables ξ1, . . . , ξN∗ . Let ξ denote a vector containing the random variables ξ1, . . . , ξN∗ . The
space S is equipped with an inner product defined by 〈a(ξ) b(ξ)〉 =

∫
a(ξ) b(ξ)w(ξ) dξ, with

w(ξ) denoting the probability density corresponding to ξ. This inner product actually cor-
responds to the expectation of the product of its arguments. Several approaches have been
proposed to construct S, e.g. [5, 8, 17, 18]. Here, we shall employ an orthonormal basis of
multivariate polynomials Ψl that are globally defined in each random variable ξi. These mul-
tivariate polynomials are built using series of univariate polynomials {ϕn}n=1,2,··· of degree n
in ξi and orthonormal w.r.t. the probability measure corresponding to ξi. That is,

〈ϕm ϕn〉i :=

∫
ϕm(ξi)ϕn(ξi)w(ξi) dξi = δmn ,
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with δmn the Kronecker delta. In particular, for some N ∗-tuple (m1, · · · ,mN∗) of positive
integers, we have

Ψl(ξ1, . . . , ξN∗) =
N∗∏

i=1

ϕmi
(ξi) . (3)

Two criteria are often considered to determine basis functions of the form (3). One may limit
the total degree of the polynomial to a given value P , i.e.,

∑N∗

i=1mi ≤ P . The total number
of basis functions, Q, is then given by (N ∗ + P )!/N∗!P ! [10]. Alternatively, one may limit
the degrees of the univariate factors separately, i.e. mi ≤ ni, i = 1, · · · , N∗ for a given set of
ni-values. In this case Q =

∏N∗

i=1(ni + 1) [9].
Using the first criterion, a so-called Generalized Polynomial Chaos basis [17, 1] can be

constructed. The univariate polynomials are chosen from the Wiener-Askey scheme according
to the probability distributions of the uncorrelated random variables in (2). In case of a set of
Gaussian variables ξ, this procedure results in a basis of tensor product Hermite polynomials.
This basis is also called the Polynomial Chaos (PC) basis and is used in the original spectral
approach of Ghanem [5, 6]. The second criterion can be used to create a double orthogonal
polynomial basis, as proposed by Babuška [8].

Having specified an appropriate random basis, the solution u(x, ω) is approximated by a
linear combination of basis functions with deterministic coefficients ul(x). When the basis
functions are collected together in the column vector Ψ and the coefficients in a column vector
u(x), we can write

u(x, ω) =

Q∑

l=1

ul(x)Ψl (ξ1, . . . , ξN∗) = ΨTu(x) . (4)

2.3 Reduction to a fully discrete deterministic linear system

We replace the random field α(x, ω) by the truncated expansion αKL(x, ω) and look for
a solution of the form (4) such that the residual is minimized in some appropriate sense.
Typically one computes the solution by using a least squares approach, requiring orthogonality
of the residual to the space determined by the chosen Polynomial Chaos basis. Taking the
linearity of the inner product into account gives

〈ΨΨT 〉∂
2u(x)

∂x2
+ 〈αKL(x, ω)ΨΨT 〉∂

2u(x)

∂y2
= 〈RHS(x)Ψ〉 .

The real symmetric matrix 〈αKL(x, ω)ΨΨT 〉 is independent of the solution and will be denoted
as M(x),

M(x) := 〈αKL(x, ω)ΨΨT 〉 = α0(x)〈ΨΨT 〉+
N∑

i=1

αi(x)〈ξiΨΨT 〉 . (5)

For Gaussian random variables this matrix is easily determined [19]. Using the orthonormality
of the basis functions, the above equation can be further simplified to

∂2u(x)

∂x2
+M(x)

∂2u(x)

∂y2
= 〈RHS(x)Ψ〉 . (6)

Conventional spatial discretization methods can be applied to reduce this coupled system of
PDEs to an algebraic linear system. We shall use a standard five-point finite difference scheme
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on a rectangular grid Gh = {(jh, kh)}j,k∈Z
with spacing h in x− and y−directions. The

value RHS(jh, kh), the random variable α(jh, kh, ω) and the corresponding matrixM(jh, kh)
will be denoted by RHSj,k, αj,k and Mj,k. The discrete approximation to u(x) evaluated
at point (jh, kh) is denoted as uj,k. Applying the spatial discretization to the system of
deterministic PDEs (6), leads to

(
uj−1,k − 2uj,k + uj+1,k

)
+Mj,k

(
uj,k−1 − 2uj,k + uj,k+1

)
= h2 〈RHSj,kΨ〉 . (7)

When the equations are collected over all grid points a classical linear system results,

Lhuh = fh. (8)

The dimension of the system equals the number of spatial grid points multiplied by Q. When
the unknowns are ordered pointwise, that is, all unknowns at a particular grid point are
grouped together, then Lh is a block-matrix with blocks of size Q × Q. Its block structure
is identical to the classical five-point star matrix structure. When the unknowns are ordered
variable-wise, then Lh is a Q × Q block-matrix with blocks having the size and structure of
a discretized scalar PDE.

