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Abstract. In [1] Sorkine et al. proposed a least squares based represen-
tation of meshes, which is suitable for compression and modeling. In this
paper we look at this representation from the viewpoint of Tikhonov reg-
ularization. We show that this viewpoint yields a smoothing algorithm,
which can be seen as an approximation of the shape using weighted ge-
ometry aware bases, where the weighting factor is determined by the
algorithm. The algorithm combines the Laplacian smoothing approach
with the smoothing spline approach, where a global deviation constraint
is imposed on the approximation. We use the generalized Laplacian ma-
trix to measure smoothness and show how it can be modified in order to
obtain smoothing behavior similar to that of curvature flow and feature
preserving smoothing algorithms. The method is applicable to meshes,
polygonal curves and point clouds in arbitrary dimensional spaces.

1 Introduction

Shape smoothing is often a necessary pre-processing step in the acquisition and
manipulation of 3D models. Many 3D models today are obtained by laser scan-
ners, touch probes and structural light range-finding techniques, which produce
noisy point clouds and meshes. Obviously, for further processing and visualiza-
tion it is desirable to reduce the noise acquired during measurement. In addition
smoothing algorithms often have the effect of data reduction, since it is easier
to encode a smooth shape, than a noisy one. Smoothing also greatly improves
the reliability of derived shape properties such as normals and curvatures.

An important class of mesh smoothing algorithms is based on the discrete
Laplacian smoothing approach [2–4]. These algorithms are typically iterative and
can be seen as an approximation of a diffusion process, where at each iteration
each vertex moves in the direction of the Laplacian vector at that vertex. Since
the Laplacian vector at a vertex is usually estimated using a local neighborhood,
the resulting algorithms are efficient and simple to implement.

The use of uniform approximation of the Laplacian operator [2] results in
what we call the classical Laplacian smoothing algorithm, where each vertex
moves towards the center of its neighbors. When the mesh is irregular, weighted
combinations of neighbors can be used to obtain better approximations of the



Laplacian vector [4] or to discretize the curvature flow approach [3]. We refer to
these methods as the weighted Laplacian smoothing algorithms.

In this paper we describe an algorithm similar to the weighted Laplacian
smoothing approach but with additional features. While the Laplacian smooth-
ing algorithms are iterative and do not have a natural stopping criterion, the
proposed algorithm is non-iterative and provides a global deviation constraint by
means of a user-specified parameter τ , called the smoothing factor. This param-
eter controls the extent of smoothing, such that the average quadratic deviation

of each smoothed point from its original position is limited to τ/n, with n the
number of points. This kind of deviation constraint is widely used in the lit-
erature on smoothing splines and requires a solution of a non-linear problem.
Fortunately, the optimal solution can be found efficiently by solving several least
squares systems (see section 6).

Furthermore we use the generalized Laplacian operator (section 2.1) with
weights chosen such, as to minimize vertex drift and triangle overlap. We also
provide scaled versions of the generalized Laplacian operator, which make the
proposed smoothing algorithm behave like curvature flow smoothing and feature

preserving smoothing methods.
The proposed method is closely related to the concept of geometry aware

bases (section 3) and the Tikhonov regularization process [5]. In section 5 we
show that from the viewpoint of Tikhonov regularization the proposed smoothing
algorithm has the effect of a low-pass filter.

2 Notation and definitions

2.1 Generalized discrete Laplacian

We represent the input to the smoothing algorithm as a directed graph G =
(V,E), where V = {pi ∈ R

s×1, i = 1..n} is the set of vertices, and E is the
set of directed edges, i.e. E = {Ei, i = 1..n}, with Ei = {ij | j ∈ Ii} and
I = {j | pj is a neighbor of pi}. Note that we only need to know the local
neighborhoods of each point. A mesh can be used to define neighborhoods, but
it is not required. Using the graph G we can construct a generalized discrete

