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creating form, the transition to a unitary/Givens-weight representa-
tion, as well as an internal pull-through process of the two branches
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1. Introduction. In the present paper, we consider the representation of a uni-
tary rank structured matrix as a product of unitary or Givens transformations.

Let us start with some discussion of the literature. For the special case of a
unitary Hessenberg matrix, William B. Gragg used the so-called Schur parametriza-
tion for solving the corresponding eigenvalue problem [19]. For related implicit QR-
algorithms, we refer the reader to [21, 9, 26, 27]. This Schur parametrization can
also be used to derive efficient algorithms in the context of orthogonal polynomials on
the unit circle (Szegd polynomials), least squares approximation using trigonometric
polynomials, the construction of Gaussian quadrature on the unit circle, frequency
estimation, ...[20, 2, 3].

A generalization to unitary block-Hessenberg matrices and orthonormal polyno-
mial vectors can be found in [22, 23, 8, 24]. The size of the blocks of the matrix
determines the degree structure of the sequence of corresponding orthonormal poly-
nomial vectors.

Instead of unitary banded matrices, one could also consider unitary rank struc-
tured matrices of a more general type. We use the following definition.

DEFINITION 1. (See [14]:) We define a pure rank structure R on C™*™ as a
collection of so-called pure structure blocks R = {By}r. Fach pure structure block By,
is characterized as a 3-tuple

Bk: = (ikvjkvrk)7

where iy is the row index, ji the column index, Ty the rank upper bound. We say a
matrizx A € C™*" to satisfy the pure rank structure R if for each k,

RankA(ig : m,1: ji) < 7.
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The above definition uses the word pure to distinguish from the more general
rank structures involving a ‘shift’ correction term [15]. Since these more general rank
structures make their appearance only in Section 6, in the first part of this paper
we will often simplify notation by just dropping the word pure everywhere from the
notation.

Note that by definition, all structure blocks have to start from the lower left
matrix corner. In practice, it often happens that also the block upper triangular part
is rank structured, i.e., that also the matrix AT satisfies rank structure in the sense
of Definition 1. By abuse of notation, we will indiscriminately use the term rank
structure also in this case.

Chapter 14 of the book [16] describes a decomposition of certain unitary rank
structured matrices in terms of individual Givens transformations. But the scope in
the latter reference is rather limited. In contrast, in the present paper we show how
to build up the Givens product representation for a general unitary rank structured
matrix, including the way how to manipulate it or bring it to canonical form in a
stable way.

In contrast to the quasiseparable, uv-, or Givens-weight representations [16, 11]
to represent rank structured matrices, the Givens product representation has the
advantage that the unitarity of the matrix is an explicit part of the representation.
Moreover, this representation leads to an asymptotically optimal number of O((r+s)n)
parameters, where r is a measure for the average semiseparability rank, where s is a
measure for the distance of the structure blocks to the main diagonal, and where n
denotes the matrix size.

In recent years, some interest has grown also in the manipulation of matrices which
are unitary plus some low rank correction term [6, 7, 1, 5]. We refer to subsequent
work for a treatment of these matters.

The remainder of this paper is organized as follows. Section 2 recalls the main
ideas of the Givens-weight representation for rank structured matrices, not requiring
unitarity. Section 3 considers an alternative representation for a unitary rank struc-
tured matrix in the form of a unitary or Givens product. Section 4 shows how the
unitary /Givens product representation can be transformed into a unitary-weight rep-
resentation. Section 5 deals with the internal pull-through process of the two branches
of the unitary/Givens product representation. Section 6 treats some topics concerning
the shift correction term to the rank structure and its relation to the representation.

2. Givens-weight representation for rank structured matrices. In this
section we recall the main ideas of the Givens-weight representation. We should
emphasize that this section serves only as a reminder of the main ideas of [11]; the
reader not familiar with these ideas is referred to [11] for more details.

In what follows, we will often use unitary transformations which are localized in
the sense that they equal the identity matrix, except for a set of subsequent rows
and columns i,...,j. Sometimes we will explicitly denote such a localized unitary
transformation as U; .. ;. More explicitly, such a transformation can be written in
block diagonal form as I & U @ I, where I denotes the identity matrix of appropriate
size.

We will assume in what follows that we are working with a pure rank structure
R for which there are no structure blocks that are ‘contained’ in each other, i.e., for
which the structure blocks Bj, can be ordered such that both their row and column
indices i and jj increase in a strictly monotonic way. Moreover, we will work here
with a general rank structured matrix A, i.e., the matrix does not have to be unitary
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at this moment.

DEFINITION 2. (Unitary-weight representation. See [11]:) Let A € C™*™ be
a matrix satisfying a pure rank structure R = {Bk}ff:l, where the structure blocks
are ordered from top left to bottom right. A unitary-weight representation of the
matriz A according to the structure R consists of a pair ({Uy}_,,W). Here the Uy,
k= K,...,1 form a sequence of localized unitary transformations proceeding from
bottom to top of the matriz, as indicated by the fat arrows in Figure 2.1, serving
to create zeros in the subsequent Rk 1y structure blocks By except for their top ry,
rows. On the other hand, the matriz W € C™*" is called the weight matrix, and it
contains the blocks of elements Wy, obtained at the top border of the rank structure at
the moment just after applying Uy. See Figure 2.1.

 RK3 XXX
KXX
o KXXKKK
XXX
— - XXX
XXX X
XXXX
(a) (b)

FIGURE 2.1. For the pure rank structure in the left picture, the right figure shows a schematic
picture of the unitary-weight representation. The notation Rk r’ denotes that the structure block is
of rank at most r.

The basic idea of this definition is to compress the given rank structured matrix
by means of subsequent localized unitary transformations, hereby proceeding from
bottom to top of the matrix, and storing each time the elements just before they
reach the top border of the rank structure.

Note that this definition leads to an internal representation of the rank structure,
in the sense that it involves no information about the matrix part lying outside the
reach of the structure blocks. Moreover, it implies that each unitary operation Uy has
a certain action radius in the sense that it acts only on a limited number of columns.
This action radius is a monotonically decreasing function when the Uy proceed from
bottom to top of the matrix. For example, the middle unitary operation in Figure 2.1
has action radius spanning over the first six columns of the depicted matrix. On the
other hand, the last four columns of this matrix do not belong to this action radius
anymore, since they have not been influenced by this middle unitary operation during
the compression process.

If a unitary-weight representation of a matrix is given, we can restore the full
matrix by spreading out the representation. This means that we gradually consider
the subsequent weight blocks, proceeding from top to bottom of the matrix, and
multiply them with the ‘decompressing’ unitary operations U, 1 each one acting of
course only on the columns on the left of its action radius. While this process proceeds
from top to bottom of the matrix, we will gradually retrieve the original, full matrix
which we started from.

We can now specify from unitary-weight to Givens-weight representations. In
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what follows, we will use the term Givens transformation to denote a unitary operation
which differs from the identity matrix only in two subsequent rows ¢ and ¢ + 1. This
transformation will sometimes be denoted as G; ;11, and the index i will be called the
row indez of the Givens transformation.

Rather than individual Givens transformations, it will be useful to work with
Givens arrows: these are defined as collections of subsequent Givens transformations,
each of them having row index precisely one more than the previous one. This means
that each Givens transformation is situated precisely one position below the previous
one: see Figure 2.2.