2.4 Iterative solution of the fully discrete system

We consider iterative methods for solving (8). For example, in iteration step m + 1 of a

pointwise Gauss-Seidel (GS-LEX) scheme the new value u
(m+1)
j,k = ΨTu

(m+1)
j,k in grid point

(jh, kh) is determined from,

2 (I +Mj,k)u
(m+1)
j,k =

(
u

(m+1)
j−1,k +u

(m)
j+1,k

)
+Mj,k

(
u

(m+1)
j,k−1 + u

(m)
j,k+1

)
−h2 〈RHSj,kΨ〉 . (9)

assuming that I +Mj,k is an invertible matrix. We shall use the previous scheme as a
smoother in a two-level iterative method. A typical two-grid iteration scheme TG(ν1, ν2),
which updates the approximation uh, can be formulated as follows,

• pre-smoothing: smooth ν1 times uh, i.e., uh ← Sν1
h uh

• coarse grid correction:

– calculate residual: rh = fh − Lhuh

– restrict residual: f2h = I2h
h rh

– solve for coarse grid correction: L2he2h = f2h

– correct: uh ← uh + Ih
2he2h

• post-smoothing: smooth ν2 times uh, i.e., uh ← Sν2
h uh

Next to the fine grid Gh also a coarse grid G2h is used, for example obtained by doubling
the grid spacing. Residuals (rh) and corrections (e2h) are transferred from one grid to another
by using restriction (I2h

h ) and prolongation (Ih
2h) operators. By using a recursion the two-level

algorithm can be extended towards a true multi-level method that uses a hierarchy of coarser
and coarser grids.
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3 A polynomial basis that decouples the stochastic PDE

It has been shown in [8, 9] that the use of a certain carefully constructed set of orthogonal
polynomials {Ψl}l=1,··· ,Q leads to a complete decoupling of system (8). Here we suggest
an alternative (and easier) derivation of those polynomials. This decoupling method is of
practical importance mainly for low degree polynomials and a limited number of random
variables. Otherwise, the method is computationally too costly. For theoretical purposes,
however, a study of this algorithm is interesting as it provides with little effort a set of
convergence factor bounds for the more general case.

As before, the Q basis functions are generated as products of univariate polynomials

Ψ′
l1,··· ,lN∗ (ξ1, · · · , ξN∗) =

N∗∏

i=1

ψnili (ξi) li ∈ {0, · · · , ni}, (10)

i.e., each of the
∏N∗

i=1(ni + 1) basis functions consist of N ∗ univariate factors. In the classi-
cal Polynomial Chaos procedure these univariate polynomials constitute a set of orthogonal
polynomials of increasing degree. Here, we consider an alternative set. The univariate poly-
nomials in ξi (i = 1, ..., N), i.e., in the random variables generated by the KL-expansion (2),
are selected to be exactly of a specified degree ni, and are given by

ψnili(ξi) = (−1)ni−liρnili

∏

r 6=li

(ξi − ζnir) , li = 0, · · · , ni . (11)

The values ζnir, for r = 0, ..., ni, are the roots of the orthogonal polynomial ϕni+1 of degree
ni + 1, i.e.,

ϕni+1(ξi) = ρ∗ni+1

ni∏

r=0

(ξi − ζnir) .

The polynomial ϕni+1 corresponds to a typical univariate factor used in the construction of
a classical Generalized Polynomial Chaos basis. The positive normalization constants ρnili

and ρ∗ni+1 are chosen so that 〈ψ2
nili
〉i = 1 and 〈ϕ2

ni+1〉i = 1. In case of a standard Gaussian

random variable ξi, the values ρ∗nili
and ρnili are equal to 1/

√
(ni + 1)!.

For the univariate polynomials in ξi with i = N+1, . . . , N∗, both this alternative procedure
and the usual Generalized Polynomial Chaos procedure with polynomials of increasing degree
can be applied. In both cases these polynomials will be denoted by ψnili , li = 0, · · · , ni, i =
N +1, · · · , N∗. Let the column vector Ψ represent the (Generalized) Polynomial Chaos basis
functions, then we collect the alternative basis functions in a column vector Ψ′.

The alternative univariate polynomials satisfy some interesting properties.

Property 3.1

(a) 〈ψniliψnimi
〉i = δlimi

, i = 1, .., N∗;

(b) 〈ξiψniliψnimi
〉i = ζniliδlimi

, i = 1, ..N.

Proof. The results for the case li 6= mi follow immediately from (11) by taking into account
that ϕni+1 is orthogonal to every polynomial in ξi of degree at most ni. For example, for
property (b),

〈ξiψniliψnimi
〉 = (−1)li+mi

ρniliρnimi

ρ∗ni+1

〈
ϕni+1


ξi

∏

r 6=li,mi

(ξi − ζnir)



〉

= 0.
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For li 6= mi, property (a) follows from the normalization condition. The proof for li = mi of
property (b) is based on the following identities

〈ξiψ2
nili
〉 − ζnili〈ψ2

nili
〉 = 〈(ξi − ζnili)ψ

2
nili
〉 =

(−1)ni−liρnili

ρ∗ni+1

〈ϕni+1ψnili〉 = 0 .

We can derive some analogous properties for the new multivariate (10), polynomials,
taking into account that {ξi}i=1,··· ,N∗ are independent random variables.

Property 3.2

(a) 〈Ψ′
l1,··· ,lN∗Ψ′

m1,··· ,mN∗ 〉 = δ(l1,··· ,lN∗ ),(m1,··· ,mN∗ ) ;

(b) 〈ξiΨ′
l1,··· ,lN∗Ψ′

m1,··· ,mN∗ 〉 = ζniliδ(l1,··· ,lN∗ ),(m1,··· ,mN∗ ) , ∀i ∈ {1, · · · , N} .

These properties will allow us to discuss the performance of certain iterative methods in
terms of the roots {ζnili}li=0,··· ,ni; i=1,··· ,N (see Section 4).

The random basis functions (10) can be used to decouple the model problem (1). As
before, we replace the random field α by its truncated Karhunen-Loève expansion, and we
write the approximate solution as a linear combination of the random basis functions,

u(x, ω) =

n1∑

l1=0

· · ·
nN∗∑

lN∗=0

u′l1,··· ,lN∗ (x)Ψ′
l1,··· ,lN∗ (ξ1, . . . , ξN∗) ,

where the deterministic coefficient functions u′l1,··· ,lN∗ (x) are to be determined. Using the
properties derived in this section, it can easily be checked that the matrix M(x) becomes
a diagonal matrix. More directly, the result can be derived by an orthogonalization of the
residual of the model problem w.r.t. any of the basis functions Ψ′

m1,··· ,mN∗ . For example,
orthogonality w.r.t. ξ leads to an equation of the form

∂2u′m1,··· ,mN∗

∂x2
+

(
α0(x)+

N∑

i=1

ζnimi
αi(x)

)
∂2u′m1,··· ,mN∗

∂y2
=
〈
RHS(x)Ψ′

m1,··· ,mN∗

〉
. (12)

This is a deterministic PDE in a single unknown variable u′m1,··· ,mN∗ (x). A similar PDE
is obtained for every (m1, . . . ,mN∗) ∈ {0, 1, . . . , n1} × . . . × {0, 1, . . . , nN∗}. As such the
stochastic problem is decomposed into

∏N∗

i=1(ni + 1) deterministic PDEs. Note that if the
number of Karhunen-Loève terms increases or if the degrees ni are increased, the number of
deterministic PDEs rapidly becomes prohibitively large for practical purposes.