Laplacian matrix L ∈ R
n×n, which is defined as

Lij =

{
−∑j∈Ii

wij i = j

wij i 6= j,
(1)

with weights wij 6= 0 if points pi and pj are neighbors and zero otherwise. When
all wij ≥ 0, the matrix L can be viewed as a coefficient matrix of a system of
convex combination equations, written as Lx = 0. We say that L is normalized

if it has unit diagonal.
We denote by P = (p1,p2, ...pn)> the n × s matrix of all input points

coordinates and by X = (x1,x2, ...xn)> the n× s matrix of all smoothed points.
Li, Pi and Xi denote the i-th row of L, P and X respectively. By P (k) and
X(k) we denote the k-th column of P and X. With the introduced notation the
generalized discrete Laplace operator at pi can be written as ∆pi = (LiP )>.
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2.2 Smoothing using Tikhonov regularization

Our smoothing approach can be formulated as a linear algebra problem, where
we find the solution matrix X∗ = (x∗

1,x
∗
2, ...x

∗
n)>, such that

X∗ = arg min
X

{‖LX‖2
F } (2)

subject to ‖D(X − P )‖2
F ≤ τ, (3)

where L is the generalized discrete Laplacian as in (1), P is the matrix with the
coordinates of the input points, D = diag(ω1, ω2, ..., ωn) the diagonal matrix of
weights and τ is the smoothing factor. Equation (2) represents the smoothness

condition and the inequality (3) defines a constraint on the average displacement

of the smoothed points. Introducing a Lagrange multiplier λ, we reformulate (2)
as

X∗ = arg min
X

{‖LX‖2
F + λ‖D(X − P )‖2

F }, (4)

where λ can be determined a priori, such that constraint (3) is satisfied.
Equation (4) can be visually represented by a mass-spring system shown

in figure 1. The displacement term ‖D(X − P )‖2
F represents the potential en-

ergy of the springs between the original points pi and the smoothed points xi.
The smoothness term ‖LX‖2

F minimizes some energy derived from the springs
between the smoothed points themselves.

The discrete weighted least squares problem (4) is also known as linear
Tikhonov regularization method in numerical literature [5]. Since the generalized
discrete Laplacian is singular, minimizing ‖LX‖2

F as such, is not well-defined. By
supplying additional information about the solution, in the form of a λ-weighted
displacement term, the solution to (4) will be unique for any λ > 0.

pi+1

pi
pi-1

xi

xi+1

xi-1
ki+1

ki

ki-1

Fig. 1. Physical interpretation of the equation (4) as a mass-spring system, the stiffness
of springs κi = ω2

i .

3 Related Work

There is extensive literature available on both smoothing of meshes and smooth-
ing splines [6, 7]. We do not attempt to give an exhaustive overview of the ref-
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erences, instead we only consider the references which are, to our opinion, most
relevant in this case.

A large class of smoothing algorithms can be written using the generalized
Laplacian, where in each iteration a new position p′

i is computed for each vertex
pi,

p′
i = pi + µ(LiP )>, (5)

with µ ∈ (0, 1). Different weights wij for the generalized Laplacian matrix L, re-
sult in different smoothing algorithms. For example, equal weights and reciprocal

weights were used by Taubin [2] to construct a low-pass filter. In the irregular
setting, Desbrun et al. [3] uses Fujiwara weights, which are more accurate than
the classical Laplacian approximation. Guskov et al. [4] propose a non-uniform
generalization of the discrete Laplacian operator using weights based on sec-
ond order differences. Finally, the so-called cotangent weights can be used to
discretize the mean curvature flow approach [3].

Recently, several feature preserving smoothing algorithms were proposed,
based on concepts from robust statistics. In particular an iterative version of the
bilateral filtering approach for meshes has been proposed by Fleishman et al. [8].
In [9] Jones et al. present a non-iterative generalization of the bilateral filtering
technique, applicable to triangle soups.

In [1], Sorkine et al. introduces the concept of geometry aware bases, as
a new means of shape approximation. The geometry aware bases are vectors
that assign a real value to each vertex in the mesh. They depend on both the
connectivity, represented by the combinatorial Laplacian, and some geometric
information, given by carefully selected mesh vertices, called the anchors. An
approximation to the original mesh can be obtained by computing a certain
linear combination of the geometry aware vectors. Since the number of anchors
is typically small, this representation appears to be very suitable for compression,
progressive transmission and editing.

The geometry aware bases can be used for smoothing as well. This comes
from the fact that the reconstruction using geometry aware bases is related to
the Tikhonov regularization approach. In fact, each column of X∗ in (4) can be
expressed as a linear combination of the geometry aware basis vectors vi, which
minimize

‖Lvi‖2
2 + λ‖D(vi − ei)‖2

2, (6)

with {ei} the canonical basis in R
n.