FIGURE 2.2. A Givens arrow consisting of 3 Givens transformations. Concerning this figure,
we recall the reader that we consider each Givens transformation as ‘acting’ on the rows of an
(invisible) matriz standing on the right of it, and hence that the Givens transformations in the
figure should be evaluated from right to left, hereby explaining the downward direction of the Givens
arrow.

The number of Givens tranformations of which a Givens arrow consists will be
called the width of the Givens arrow. Moreover, we define the top and the tail of the
Givens arrow to be the largest and the smallest row index of the Givens transforma-
tions of which the Givens arrow consists, respectively. These notions have an obvious
graphical interpretation.

DEFINITION 3. (Givens-weight representation. See [11]:) Let A € C™*™ be a
matriz satisfying a pure rank structure R = {By}, where the structure blocks are
ordered from top left to bottom right. A Givens-weight representation of A according
to the structure R is a unitary-weight representation where additionally each unitary
component Uy, is decomposed into a product of Givens arrows, such that

o cach of the Givens arrows has width at most ry,

e both the tops and the tails of the subsequent Givens arrows of each Uy are
monotonically proceeding upwards. For the tails, we assume that this mono-
tonicity is strict.

See Figure 2.3.

FIGURE 2.3. Suppose that the current structure block is Rk 3, and that the corresponding

unitary transformation Uy spans over 6 rows. Then we assume for this unitary transformation a
decomposition into a product of Givens arrows of width at most 3.

We should still explain why the assumption is made that each Givens arrow in
the decomposition of Uy has width at most r;. To this end, recall that the unitary
transformation Uy, serves to create zeros in a certain Rk(ry) submatrix, except for its
top 7 rows. No matter if we do this by means of a singular value decomposition or
by a pivoted QR-factorization or any other unitary operation, this effect can always
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be realized by a succession of Givens arrows as prescribed.

Note that by decomposing each unitary transformation Uy as specified in Def-
inition 3, we formally obtain a decomposition into a product of too many Givens
transformations, in the sense that the beginning and trailing Givens transformations
of two subsequent unitary transformations Uy may overlap. It was shown in [11] how
these superfluous parameters can be removed from the representation; see also in what
follows.

For further use, we recall also the following result.

LEMMA 4. (Pull-through lemma:) Given a unitary 3 by & matriz Q which is
factorized as

Q= G/172G2,3G1,27
then there exists a refactorization

Q = Gy 3G15Ga3.

— -

FIGURE 2.4. Pull-through lemma applied in the downward direction. One could imagine that the
leftmost Givens transformation is really ‘pulled through’ the two rightmost Givens transformations.

See Figure 2.4.

3. Representation for a unitary rank structured matrix. Given a unitary
rank structured matrix, one could use the unitary/Givens-weight representation of
Section 2 to represent it. Indeed, the reason why this is possible is that for a unitary
rank structured matrix, the rank structure in the lower triangular part induces rank
structure in the upper triangular part as well (Section 6), so that one can represent
both the lower and upper triangular part efficiently by means of a unitary/Givens-
weight representation.

A drawback of the unitary/Givens-weight representation is that the structured
lower and upper triangular parts must be represented separately. Hence, the unitarity
of the matrix can not be ‘embedded’ in the representation, and hence it may be
expected that this property will get weakened when one performs practical algorithms
to the representation, due to round-off errors.

A solution to this drawback is to use a representation based on a product of
localized unitary or Givens transformations, to be described in the present section.

The idea of the representation is straightforward and will be described next. We
start computing a QR-factorization of the given unitary rank structured matrix A.
Due to the rank structure, the Q-factor of the QR-factorization can be represented
as a product of a limited number of localized unitary or Givens transformations: see
e.g. [14, 13]. Moreover, by suitable choice of normalization it can be assumed that
the R-factor of the QR-factorization has positive diagonal elements. But then this
R-factor is a unitary upper triangular matrix with positive diagonal elements, so that
it must be the identity matrix. Stated in another way, the QR-equation A = QR
reduces to A = @, i.e., the given unitary rank structured matrix equals the Q-factor
of its QR-factorization. In particular, it will have a decomposition as a product of a
limited number of localized unitary or Givens transformations.
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(d)

FIGURE 3.1. building up the unitary product representation (a-d).
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FIGURE 3.1. building up the unitary product representation (e-h).



These ideas are illustrated for a particular example of rank structure in Figure
3.1.

Let us comment on this figure. First, Figure 3.1(a-c) starts applying consecutive
unitary operations to compress the subsequent Rk r structure blocks, except for their
top r rows, as in Section 2. Note that this process moves upwards.

Second, Figure 3.1(d-h) applies a sequence of unitary operations to annihilate the
remaining non-zero elements below the main diagonal. Note that this process moves
downwards. By the mechanism already mentioned, the upper triangular part will
vanish too under the action of these operations. By using a suitable normalization,
one can then succeed in reducing the unitary matrix to the identity matrix, so that
we will have computed a matrix Q¥ for which QA = I, the identity matrix.

We should still explain the meaning of the operations in the left part of each of
the subfigures of Figure 3.1. These operations denote the representation of the matrix
@ which is built up during the compression process. In particular, these operations
contain the Hermitian transposes of the applied compression operations of Q. so
that they are not the compression operations themselves.

The representation of the matrix ) resulting at the end of this process is sum-
marized in Figure 3.2.

FIGURE 3.2. Final unitary product representation.

Concerning Figure 3.2, a first observation could be that the unitary product
representation consists of two branches of unitary operations.

First, the left branch of the representation contains the Hermitian transposes of
the operations serving to transform the structure blocks of the rank structure into
blocks of zeros, except for their top 7 rows (cf. Figure 3.1). In particular, the left
branch contains information about the ranks of the given rank structure, in just the
same way as this was the case for the unitary-weight representation in Section 2. (The
difference is again that the matrix () consists of the decompressing operations, i.e.,
the Hermitian transposes of the unitary operations used to compress the structure.
This should be contrasted to the unitary-weight representation where we prefered to
work with the compressing unitary operations, as in Figure 2.1).

Second, the right branch of the representation in Figure 3.2 contains the Hermitian
transposes of the operations serving to annihilate the remaining non-zero elements
below the main diagonal. This branch is a kind of unitary analogue of the weight
matriz of the unitary-weight representation of Section 2. It reflects information not
only about the ranks, but also about the size of the structure blocks of the given rank
structure.

Let us formalize these ideas.



DEFINITION 5. (Unitary product representation:) Let @) € C™ ™ be a unitary
matriz satisfying a certain rank structure R = {Bx}< |, where the structure blocks
By : (i, jr, k) are ordered from top left to bottom right. Then a unitary product
representation for this unitary matriz is a product of the form

Q = Uk eft - - - Ut,1ettUoUn right - - - UK rights (3.1)

where the kth unitary components of the right and left branches act respectively on
the rows

Ukright * Jk + 1,1 + g1 — 1,
Uk left * Tk -+ thr1 + Thy1 — 1, (3.2)
UQ : 1,...,i1 + 7 — 1.

Here we assume a trivially satisfied structure block Bk 41 : (n+1,m,0) to be added to
the structure. See Figure 3.2.

In the sequel, the unitary product representation (3.1) will sometimes be called
A-shaped. The reason for this terminology should be clear from Figure 3.2.