The roots {ζnimi
}mi=0,··· ,ni

of the polynomials ϕni+1 play an important role in this de-

composition. They determine the
∏N

i=1(ni + 1) realizations of the random field α for which
deterministic versions of the model problem have to be solved. For each of those realizations
the PDE must be solved for

∏N∗

i=N+1(ni + 1) different right hand sides.
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4 Local Fourier mode analysis

Fourier mode analysis is a powerful tool to analyze multigrid methods quantitatively [12, 20].
It is frequently used to optimize the different algorithmic components for a specific problem.
It was originally developed for linear discrete operators, but it can also be applied to more
general discrete operators by linearizing the operator locally and by ‘freezing’ its coefficients
to a constant value. In this section we apply the LFA to study multigrid for PDEs with
random coefficients. In Section 4.1 we analyze the properties of a number of one-level iterative
methods that are frequently used as smoothers inside a multigrid algorithm. In Section 4.2 the
two-grid algorithm is studied. There, we consider the case where the classical (Generalized)
Polynomial Chaos functions are used for discretization. In Section 4.3 we treat the special
case of basis functions that decouple the stochastic problem into a set of deterministic ones,
as explained in Section 3.

4.1 Analysis of one-level iterative methods

We shall work out the details of the local Fourier analysis for the GS-LEX method (9). We
define the errors in the coefficient vectors as

e
(m)
j,k = uj,k − u

(m)
j,k .

At every grid point the error is a Q-vector. From (7) and (9) it follows that

2
(
I +Mj,k

)
e

(m+1)
j,k − e

(m+1)
j−1,k −Mj,ke

(m+1)
j,k−1 = e

(m)
j+1,k +Mj,ke

(m)
j,k+1 . (13)

In the case of a variable coefficients problem, we shall perform the LFA to the problem by
freezing the random field α to its value αj,k in the considered grid point (jh, kh) [21]. In
the model problem (1), this corresponds to the replacement of the random field α(x, ω) by a
random variable α(ω). As such,Mj,k can be considered to be a fixed known matrix, which will
be denoted asM. It is real and symmetric matrix, but not necessarily positive. Theoretically,
this might prevent GS-LEX to be well-defined or converge. In practical situations however,
this will not turn out to be an issue (see Section 5).

We shall decompose the error into a sum of exponential Fourier modes of the form

ej,k (θ, z) = exp (ı(jθx + kθy)) z, (14)

where ı represents the imaginary unit and with θ := (θx, θy) ∈ [−π, π)2. The Q-vector

z = [A1, A2, · · · , AQ]T contains the amplitudes of the Fourier mode in the random functions
{Ψl}l=1,...,Q. Application of (13) to mode ej,k

(
θ, z(m)

)
, e.g., one of the components of the

error at the m’th iteration, generates mode ej,k

(
θ, z(m+1)

)
with

(
(2− exp(−ıθx))I+(2− exp(−ıθy))M

)
z(m+1) =

(
exp(ıθx)I+exp(ıθy)M

)
z(m).

The convergence of the above iteration depends on the spectrum ofM, denoted as σ(M), i.e.,
on the random structure of the model problem. Let zq be an eigenvector with corresponding
eigenvalue λq, and set z(m) = zq. Then, we immediately find that z(m+1) = Ŝ(θ, λq)z

(m) with

Ŝ(θ, λq) =
exp(ıθx) + exp(ıθy)λq(

2− exp(−ıθx)
)

+
(
2− exp(−ıθy)

)
λq

. (15)
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We can decompose the iteration error into a sum of independent components of the form
exp (ı(jθx + kθy)) zq, which are eigenvectors of the GS-LEX iteration operator, with Ŝ(θ, λq)
the corresponding eigenvalues. The distribution of the eigenvalues of the GS-LEX iteration
operator for several values of λq is shown in Figure 1 (a)-(c). The eigenvalues lie inside the
unit circle for every λq > 0 and every θ ∈ [−π, π)2.

In Figure 1 (d)-(e), we compare the eigenvalues of a stochastic problem, with a related
deterministic problem, namely the problem with the mean of α(ω) as deterministic coefficient.
We observe that each eigenvalue in the deterministic case is split into Q eigenvalues in the
stochastic case. This can be explained intuitively as follows. Consider Lxx and Lyy, the

spatial discretizations of the operators ∂2

∂x2 and ∂2

∂y2 . We can rewrite the GS-LEX iteration
operator S in tensor product notation as

S =
(
IQ ⊗ L+

xx +M⊗ L+
yy

)−1 (
IQ ⊗ L−

xx +M⊗ L−
yy

)
, (16)

with the matrix splittings Lxx = L+
xx−L−

xx, Lyy = L+
yy−L−

yy with L+
xx, L+

yy the lower triangular
parts of Lxx and Lyy respectively. Based on the eigenvalue-eigenvector decomposition of the
matrix M, i.e.,M = V ΛV T , we can apply a similarity transformation to (16) and obtain

σ(S) = σ(V T ⊗ Ih · S · V ⊗ Ih)

= σ
(
IQ ⊗ L+

xx + Λ⊗ L+
yy

)−1 (
IQ ⊗ L−

xx + Λ⊗ L−
yy

)

=
⋃Q

q=1 σ
(
L+

xx + λqL
+
yy

)−1 (
L−

xx + λqL
−
yy

)
.

