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Abstract

In this paper, we will compare the convergence properties of three
basic reduction methods, by placing them in a general framework. It
covers the reduction to tridiagonal, semiseparable and semiseparable
plus diagonal form. These reductions are often used as the first
step in the computation of the eigenvalues and/or eigenvectors of
arbitrary matrices. In this way, the calculation of the eigenvalues
using, for example, the QQ R-algorithm reduces in complexity.

First we will investigate the convergence properties of these three
reduction algorithms. It will be shown that for the partially reduced
matrices at step k of any of these reduction algorithms, the lower
right k& x k (already reduced) sub-block will have the Lanczos-Ritz
values, w.r.t. a certain starting vector. It will also be shown that
the reductions to semiseparable and to semiseparable plus diagonal
form have an extra convergence behavior: a special type of subspace
iteration is performed on the lower right k x k submatrix, which
contains these Ritz-values.

Secondly we look in more detail at the behavior of the involved
subspace iteration. It will be shown that the reduction method can
be interpreted as a nested type of multi-shift iteration. Theoretical
results will be presented, making it possible to predict the conver-
gence behavior of these reduction algorithms. Also a theoretical
bound on the convergence rate is presented.

Finally we illustrate by means of numerical examples, how it is
possible to tune the convergence behavior such that it becomes a
powerful tool for certain applications.

Keywords : orthogonal similarity reductions, tridiagonal, semiseparable, semisep-
arable plus diagonal, Lanczos-Ritz values, multi-shift, subspace iteration
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Abstract

In this paper, we will compare the convergence properties of three basic reduction methods, by plac-
ing them in a general framework. It covers the reduction to tridiagonal, semiseparable and semiseparable
plus diagonal form. These reductions are often used as the first step in the computation of the eigenval-
ues and/or eigenvectors of arbitrary matrices. In this way, the calculation of the eigenvalues using, for
example, the QR-algorithm reduces in complexity.

First we will investigate the convergence properties of these three reduction algorithms. It will be
shown that for the partially reduced matrices at step k of any of these reduction algorithms, the lower
right k x k (already reduced) sub-block will have the Lanczos-Ritz values, w.r.t. a certain starting vector.
It will also be shown that the reductions to semiseparable and to semiseparable plus diagonal form have
an extra convergence behavior: a special type of subspace iteration is performed on the lower right k x k
submatrix, which contains these Ritz-values.

Secondly we look in more detail at the behavior of the involved subspace iteration. It will be shown
that the reduction method can be interpreted as a nested type of multi-shift iteration. Theoretical results
will be presented, making it possible to predict the convergence behavior of these reduction algorithms.
Also a theoretical bound on the convergence rate is presented.

Finally we illustrate by means of numerical examples, how it is possible to tune the convergence
behavior such that it can become a powerful tool for certain applications.

Keywords: orthogonal similarity reductions, tridiagonal, semiseparable, semiseparable plus
diagonal, Lanczos-Ritz values, multi-shift, subspace iteration

1 Introduction

Recently, two new reduction algorithms were proposed for reducing arbitrary symmetric matrices via or-
thogonal similarity transformations to semiseparable and semiseparable plus diagonal form [1, 2]. These
reductions are closely related with the tridiagonalization algorithm of a symmetric matrix [3, 4]. In compu-
tational complexity, they only differ with a factor O(n?) w.r.t. the latter algorithm. This O(n?) factor (9n>
and 10n? for the reduction to semiseparable and semiseparable plus diagonal form respectively), is due to
the fact that inside the reduction algorithm, some kind of chasing is performed to chase the semiseparable
structure downwards.

*The research was partially supported by the Research Council K.U.Leuven, projects OT/00/16 (SLAP: Structured Linear Algebra
Package), OT/05/40 (Large rank structured matrix computations), by the Fund for Scientific Research-Flanders (Belgium), projects
G.0078.01 (SMA: Structured Matrices and their Applications), G.0176.02 (ANCILA: Asymptotic aNalysis of the Convergence be-
havior of Iterative methods in numerical Linear Algebra), G.0184.02 (CORFU: Constructive study of Orthogonal Functions) and
G.0455.0 (RHPH: Riemann-Hilbert problems, random matrices and Padé-Hermite approximation), and by the Belgian Programme
on Interuniversity Poles of Attraction, initiated by the Belgian State, Prime Minister’s Office for Science, Technology and Culture,
project IUAPV-22 (Dynamical Systems and Control: Computation, Identification & Modelling) The research of the second author was
partially supported by MIUR, grant number 2004015437, by the short term mobility program, Consiglio Nazionale delle Ricerche
and by VII Programma Esecutivo di Collaborazione Scientifica Italia—Comunita Francese del Belgio, 2005-2006. The scientific
responsibility rests with the authors.



It is proved in [1], that this chasing step can be interpreted as a nested QL-iteration without shift on the
original matrix. This gives the advantage, that the reduction algorithm, might reveal the largest eigenvalues
in the spectrum of the reduced matrix. This application, the so-called Rank Revealing property, is used for
example in [5, 6]. Combined with an effective implementation for computing the eigenvalues of semisep-
arable matrices [7, 8, 9, 10], one can use this reduction algorithm to compute the spectrum of an arbitrary
symmetric matrix.

In [2] a method was presented for reducing a symmetric matrix into a similar semiseparable plus diag-
onal one. This reduction offered the possibility to freely choose the diagonal used in the reduction scheme.
It was shown that the choice of the diagonal heavily determined the convergence behavior of the reduction
algorithm. Also for the class of semiseparable plus diagonal matrices, several algorithms exist to compute
the eigendecomposition. For example divide and conquer methods [7, 8], and QR-algorithms [11].

In this paper we will investigate in detail the reduction to semiseparable plus diagonal form. First we
will show that the reduction to semiseparable, and the reduction to tridiagonal can be seen as special cases
of the reduction to semiseparable plus diagonal form. We will prove that one can interpret the reduction
to tridiagonal form as a reduction to a semiseparable plus diagonal matrix with the diagonal equal to —oo.
Secondly we will investigate the convergence behavior of all three reduction algorithms. We will prove
that all three algorithms have as eigenvalues in the already reduced lower right block the Lanczos-Ritz
values. Moreover the reduction to semiseparable plus diagonal form, has an extra convergence behavior,
which we can interpret as a nested multi-shift iteration on the original (untransformed) matrix. Having
some information on the clusters of the spectrum of the matrix, the diagonal can be chosen in order to
enforce the convergence to different clusters. Finally we combine both convergence behaviors, and prove
that the multi-shift subspace iteration will start converging as soon as the Lanczos-Ritz values approximate
well enough the dominant eigenvalues w.r.t. the multi-shift iteration.