Keeping in mind the construction of (3.1) (cf. Figure 3.1), the correctness of the
index sets (3.2) can be easily checked. For example, the index sets for the left branch
can be read off immediately from Figure 2.1.

Now we will further fine-tune the unitary product representation.

DEFINITION 6. (Givens product representation:) Under the same conditions as
in Definition 5, a unitary product representation is called a Givens product represen-
tation if each unitary component Uy right of the right branch is given as a product of
downward pointing Givens arrows such that

o the tails of the subsequent Givens arrows of each Uy rigny are strictly mono-
tonically proceeding upwards.

Moreover, it is assumed that each unitary component Uy 1ere of the left branch has a
decomposition into a product of upward pointing Givens arrows, such that

e cach of the Givens arrows has width at most Ty,

o both the tops and the tails of the subsequent Givens arrows of each Uy, jeft
are monotonically proceeding downwards. For the tops, we assume that this
monotonicity is strict.

See Figures 3.8 and 3.4.

: )

FIGURE 3.3. Givens factorization of a unitary transformation of the right branch of a Givens
product representation. Note that each unitary matriz allows such a factorization.

Note that the above condition on the right branch is not really a restriction.
Indeed, every unitary transformation U has a decomposition as in Figure 3.3, as is
easily shown (see also in what follows).

On the other hand, the above condition on the left branch is an exact analogue
of the definition of Givens-weight representation in Section 2. The difference is again
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FIGURE 3.4. Givens factorization of a unitary transformation of the left branch of a Givens
product representation. Note that this figure is precisely transposed to Figure 2.3.

that we work here with the decompressing, rather than the compressing unitary oper-
ations, which causes all the notions for Givens-weight representations to be Hermitian
transposed. This corresponds graphically to a vertical reflection of all the figures w.r.t.
those of the Givens-weight representation, cf. Figures 2.3 and 3.4.

Let us show how an arbitrary unitary product representation can be brought into
Givens product form. This will be achieved by transfering the superfluous Givens
transformations from the left to the right branch: see Figure 3.5.

FIGURE 3.5. Bringing the left branch of the representation in the form required by the definition
of Givens product representation.

Let us comment on this figure. Figure 3.5(a) shows the starting situation, where
the operations of the left branch of the representation are shown in terms of their
individual Givens transformations. We assume that each of them is given as a full
decomposition in the style of Figure 3.3.
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Now we transfer from Uy, jest t0 Uk right as many downward pointing Givens arrows
as possible, i.e., as long as no Givens arrow is encountered which has a row in common
with the unitary operation Uj_1 jef;, and this for each k: see Figures 3.5(b) and 3.5(c).

It can be checked that from the decomposition of Uy, jeft as a product of downward
pointing Givens arrows as in Figure 3.3, only those Givens arrows with tails ¢, ..., 15+
r, — 1 will remain after the transfer process. Indeed, this could be verified by using
the index sets in (3.2). It follows that, if we refactorize Uy jeft as a product of upward
pointing Givens arrows, then each of these Givens arrows has width at most 7, which
is indeed the correct value required in Figure 3.4.

This ends the description of the transition algorithm from a unitary into a Givens
product representation.

We point out that the above reduction algorithm allows an analogue in case of
the unitary/Givens-weight representation, by replacing the role of the right branch of
Givens transformations by the weight matriz of the representation. The superfluous
Givens transformations can then just be removed, without any practical computa-
tion, by the fact that they do not act on any weight of the internal Givens-weight
representation anymore.

Suppose now that we have available a Givens product representation as in Defini-
tion 6. It should be clear that this representation may still suffer from an overload of
Givens transformations. Removing the superfluous Givens transformations will lead
to a very special kind of Givens product representation, to be described next.

DEFINITION 7. (Zero-creating:) Under the same conditions as in Definition 6, a
Givens product representation is called zero-creating if

o the tails of the subsequent Givens arrows of the right branch alltogether are
strictly monotonically proceeding upwards;
o the tops of the subsequent Givens arrows of the left branch alltogether are
strictly monotonically proceeding downwards.
See Figure 3.8.

It is assumed in Definition 7 that the Givens factorization of the topmost unitary
operation Uy is ‘consistent’ with both monotonicity constraints in the definition, in
the sense of Figure 3.8.

The process of bringing a Givens product representation into zero-creating form
is illustrated in Figure 3.6.

Let us comment on this figure. The main flow of the algorithm is determined by
chasing the superfluous upward pointing Givens arrows of the left branch downwards
by means of the pull-through lemma. At the end of this process, we will have brought
the left branch of the representation completely in zero-creating form.

For more details about this reduction method, we refer to [12], where a very
similar reduction to zero-creating form has been described in terms of the Givens-
weight representation. The current reduction is in fact a simplication of the latter
algorithm since we have here no weight matrix to keep track of.

For the final step in the reduction process, we have to bring also the right branch
of the representation in zero-creating form. This process is very similar to the corre-
sponding process for the left branch, and it is demonstrated in Figure 3.7.

The final zero-creating Givens product representation is shown in Figure 3.8.

To motivate the terminology of zero-creating, let us have a second look at Figure
3.3. The downward pointing Givens arrows in this figure can be identified as (the
Hermitian transposes of ) the Givens arrows creating zeros in the subsequent columns
of the unitary matrix, as can be easily seen.

11



FIGURE 3.6. Bringing the left branch of the representation in zero-creating form.

What we have achieved above was now to show that every unitary rank structured
matrix can be brought in the form of Figure 3.3, but now subject to an additional
sparsity pattern. This sparsity can be understood by the fact that, while we start
creating zeros in the first columns of the matrix, automatically zeros will be induced
in some of the further columns as well, due to presence of the rank structure; see
also [14]. This leads to the particular A-shape of Figure 3.8, as compared to the full
A-shape of Figure 3.3.

Let us point out that the right branch of Figure 3.8 is obviously thicker than the
left one. This reflects the fact that the underlying rank structure of Figure 3.1(a) is
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(d)
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FIGURE 3.7. Bringing the right branch of the representation in zero-creating form.
FIGURE 3.8. Final zero-creating Givens product representation.



such that (i) the structure lies strictly below the main diagonal, and (ii) there are
huge gaps between the structure blocks. Indeed, these two facts imply that ‘many’
Givens transformations are needed for annihilating the remaining non-zero elements
below the main diagonal during the QR-factorization, explaining the thickness of the
right branch of the representation.

To stress this point, we show also an example where the underlying rank structure
is (i) situated just below the main diagonal, and (ii) dense, in the sense that the
structure blocks are following immediately one after the other. The left and right
branch of the representation will then have exactly the same thickness: see Figure
3.9.

W‘w
>
Wu‘

~lw
Il
w

~lw
~
)

7w
1l
A

KN

Rk 3

(a) (b)

FIGURE 3.9. The figure shows (a) the induced pure rank structure for a unitary lower semisep-
arable plus diagonal matriz, and (b) its zero-creating Givens product representation. Note the sym-
metric shape of the representation.

Summarized, in this section we have described how to build the unitary and
Givens product representations, and how to reduce the representation into zero-
creating form. More transformation algorithms for the Givens product representation
will be provided in the next sections.

4. Transition to Givens-weight representation. This section considers the
transformation of the unitary/Givens product representation into unitary/Givens-
weight form.