In as far as the eigenvalues λq of M approximate the mean value α0 of the random vari-
able α(ω), each eigenvalue of the deterministic problem will be approximated by Q eigenvalues
of the stochastic problem.

Knowledge of the eigenvalues of an iteration operator allows to calculate two important
quantities: the spectral radius ρ, which determines the asymptotic convergence rate, and
the smoothing factor s. The latter is important in a multigrid context, as it measures the
reduction rate of the so-called oscillatory Fourier modes, i.e., the modes that are visible only
on the fine mesh. These quantities for the frozen coefficient problem are defined as

ρ = max
λq∈σ(M)

max
θ∈[−π,π)2

|Ŝ(θ, λq)| and s = max
λq∈σ(M)

max
θ∈[−π,π)2\[−π/2,π/2)2

|Ŝ(θ, λq)| . (17)

In case of a variable coefficient problem, with sufficiently smooth coefficients, the above mea-
sure becomes x-dependent. In such a case it is customary to look for the worst case value,
e.g., for the convergence factor

ρ = max
x=(jh,kh)∈D

max
λq∈σ(M(x))

max
θ∈[−π,π)2

|Ŝ(θ, λq)| . (18)

Analytical expressions for these quantities can be deduced from (15). The LFA spectral
radius is given by ρ = 1 since the maximum in (17) is reached for θ = (0, 0). This implies
that GS-LEX does not converge for infinite grids. For practical situations however at finite
grids, GS-LEX does converge. In such situations, the spectral radius is obtained by applying
the definition of the spectral radius (17) to a finite domain. Considering Dirichlet boundary
conditions and θ values sampled from a finite grid, θ ∈ ΘD := {θ|θ = (θx, θy) with θd =
πmd/nd, 1 ≤ md ≤ nd − 1, nd = 1/h (d = x, y)}, we find that the largest eigenvalue in
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(e) α ∼ N(1.0, (0.1)2), 2nd order PC-basis

Figure 1: (a)–(c) Distribution of the eigenvalues for GS-LEX, for several values of λq: all the
eigenvalues lie inside the unit circle, between the drop-shaped curve and the inner curve (which
reduces to a point for λq = 1). The eigenvalues corresponding to the oscillatory modes lie at
the left of the 3-shaped curve, those corresponding to the smooth modes at the right. (d)–(e)
Eigenvalues for a deterministic and a simple stochastic problem (400 equidistant samples of
(θx, θy) ∈ [π, π)2).

absolute value occurs at (θx, θy) = (πh, πh). The modulus of this eigenvalue, Ŝ((πh, πh), λq) =
exp(ıπh)

2−exp(−ıπh) , and thus the spectral radius is given by

ρ = 1− π2h2 +O(h4) . (19)

Since this expression is independent of λq, we also have

ρ = 1− π2h2 +O(h4) . (20)

The smoothing factor and the spectral radius of GS-LEX are shown in function of λq in the
upper part of Figure (3). For a grid where the grid spacing in the two directions is different,
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(hx, hy), the eigenvalues of the GS-LEX iteration operator become

Ŝhx,hy
(θ, λq) =

h2
y exp(ıθx) + h2

x exp(ıθy)λq

h2
y

(
2− exp(−ıθx)

)
+ h2

x

(
2− exp(−ıθy)

)
λq

.

In this case, the modulus of the largest eigenvalue does depend on λq. The spectral radius is

given by ρ = 1− π2 1+λq

h2
y+h2

xλq
h2

xh
2
y +O(h4

x).

The LFA can also be performed for other classical iterative methods. In Table 1, we
consider the red-black version of the point Gauss-Seidel method, the x-line lexicographic
Gauss-Seidel scheme, and the pointwise ω-Jacobi scheme, also known as damped or weighted
Jacobi. The table shows for each method the formula for the eigenvalues as a function of θ
and λq, and the smoothing factor as a function of λq. The smoothing factor for ω-Jacobi is
based on an optimal value for the parameter ω which minimizes the smoothing factor. Some
technical calculations show that the optimal value of ω is the following function of λq,

ωopt,λq
=

2 + 2λq

2 + 3λq
if 0 < λq ≤ 1 and ωopt,λq

=
2 + 2λq

3 + 2λq
if λq > 1 .

Eigenvalues Smoothing factor

point GS-LEX
exp(ιθx) + exp(ιθy)λq(

2− exp(−ιθx)
)

+
(
2− exp(−ιθ2)

)
λq

√
β + 1 + 4

√
β

3 + 5λq

with β = 5(λq)2−2λq+1

point GS-RB 0 or

(
cos(θx) + cos(θy)λq

1 + λq

)2





1

(1 + λq)2
if 0 < λq≤1

λq

(1 + λq)2
if λq > 1

x-line GS-LEX
exp(ιθy)λq(

2(1− cos(θx))
)

+
(
2− exp(−ιθy)

)
λq





√
5

5
if 0 < λq ≤ 1+

√
5

2

λq

2 + λq
if λq > 1+

√
5

2

ω-Jacobi 1− ω + ω
cos(θx) + cos(θy)λq

1 + λq





2 + λq

2 + 3λq
if 0 < λq ≤ 1

1 + 2λq

3 + 2λq
if λq > 1

Table 1: Eigenvalues and smoothing factor for iterative methods applied to the (frozen)
discrete differential operator (7) (GS-RB: pointwise red-black Gauss-Seidel, x-line GS-LEX:
line GS-LEX in the x-direction and ω-Jacobi: weighted Jacobi).
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4.2 Local Fourier analysis for the general approach

Application of the (frozen) discrete differential operator characterized by the left hand side
of equation (7) to a vector-valued Fourier mode of the form (14) leads to

Lhej,k(θ, z) =
1

h2
(ej−1,k(θ, z)− 2ej,k(θ, z) + ej+1,k(θ, z))

+
1

h2
M (ej,k−1(θ, z)− 2ej,k(θ, z) + ej,k+1(θ, z)) ,

= − 4

h2
exp

(
ı(jθx + kθy)

)(
sin2

(
θx

2

)
I + sin2

(
θy

2

)
M
)

z .