The paper is organized as follows. In Section 2, we repeat briefly the reduction algorithm to semisepa-
rable plus diagonal form and we show that the other two orthogonal similarity transformations are special
cases of this reduction. In Section 3, we briefly prove two convergence behaviors, namely the Lanczos-Ritz
value convergence and the subspace iteration. As the subspace iteration as presented in this section does
not explain the convergence properties of the reduction algorithm in an appealing manner, we investigate
it in more detail in Section 4. We prove that the subspace iteration can be interpreted, such that a nested
multi-shift iteration is performed on the original unreduced matrix. Section 5 investigates the combined
behavior between the two convergence properties. The speed of convergence of this nested multi-shift QL-
iteration is examined in Section 6. In the numerical experiments of Section 7, the behavior of the reduction
algorithm with respect to the theorems in this paper is investigated.

2 The reduction algorithms

As already mentioned in the abstract and the introduction of the paper, we will consider here three types
of orthogonal similarity reductions, namely the reduction to tridiagonal, semiseparable and semiseparable
plus diagonal form.

In this section we will show that the reduction to semiseparable plus diagonal form is the most general
one. The reduction to semiseparable and the reduction to tridiagonal form can be seen as special cases of
this reduction.

First we will briefly repeat the definition of a semiseparable matrix:

Definition 1. A matrix S is called a semiseparable matrix if all submatrices which can be taken out of the
lower and upper triangular part of the matrix S, including the diagonal, have rank < 1.

Actually, this is the class of semiseparable matrices of semiseparability rank 1 (More information about
higher order semiseparable matrices can be found for example in [12, 13]). The inverse of a nonsingular
semiseparable matrix is a tridiagonal matrix. Hence, there is a close relation between all the presented
reduction algorithms.

Theorem 1. Let A be a real symmetric matrix and dy,...,d, n arbitrary real numbers. Then there exists
an orthogonal matrix U such that
UTAU =S+D,



where S is a semiseparable matrix and D is a diagonal matrix containing the numbers dy, ... ,d, as diagonal
elements.

Proof. The proof is by finite induction and constructive. We illustrate it on a 5 x 5 example, as the more
general case is completely similar.

Let us introduce some notation. In the proof, arbitrary elements in the matrix are denoted with the x
and + sign. If an element changes, symbolically we change the symbol from x to + or vice versa. The
elements surrounded by O denote the elements that will be annihilated by an orthogonal transformation
and the elements surrounded by [ denote the elements which already satisfy the semiseparable structure.

Before starting the reduction procedure, to reduce the matrix A to the desired semiseparable plus diag-
onal form, we can always perform an initial orthogonal similarity transformation Qg: A = Qg AQp. This
transformation is not essential for obtaining the final semiseparable plus diagonal structure, but it does
influence the convergence behavior as we will show later on.

Let us denote our matrices at the beginning of step k of the algorithm by AW = Af)k). If an orthogonal

similarity transformation is performed on the matrix Al(k) the subindex !/ is increased with 1: Al(ljr)l. The
idea is, to add in every step of the algorithm, one more row and column to the semiseparable plus diagonal

structure.

e Step 1: In this first step we will make the last two rows and columns of the matrix of semiseparable
plus diagonal form. In every subsequent step we will add one more row and column to this structure.

)

So let us start with the matrix A = A1) = Ay, and let us annihilate the elements marked in the last

row and column, by performing a similarity Householder transformation H @ For the orthogonal
similarity transformations we use the same notation, the superscript i denotes in which step of the
algorithm we are, and the subscript j denotes that this is the jth orthogonal similarity transformation
performed on the matrix AU The Householder transformations are denoted by H, while the Givens

transformations are denoted by G.

® X X X X
® X X X X
® X X X X
X X X X X
XX Q®®
o X X X X
O X X X X
O X X X X
X X X X X
X X © OO

Before performing the next similarity transformation, which will make the last two rows and columns
dependent, we have to extract some diagonal elements out of the matrix Agl). The matrix Ai” is
written now as the sum of matrix and a diagonal matrix (it is essential that both the diagonal elements

are equal to dy):

X
X
A(ll) = X
X
0

O X X X X
X 4+ X X X
4+ X oo o
_|_
o

I
ol
_|_
.—b/\

Determining now the Givens transformation Gél) , such that applying it on the right to A(ll) (without

application on the left) annihilates the element in position (5,4) of the matrix Ag b, Applying Gél) asa



(1)

similarity transformation on the matrix Al gives us the following transformation (More information
on this type of transformations can be found in [2, 1]).

x x x x 0 x x x K K
x x x x 0 x x x XK K
X x x x 0 Gél) AII)G“) x x x X K
X X X 4+ X - N X K X K
0O 0 0 x + X X X XK K

)

AV G ATG )

Applying now this similarity transformation (with G(Zl)) to the matrix A<11) instead of Agl) we get the

T
following matrix G<21) AEI)GS) = Aél) = A(()2):

X X
X X
AP = X K
X X

d

KK X X X
XX X X X
XX X X X

X

X

dy

One can see that the Givens transformations can be shifted through the diagonal matrix, as the Givens
is performed on the last two rows and columns and the diagonal is a multiple of the identity in this

block. We rewrite the matrix Agf) now in the following form :

XK X X X
XX X X X
XX X X X
XXX KX
XXX KX
+
(e}

)

= AP +DY.
This completes the first step in the proof. We have now two dependent rows (in the lower triangular
part) and the diagonal elements corresponding to these two rows are d; and d>. This means that the
last two rows of this matrix satisfy already the semiseparable plus diagonal structure. The remainder
of the proof proceeds by induction.

Step k: Assume that the last k rows of the matrix AK) = A(()k) are already in semiseparable plus

diagonal form and the corresponding diagonal elements are dj,...,d;. We will add now one row to
this structure such that A1) has k+ 1 rows satisfying the structure and the corresponding diagonal
elements are dy,...,dr+1. For simplicity we assume here k = 3 in our example. Our matrix is

therefore of the following form:

X
X
AP = | w
x
x

XXX X X
XX XXKX
R XX KX
R X XK
+
S

)

In a similar way as in step 1 we introduce some zeros in the structure by applying a similarity
Householder transformation H 1(3) to the first two rows and columns. We remark that applying this

transformation does not affect the diagonal matrix as the first two rows and columns of the diagonal



matrix D(()3) equal zero. Therefore we only demonstrate this similarity transformation on the matrix

Agf). (Because of the semiseparable structure, zeros are created in the complete first column.)

X X @ 8 ®& x x 0 0 O

x x XM K KX x x X XK K
T .