First, we recall a fact mentioned before, namely, that a unitary rank structured
matrix could also be represented using the unitary/Givens-weight representation of
Section 2. This follows by the fact that the ranks in both the lower and the upper
triangular part of such a matrix are bounded (Section 6).

We will describe now a constructive procedure for obtaining a unitary-weight
representation, starting from a unitary product representation (3.1). The algorithm
for doing this will be of a ‘central’ type: starting from the topmost unitary component
Uy, it gradually incorporates the subsequent pairs of transformations Uy ieft, Uk right
of the unitary product representation, kK = 1,..., K, going from inside to outside of
the unitary product factorization (3.1): see Figure 4.1.

Let us comment on this figure. Starting from the topmost unitary component
Up, the kth step of the transformation process is to multiply the already expanded
unitary-weight representation on the left with Uy 1ef;, and on the right with Uy right.
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K AKAKAKXK HKAKAKAK XK K AKKKX
XX XXX XXX XX XXX XX
K AKAKAKXK KA AKXX KKK
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1 1 KAKAKPLX X
1 1 KAKKPLX X
1 1 KAKAKPLX X
1 1 1
1 1 1
1 1 1
(a) Expand the start- (b) Multiply the in- (¢) Multiply the in-
ing wunitary compo- dicated box of ele- dicated box of ele-
nent Up. ments with Uy jefy and ments with Uz jefy and
Ul right- U3 right-
XXX XX
HKOKKX X
XXXKXX
HKKHKXXKX KK
HKOKAHKXKXKXAKXK
KKK AKX KX
KKK KK XX
XXX X AKX X

(d) Multiply the in-
dicated box of ele-
ments with U jer; and
U3 right-

FIGURE 4.1. Transforming the unitary product representation into a unitary-weight representation.

But we do not do this on the entire matrix. Instead, we only update the box of
elements spanning over the intersection of the rows influenced by Uy jeft, and the
columns influenced by Uy right: see Figures 4.1(b-d).

It is clear that the above expansion procedure is ‘incorrect’, in the sense that
to obtain the full matrix, we should still apply the unitary operations to the rows or
columns on which they have not been applied yet, with each unitary component acting
inside its own ‘action radius’. But this is precisely the concept of the unitary-weight
representation. Hence, we see that during the above algorithm, we are gradually
building up a unitary-weight representation for the given unitary rank structured
matrix. This is indicated by the gradual appearance of new weight blocks in Figures
4.1(b-d), standing on a grey background.

The final unitary-weight representation is shown in Figure 4.2.

Incidently, note that this transformation process clearly reveals that the ranks
of the complementary submatrices of a unitary rank structured matrix are coupled.
Indeed, it follows from this algorithm that the kth structure block in the lower trian-
gular part has rank bounded by the number of indices shared by Ij,_1 1ef and I jefs,
while the kth structure block in the upper triangular part has rank bounded by the
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XXXXX
XXXXX
X XXX X
XX XX XAKAKX
XX AKX XXX X
XXX XXX X
XXX K AKXX
XXX XK AKAKK XK
XXX XXX
XX XX
XX XX

FIGURE 4.2. Final unitary-weight representation for the example in Figure 4.1.

number of indices shared by Ix_1 right and Ix vight. By means of the index sets in (3.2),
this yields us the value r = #{ik, ..., i + 7 — 1} for the rank of the structure block
By in the lower triangular part, and 7 +ip — jr — 1 = #{jx +1,...,ix + 7 — 1} for
the corresponding structure block in the upper triangular part.

Finally, it is clear that the above reduction process can be performed also for a
Givens product, rather than a unitary product representation. This leads then to
a Givens-weight instead of a unitary-weight representation. The description of the
algorithm remains exactly the same in this case.

5. Internal pull-through. In this section we describe an internal pull-through
process of the two branches of the unitary/Givens product representation.

The following lemma will be pivotal in this respect.

LEMMA 8. (Block pull-through lemma:) Given a unitary k by k matriz Q which
is factorized as

Q=Aq4 1B, +Cc.. (5.1)

where each factor denotes a localized unitary operation, with ranges determined by the
subscript indices. Then there exists a refactorization

Q=A1 0 1Bapier. xCi. 1, (5.2)

provided that the range index for B satisfies a —b+c¢—1 > 1: see Figure 5.1. In
case where the latter inequality is not satisfied, the lemma does not provide any useful
information.

FIGURE 5.1. Ezample of the block pull-through lemma applied in the upward direction. One
could imagine that the leftmost unitary transformation is really ‘pulled through’ the two rightmost
unitary transformations, or vice versa.

PROOF. We proceed here by a constructive proof. Let us consider the matrix
ABC in its full form as a k by k matrix. It follows from (5.1) that this matrix must
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satisfy a certain structure block in its block lower triangular part, having coordinates
B:(i,j,7) = (a,c—1,b—a+1). (See Figure 5.2). The nullity, i.e., the dimension of
the right null space of this structure block equals

nllg:=c—1—-(b—a+1l)=a—-b+c—2

One can now apply a unitary transformation C’1 c—1 to the columns, in order to
compress the structure block, hereby transformmg the first nullg columns of B into
zeros. Next, one can apply a unitary transformation A1,...,a71 to the rows, to extend
the created block of zeros completely to the top of the matrix. The resulting matrix
B will then be the identity in its first nullz rows and columns; it is clear that we have
obtained now the desired refactorization (5.2). O

ABC =

XXX XK AKX AKX
XX KX AKX KX
XX KX X XXX
XXX XXX XX
XX KX AKX KX
KKK XK XXX XX
XX KKK KKK XX
KX AHKAKAKAKXXXXXK] O

HKAHXAK KKK
HXAHXAAKXX

FIGURE 5.2. Via the algorithm of Section 4, one can obtain the indicated unitary-weight rep-
resentation for the matrix ABC in (5.1). This representation reveals then immediately the position
of the induced structure block B.

Note that Lemma 8 was formulated entirely in terms of index sets. But there exists
also a more geometrical formulation of this lemma: note that the outermost unitary
transformations before and after the pull-through act precisely on complementary sets,
e.g., compare the index sets of A and A. Also for the middle transformation B, one
can obtain such a geometrical formulation, by remarking that it acts precisely on the
indices of the original rightmost unitary transformation, to which are added b —a+1
extra indices, corresponding to the number of indices in the intersection of the two
original leftmost unitary transformations: see (5.1), (5.2).

We recall that in case the new index a—b+c—1 in the statement of Lemma 8 is less
than or equal to 1, the lemma does not provide any useful information. Indeed, it tells
then just that the unitary matrix ABC' can be refactorized as a full unitary matrix

B, which is obvious of course; the other factors A and C' could then be absorbed in
this matrix as well.

Let us provide a more ‘intrinsic’ characterization of the critical equation a — b +
c—1>1in Lemma 8.

REMARK 9. Denoting in Lemma 8 with #A .=k —a+ 1, #B := b and #C :=
k—c+1 the number of indices on which each of the initial three unitary transformations
acts, one can rewrite the critical equation a —b+c—1>1 as

H#A+ #B + #C < 2k. (5.3)

It is curious to note that the usual, scalar pull-through lemma is in the situation
where equality in the critical bound (5.3) is achieved. Thus the block pull-through
lemma is no generalization in the strict sense of the scalar pull-through lemma.
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A generalization that is more in spirit with the scalar pull-through lemma, is the
following.