If z is selected to be one of the eigenvectors zq of M with corresponding eigenvalue λq, the
last equality simplifies to

Lhej,k(θ, zq) = L̂h(θ, λq) ej,k(θ, zq)

with

L̂h(θ, λq) = − 4

h2

(
sin2

(
θx

2

)
+ sin2

(
θy

2

)
λq

)
.

Hence, the Fourier mode ej,k(θ, zq) is an eigenfunction of the (frozen) discrete differential
operator. It is also an eigenfunction for the operator L2h on grid G2h with eigenvalue

L̃2h(θ, λq) = − 1

h2

(
sin2 (θx) + sin2 (θy)λq

)
.

The Fourier mode ej,k(θ, zq) is not an eigenfunction of the restriction and prolongation
operator. In order to analyze those operators, one divides the Fourier space into four-
dimensional subspaces of harmonics, E(θ, zq) := span

[
e(θ1, zq) e(θ

2, zq) e(θ
3, zq) e(θ

4, zq)
]
,

for a given (θx, θy) ∈ [−π
2 ,

π
2 )2 with

θ1 = (θx, θy) , θ2 = (θx, θy − sign(θy)π) ,
θ3 = (θx − sign(θx)π, θy) , θ4 = (θx − sign(θx)π, θy − sign(θy)π) .

These spaces of harmonics are invariant under the fine and coarse grid discrete differential
operators, and under certain smoothing operators. The action of such an operator on an
element of such a space can be described by a four by four matrix, the so-called symbol of
that operator. For example, the symbol of the pointwise lexicographic Gauss-Seidel method,
denoted as S̃(θ, λq), is given by

S̃(θ, λq) = diag
(
Ŝ(θ1, λq), Ŝ(θ2, λq), Ŝ(θ3, λq), Ŝ(θ4, λq)

)
,

with Ŝ(θ, λq) defined by (15). The Fourier symbol of Lh becomes

L̃h(θ, λq) = diag
(
L̂h(θ1, λq), L̂h(θ2, λq), L̂h(θ3, λq), L̂h(θ4, λq)

)
.

It is well-known that the prolongation operator maps the mode ej,k(2θ, zq) on G2h onto the
space E(θ, zq). It is characterized by the symbol Ĩh

2h(θ), which for bilinear interpolation is
given by

Ĩh
2h(θ) =




(1 + cos(θx)) (1 + cos(θy))
(1 + cos(θx)) (1− cos(θy))
(1− cos(θx)) (1 + cos(θy))
(1− cos(θx)) (1− cos(θy))


 .
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Figure 2: Eigenvalues of the two-grid iteration matrix for a deterministic and a stochastic
problem (400 equidistant samples of (θx, θy) ∈ [−π

2 ,
π
2 )2).
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Figure 3: Convergence factors and smoothing factor for a one-level iterative method (a) and
a two-grid cycle (b).

Using standard coarsening, the restriction maps the space E(θ, zq) onto the single mode

e(θ1, zq). The corresponding Fourier representation satisfies Ĩ2h
h (θ) =

(
Ĩh
2h(θ)

)T
.

To conclude, the action of this two-grid operator, corresponding to the frozen differential
operator on the space E(θ, zq), is characterized by the following symbol,

T̃G(θ, λq)=
(
S̃(θ, λq)

)ν2
(
Ĩ− Ĩh

2h(θ)
(
L̃2h(2θ, λq)

)−1
Ĩ2h
h (θ)L̃h(θ, λq)

)(
S̃(θ, λq)

)ν1

,

where ν1, ν2 are the number of pre-smoothing, respectively post-smoothing steps and Ĩ cor-
responds to a (4 × 4) identity matrix. The asymptotic convergence factor of the two-grid
algorithm, applied to the differential operator with frozen coefficients at a fixed grid point
(jh, kh), is given by,

ρ(TG) = max
λq∈σ(M)

max
θ∈[−π

2
, π
2
)2
ρ
(
T̃G(θ, λq)

)
.
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Figure 2 compares the eigenvalues for a stochastic problem and a related deterministic
problem. Similar conclusions hold as for Figure 1 in Section 4.1. Each of the eigenvalues of
the deterministic problem is again split into Q eigenvalues for the stochastic problem.

In Figure 3 the convergence properties of one-level and two-level iterative methods are
illustrated as a function of λq. The smoothing properties of the one-level methods and the
convergence factors of the multi-level methods show a strong dependence on λq. Especially
small values of λq result in a very poor multigrid performance. These small values occur
when a high order (Generalized) Polynomial Chaos basis is used or when the variance of
the random field increases. Also other random field statistics, such as the correlation length,
influence the spectrum ofM, but less severe than the influence of the variance. Increasing the
number of Karhunen-Loève terms has only a small influence on the range of eigenvalues λq,
asymptotically this influence disappears. The convergence properties of the iterative methods
are illustrated by numerical experiments in Section 5.

When the two-grid operator contains spatially varying coefficients, the asymptotic conver-
gence factor of the two-grid operator can be approximated by the maximum of the convergence
factors ρ(TGj,k) for all grid points (jh, kh) [21],

ρ(TG) = max
x=(jh,kh)∈D

max
λq∈σ(M(x))

max
θ∈[−π

2
, π
2
)2
ρ
(
T̃G(θ, λq)

)
, (21)

if the variation of the coefficients is sufficiently smooth [22, Section 8.2.2].