» 8 8 ® K | HYAPHY | 0 ® & ® K

® R R K KR| — |0 RKRKRK

® N K K K 0 N ¥ K K

T
This transformation is applied to the matrix AE)3> which gives us: H 1(3) A(()3)H1<3> = A(1

rewritten as the sum of a new semiseparable matrix A?) and a new diagonal D?).

3) and which is

0
AP =

d>
d3

d

d>

KRXKXeo XNXKXKX o

KRXXKXo KNKKXKX o

XX Xo KKKKX o
o

COoOOX X 0O X X
XXX+ x KKKXKX X

d3
).

—_
)

= A%4p

The first upper left two nonzero elements of the diagonal matrix are chosen equal to each other. In

this way we can shift again the next Givens transformation through this matrix. Consecutively we

use the matrix A(13) to determine the next Givens transformation G?). The Givens G§3> is constructed

in such a way that performing it on the right of A?) annihilates the element in position (3,2). The

similarity transformation, will therefore transform the matrix A?) in the following way:

x x 0 0 O x K X 0 O
x + ¥ B K , X 8 8 0 0
08 8 X R | VA% | ® 8 &8 & X
08 R W KR| — ~ [00&8 XK
0 B B X K 0 0 ¥ K K

More information on this procedure can be found in [1, 2]. Applying this transformation to the

matrix A?) and rewriting the matrix, results into:

d
AP =
d>

d3

d

da

CoXXX coXKXKX
KXEXX XXKXKX X

XKoo KMo
KXKoo KKK
o

CORK X oo XX X

)

Il
2>
52
_|_
S
ST



In a similar way transformation G?) is determined such that we have the following equations for the

matrix Ag3), which is rewritten such that the diagonal elements subject to the next Givens transfor-

mation are equal to each other.

x B K R 0 0
X & 8 K 0 d,
A = | R R R R O |+ dy
¥ ¥ K K K d
0 0 0 B K ds
x 8 B ® 0 0
X ® K K 0 d,
- | M R R KR O |+ d
N B 8 8 X ds
0 0 0 B K ds
— AP 4P

Applying the last transformation Gf) gives us the desired result Af) which completes step k in the

iterative procedure.

x B B B K 0
N B KK K d,
A = | R R R R K|+ dy
¥ ¥ K K K ds
X ¥ K K K ds
x B 8 B K 0
¥ B K K K d,
- | R R R R R |+ d
N ¥ K K K ds
N K K K B dy
= AY+D)). (1)

To obtain the complete semiseparable matrix for this example one has to perform one extra chasing step.
O

More information concerning accuracy and the number of involved operations can be found in [2]. We
will now prove the existence of the reductions to semiseparable and to tridiagonal form as being two special
cases of the previous reduction.

Theorem 2. Let A be a real symmetric matrix. Then there exists an orthogonal matrix U such that
UTAU =,
where S is a semiseparable matrix.

Proof. The proof can be found in [1]. We will prove it here based on the previous theorem.

Using Theorem 1, we know that we can reduce any symmetric matrix into a similar semiseparable plus
diagonal one, with a free choice of the diagonal. Taking the diagonal equal to zero, states that we can
reduce any symmetric matrix into a similar semiseparable one. O

The orthogonal similarity transformation of a symmetric matrix to tridiagonal form is a basic tool and
can be found in several books [3, 14, 4].

Theorem 3. Let A be a real symmetric matrix. Then there exists an orthogonal matrix U such that
UTAU =T,

where T is a tridiagonal matrix.



Proof. Considering the proof of Theorem 1, we see that after each Householder transformation in step
k a chasing technique involving k Givens transformations is applied. Replacing now all these Givens
transformations by a special Givens transformation, namely the identity, we see that the resulting matrix is
not semiseparable but tridiagonal. O

It is clear that the reduction to semiseparable plus diagonal is the most general one, while the two other
transformations, are special cases. In fact we have even more, we can see the reduction to tridiagonal form
as the reduction to semiseparable form with all the diagonal elements equal to —oo.

Theorem 4. The orthogonal similarity reduction to tridiagonal form, can be seen as the orthogonal simi-
larity reduction to semiseparable plus diagonal form, where we choose the diagonal equal to —oo.

Proof. If we prove that the performed Givens transformations in this case equal the identity matrices, we
know that the resulting matrix will be of tridiagonal form.
Let us define a Givens transformation as follows:

(5 0)0)-0)

ro= Ve
c = y/n
s = —x/r.

Where c, s and r are defined as:

The c and s are respectively the cosine and sine of a specific angle.

Assume we would like to obtain a semiseparable plus diagonal matrix with diagonal —€. This means
that we have to perform the following Givens transformations, in the chasing technique, on the right to
annihilate the element x, where y + € is the diagonal element:

(5 )Gie)=(7)

VX O+e)?,

With the elements defined as

c = (y+e)/n
s = —x/r.

Taking the limit now for € — oo leads to the Givens transformation equal to the identity.
1 _
lim <(y+e) x ) _(10)
e~ \ /24 (y+¢)2 x  (v+e) 0 1

We remark, that this previous theorem implies that we can construct for every tridiagonal matrix a
sequence of semiseparable plus diagonal matrices converging to this tridiagonal matrix. This implies that
the class of semiseparable plus diagonal matrices is not pointwise closed. We briefly illustrate this with a
symmetric three by three matrix.

O

a b 1 0 0 0 a b
lim b ed d |+ 0 c—ebd 0 = b ¢ d
TTN\L g e 0o 0 0 d e

The sequence of matrices on the left are all semiseparable plus diagonal matrices, and their limit is
tridiagonal.



3 The convergence properties

In this section we will investigate two types of convergence properties, related to the orthogonal similarity
transformations: the Lanczos convergence behavior and the subspace iteration.

3.1 The Lanczos-Ritz values

It is well-known that the reduction to tridiagonal form has the Lanczos-Ritz values in the lower right k x k
block of the tridiagonal matrix 7). Moreover we know by [15], that also the intermediate semiseparable
and the intermediate semiseparable plus diagonal matrices inherit this behavior. We will however briefly
state the results.

Suppose, we have a matrix A0 = A, which is transformed via an initial orthogonal similarity trans-
formation into the matrix A1) = Qg A© Q). Denote by O, the product of all orthogonal transformations
used at the mth step of the reduction algorithm to either tridiagonal, semiseparable or semiseparable plus
diagonal form. This means: A®) = QTA(NQ;, A®) = 9T A)Q,, .. .. Hence, the orthogonal transformation
to go from A to A1) 5 0,,. With Qg the orthogonal matrix equal to the product QpQ1...Q,, is
denoted. This means that

Almt1) Q,ZA(m)Qm

Lol _\...0100AQQ ...0n-10m
= Qb.nAQom.