LEMMA 10. (Block pull-through lemma, second variant:) Given an arbitrary
unitary k by k matriz Q, this matriz can be refactorized as in (5.1), where a, b and ¢
can be chosen to be any indices leading to equality in the critical bound (5.3).

The proof is very similar to that of Lemma 8. Indeed, we note that the structure
block needed to obtain the required factorization will be ‘trivially satisfied’ in this case,
so that indeed no condition on the unitary matrix ) was needed in the statement of
Lemma 10.

Note that Lemma 10 determines the block pull-through operation in a highly
non-canonically determined way, in contrast to the canonical statement of Lemma 8.
Therefore, for reasons of simplicity the latter will be our choice of preference in what
follows.

Now we apply the block pull-through lemma (Lemma 8) to perform the internal
pull-through of the two branches of the representation. See Figure 5.3.

(a) (b) (c)
FIGURE 5.3. Internal pull-through of the two branches of a unitary product representation.

Concerning this figure, note that the original A-shaped factorization as in (3.1),
transforms into a sequence of X-shaped factorizations under the action of the subse-
quent applications of the block pull-through lemma, while the central ‘bulge’ of the
factorization gradually moves downwards. Some intermediate steps in this process
are shown in Figure 5.3(a-c).

Note that the final unitary product representation in Figure 5.3(c) has a V' -shaped
appearance, as defined next.

DEFINITION 11. (V-shaped unitary product representation:) Under the same con-
ditions as in Definition 5, a V -shaped unitary product representation for the unitary
matriz Q is a product of the form

Q = Vijett - - - Vi lett VK41 Vi right - - - Vi right » (5.4)

where the kth unitary component of the left and right branch act respectively on the
rows

Viegett : Jh—1 —Th—1+1,... i — 1,
Vk,right : jk‘—l —Tp—1+ 1, s a.jka (55)
Viks1:jg —re +1,...,n.

18



We assume here a trivially satisfied structure block By : (1,0,0) to be added to the
structure. See Figure 5.3(c).

One can show the correctness of the index sets (5.5) by an induction argument.
Indeed, suppose that we are at the point of applying the block pull-through lemma
with A := U jet, with B equal to the current ‘bulge’ of the X-shaped representation,
and with C' := Uy right- Suppose by induction that B acts on the indices

B:jg—1—rk—1+ 1. i+ — L (5.6)

Then since the block pull-through equation (5.2) causes A and C to act precisely on
the indices complementary to those of A and C, one easily obtains the bounds (5.5)
from those of (3.2), (5.6). Finally, the induction hypothesis (5.6) could be verified in
the same way, by using the characterization of the new index set of B.

A straightforward interpretation of the V-shaped representation is by thinking
in terms of column operations acting on the unitary rank structured matrix A, and
transforming it to triangular form by means of the equation AQY = I. The verifica-
tion that this process leads indeed to the factorization in Definition 11, is nothing but
a straightforward translation of the usual description of Definition 5 from the row to
the column case.

Thus we see that the V-shaped representation has a natural interpretation in
terms of column operations. But suppose now that we still consider them as row
operations acting on the matrix A, and transforming it to triangular form by means
of the equation QA = I. How can we then interpret the action of each of the
components of Definition 11?7 It turns out that we can not call them ‘zero-creating’
anymore; instead they will have a different interpretation which we call ‘structure-
enlarging’. An application of this idea to devise an implicit QR~algorithm will be the
subject of our future work.

We will now show how the internal pull-through process can be further fine-tuned
in terms of individual Givens transformations. Instead of using the block pull-through
lemma, the reduction will then be expressed in terms of the scalar pull-through lemma
(Lemma 4).

Let us now describe this process. The first step consists in transforming the left
and right branch of the representation to rank-decreasing form, i.e., such that

e the tops of the subsequent Givens arrows of the right branch alltogether are
strictly monotonically proceeding upwards;
e the tails of the subsequent Givens arrows of the left branch alltogether are
strictly monotonically proceeding downwards.
See Figure 5.4. (The term rank-decreasing was taken from [12].)

The process of bringing the left and right branch to rank-decreasing form, is very
similar to the one for bringing the Givens transformations of the left and right branch
of the representation as much as possible to the bottom, described in the reduction
to zero-creating form, with the exception that the Givens transformations are now
chased upwards instead of downwards. The details of this process will not be shown
anymore.

We are now ready to perform the actual internal pull-through of both branches
of the representation. The algorithm is again of a ‘central’ type: starting from the
topmost Givens transformations, it gradually incorporates each time a new pair of
opposite Givens arrows in the left and right branch of the representation. A specific
step of this algorithm is illustrated in Figure 5.5.

Let us comment on this figure. First we draw the box of Givens transformations
with number of rows and columns equal to the width of the new Givens arrows to
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FIGURE 5.4. Situation after bringing (a) the left branch and (b) both the left and right branch
of the Givens product representation in rank-decreasing form.

(a) (b) (c) (d) (e)

FIGURE 5.5. Internal pull-through process for a Givens product representation: one step of the
transformation process.

be pulled through on the bottom left and bottom right, respectively. The algorithm
consists then in the pull-through of each of the Givens transformations on the bottom
right: see Figure 5.5(c-d).

We can now apply these techniques iteratively to pull through the subsequent
Givens arrows: see Figure 5.6.

Concerning this figure, note that the central ‘bulge’ of the representation is chased
towards the bottom during the internal pull-through, until it reaches the bottom at
the very end of the algorithm. This leads then to the final V-shaped representation.

We recall that the central boxes drawn in Figure 5.6 are an auxiliary devise to
localize the central bulge of the representation, with dimensions determined by the
Givens arrows immediately on the bottom left and right of it. Moreover, the pull-
through process is not always unique, since e.g. in the transition from Figure 5.6(g)
to Figure 5.6(h), one has several choices to distribute the Givens transformations of
the central bulge over the two branches of the representation.

A hypothetical application of the internal pull-through process is that, during the
kth step of this process, one has a relatively easy acces to the elements around the
(k, k) position of the given unitary matrix. This feature could (hypothetically) be
useful for certain algorithms on unitary or related rank structured matrices, provided
that one lets the internal pull-through process follow the flow of the algorithm.

We provide also an example for a very regular rank structure: see Figure 5.7.
Note that the starting representation is here the one in Figure 3.9.

Summarized, we have now completely described the internal pull-through process
of both branches of the unitary /Givens product representation.
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FIGURE 5.6. Internal pull-through process for a Givens product representation: irregular case.

6. Shift correction term. In this section we investigate how the ‘shift’ correc-
tion term to a rank structured matrix can be read off in terms of its unitary/Givens-
weight or unitary/Givens product representation, and we provide several consequences
to this observation.

6.1. Some generalities. We start with some generalities concerning the defini-
tion and properties of the shift correction term. We recall the following result.

THEOREM 12. (Nullity theorem; see [15]:) Let A € C™ ™ and define an index set
N=A{1,..., n}. Suppose that we have partitions

N=RUSUT=RUSUT
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(a) (b) (©)

FIGURE 5.7. Internal pull-through process for a Givens product representation: regular case.

with S and S having the same size. Then
Rank(A ', (SUT,RUS)) = Rank(AA(SUT,RUS)) + |R| — |R|, (6.1)

where Ay', is defined from A™' by putting AXL(S,S) = AY(S,8) — A, and
similarly Ay is defined from A by putting Ax(S,S) = A(S,S) — A.