4.3 Some comments on the decoupling approach

The decoupling approach results in a number of PDEs of the form (12), each with a determi-
nistic coefficient

λm1,··· ,mN
(x) = α0(x) +

N∑

i=1

ζnimi
αi(x) . (22)

These coefficients can be collected into a diagonal matrix Λ(x). The set of decoupled PDEs
can then be written as a system of PDEs of the form (6), with M(x) replaced by Λ(x). For
analysis purposes it may again be required to freeze the coefficient to a local value. We denote
this frozen coefficient by λm1,··· ,mN

, and the corresponding diagonal matrix by Λ. Obviously,
all of the results of Section 4.2 continue to hold for the decoupling approach, when M(x),
M, and λq are replaced by Λ(x), Λ, and λm1,··· ,mN

respectively.
Now we would like to point out two relations between the general and the decoupled

approach. First, we consider the use of a Generalized Polynomial Chaos set of basis functions
(3) that contains all possible products of the univariate polynomials. This set of functions
Ψ determines the same vector space as the alternative basis Ψ′ from Section 3 and it is also
orthonormal. Hence, Ψ = ZΨ′ must hold for some orthogonal matrix Z. With that matrix
the eigenvalue decomposition of M(x) can be computed

M(x) = 〈αKL(x, ω)ZΨ′Ψ′TZT 〉 = Z 〈αKL(x, ω)Ψ′Ψ′T 〉ZT = ZΛ(x)ZT .

Thus the eigenvalues ofM(x) are the diagonal entries λm1,··· ,mN
(x) of Λ(x). So, the conver-

gence rate of the multigrid method applied to the coupled system of PDEs (6) constructed
using this particular Generalized Polynomial Chaos basis, is equal to the worst case of the
convergence rates of multigrid applied to the decoupled PDEs (12) separately.
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Next, we consider the case when the set of basis functions (3) does not contain all pos-
sible products of the univariate polynomials. As mentioned in Section 2.2, this case arises
when Ψ is constructed by specifying the maximum degree of the multivariate polynomials.
In this case, a diagonalization of M(x) is in general not possible. There is no orthogonal
transformation that diagonalizes the different matrices 〈ξiΨΨT 〉 appearing in the definition
(5) of M(x) simultaneously. For this case, it is possible to find upper and lower bounds for
the eigenvalues of M(x). Therefore, the set Ψ of polynomials is completed to the minimal
set that contains all possible products of the required univariate polynomials, denoted by
Ψ̄. Then, M(x) = 〈αKL(x, ω)ΨΨT 〉 is a submatrix of M(x) = 〈αKL(x, ω)Ψ̄Ψ̄T 〉 obtained by
omitting all but Q rows and columns. As a result, σ(M(x)) ⊂ σ(M(x)), and, in particu-
lar, the range of eigenvalues [λmin(x), λmax(x)] of M(x) must be contained in the range of
eigenvalues [λmin(x), λmax(x)] of M(x).

Hence, analysis of the convergence of the multigrid method for the decoupling approach
using polynomials of degree ni in ξi, provides us immediately with upper bounds for the
multigrid convergence of the general approach, using any set of polynomials with degrees in
ξi lower than or equal to ni. The analysis of the decoupling approach is a straightforward
exercise, once the zeros ζnimi

have been computed.

5 Numerical results

We present some test results that illustrate the convergence behavior and the sharpness of
the Fourier mode analysis for the single-grid and multigrid methods discussed in the earlier
sections. As a test case we consider model problem (1) with zero forcing term on a unit square
domain with homogeneous Dirichlet boundary conditions. In a first test problem the random
field α(x, ω) is actually a Gaussian random variable αvar(ω) with mean α0 and variance σ2.
In the second test problem we selected α(x, ω) to be a Gaussian field αfield(x, ω) with a
specified mean α0(x) and represented by a truncated Karhunen-Loève expansion based on
the exponentially decaying covariance function,

C(x,x′) = σ2 exp

(
−||x− x′||1

Lc

)
. (23)

The covariance is parameterized by the variance σ2 and by the correlation length Lc. Note
that the expansion (2) is know analytically for (23), see [5, 19]. For the second test problem,
the differential operator contains spatially varying coefficients. By selecting a mean value
different from one, the effect of anisotropy can be investigated.

5.1 Single grid methods

We first consider pointwise GS-LEX, pointwise ω-Jacobi, pointwise GS-RB and x-line GS-
LEX. Tables 2 and 3 display the convergence and smoothing factors obtained by Fourier
analysis and the convergence factors obtained by numerical experiment for the first (random
variable) problem and for the second (random field) problem. The results are given for an
isotropic and an anisotropic problem. The theoretical convergence factors for the random
variable problem are computed by using formula (19). For the random field case the esti-
mate (20) is used. For the results in Table 2, the Polynomial Chaos basis consists of 3 basis
functions, for the results in Table 3, of 15 basis functions.
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Although the theoretical convergence factors hold only under the LFA assumptions of an
infinite grid, we observe a good correspondence between the numerical and theoretical values.
The results illustrate the independence of the asymptotic convergence factors of the pointwise
iterative methods on the distribution of the random parameter α. As in the deterministic case
the line Gauss-Seidel method converges faster than the pointwise schemes for the anisotropic
problem. The smoothing factors, which are indicative of the obtainable multigrid convergence
factor, show a clear dependence on the statistics of the random parameter in case of the
pointwise iterative methods. Also here, the advantage of using a line-relaxation method for
the anisotropic problem is obvious.