In our approach, the optimal λ is determined automatically during the smooth-
ing algorithm, resulting in a method which can be viewed as an approximation
method using λ-weighted geometry aware bases.

4 Construction of the Laplacian matrices

In our smoothing algorithm we use positive weights for the construction of the
generalized Laplacian. This choice is related to the aim to preserve the topology
of the original mesh, because positive weights result in convex combinations of
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neighboring points. During smoothing we would like to avoid triangle flips in
the case of meshes or self-intersections in the case of curves. In general, however,
solving (4) with positive weights does not guarantee intersection-free results,
because the deviation from the convex combination constraint ‖LX‖2

F is mini-
mized in the least squares sense. As λ approaches zero we expect this constraint
to be increasingly satisfied, reducing the possibility of flips.

4.1 Generalized Laplacian matrix variants

We introduce three different variants of the generalized Laplacian matrix:

L(n) – denotes the normalized Laplacian with unit diagonal (1).
L(κ) – is the curvature scaled Laplacian.
L(f) – is the feature preserving Laplacian.

In this section we show how the matrices L(κ) and L(f) are derived from L(n).
First, let us define the length normalized Laplacian matrix, for which the i-th
row is given by

L
(n)

i = L
(n)
i g

(
‖L(n)

i P‖2

)
. (7)

The scalar function g(x) serves the purpose to scale each row L
(n)
i such that

(L
(n)

i P )> has approximately unit length. In regions of low curvature ‖L(n)
i P‖2

can be very small or even zero, so simply taking g(x) = 1/x would lead to very

large entries in L
(n)

i , yielding a very ill-conditioned matrix. To avoid numerical
problems we use the robust Huber edge stopping function, which is defined for
positive x as

g(x) =

{
1/σh x ≤ σh

1/x x > σh,
(8)

with some small σh ≈ 1e− 7.
The normalized Laplacian represents a weighted version of the classical Lapla-

cian smoothing. Since the normalized Laplacian is scale-independent, it does
not always properly reflect the frequencies of the mesh. If the sampling is non-
uniform, the normalized Laplacian can be the same for small neighborhoods as
well as for large ones. In order to solve this problem we introduce the scale-
dependent version of the Laplacian, i.e. L(κ) with

L
(κ)
i = L

(n)

i κ̃i, (9)

where κ̃i denotes an approximation of the curvature at point pi (see sections
4.2, 4.3). This matrix L(κ) actually mimics the curvature flow approach [3]. The
effect of the curvature dependent smoothing can be seen in figure 3. The noisy
left half of the circle is smoothed out faster in figure 3(c), compared to the
normalized smoothing in figure 3(b).

In some cases, however, it is desirable not to smooth points of high curvature,
e.g. the corners of the square in figure 4. This kind of feature preservation can
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be achieved by using the feature preserving Laplacian L(f), which is obtained

from L
(n)

by weighting each row with a feature preserving function, ψ(κ̃i), i.e.

L
(f)
i = L

(n)

i ψ(κ̃i). (10)

For the feature preserving function ψ we use the Gaussian ψ(κ̃i) = e−
1
2 eκ2

i /σ2
f ,

because it tends to assign zero weight to outliers, points in high curvature regions,
which we consider to belong to features. The curvatures are rescaled such that
κ̃i ∈ [0, 1], and σf is a user-specified parameter. Figure 4(c) shows the result of
smoothing using L(f) where the corners are clearly preserved.

4.2 Construction of L from polygons

When working with polygonal curves and polygonal curve networks (i.e. graphs
with degree larger than two at some vertices) we use the normalized reciprocal

distance weights for the construction of L(n). Let lij = ‖pi−pj‖2, the normalized
weights corresponding to the inner vertices are given by wij = l−1

ij /
∑

k∈Ii
l−1
ik ,

and Ii = {i− 1, i+ 1}. The geometric interpretation of this discretization of the
Laplace operator is shown in figure 2.