An illustration of this property is given in Figure 6.1, where the property is
illustrated for the distribution of index sets which is of main interest.

R S T R S T
R
R » § A
A = — A = [T
S AL N T
T

FIGURE 6.1. Inheritance of structure by the inverse matriz

REMARK 13.
1. It is possible to reformulate (6.1) as

Null (A1, (SUT,RUS)) = Null (Ax(SUT,RUS)).

This explains the word ‘nullity theorem’.

2. We will often refer to the matriz A in Figure 6.1 under the name shift correc-
tion term, or briefly shift matrix. This terminology expresses that the under-
lying matriz A must satisfy a low rank block, at least when the shift matrixz A
is first subtracted from the appropriate entries. Hence, the shift matrix can be
considered as an explicit part of the rank structure. In analogy with Definition
1, we will denote the corresponding structure block as B = (i,j,r, A). We will
use this terminology also in case where A is rectangular.

3. One may ask what happens with the above theorem when A is singular. It can
be shown that the matriz A~ will have then a certain component ‘equal to
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7

o0’y in a sense made exact in [15]. But we will not be concerned about this
here.
The following, trivial corrolary of Theorem 12 was also indicated in [15], although
it was not stated there in explicit form.
COROLLARY 14. For A € C™*"™ a unitary matriz, and under the same conditions
as in Theorem 12, we have

Rank(Ay-n(RUS,SUT)) = Rank(Ax(SUT,RUS)) +|R| — |R|, (6.2)

where we used the same notations as in Theorem 12: see Figure 6.2.
PROOF. Trivial from Theorem 12 by using that for a unitary matrix A, we have

that A=1 = Af. -
R S T
R
A= | >~ ]
s| N
T |

FIGURE 6.2. Specification of Figure 6.1 in case of a unitary matriz A. It follows that for such a
matriz, the structure blocks always come in pairs, with shift correction terms related as A and A=H .

It is worth pointing out the extension to unitary plus low rank matrices. Indeed:
when A is unitary plus a correction term of rank at most r, then it is straightforward
to check that A=! = AH 4+ Rk 2r, from which it follows that Corollary 14 holds true,
provided that one adds the value 2r to the right hand side of (6.2). Note that we
assume here A~! to exist. The practical exploitation of the rank structure for unitary
plus low rank matrices is a topic of ongoing research, originating from [6].

Corollary 14 can be interpreted by saying that the structure blocks of a unitary
matrix always come in pairs. Given a structure block with shift correction term A
in the block lower triangular part of a unitary matrix, there is also a structure block
with shift matrix A= in the block upper triangular part. These structure blocks
act precisely on complementary subsets, except that the rows and columns on which
the shift matrices act are common to both matrices. Note here that the shift A is
assumed to be square.

Note that Corollary 14 could be formulated for pure structure blocks as well, i.e.,
when S and S are empty sets. It reveals then that for each pure structure block of a
unitary matrix, the complementary submatrix must have low rank as well. We have
already encountered this result earlier in this paper, in the algorithm for transforming
the unitary product representation into a unitary-weight representation (Section 4).

While the information about pure structure blocks is directly embedded in the
sparsity of the unitary/Givens-weight or unitary/Givens product representation, this
is no longer true when a shift correction term A is involved. So we pose ourselves
the problem: given two subsequent pure structure blocks By = (ix, ji,7) and Bgi1 =
(ik+1,Jk+1,7), having the same rank index r, how can one compute the shift correction
term which arises by ‘gluing’ these structure blocks into a huge Rk r structure block
B = (ik, jg+1,7, A)? This problem will be investigated in the next two subsections.
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6.2. Shift matrix for the unitary/Givens-weight representation. In this
subsection we consider the problem of determining the shift correction term for the
case of a unitary-weight representation: see Figure 6.3.

XXX
XXX

v

FIGURE 6.3. Determining the shift correction term for a unitary-weight representation: problem
statement.

Concerning this figure, we note that the arrows on the left of the figure show the
decompressing, rather than the compressing unitary operations of the unitary-weight
representation. We search then for the correction matrix A of size ix41—ix by jr+1—Jk
which has to be subtracted from the entries surrounded by the fat box in Figure 6.3,
in order to extend these two Rk r structure blocks to a huge structure block, if such
a A exists.

Let U = U, ! denote the decompressing transformation of the unitary-weight

transformation, used to spread out the structure block By. It will be useful to partition
U1 Uipe

U= ’ I 6.3

[ Usi Usp (6:3)

where Uy ; is square of size r by . Hence, the complementary submatrix U; » contains
precisely those rows which are not influenced by the next unitary operations Ujy1, .. .
anymore, as well as those columns which are not influenced by the previous unitary

operations Uy_1, ... anymore: see Figure 6.4.
| Uiz
XXX XX \ XXPKA
XXX XX XXPLXX
XXX XX XXX XX
XX XXX XXX XX
XXX XK XXX X

(a) (b) (c)
FIGURE 6.4. Submatriz Uy,2 relevant for the shift correction term.

Assume now that the action radius of U has been enlarged so that it acts on
columns jr + 1,...,jr+1 as well: see Figure 6.5(a). Let W denote the huge weight
block on which U acts, after this enlargement of action radius, and partition

(6.4)

W= [ Wii Wi } 7

0 W

where Wi 1 has size r by ji — jr—1: see Figure 6.5.
We have then the following result.
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KX XXX XX
KXAKIX XXX
XXX X
XXX N
XX XX

(a) (b)

FIGURE 6.5. After enlarging the action radius of the unitary operation U := U, we can read
off the weight block W3 2 relevant for the shift correction term.

THEOREM 15. (Shift correction term:) Let there be given a unitary-weight repre-
sentation for two subsequent Rk r structure blocks By, Bi+1. Then the shift correction
term A can be expressed as

A= SU’LQWQ’Q, (65)
where we defined the Schur complement

,_ 1
Svup2=Ui2 —U11U; Uz,

assuming that Uy 11 exists, and where we used the notation in the paragraphs preceding
this theorem; see in particular Figures 6.4 and 6.5.

PROOF. Let us assume that the r by  submatrix Us; of (6.3) is nonsingular. We
can then use U1 as a pivot block to eliminate the block element Uy i, by means of a
Gaussian row operation on the matrix U. Clearly, this operation will cause U to be
transformed into

0 Suae
' 6.6
{Uu Uss } (6:6)

where Sy 2 is the Schur complement in the statement of this theorem.

Now since the Gaussian operation described above was chosen to add a linear
combination of the bottom r rows of U to the rows above, it is trivial to see that
applying this operation also to the rank structured matrix of Figure 6.3, does not
affect the value of the shift correction term A. Hence, the shift remains invariant
under the applied Gaussian operation.