Next, we investigate the convergence properties of pointwise GS-LEX more thoroughly,
see the numerical results in Table 4. In the first block of rows the convergence is presented as
a function of the mesh spacing h for the model problem with random field. The total number
of discrete unknowns can be computed as the product of the number of internal grid points
(( 1

h − 1)2) multiplied by the number of random basis functions, Q. For example, the result
for the h = 2−7 case corresponds to a system constructed with second order polynomials in
4 random variables ξi, this leads to Q = 15 and a total of 241935 unknowns. When the order P
of the random polynomials is varied (third block row of Table 4), the number of random
basis functions Q increases as follows: Q = 5, 15, 35, 70, 126 corresponding to P = 1, 2, 3, 4, 5
respectively. The theory from Section 4.1 states that the asymptotic convergence of pointwise
GS-LEX is independent of the eigenstructure ofM when equal grid spacing is used in the x-
and y-dimension. The numerical results confirm the independence of the convergence rate on
the order of PC-basis, on the number of random dimensions and on the field statistics, the
variance and correlation length of the random field. The convergence rate only depends on
the grid spacing.

5.2 Multigrid methods

First, we shall verify the convergence analysis of the two-grid method. The results obtained
with some numerical tests are given in Table 5. Two types of theoretical convergence factors
are shown. The first, ρtheo, is based on equation (21). The second, ρtheo, is an upper bound for
ρtheo based on the connection between the general and the decoupling approach in Section 4.3
and calculated by using the roots ζnili. Also numerically observed results are presented.

For small problems, the upper bounds are quite sharp. For larger systems the quality of
the upper bounds deteriorates, especially for a high PC-order or a larger number of random
dimensions. This is due to the fact that the completed basis Ψ contains many more basis
functions than Ψ, when the order or the number of random dimensions is sufficiently high.
The eigenvalue ranges for the coefficient matrices, M and M, are given in Table 6.

The convergence analysis in Section 4.2 states that the multigrid convergence is indepen-
dent of the grid spacing, but of not the eigenvalue distribution ofM. The mesh-independent
convergence is illustrated by the first block row of Table 5. As for the λq-dependence, we
observe that the range of eigenvalues λq is in particular sensitive to the order of the random
polynomial basis and to the variance of the random field. This is illustrated in Tables 6. It is
to a lesser extent dependent on the correlation length. Asymptotically the range of eigenval-
ues λq becomes independent of the included number of Karhunen-Loève terms. This explains
the observed independence of the convergence factors on the number of KL-terms.
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αvar: α0 = 1, σ = 0.25 αvar: α0 = 0.2, σ = 0.05
ρtheo σtheo ρ ρtheo σtheo ρ

ω-Jacobi 0.985 0.600 0.985 0.983 0.800 0.983
point GS-LEX 0.961 0.464 0.962 0.961 0.657 0.962
point GS-RB 0.962 0.407 0.962 0.962 0.807 0.962
x-line GS-LEX 0.935 0.447 0.937 0.827 0.447 0.845

Table 2: Theoretical convergence factor (ρtheo), smoothing factor (σtheo), and numerically
observed convergence factor (ρ) for the one-level iterative solution of the model problem with
α(x, ω) a random variable αvar (h = 2−4, 2nd order PC-basis).

αfield: α0(x) = 1, σ = 0.25 αfield: α0(x) = 0.2, σ = 0.05
ρtheo σtheo ρ ρtheo σtheo ρ

ω-Jacobi 0.985 0.600 0.985 0.982 0.821 0.983
point GS-LEX 0.961 0.458 0.962 0.961 0.640 0.962
point GS-RB 0.962 0.367 0.962 0.962 0.783 0.962
x-line GS-LEX 0.931 0.447 0.933 0.811 0.447 0.833

Table 3: Theoretical convergence factors (ρtheo), smoothing factor (σtheo), and numerically
observed convergence factors (ρ) for the one-level iterative solution of the model problem
(h = 2−4, 2nd order PC-basis, 4-term Karhunen-Loève expansion, Lc = 1).

Grid spacing h = 2−3 h = 2−4 h = 2−5 h = 2−6 h = 2−7

ρtheo 0.846 0.961 0.990 0.998 0.999
ρ 0.854 0.962 0.990 0.998 0.999

KL-terms N = 1 N = 2 N = 3 N = 4 N = 5
ρtheo = 0.990; ρ 0.990 0.990 0.990 0.990 0.990

Order PC-basis P = 1 P = 2 P = 3 P = 4 P = 5
ρtheo = 0.990; ρ 0.990 0.990 0.990 0.990 0.990

Variance σ2 σ = 0.1 σ = 0.2 σ = 0.4 σ = 0.6 σ = 0.7
ρtheo = 0.990; ρ 0.990 0.990 0.990 0.990 0.990

Correlation length Lc = 0.25 Lc = 0.5 Lc = 0.1 Lc = 2.5 Lc = 5
ρtheo = 0.990; ρ 0.990 0.990 0.990 0.990 0.990

Table 4: Theoretical convergence factors (ρtheo) and numerically observed convergence factors
(ρ) for the pointwise lexicographic Gauss-Seidel method for the model problem with random
field. Unless specified differently, the following default configuration is used: grid spacing
h = 2−5, 2nd order PC-basis, 4-term KL-expansion of αfield with σ = 0.2 and Lc = 1.
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Grid spacing h = 2−3 h = 2−4 h = 2−5 h = 2−6 h = 2−7

ρtheo = 0.122; ρtheo = 0.139
ρ 0.091 0.107 0.110 0.112 0.113

KL-terms N = 1 N = 2 N = 3 N = 4 N = 5
ρtheo 0.121 0.121 0.122 0.122 0.122
ρtheo 0.121 0.126 0.132 0.139 0.168
ρ 0.111 0.111 0.112 0.111 0.110

Order PC-basis P = 1 P = 2 P = 3 P = 4 P = 5
ρtheo 0.119 0.122 0.125 0.132 0.143
ρtheo 0.122 0.139 0.251 0.475 0.987
ρ 0.111 0.111 0.111 0.117 0.142

Variance σ2 σ = 0.05 σ = 0.1 σ = 0.2 σ = 0.3 σ = 0.4
ρtheo 0.119 0.119 0.122 0.128 0.154
ρtheo 0.119 0.121 0.139 0.341 >1
ρ 0.111 0.111 0.111 0.119 0.159

Correlation length Lc = 0.25 Lc = 0.5 Lc = 1 Lc = 2.5 Lc = 5
ρtheo 0.132 0.124 0.122 0.120 0.120
ρtheo 0.473 0.215 0.139 0.127 0.124
ρ 0.121 0.112 0.110 0.110 0.110

Table 5: Numerically observed convergence factors (ρ) and theoretical convergence factors
(ρtheo and ρtheo) for the two-grid cycle TG(2, 1) with GS-LEX smoothing. Unless specified
differently, the following configuration is used: h = 2−5, 2nd order PC-basis, 4-term KL-
expansion of αfield with σ = 0.2 and Lc = 1.