The curvature at the polygon vertex pi is estimated using the osculating circle
approach. The osculating circle is approximated by the circle through the suc-
cessive points pi−1,pi,pi+1. This definition gives the approximate κ̃i = 4A/abc,
where A is the area of the triangle in figure 2. Using this approximation of the
curvature, the L(κ)-matrix is equivalent to the discretization of the Laplacian
using 1D Fujiwara weights [3], up to a factor of cos((β − α)/2).

p
i+1

p
i−1

p
i

p
i

∆
α

a b

β
c

Fig. 2. Geometric interpretation of the reciprocal weights, pi + ∆pi = b
a+b

pi+1 +
a

a+b
pi−1.

4.3 Construction of L from triangular meshes

When G represents a triangular mesh a natural choice for the construction of
the Laplacian is to use convex combinations of the 1-ring neighborhoods. In the
examples we use the mean value weights for inner vertices, because for general
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neighborhoods they are the only barycentric weights [10]. An alternative would
be to use cotangent weights, because they can be used to discretize the Laplace-
Beltrami operator. However, in general, cotangent weights can be negative, while
mean value weights are always positive. In addition, both the reciprocal weights
(see section 4.2) and the mean value weights have the reproduction property :
points lying on a line or a plane are left invariant by smoothing.

In the examples, the curvature is approximated by the magnitude of the
discrete mean curvature normal [3],

κ̃in =
1

4A

∑

j∈Ii

(cotβj + cot γj)(pi − pj), (11)

where βj , γj are the 3D angles opposite to the edge pipj . In case noise prevents
to use formula (11), other more robust techniques for estimating curvature can
be used [11].

4.4 Construction of L from point clouds

For point clouds, the choice of the neighborhood is an important issue, because,
contrary to the previous two cases, no connectivity information is available. It
is possible to use k-nearest neighbors, but in practice it is better to use local
neighborhoods, especially in the presence of anisotropy. When the points are
sampled from a manifold surface we use a local meshing approach, based on
the so-called Delaunay neighborhoods [12]. A Delaunay neighborhood of a point
is obtained by projecting k-nearest neighbors on their least squares plane and
computing the Delaunay triangulation. The resulting 1-ring neighborhood in
the plane defines the 1-ring neighborhood in the point cloud. In this way the
smoothing problem reduces to the mesh case. Since the cotangent weights are
positive when computed on a Delaunay triangulation, it is possible to use them
on the Delaunay neighborhoods as well. In practice the results using mean value
weights and cotangent weights are visually similar.

(a) (b) (c)

Fig. 3. Smoothing of a noisy non-uniformly sampled circle (a) the arrows represent the
column vectors of (L(κ)P )>; (b) smoothing using L(n); (c) smoothing using L(κ).
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(a) (b) (c)

Fig. 4. Corner preserving smoothing of a noisy square (a) the arrows represent the
columns of (L(f)P )>; (b) smoothing using L(n); (c) smoothing using L(f).

5 Smoothing from the Tikhonov regularization viewpoint

The smoothing problem (4) can be viewed as a Tikhonov regularization process,
in which the smoothness term is regularized by the error term. This view pro-
vides insight into the properties of the smoothing algorithm, such as filtering
properties, convergence and computational aspects.

5.1 Low pass filtering

The eigenvectors of the combinatorial Laplacian matrix can be seen as an ex-
tension of the Fourier transform basis functions, with eigenvalues representing
frequencies [2, 1]. We argue that the same idea applies to the right singular vec-

tors of the generalized Laplacian. In fact, if the generalized Laplacian matrix
is symmetric and positive semidefinite its eigenvalues are equal to the singular
values and the eigenvectors are equal to the singular vectors up to a sign. Al-
though the Laplacian with mean value weights is generally not symmetric, its
right singular vectors have a typical frequency distribution as can be seen in fig-
ure 5(b), which shows the power spectrum of the right singular vectors of L(n),
corresponding to the simplified cow model 5(a). The highest frequency content
is carried by the singular vectors with lowest index, i.e. the singular vectors
corresponding to the largest singular values σi.