Let us show now why it was useful to apply this Gaussian operation. Spreading
out the unitary-weight representation leads to

0 Svape Win Wig | _ | 0 Syi2Wie (6.7)
Usg Usp 0 Wy X X ’ :

where we used (6.6) and (6.4) (in fact we should extend here W7 ; to contain also the
weight blocks obtained by spreading out each of the structure blocks By, ..., Br_1
on the left of By), and where we denoted the irrelevant block entries by X. Now it
is clear by inspection that the shift correction term which must be subtracted from
the (1,2) entry of (6.7) to make this matrix of rank at most r, will be precisely equal
to Sy,1,2W1.2, which proves (6.5). (Incidently, note that the uniqueness of this shift
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correction term is only guaranteed when the (2,1) block of (6.7) attains its maximum
possible rank of r.) |

Note that in the above proof, it was nowhere used that we had really given a
unitary-weight representation, and hence that the matrix U := U, !is unitary. When
we make use of this additional data, we can drive Theorem 15 one step further. We
need the following, trivial observation.

LEMMA 16. If U is a unitary matriz partitioned as in (6.3), then the Schur
complement Sy 1,2 := U 2 — U1,1U511U272 equals Ul_QH

PROOF. Consider the matrix equation UU = I. One can apply to both sides of
this equation a Gaussian row operation that uses Us; as a pivot block to eliminate
Ui 1, hereby obtaining the new equation

O SU’172 UlI_Il UQI_{l _ I X
Usig Usp Uf,lz U, I}’

where the irrelevant block entry is denoted as X. The proof can now be finished by
evaluating the (1,1) block element of the above equation. O

COROLLARY 17. For a unitary-weight representation, and under the same con-
ditions as in Theorem 15, the shift correction term is given by

A=U3'Wapo. (6.8)

Note that Corollary 17 shows that there can always be found a suitable shift
correction matrix A to the structure, provided the matrix Uy 2 (or equivalently, Us 1)
is nonsingular. In the case where U; 5 is singular, one could say that the shift matrix
A= U;;[W272 has a certain component equal to ‘c0’, again in the sense of [15].

We provide an illustration of the above results. We recall the following definition.

DEFINITION 18. (uv-representability, see e.g. [11]:) Let R be a rank structure
with a global rank upper bound ry =: r for each k. We say A € C"™ ™ to be uv-
representable w.r.t. R if there exists a factorization

A=uv+ Acompleti0n7 (69)

where u € C™*7 v € C™" and where Acompletion 5 @ ‘completion’ matriz having

the property that its restriction to each of the structure blocks of R is zero. The
factorization (6.9) is called a uv-representation of A.

The above definition states that for a matrix to be uv-representable, the low rank
generators of the different structure blocks By, of R should be ‘compatible’ in the sense
that they can be completed to a global matrix uv of rank at most 7.

Let us investigate the connection with shift matrices. First, it is trivial to see that
the shift matrices Ay are nothing but the block diagonal elements of the completion
matrix of the uv-representation, if both exist. Indeed, the shift matrices were defined
precisely as the ‘correction terms’ which have to be subtracted from the block diagonal
entries in order to extend the Rk r structure, which is the same idea as (6.9).

This connection can be made tighter.

LEMMA 19. Given a matriz A satisfying a rank structure R whose structure blocks
have the same rank upper bound r. A sufficient condition for the uv-representability
of A w.r.t. R is that for each unitary component Uy, of a unitary-weight representation
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of A according to the structure R, partitioning U := Uy, as in (6.3), then the r by r
bottom left submatriz Us 1 is invertible.

PROOF. Assume that the conditions in the lemma are satisfied. We know from
our earlier results that the invertibility of the r by r bottom right submatrix of each
unitary component Uy of the unitary-weight representation guarantees the existence
of each of the shift matrices A,. Now we will show how this result can be extended
by ‘gluing’ the unitary components of the unitary-weight representation, so that also
the other elements of the completion matrix in (6.9) can be obtained.

To this end, let us glue the structure blocks By, Bj1 into a single huge structure
block, as in Figure 6.5. Correspondingly, we glue the unitary components as

X Uppp2 0
Uk+1Uk = X X Uk+1;1,2
X X X

Partitioning this matrix as in (6.3), we have that the top right submatrix is block
lower triangular with block diagonal entries Uy,; o and Up11;1,2. The assumed invert-
ibility of these submatrices implies then the invertibility of this entire block lower
triangular matrix, and hence we can determine the (extended) shift by means of the
same formula (6.8) as usual. Repeating this gluing argument, we can finally determine
the entire completion matrix in (6.9). O

The following generalizes a result of [25].

THEOREM 20. Given a rank structure R whose structure blocks have the same
rank upper bound r. The class of uv-representable matrices w.r.t. R is dense in the
class of all matrices satisfying R.

PROOF. The fact that the class of uv-representable matrices, and even its closure
must satisfy R is trivial.

To prove the other direction, let there be given a matrix A € C™*" satisfying R.
It will be sufficient to construct a sequence of uv-representable matrices A, e € C\{0}
such that lim._,g A, = A.

To this end, consider a unitary-weight representation for the matrix A according
to the structure R. By means of the previous lemma, it will be sufficient to construct
the family A, such that each unitary component Uy, € € C\ {0}, has a nonsingular
7 by r bottom left submatrix. But this can be easily reached: assuming for example a
Givens-weight representation, then it suffices to replace each Givens transformation
G which equals a diagonal matrix, by the new value

Gezzl{ 1, ¢ ]G.
Vi L

It is then easy to show that, by the fact that each Givens transformation of the
Givens-weight decomposition in Figure 3.4 is now different from a diagonal matrix,
it follows that the r by r bottom left submatrix of Uy is nonsingular. (This can
be seen e.g. by the fact that the complementary, top right submatrix must be lower
triangular with non-zero diagonal elements.) ]

We refer to [28, 18, 17] for some further references on uv-representation problems.

6.3. Shift matrix for the unitary/Givens product representation. Now
we consider the case of a unitary matrix A, and we consider the analogous question
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of how the shift can be expressed in terms of the parameters of the unitary/Givens
product representation.
Let us work with the A-shaped representation of Definition 5, i.e.,

Q = UK,left cee Ul,leftUOUl,right o UK,right- (610)

It turns out that the shift will now be determined by the pairs of opposite unitary
operations of the left and the right branch: {Ug jeft, Uk,right}. For convenience, let us
fix k and set

U:=Uglets, V := Uk,right- (6.11)

Partition the left unitary operation as in (6.3), i.e.,

Ui Uip
U= ’ ’ 6.12
[ Usp Uz } ’ (6.12)

where Us ; is square of size r by r.
We do now the same in the right branch of the representation: we partition

Via Vip
V = ’ ’ 6.13
{ Voi Vapo ] (6.13)

where again V5 ; contains precisely those rows and columns of V' which are not influ-
enced by the previous and next unitary operations Uj_1 right and Uk1 right anymore,
respectively: see Figure 6.6.

EOXOXOXOX]X X
‘xxxxxx

X XK XXX
X XXX X
XX XXX
X XX XXX

i i Va1 i

XX KKK X
XX KK XX
XX KKK X
XXX XXX
XX KKK X
XX KX XX

(a) (b) (c)
FIGURE 6.6. Submatriz V2,1 relevant for the shift correction term in the unitary case.

We have the following result.

THEOREM 21. (Shift correction term, unitary case:) Let there be given a unitary
product representation for two subsequent Rk r structure blocks By, Br+1. Then the
shift correction term A can be expressed as

A= Sy21Va1 = UEQIJ‘/Q,la (6.14)

where we used the notations of the paragraph preceding this proof.