The matrix A1) is of the following form:

Am+1 X
X Rt

where R, stands for that part of the matrix of dimension (m+ 1) X (m+ 1) which is already transformed
to the appropriate form, e.g., tridiagonal, semiseparable or semiseparable plus diagonal. The matrix A,
is of dimension (n —m — 1) X (n —m — 1). matrices.

The eigenvalues of R, are called the Ritz values of A with respect to the subspace spanned by the
columns of Qo (€n_m, - .., en) (see e.g. [4]).

Suppose we have now the Krylov subspace of order m 4 1 with initial vector v:

Kim+1(A,v) = (v A,..., A"™V)

Remark 1. For simplicity, we assume in this paper that the Krylov subspaces we are working with are
not invariant, i.e. that for every m: ,u(A,v) # Km+1(A,v), where m = 1,2,...,n— 1. The special case of
invariant subspaces can be dealt with in a completely similar way (see [15]).

If the columns of the matrix Qo.u(€n—m,.-.,en) form an orthonormal basis of the Krylov subspace
Km+1(A,v), then we say that the eigenvalues of R, are the Lanczos-Ritz (Arnoldi in the nonsymmetric
case) values of A with respect to the initial vector v.

We can now formulate the following theorem:

Theorem 5. Let A be a symmetric matrix and U is the orthogonal matrix (from Theorem 1,2 or 3) such
that
UTAU =B,

where B is either a tridiagonal, semiseparable or semiseparable plus diagonal matrix.
If we consider the reduction algorithms like in the proofs of Theorem 1,2 or 3, the intermediate matrices
at step m of the reduction have as eigenvalues of the lower right m x m block the Lanczos-Ritz values w.r.t.

Qoey.

'With (a,b,c) we denote the subspace spanned by the vectors a,b and c.




Proof. We will not prove this statement for the tridiagonal matrices, as this is a well-known, and classical
results (see e.g. [3]). Taking a closer look at the algorithms from the proofs of Theorems 1 and 2, we see
that these latter two orthogonal similarity transformations, perform always a chasing step after performing
the Householder transformation. This chasing step is applied on the lower right k£ X k block. In fact an
orthogonal similarity transformation is performed on the lower right block, and hence it does not change
the eigenvalues of this block. The eigenvalues of this block are in fact essentially the same eigenvalues
as the ones coming from the reduction to tridiagonal form, as all three reduction methods use exactly the
same (up to the sign) Householder transformations. O

3.2 A nested subspace iteration

The reduction to semiseparable and to semiseparable plus diagonal form performs more operations than
the corresponding reduction to tridiagonal form. More precisely, at every step m of the reduction algorithm
m extra Givens transformations are performed. These extra Givens transformations create the “nested
subspace iteration” behavior. In this section we will investigate more in detail what is meant by this
behavior.

The nested subspace iteration, connected to the orthogonal similarity transformation of a matrix to
semiseparable form was investigated in [1]. As proved before, the reduction to semiseparable form is a
special case of the reduction to semiseparable plus diagonal form, therefore its convergence behavior is
also a special case of the more general convergence behavior. Hence, we will derive the nested subspace
iteration, related to the transformation into semiseparable plus diagonal form and afterwards translate this
to the reduction to semiseparable and the reduction to tridiagonal form.

Denote by D) the diagonal matrix of dimension n, with the lower right m diagonal elements equal to
[di,da,. .. dy)].

When looking at the first step of the reduction algorithm, we can state that:

0rAQy =AM = 0,(Q7aM)
= 0i(0] (D +5My)

0 X ... x|0
= o |of - +] - P
X x| 0
X x | x
Multiplying both sides of the former equality to the right by (e,) leads to
A(l)<en> :dlln<en>+Q1<en> 2

= (A —dil,)(en) = O1(en) = (1)
with qﬁ,” the last column of Q. We assume that the lower-right element in the matrix QlTS () is different
from zero, otherwise d; would be an eigenvalue, and e,, would be an eigenvector. This brings us to the case
of invariant subspaces, which is in fact good news. We will however not go into these details and assume,
throughout the remainder of the text, that the subspaces we work with are not invariant. The invariant case
naturally splits up in blocks, and the blocks can be dealt with completely similar as in the remainder of the
paper.
To complete the first step of the algorithm, the following transformation is performed:

AP =0faWg,.

This can be interpreted as a transformation of the basis used: when transforming a vector y in the old

basis into QlTy in the new basis, then A1) will become A?) = QlTA(l)Ql in the new basis. The vector qﬁ,l)

becomes Q{qﬁll) = ¢, and hence, because of Equation (2), (A(") —d;1,)(e,) becomes (e,,). This means that
the subspace (e,) we are working on stays the same, only the matrix we use changes.



Looking now at the mth step, m = 2,...,n— 1, of the reduction algorithm, we get:

A = Q,(QhA™)
= Qu(Qn (D™ +5M))
0 X ... x|0 ... 0
B - 0 x . x|0 .. 0
= Om m d + X ... o x|x .. 0
dn X o XX e X

Multiplying both sides of the latter equality to the right by <e,,,(m, 1)s@n—(m=2)» - > €n—1,€n) leads to

A<m) <en7(m71) ’ enf(m72)7 ce aen> =
pm <en—(m71) 2 €n—(m—2)s- - - sen) +Om <en7(m71)7en7(m72)7 cesln).

This implies that

(A<m) - D(m))<en7(m71)7 s ,€n> = <q£,rﬁ)<m_1)7 s ,qum)% 3
with qgm) the ith column of Q,,. The left-hand side can be rewritten as
(A(m) - D<m))<en7(m71)7en7(m72)7 s ,€n>
= ((A"-D"e,_ (1), (A=D")ey_(y2), ..., (A"=D™)ey)
= <(A(m>_ dlln)enf(mflﬁ (A(m)_ dZIn)enf(mf2)v sy (A<m)_ dmln)en>-
Hence, the completion of each mth step (m =2,...,n—1):

can also be considered as a change of coordinate system: transform any vector y of the old system into Q7y
for the new system. Then A ") will be transformed into A"*1) and the subspace (qf:f)(m_w , qi’f)(m_z), g™y

of (3) will become

QZ;(‘],(;f)(m,l),qgﬁ)(m,z), s ,CISLm)> = <en—(m—1)aen—(m—2)a s 7en>'

Therefore, at each step the basis remains the same but the matrix used changes. It is called a nested
subspace iteration because the subspace involved increases in each step of the algorithm.

The subspace iteration involved for the semiseparable reduction is just a regular subspace iteration
without the shift (see e.g. [1]), as the chasing technique is not involved in the tridiagonal case, no subspace
iteration is involved for the tridiagonal matrices. In the next section, we will investigate in more detail the
resulting convergence behavior, subject to this subspace iteration.