KL-terms N = 1 N = 2 N = 3 N = 4 N = 5
[λmin, λmax] [0.747,1.253] [0.728,1.272] [0.720,1.280] [0.720,1.280] [0.716,1.284]

[λmin, λmax] [0.747,1.253] [0.621,1.379] [0.532,1.468] [0.477,1.523] [0.414,1.596]

PC-order P = 1 P = 2 P = 3 P = 4 P = 5
[λmin, λmax] [0.838,1.162] [0.720,1.280] [0.623,1.377] [0.538,1.462] [0.463,1.537]

[λmin, λmax] [0.698,1.302] [0.477,1.523] [0.295,1.705] [0.138,1.862] [0.002,1.998]

Variance σ2 σ = 0.05 σ = 0.1 σ = 0.2 σ = 0.3 σ = 0.4
[λmin, λmax] [0.930,1.070] [0.860,1.140] [0.720,1.280] [0.580,1.420] [0.440,1.560]

[λmin, λmax] [0.869,1.131] [0.739,1.261] [0.477,1.523] [0.216,1.784] [-0.046,2.046]

Correl. length Lc = 0.25 Lc = 0.5 Lc = 1 Lc = 2.5 Lc = 5
[λmin, λmax] [0.538,1.462] [0.646,1.354] [0.720,1.280] [0.773,1.227] [0.794,1.206]

[λmin, λmax] [0.141,1.859] [0.343,1.657] [0.477,1.523] [0.596,1.405] [0.653,1.347]

Table 6: Eigenvalue ranges for the coefficient matrices M(x), [λmin, λmax], and M(x),
[λmin, λmax]. Unless specified differently, the following default configuration is used: 2nd

order PC-basis, 4-term KL-expansion of αfield with σ = 0.2 and Lc = 1.

18



2 4 6 8 10 12 141
10

−15

10
−10

10
−5

10
0

 

 

GS−LEX
GS−RB
x−line GS−LEX

PSfrag replacements

Iterations

‖
r
(m

)
‖
2
/
‖
r
(0

)
‖
2

(a) αfield : α0(x) = 1, σ = 0.25

5 10 15 20 25 30 35 401
10

−15

10
−10

10
−5

10
0

 

 

GS−LEX
GS−RB
x−line GS−LEX

PSfrag replacements

Iterations

‖
r
(m

)
‖
2
/
‖
r
(0

)
‖
2

(b) αfield : α0(x) = 0.2, σ = 0.05

Figure 4: Residual norms for a V(2,1) multigrid cycle with pointwise lexicographic Gauss-
Seidel (GS-LEX), pointwise red-black Gauss-Seidel (GS-RB) or lexicographic x-line Gauss-
Seidel (x-line GS-LEX) smoothing (h = 2−4, 2nd order PC-basis, 4-term Karhunen-Loève
expansion of αfield with Lc = 1).

Cycle type (ν1, ν2)

(1,1) (2,1) (2,2)
TG 0.105 0.050 0.039
V 0.133 0.072 0.054
W 0.105 0.050 0.039

Table 7: Numerically observed convergence factors for the multigrid solution of the model
problem. A red-black Gauss-Seidel smoother is used with ν1 pre-smoothing and ν2 post-
smoothing steps (h = 2−8, 2nd order PC-basis, 4-term Karhunen-Loève expansion of αfield

with σ = 0.2 and Lc = 1).

As such, our LFA explains some features observed in [10]: the convergence properties
usually deteriorate as the variance of the random field increases, but only decrease slightly as
the correlation length is decreased; the multigrid performance usually drops as the order of
the Polynomial Chaos increases; the multigrid convergence rate is independent of the number
of stochastic dimensions.

Figure 4 illustrates the performance of the true multi -grid method with a pointwise
smoother (lexicographic and red-black Gauss-Seidel), and with an x-line Gauss-Seidel smooth-
ing iteration, for an isotropic and an anisotropic problem. As in the deterministic PDE case
line relaxation methods can deal effectively with (certain types of) anisotropy when standard
coarsening is used. The practical multigrid convergence behavior is demonstrated in Table 7
with some numerical convergence factors for different types of multigrid cycles. The problem
setup results in a linear system with about one million unknowns (h = 2−8, Q = 15). The
multigrid convergence rate of the W -cycles is as good as the two-grid performance.
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6 Conclusions

We have extended and applied local Fourier analysis techniques to study the performance of
iterative solvers for PDEs involving random coefficients. To this end the special structure of
the discrete algebraic systems arising from the spectral expansion approach has been exploited.
The LFA shows that the convergence depends crucially on the eigenstructure of a certain
matrix, which characterizes the random structure of the PDE. This analysis has enabled us
to explain some of the features that are observed (also by other authors [10]) in computational
experiments.

We have also specified a set of random basis functions that lead to a complete decoupling
of the model problem into deterministic PDEs. The local Fourier analysis for the decou-
pling approach gives an indication of the convergence properties that one can expect for the
Generalized Polynomial Chaos approach.

The goal of our study was to gain some insights into the convergence behavior of the
stochastic expansion approach. To that end, we concentrated on a model problem that could
be analyzed quantitatively. The method does however extend to more challenging problems,
e.g. problems on irregular finite element meshes, to time-dependent problems, to different
PDE operators, and so on.
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