PROOF. We prove the theorem by transforming the unitary product representation
into a unitary-weight representation: see Figure 6.7.

Let us comment on this figure. Starting from the identity matrix, we assume that
we are applying the process of building up the unitary-weight representation, as in
Figure 4.1 of Section 4.
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XX XX XX XXX PHXX KKK XK
XX KX XX XX AKX XX XK
1 DX X XPRX

1 XXXOXPX X
| 1 | XXX X
v v V2,l

(a) (b)

FIGURE 6.7. Transforming the unitary product representation into a unitary-weight represen-
tation causes the submatriz V2 1 to appear.

Suppose that in this process, we are at the point of multiplying with the next uni-
tary operations U := Uy, jery and V' := Uy 1ight to the rows and columns, respectively.
Let us first apply the operation V' to the columns. It is clear that this multiplication
will cause the submatrix V21 to appear on the positions indicated in Figure 6.7(b).

Clearly, the submatrix V5 ; will now play the role of the weight block W5 5 in the
proof of Theorem 15. The proof can be finished by invoking the latter theorem. [

REMARK 22. (The V-shaped case:) In case of the V-shaped representation (5.4),
the analogue of (6.14) is that

—H
A=V215021=V21Up 5,

where V := Vi 1ep and U 1= Vi, vight denote the kth unitary components of the left and
right branch of the representation, and where the corresponding partitions are defined
in exactly the same way as before. Hence, the only difference with (6.14) is that the
order of the two factors must be reversed. We do not go further into this.

For the next corollary, we will assume a Givens product representation where the
Givens transformations of the right branch take the form

{ g i ] : (6.15)

where ¢ and s are complex numbers such that |¢|? +|s|? = 1 (the cosine and sine), and
where the Givens transformations of the left branch take the Hermitian transposed
form of (6.15).

COROLLARY 23. (Quotient of sines:) Assume that A is a lower semiseparable plus
diagonal unitary matriz of semiseparability rank r, as in Figure 3.9. Then invoking
the conditions in the paragraph before this corollary, the kth shift element A\, € C to
the structure equals the product of the sines of the Givens transformations belonging
to the Givens arrow with tail index k in the right branch, divided by the corresponding
product of sines in the left branch: see Figure 6.8.

PROOF. It follows from Theorem 21 that the shift element A\ € C will equal the
quotient of the bottom left element of V', divided by the complex conjugate of the top
right element of U, where U and V denote the corresponding unitary components of
the unitary product representation. It suffices then to expand these elements; for the
unitary component in the right branch, and assuming that we have rank index 3, this
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yields

X

X

X
518283 ‘

V =G3,4G23G1 2 =

XX X ©
XX © O

X
X
X
X

whose bottom left element equals indeed the product of the sines s as in (6.15). The
result is now easy to check. (|

Rk 3

(2) (b)

FIGURE 6.8. The indicated shift element A € C of the lower semiseparable plus diagonal structure
equals the product of all the boxed sines in the right branch, divided by the product of all the boxed
sines in the left branch.

We provide an illustration of the above results. In what follows, a unitary matrix
Q € C**" will be called Householder-like if it equals a rank-one modification of the
identity, i.e., if

Q=1I+Rk1 (6.16)

THEOREM 24. (Householder-like matrices:) Let Q € C"*™ be a unitary matriz.
The following are equivalent:
1. Q is a Householder-like matriz with determinant d (cf. (6.16));
2. Q can be written as

Q=1+ (d—1uu, (6.17)

for a certain normalized column vector uw € C";

3. Q can be written as an upward, followed by a downward Givens sequence,
where the opposite Givens transformations of both branches are each others
Hermitian transposes, and with topmost Givens transformation Gp 2 being
Householder-like of size 2 by 2 with determinant d.

See the right part of Figure 6.9.
PROOF. Consider the implication from the first to the second statement. From
the unitarity of @ we know that there exists a spectral decomposition

Q=UDU", (6.18)

for a certain unitary matrix U and unitary diagonal matrix D. Inserting this spectral
decomposition in (6.16) yields Rk 1 = U(D — I)UH. Tt follows that the unitary
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(a) (b)

FIGURE 6.9. Two related representations of a Householder-like matriz. The left picture shows
the induced lower semiseparable plus diagonal structure blocks, each of them having rank indexr = 1
and shift element A = 1. The right picture shows the corresponding decomposition as a product of
Givens transformations. Here the opposite Givens transformations of the left and right branch have
to be each others Hermitian transposes, and the topmost Givens transformation must have one of
its eigenvalues equal to one.

diagonal matrix D can have at most one diagonal entry d for which d # 1, leading to
Rk 1 = (d — 1uu,

for some normalized column vector u € C™, which leads to the desired equation (6.17).
Incidentally, note that d can be identified as the determinant of @ due to (6.18).

Next, we show the implication from the second to the third statement. We do
this by applying a similarity operation with Givens transformations Gf_lvn, RN G§{3
to both sides of (6.17), chosen to compress the vector u except for its top 2 by 2
block of elements. What is left after this compression process will then constitute the
topmost Givens transformation G 2, and hence it follows that we can decompose )
as

Q=UG1U", (6.19)

where U := Gn—l,n NN G2,3.

Finally, let us establish the implication from the third to the first statement. Thus
assume that @ has the form of a Givens product as in (6.19). From the assumption
that G2 is Householder-like of size 2 by 2, it follows that

Gia=1+Rk1, (6.20)

where Rk 1 is a matrix of rank at most one, having only its top left 2 by 2 block of
entries non-zero. It follows that also the matrix Q = U GLQUH must obviously have
a factorization of the same form as in (6.20). O

REMARK 25.
1. The implication from the first to the second statement in Theorem 24 can be
found also in a more general block form in [4].
2. The implication from the third to the first statement in Theorem 24 can be
considered as a mon-standard way for constructing Householder-like opera-
tions. Special care may be spent here to the case d = —1, which corresponds
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to the classical Householder reflection. Under the assumption of real arith-
metic, the topmost Givens transformation G2 in the third statement must
then assume the form
c s
G2 = [ s —c } ;

i.e., G1,2 must be an elementary orthogonal reflection matriz.

We still have to explain the connection of Theorem 24 with the above results
about shift matrices. To this end, note first that a Householder-like matrix must be
obviously lower semiseparable plus diagonal of semiseparability rank one, with all shift
elements equal to one, since it is defined as a rank-one modification of the identity
matrix. This is illustrated in the left part of Figure 6.9.

The existence of the Givens product representation in the third statement of The-
orem 24, follows then as a direct consequence of this lower semiseparable plus diagonal
structure. Furthermore, the fact that the opposite pairs of Givens transformations of
the two branches of the representation can be chosen as each others Hermitian trans-
poses, is an illustration of the fact that the shift elements of the lower semiseparable
plus diagonal structure, and hence the quotient of the sines, must be all equal to one,
by means of Corollary 23.

Summarized, we described now how to characterize the shift correction term in
terms of the unitary/Givens-weight or unitary/Givens product representation. Some
practical applications of these results will be provided in our future work, starting
with [10].

7. Conclusion. In this paper we described how to build up and manipulate
unitary and Givens product representations. We showed how to determine the shift
matrices to the rank structure. Our future work includes (i) eigenvalue computation
of unitary rank structured matrices (see [10]), and (ii) some unitary plus low rank
variants.
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