4 More on the subspace iteration

In this section we will give some theoretical results which might help us to choose the diagonal in the
reduction to semiseparable plus diagonal form in such a way that we can tune the convergence behavior.
In the last section numerical experiments are given to illustrate these results. The results we will give here
are based on the convergence properties of a generic GR-algorithm as derived in [16, 17].

10



4.1 The reduction as a nested multi-shift iteration

In this section we will rewrite the subspace iteration as presented in the previous section, such that it can
be interpreted as a nested multi-shift iteration.

Related to the diagonal elements d;, used in the reduction algorithm we define the following monic
polynomials p;(A) = A — d;. The monic polynomial p;(A) of degree i represents a multiplication of all the
polynomials p;,...,py, i.e.

piA) = piM)pici(N)...p1(A)
= (e—d)(e—di)...(\—dy).

Moreover we also need partial combinations of these polynomials. Define the polynomials p.;(A) with
(j > i) in the following way:

piiA) = pijAM)pji—1(A)...pi(R).

Note that p;(A) = p;.1 (L) and assume py = po.o = 1.
Let us prove now the following theorem, which rewrites the subspace iteration behavior in terms of the
original matrix. This theorem is an extension of Lemma 3.1 in [12].

Theorem 6. Let us use the notation as defined before. At step m = 1,2,...,n— 1 of the algorithm we have
for everyn > k > n—m, that (denoten =k —n+m)

Qounlers ) = Pa(A) " Pt (AL Diomemn st (AL Bt (A) £,

where the vectors fk(m) are defined as follows. For every m, f,Em) =ey. Forn>k>n—m, withn=k—n+m:

m m—1) A m—1 A m—1
f/f )6 <f[§ >7p1’]:1’](A)fk(+1 )aa'“apmfl:n(A)er )>a

and the vector f,Er,nzn equals Qo.men—m and is hence orthogonal to the subspace

DAY 1 P2 AV L By (AL B2 (A) £,
Proof. We will prove the theorem by induction on m.

e Step m = 0: We will prove that for every n > k > n— 0 (i.e. k = n) the following holds:

Qo:0(en) = <fr50)>-

This is straightforward, by choosing f,EO) equal to the last column of Qp.g. We remark that Q.o is an
initial transformation, which in fact does not explicitly needs to be applied on the matrix A, to reduce
it to semiseparable plus diagonal form. In the reduction method we proposed Qo.0 = I and hence

frEO) = én.

e Step m = 1: Before starting the induction procedure on m, we will demonstrate the case m = 1. We
have to prove two things: for k = n:

Quilen) = (A—diD)(£")
prAY ()

and fork=n—1:
Q0:1<en—1aen> = <f,517)17<A_d11)frEl)>
(P ).

We will first prove that the equation holds for k = n.

11



When the transformation Q; used at the first step, is only applied on the rows, the matrix A(!) =
0l vAQu. is transformed into:

ofa®M = ol(pM 45y =Tp) 4 1)
0 0 X x 10
= of : + ¢ S, 4)
00 x ... x|0
0 0]d X x | x

with all the elements of the strictly upper-triangular part of the last column of LY zero.
Hence, combining Equation (4) with

ofA" = 9 (0f4A000) = 01400
implies that

AQo.0 — QoD = Qo LW, (5)

Multiplying both sides of Equation (5) to the right by (e,,) and using the knowledge for m = 0, leads
to:

(AQ00 — Qo:0D™M) (en) = (Qo:1L™M) (en) = Qu:1 {en)
= (AQo.0 — Qo:0dil)(en)

(A dll)Q00<en>

(A—din) (i)
= AAA) =p)n"),

with fn fnl This completes the case k = n. Using this equation, the case k = n — 1 is straight-
forward. Taking fn 1 = Qo:1€,—1 immediately leads to:

Q0:1<enflaen> = <f,El,)l,PA1(A)fn(1)>

Moreover, we also have that f,gl)] is orthogonal to p;(A) f,El) .

e Step m: We will prove now the general formulation, assuming that the case m — 1 holds for every
n>k>n—m—1. So we know that for every n > k > n—m — 1, the following equation is true
(denotem =k —n+m) 2,

Q0:m—1 <€k, en> =

m—l)’ ~-aﬁm71:n(A)f( >

A~ m—1) A m—1 A
Pt (AL (AL, Bt (A) ]

To prove the case m, we will distinguish two cases, namely n >k >n—mand k =n—m.

2Remark that the definition of 1 is slightly different than the one from the theorem, this is done to obtain the final formulation in
the correct form.
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We start with the case n > k > n —m, in a similar way as for m = 1. When the transformation Q,,
used at the mth step, is only applied on the rows, the matrix A is transformed into:

oram — of'(ptm 4 stmy = @' pm 4 )
0 X x| 0 0
7 0 X x| 0 0
= On di T x | x o [0 ©
d,, X ... X | X ... X

with all the elements of the strictly upper-triangular part of the last m columns of L™ zero.

Hence, combining Equation (6) with
WA= 0L(0f 1AQom-1) = QfnAQum-1
implies that
AQoin-1 = Qo1 D™ = QL. (7)
Multiplying now Equation (7) on the right by (e, ..., e,) leads to:

(AQO:m—l - QO:m—1D<m))<eka e 7en> = (QO:;nL(m))<eka e aen> = Qo:m <ek7 . 7en>
<(AQ():m71 - QO:mle(m))eka CE) (AQO:mfl - QO:mle(m))en>
<(A_an)Q():mfleka---y(A_dmI)QO:mflen>- (8)

We know by induction, that for every k, with k < j < n the following equation is true (denote 1 ; =
j—n+m):

Q0:m—1 <ej7 s aen> =
N 1) 4 -1 R -1
=t A payin, AT o B, (A7),
So we can write:
Quun-1(ej) = pr,-1(A) (")
where f}m) is a suitably chosen vector such that

fj(m) € <f;m71)7ﬁnj:ﬂj(A)fJ(:7:171)77“’aﬁm—1:1’]j(A)f15m7])>~

Using now this relation for every vector Qp.,—1€; in Equation (8), we get the following relations:

(A—dnI)Qom-1€k;- - (A—dul) Qo.m—1€n)
= ((A—dnD)po 1 (AL, (A=dl) o, 1 (A) ™),
(Do A", Po, (A ™),
Al ™ Bt Ao Bionimn st (AL o Bt (A ™).