This observation is interesting, because Tikhonov regularization is related to
Wiener filtering in the Fourier domain of the signal [5]. When using unit weights
(D = I), the solution to the least squares problem (4) can be expressed in terms
of the singular values σi and right singular vectors vi of L,

X∗ =
∑

i

vi

(
λ

σ2
i + λ

v>
i P

)
. (12)

We call γi = λ/(σ2
i + λ) the filter factors. When λ tends to infinity, all γi ≈ 1,

so we obtain the original points expressed as a linear combination of the right
singular vectors of L. When λ tends to zero, the filter factors γi corresponding
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to large σi tend to zero (figure 6). Since large singular values σi correspond to
highly oscillating vi, we can say that the ‘higher’ frequencies are filtered out by
the Tikhonov regularization process.

(a) (b)

Fig. 5. (a) simplified COW model with 1000 points (b) power spectrum image of the
right singular vectors, where the i-th horizontal line in the image represents the power
spectrum of vi. The dots represent the distribution of the 1% of the highest power
content.

5.2 Convergence properties

When λ tends to infinity, we obviously obtain the original points as the solution
to the regularization problem (4). A more interesting situation occurs when λ
goes to zero. When λ = 0, equation (4) accepts more than one solution, because
L is singular. However, since the Laplacian has σn = 0, in the limit only one γi

will be nonzero, i.e. limλ→0 γn = 1. We also know that the last singular vector is
a constant vector vn,i = c, because L has zero row-sums. Therefore the solution
in each dimension, as λ approaches zero, is a matrix X∗ with rows

X∗
i = vn,i(v

>
n P ) = c2

∑

i=1..n

p>
i . (13)

Since vn is normalized, c2 = 1/n, meaning that the limit value for each smoothed
point x∗

i is the centroid of the point cloud P .
Using the generalized singular value decomposition (GSVD) of (L,D), it can

be shown that for general weights the solution of (4) converges to the weighted

centroid P of P , for which the i-th row is given by

Pi =

(
∑

i

ω2
i p

>
i

)
/
∑

i

ω2
i . (14)
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Fig. 6. Plot of the filter factors γi for λ = 0.6 and the histogram of the distribution of
the singular values of L(n) derived from the COW mesh.

6 Determination of the regularization parameter λ

In this section we provide a method for determining the regularization parameter
λ in equation (4).

6.1 Constraint on the sum of squared errors

Consider the deviation function

φ(λ) = ‖D(X(λ) − P )‖2
F , (15)

where X(λ) = (x1, x2, ..., xn)> is the solution of (4) for a given λ. This function
is just the sum of squared errors (SSE) of the smoothed points xi w.r.t. the
original points pi, i.e. φ(λ) =

∑
i=1..n ω

2
i ‖pi −xi‖2

2. It can be shown that φ(λ) is
a convex and strictly decreasing function [13, chapter 12]. Due to this convexity,
the minimum of (4) is achieved for λ = λ∗, satisfying φ(λ∗) = τ .

6.2 Determination of λ using GSVD

The generalized singular value decomposition of matrices L and D can be used
to find λ∗, but for a large number of points n, it is impractical. In our algorithm
we prefer to compute an approximation of the optimal λ∗, using a rational in-
terpolation scheme, analogous to the one described by Dierckx in [7].

6.3 Determination of λ using rational interpolation

By using rational interpolation to determine λ, as described below, the computa-
tion of the GSVD is not required. It is sufficient to have a least squares solver. In
fact, the solution to the minimization problem (4) for a given λ can be obtained
by solving s independent least squares problems,

min
X(k)

∥∥∥∥
[

L√
λD

]
X(k) −

[
0n×1√
λDP (k)

]∥∥∥∥
2

2

, k = 1..s. (16)

By solving these systems for certain λ values and using rational interpolation on
the corresponding solutions we can find the optimal λ with the desired accuracy.
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In addition, for smoothing purposes, it is not necessary to find λ∗ to full precision.
The function φ(λ) flattens very rapidly and therefore a small deviation from the
optimum will be indistinguishable in visualization applications.