Proving thereby the theorem for k > n — m. The case k = n — m is again straightforward by defining
frETZn as Qo:men—m-

O
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This means that at step m of the reduction algorithm we perform for every n > k > n — m a multi-shift

iteration on the subspace ( f,gm), R f,gm>>. This is called a nested type of multi-shift iteration. Under mild
assumptions we will therefore get a similar convergence behavior as in the multi-shift case. Before giving
some reformulations of Theorem 6. We will give a first intuitive interpretation to this convergence behavior.
Let us write down for some k, the different formulas

Qomlen) = (Pu(A)fi") ©)
QO:m<en—laen> = <ﬁm—l(A)f,£T)17pAm(A)frgm)> (10)
QO:m<en—2>en—17en> = <ﬁm—2(A)f,ET>2>ﬁm—l(A)f,gnj)lyﬁm(A)erm)>

We will assume, for simplicity reasons, that the vectors f,fm) do not have a significant influence on the
convergence behavior. This means that they do not have a small or zero component in the direction we
want them to converge too. Further on in the text we will investigate in more detail the influence of these

vectors fk(m), w.r.t. the convergence speed. Under this assumption, according to Equation (9), the last vector
of Qo will converge (for increasing m) towards the eigenvector of the matrix p,,(A) corresponding to the
dominant eigenvalue of p,,(A). Combining this with Equation (10) shows us that Qg.,e,—1 will converge
to the eigenvector perpendicular to the vector Qg.,,e, and corresponding to the dominant eigenvalue for
Pm—1(A). Similarly a combination of all above equations reveals that Qy.,e,—> converges to an eigenvector
perpendicular to the above two and corresponding to the dominant eigenvalue for p,,—»(A). More details
on the convergence behavior will be given in Section 6.

Below, we have rewritten Theorem 6 in different forms, to illustrate more clearly what happens, and to
make different interpretations of the method possible:

e Formulation 1: The shift through form. We drag the polynomial in front of the subspace com-
pletely through the subspace.

Corollary 1. Let us use the notation as defined before. At step m of the algorithm we have for every
n>k>n—m: (denoten=k—n-+m):

Qoum (et ren) = (Pn(A)V " Pt WA By (VAT (A 3.

This means that on every vector, a form of the shifted power method is applied and the vectors are
re-orthogonalized w.r.t. each other:

e Formulation 2: The nested shift formulation. We can also reformulate the theorem such that we
apply on each nested subspace an iteration with shift.

Corollary 2. Let us use the notation as defined before. At step m of the algorithm we have for every
n>k>n—m, (denoten=k—n+m)

Qomers---ren) = Pr(A) " Pt AV F) prsa () (s AV ) ),

which can be rewritten as:

Quiner - en) = (A" (A —dn DU (A= dysa) (R (A= duD) ™) ).
So we can see, that on each nested subspace an iteration with shift is performed.

e Formulation 3: The nested QL-iteration with shift. Theorem 6 as presented above incorporates
all the transformations in one orthogonal matrix Qy.,. If we perform, however, after each step in
the reduction algorithm the basis transformation, this corresponds to performing a similarity trans-
formation, leading to a different form of the theorem. This formulation corresponds to a shifted
QL-iteration on the matrix A.

14



We already know from the results in Section 3.2, that we can interpret the reduction method as a
nested subspace iteration, as follows:

(A D) ey yseesen) = gy i),

The interpretation of this type of iteration is not straightforward as we are not subtracting a shift
matrix from the matrix A, but a diagonal matrix. This interpretation says that at every step m a
subspace iteration of the matrix (A — D(™)) is performed on the space (€n—(m—1s--->€n), Which
gives us part of the orthogonal matrix Q,,. If a column of this matrix Q,, is close enough to an eigen-
vector of the matrix A, this will be visible after performing the basis transformation Q,T,;A(’”)Qm.
(For more information see [16].)

Using Theorem 6, we can reformulate this nested iteration, towards an iteration with a shift and
another subspace on which one iterates.

We know that OF | AQo.m—1 = A"™). One can also easily prove the following relations:

Ol 1Pi(A) Q01 = pi(A™),
Ol 1Pi(A) Qo = pi(A™),
O 1Pii(A) Qo1 = pi(A™).
If we perform now the basis transformation corresponding to Qg.,,—1 on the subspace Qo. (€, - - -, €n),

we get the following relations:

Qm<ek>- . aen>

= Q(Z)-;m—lQOZm<€k7"'7en>
= Qe P A ™ i1 AV B (A) £
= A £ Pt 1 (A O s ) P (AT OB )

We can formulate the following equivalent corollary with f }m) =0l \f ;m).

Corollary 3. Let us use the notation as defined before. At step m of the algorithm we have for every
n>k>n—m, (denoten=k—n+m)

Qm<eka e 7eﬂ>
= oA F™, Prsins1 (AP B mimn st (AT F L i (AT )

In this way we know that a partial QL-iteration, with partial we mean, a subspace of dimension less

than n, is performed on the subspace defined by the vectors f ](m) and the last columns of Q,, span
this space. '

This means that if a column of Q,, is close to an eigenvector of A" the basis transformation will
reveal it. But of course the convergence behavior is heavily dominated by the vectors f(™). This
will be investigated further on in the text. For a traditional convergence behavior, related to QR and
QL-iterations, these subspaces are always equal to {ej,...,e,), and one can assume (in most cases),
that these vectors do not heavily influence the convergence speed. Here however these vectors of
the subspace are constructed in a specific way, and do have an important impact on the convergence
behavior.

Of course we can also reformulate this last theorem, w.r.t. the first two formulations in this list.

Before investigating in more detail the convergence speed, and the interaction between the Ritz-value
convergence behavior and the subspace iteration, we will translate the theorem towards the semiseparable
and tridiagonal case.
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1. In the tridiagonal case, there is no chasing step involved, as all the performed Givens transformations
are equal to the identity. Hence the lower right already reduced part of the matrix, contains the
Lanczos-Ritz values, and no subspace iteration is performed.

2. In a previous publication it was stated that on the lower right part of the semiseparable matrix always
a step of non-shifted subspace iteration was performed. We get exactly this behavior if we take the
shift equal to zero: Theorem 6 is therefore an extension of Lemma 3.1 in [12].