We briefly outline the adopted interpolation scheme, further details can be
found in [7]. The proposed rational interpolation scheme is an iterative method
which starts with three values for λ, λ1, λ2 and λ3, and the corresponding φ
values. We use λ1 = 0 and λ3 = ∞ since we know the SSE-error at these
points. For λ1 = 0 we have φ(λ1) = ‖P − P‖2

F , with P defined in (14). At
λ = ∞ the SSE-error is zero. There exist refined methods for computing an
initial estimate for the optimal λ, like the generalized cross-validation procedure.
However, we want to avoid any computationally expensive methods, therefore
we use the simple estimate for λ∗ borrowed from [14], λ2 = ‖L>L‖F /‖D2‖F .
In practice this estimate is sufficient as the starting value of the interpolation
scheme. Using these three points on the error-curve we compute the rational
interpolating function R(λ) = (uλ + v)/(λ + w), by choosing suitable values

for u, v and w (see figure 7). Requiring R(λ) = τ yields a better estimate λ̃,
which is used in the next iteration. The algorithm terminates when the relative
error |φ(λ̃) − τ |/τ ≤ ξ, where ξ is the tolerance, usually set equal to 1e− 3. All
examples presented in this paper converged in 4 to 8 iterations.

0 0.5 1 1.5 2
0

0.5

1

1.5

2

2.5

3

3.5

l

f
(l

)

l
¥

l
0 l

1

t

R(x)

Fig. 7. SSE graph for the DOUBLE TORUS model with the interpolating R(x)
through initial values and one interpolation step.

7 Solution of the least squares system

7.1 Normal equations

In each rational interpolation iteration we have to solve s least squares systems
(16). In each dimension k we have a different right hand side but the same coef-
ficient matrix, hence the solution for all dimensions can be found simultaneously
provided the factorization of the coefficient matrix is available.

Taking into account the special structure of the systems in (16), it is possible
to implement a fast dedicated QR-factorization algorithm. The matrix L can be
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reordered such that is has a very small bandwidth, resulting in a solver with
almost linear complexity in the number of points n.

In this paper we use general purpose sparse solvers to solve (16). We com-
pared 3 suitable solvers available in Matlab, i.e. sparse QR, UMFPACK and
CHOLMOD. The built-in sparse QR solver in Matlab can be directly applied
to solve (16) while the other two are linear solvers and can be used to solve the
corresponding normal equations, i.e.

(L>L+ λD2)X(k) = L>b + λD2P (k). (17)

In table 8, the three algorithms running in Matlab are compared w.r.t. compu-
tational cost, measured on a P4 2.4 Ghz machine. Cholesky factorization based
solver CHOLMOD appears to be the most efficient. It is a factor 5 to 10 faster
than UMFPACK. Currently CHOLMOD is not part of Matlab 7.0, but will be
included in the future versions.

points speedup vs UMFPACK speedup vs sparse QRtime CHOLMOD

3K 5.1 14.3 0.07s
40K 5.7 22.4 2.34s
44K 6.1 28.7 1.96s
56K 6.6 27.3 3.22s
122K 11.2 49.8 5.70s

Fig. 8. Table of the comparative results of the CHOLMOD solver. The speedup
columns show the speedup-factor of CHOLMOD compared to the other solvers.

7.2 Condition number of the normal system

When solving the normal equations (17) we inevitably loose accuracy, because
the condition number of L>L increases quadratically compared to L. In this
section we derive an upper bound for the condition number of (17) and argue
that in practice the loss of accuracy is acceptable.

Let σi be the singular values of L and assume for the ease of explanation
that D = I. Then the singular values of L′ = L>L + λI are σ2

i + λ. This gives
the condition number

cond(L′) =
σ2

1 + λ

σ2
n + λ

= 1 +
σ2

1

λ
, (18)

because σn = 0. From the matrix theory it is known that

σ2
1 ≤


max

i

∑

j

|Lij |



(

max
j

∑

i

|Lij |
)
. (19)
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When using normalized Laplacian matrices, the row sum equals 2 and the max-
imal column sum depends on the maximal valency of the mesh. In practice the
maximal column sum is limited, for all tested meshes we found σ2 ≤ 4. Obvi-
ously, the condition goes to infinity as λ approaches zero. However in practice,
λ is of the order λ = 1e− 2 to 1e− 3. In this case the loss of about 4 significant
digits in the smoothed solution is acceptable.

8 Results

In figure 9, L(n)-smoothing is applied to a DOUBLE TORUS mesh (1K points)
with some random noise. In figure 10 we apply smoothing to a real world ex-
ample, laser scanned mesh of a sheet metal part with 56K points. The natural
boundary of the model is kept fixed (figure 10(b)). The interpolation at the
boundary vertices is achieved by assigning infinite weights, resulting in the elim-
ination of the corresponding rows in the least squares system (16).

The smoothing method can be applied to curve networks as illustrated in
figure 11. The polygonal curves in 11(a) represent the noisy edges of a cube,
placed on top of a cylinder. The smoothed version with fixed corner points is
shown in figure 11(b). Note that the curve network consists of disconnected
components.

In figure 12 we compare the results obtained with L(f) and L(n) smoothing
of the DRAGON HEAD point cloud with 30K points. For both methods we use
a smoothing factor τ = 0.01, which is approximately 6% of the bounding box
diagonal. For the DRAGON HEAD point cloud, both methods converge in 3 to
4 iterations in less than 10 seconds.

Figure 13 compares the smoothing spline approximation of a closed polygonal
curve of Escher’s LIZARD (in grey) with L(n) and L(f)-smoothing. In figures
13(a)-13(c) the smoothing factor τ is the same, meaning that, when measured at
the parameter values for the smoothing spline and the polygon vertices for L(n)

and L(f)-smoothing, the SSE for the three figures is equal. For the LIZARD we
applied area preserving smoothing approach by rescaling the smoothed points,
as suggested in [3].

Finally, figure 14 illustrates the L(κ) smoothing applied on a noisy, non-
uniformly sampled Fermat’s spiral, for different values of λ.

9 Conclusion

We presented an algorithm for smoothing of meshes and point clouds inspired on
one hand by the geometry-aware bases, and on the other hand by the smoothing
spline approach. The results indicate that the presented method is suitable both
for denoising and for modeling, where we need a smooth approximation, not
deviating too much from the original data.

One of the advantages of the presented smoothing algorithm is that, once
the Laplacian matrix is available, the solution can be computed very efficiently
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(a) (b)

Fig. 9. Smoothing of a noisy double torus using the normalized Laplacian: (a) the
original DOUBLE TORUS model corrupted by noise; (b) after smoothing, λ = 6.42e−
2, and 7 iterations.

(a) (b) (c)

Fig. 10. (a) The original scanned noisy mesh of a sheet metal part; (b) L(n)-smoothed
version; (c) difference of the original and smoothed meshes

(a) (b)

Fig. 11. (a) original noisy curve network (b) result of L(n)-smoothing, with 8 fixed
vertices.
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(a) (b) (c)

Fig. 12. (a) visualization of the original dragon point cloud (30K points); (b) smoothed
version using L(n); (c) smoothing using L(f), σh = 1e − 7, σf = 0.5.

(a) (b) (c)

Fig. 13. Smoothing of the Escher’s lizard given as a polygon: (a) smoothing spline of
degree 3 with 40 knots, using the smoothing criterion of Dierckx; (b) L(n)-smoothing;
(c) L(f)-smoothing, σf = 0.5.

(a) (b) (c) (d) (e)

Fig. 14. (a) Fermat’s spiral with polar equation r2 = θ with noise (b) smoothing using
L(κ), with λ = 1.8e3 (c) λ = 9.1e1 (d) λ = 5.5e − 2 (e) λ = 2.8e − 3.
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using present-day, widely available sparse linear solvers, e.g. available in Matlab.
The method provides a global deviation condition and is guaranteed to converge
for any smoothing factor τ . The method is applicable to very general inputs,
essentially data points with neighborhood information. Because of its connection
to Tikhonov regularization, the method can be viewed as a filter in the space
of the right singular vectors corresponding to the generalized singular values.
The normalized version of the Laplacian often performs well in practice. It is
the easiest version to compute and yields well-conditioned normal equations. We
also showed that it is possible to weight the Laplacian, such that it mimics the
curvature flow approach, or preserves features.

Shrinkage is a common problem of many smoothing algorithms. The pre-
sented algorithm also suffers from shrinkage. However, if desired, volume preser-
vation can be guaranteed by a simple rescaling of the vertices.

Interestingly, when appropriate boundary conditions are imposed and the
regularization parameter λ is varied, the resulting family of shapes can be seen
as a smooth continuous interpolation between the original data and its parame-
terization. In figure 14, for example, the spiral converges to its parameterization
on a straight line.

In the future, it would be interesting to investigate smoothing under the
max-norm error metric, because in some applications it is desirable to limit the
maximal deviation of the smooth approximation.
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