Theorem 7. Let us use the notation as defined before. At step m = 1,2,...,n— 1 of the algorithm
we have for every n > k > n—m, that (denoten =k—n+m)

QO:m<ek,~~ . ,en> :Ak71<fk(m)’Afk(jr"i7.“’Ajfnﬂnfj(m)’“. 7A<m)fr$m)>

Using Corollary 3 one can easily explain the convergence behavior as observed in [2]. In this paper, it
was observed, that the reduction of a symmetric matrix into a similar semiseparable plus diagonal one, with
the top left elements of the diagonal equal to eigenvalues of this matrix, revealed these eigenvalues. More
precisely the transformed semiseparable plus diagonal matrix was in the upper left k x k block diagonal,
where k is the number of top left diagonal elements equal to eigenvalues of the original matrix. This is
natural, as after the complete reduction method on the complete matrix a step of the QL-iteration with shift
d; is performed. If d; equals an eigenvalue, we have a perfect shift, and this will be revealed in the upper
left position. If we continue now with the trailing (n — 1) x (n — 1) block of this matrix, we know that
this matrix has as eigenvalues, the same eigenvalues as the original matrix without the eigenvalue d;. As
on this matrix a QL-iteration with shift d, is performed, with d> and eigenvalue, the procedure, will again
reveal this eigenvalue. This process continues as long as the first dy,. .., d diagonal elements are equal to
the eigenvalues of the original matrix. As soon as one diagonal element does not correspond anymore to
an eigenvalue, the procedure stops.

Let us investigate in more detail now the relation between the subspace iteration and the Lanczos-Ritz
values.

5 The interaction between the subspace iteration and the Lanczos-
Ritz values

In the previous two sections, we investigated two convergence behaviors of the reduction to semiseparable
plus diagonal form. In this section we will prove the following behavior:

The nested multi-shift iteration will start converging as soon as the Lanczos-Ritz values ap-
proximate well enough the dominant eigenvalues with respect to the multi-shift iteration.

Let us use the notation as defined before. At stepm =1,2,...,n— 1 of the algorithm we have for every
n >k > n—m,that (denoten =k —n+m)

Qoim(ets - en) = Pr(A) (" Pt AV Bionimm 1 (A)F™ - a1 (A) 2™
Moreover, we also have that, due to the Lanczos-Ritz value convergence
Qo:m(en—m;----en) = Km+1(A, Qoen).
Clearly the following relation holds between the two above presented subspaces, for all :
Qo:ml€ks---sen) C Qouml€n—my--- €n).

These relations do exactly explain the behavior as presented above. The multi-shift subspace iteration

works on the vectors fj(»’), but they are constructed in such a way that after the subspace iteration we get a
subspace which is part of the Krylov subspace K+1(A, Qoen). As long as this Krylov subspace is not large
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enough, to contain the eigenvectors corresponding to the dominant eigenvalues of the matrix polynomials
Pj—n+m:1(A), the subspace iteration can simply not converge to these eigenvectors.

As soon as the dominant eigenvectors, w.r.t. the multishift polynomial, will be present in the Krylov
subspace, the Ritz-values will approximate the corresponding eigenvalues and this means that the multi-
shift iteration can start converging to these eigenvalues/eigenvectors. This behavior will be illustrated in
the numerical experiments.

6 The convergence speed of the nested multi-shift iteration

In this section we will present some theorems concerning the speed of convergence, using the nested multi-
shift QL-iteration as presented in this paper. In a first part we present some theorems from [16, 17], which
are useful for traditional GR-algorithms. In the second part, we apply these theorems to our nested subspace
formulation.

6.1 General subspace iteration theory

First we will reconsider some general results concerning the distances between subspaces. A more elab-
orate study can be found in [16, 3]. Given two subspaces S and 7 in R" and denote with Ps and P, the
orthonormal projector onto the subspace S and 7 respectively. The standard metric between subspaces
(see [3]) is defined as

d(s,7)=||Ps —Ps|o= sup d(s,T)= sup inf ||s—¢]2
SES scs 1EeT
lIsl2 =1 lIs]l2 =1

if dim(s) = dim(7 ) and d(5,7 ) = 1 otherwise.
The next theorem states how the distance between subspaces changes, when performing subspace iter-
ation with shifted polynomials.

Theorem 8 (Theorem 5.1 from [16]). Given a simple’ matrix A € R"™ " with eigenvalues M, A2, ..., A, and

associated linearly independent eigenvectors vi,va,...,v,. Let V.= [v1,va,...,v,]| and Ky is the condition
number of V, w.rt. to the spectral* norm. Let | be an integer 1 <[ < n— 1, and define the invariant
subspaces U = (vi,...,vi_1) and T = (v;,...,vs). Denote with (p;) a sequence of polynomials and let

pi = pi...p2p1. Suppose that
piA) £0 j=1,....n
foralli, and let
_ maxigi<-1]Bi(A))]
min;< <y |pi(A;)]

Let S be a k-dimensional subspace of R", satisfying
sna ={0}.
Let S; = pi(A)S,i = 1,2,.... Then there exists a constant C (depending on S ) such that for all i,
d($;,T)<Cxyri.
In particular S; — T if r; — 0. More precisely we have that

o dvTis, vl
V1-d(V-1s,v-IT)

3 A matrix is called simple if it has n linearly independent eigenvectors.
4The spectral norm is naturally induced by the ||.||2 norm on vectors.
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We remark, that similar theorems exist for defective matrices. Also more information concerning the
conditions put on the matrices in Theorem 8, can be found in [16]. We will however not go into these
details.

The following lemma relates the subspace convergence, towards the vanishing of certain subblocks in
a matrix.

Lemma 1 (Lemma 6.1 from [16]). Suppose A € R"™*" is given, and let T be a subspace, which is invariant
under A. Assume G to be a nonsingular matrix and assume S to be the subspace spanned by the last k
columns of G. (The subspace S can be seen as an approximation of the subspace T .) Assume B= G~ 'AG,
and consider the matrix B, partitioned in the following way:

B B2
B= ,
{ By Bx

where By, € RK*(K) Then we have:
I1Ba1]l2 <2 V2 %6 ||l d(s,T),
where Kg denotes the condition number of the matrix G.

We are now ready to use these theorems, to derive an upper bound on the norm of the subblocks, while
reducing a matrix to semiseparable plus diagonal form.

6.2 Application to the nested multi-shift iteration

Let us apply the above theorems to our specific case, and see how we can derive convergence results for
the reduction to semiseparable plus diagonal form.

Let as assume we are working with a symmetric matrix A (which is naturally simple), with eigenvalues
AL,A2,..., A, The associated linear independent eigenvectors are denoted by vy, va,...,v,. As we proved
before, in Section 5, the subspace iteration will only start working, as soon as the Lanczos-Ritz values,
approximate well enough the dominant eigenvalues, w.r.t. the multi-shift polynomial. In this section
however, we do not need to worry about the Lanczos convergence behavior. Our theoretical upper bound
for the convergence speed, will naturally incorporate this Lanczos influence on the convergence.

Let us denote the subspace T = (v;,vj+1,...,v,) and U = (v,vp,...,v;_1). In this section we will
derive an upper bound for the convergence towards the subspace 7 .

The outcome of step m in the reduction algorithm is the matrix Almtl) = Qg:mA<0> Qo-m, and we are
interested in small subblocks of this matrix. (Assume m > n—[+ 1, otherwise there are not yet subspace
iteration steps performed on the lower right (n— 1+ 1) x (n— [+ 1) block.) Using Lemma 1, we know that
this is related to the orthogonal transformation matrix Qg.,. Partition the matrix A1) in the following
way:

(m+1) (m+1)
Alm+1) [ Al Al ]
(m+1) (m+1) |?
Al Ax
where Aggﬂ) is of size (n— 1+ 1) x (n—I[+1). Denote with § the space spanned by the last n — [ + 1
components of Qg.,,. (Hence S= Qo:m(er,- .-, en).) Then we have by Lemma 1 that

1A <2 V2 A0 2 d(3, 7).

as K» = 1, because Qy.,, is an orthogonal matrix.
To determine the distance between S and 7 one can apply Theorem 8. As we are in step m of the
reduction algorithm, we can apply Theorem 6 for k = [, this means that (withn =1 —n+m):

Qomler--ven) = oA Pt AL, it AL, P (A ™).
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with
s = <f<m) N (A) (m) A A (m) A A (m)
|y Pn+lm+1 f1+1 o >pjfn+m:n+l< )f] e apm:nJrl( )fn >
Applying Theorem 8 gives us the following upper bound for the distance between $ and 7 . For

_ maxi<j1|pn (M)
min<j<, | pn(A))]

)

the following upper bound is obtained

~

d(s,7)<Cr,

where
dv-is,v-ir)

- V1—-d(V-Ts,v-1r)

Summarizing this deduction we get that the norm ||A<2'f+1) |2 is bounded as follows:

||A(m+1)||2 <2 \/E HA(O)HZ d(v—ls’v—lT) (maxlgjgll |pAT](}\'/)|> ) (11)
2 - V1—d(V-Ts,v-IT) ming< j<p | pn(A;)]

If one is interested in the bound for the next iterate m + 1, one has to use in fact another subspace 5. But,

due to the specific structure of the vectors f }m> (see Theorem 6), the subspaces § and § span the same space.
Hence, the distance remains the same, and only the polynomials in Formula 11 determine the change in
norm of the subblock. This means that once the subspace iteration starts working on a specific part, one
can calculate the constant C, and it will not change anymore.

In practice, the constant C, can be very large as long as the dominant eigenvectors, w.r.t. the polynomial
Pr, are not present in the Krylov subspace, and hence the Lanczos-Ritz values are not close enough to the
dominant eigenvalues, w.r.t. the polynomial py. This constant can create a delay in the convergence of the
subspace iteration behavior. The influence of the Lanczos convergence behavior on the subspace iteration
is therefore captured in the constant C.

Let us give a traditional example on the convergence speed. We will only present the results, more
information can be found in [16]. The polynomial considered here, namely py (), is in fact a multiplication
between several polynomials:

(X)) = pn(M)pn-1(X) - p2(X) p1(A).

Assume all p;(A) = p(A) = A —d, this means, that we always consider the same shift d. If d = 0, we
get the power method. Ordering the eigenvalues such that: |p(A;)| < [p(A2)] < ... < |p(A,)]. Assume [ to
be chosen such that

_ maxigi<—1|p(Aj)]  p(hi-))|
min<j<, [p(A;)| (M)

then we get that r = p", and hence we get linear convergence.

In the last section on the numerical experiments, we calculate some of these bounds in real experiments
and we observe that this is a valuable and usefull upper bound in practice. Moreover, we will see that one
can use Formula 11 to predict possible convergence behavior to eigenvalues.

<1,

7 Numerical experiments

In this section, numerical experiments are given, illustrating the theoretical results presented in this paper.
Several types of experiments will be performed. We will investigate the delay of convergence caused by
the Lanczos-Ritz values behavior, we will experimentally check the convergence speed of the subspace
iteration and we will present some experiments in which the diagonal is chosen in such a way to reveal a
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specific part of the spectrum. All the experiments are performed in Matlab>. We use Matlab-style notation.
With zeros(i, j), we denote a zero matrix with i rows, and i columns, with ones(i, j), we denote a matrix
with all entries equal to 1 of dimension i X j, with rand(i, j) we denote a matrix of dimension i X j, with
entries random chosen from a uniform distribution between 0 and 1.

7.1 Tuning the multi-shift convergence behavior

In these first experiments we construct several matrices, with specific eigenvalues, and we choose the diag-
onal for the reduction in such a way that it will reveal parts of the spectrum. In the following examples the
eigenvalues A = [Aq,...,A,] of the matrix are given and the matrix itself is constructed as A = Q7 diag(A)Q,
where Q is the orthogonal matrix coming from the QR-factorization of a random matrix. For every exam-
ple we give the eigenvalues, the diagonal and the number of Householder and Givens transformations
performed before the reduction algorithm separated a block containing the desired eigenvalues. A block is
separated if the norm of the off-diagonal block is relatively less than 10(-10) Also the maximum absolute
error between the real and the computed eigenvalues is given.

1. A =[rand(10,1);100] and d = zeros(11,1).
Number of Householder transformations: 6
Number of Givens transformations: 21
Separated eigenvalue: 100
Maximum absolute error: 4.2633¢ — 14

2. A=[rand(100,1);100] and d = zeros(101,1)
Number of Householder transformations: 6
Number of Givens transformations: 21
Separated eigenvalue: 100
Maximum absolute error: 1.4211e — 14

3. A=[rand(100,1);100;101;102] and d = zeros(103,1)
Number of Householder transformations: 10
Number of Givens transformations: 55
Separated eigenvalues: 100,101,102
Maximum absolute error: 5.6843¢ — 14

4. A=1[1;100+ rand(10,1)] and d = 100 * ones(11,1)
Number of Householder transformations: 6
Number of Givens transformations: 21
Separated eigenvalue: 1
Maximum absolute error: 1.4211e — 14

5. A=[1;100+ rand(100,1)] and d = 100 * ones(101,1)
Number of Householder transformations: 6
Number of Givens transformations: 21
Separated eigenvalues: 1
Maximum absolute error: 1.4211e — 14

6. A=11;2;3;100+ rand(100,1)] and d = 100 * ones(103,1)
Number of Householder transformations: 11
Number of Givens transformations: 66
Separated eigenvalue: 1,2,3
Maximum absolute error: 6.7502¢ — 14

7. A = [ones(50,1) + rand(50,1); 100; 10000 * ones(50, 1) + rand (50, 1)] and
d = [10000, 1,10000, 1,...., 10000, 1, 10000]
Number of Householder transformations: 12

SMatlab is a registered trademark of the Mathworks inc.
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Number of Givens transformations: 78
Separated eigenvalue: 100
Maximum absolute error: 1.8190e¢ — 12

8. A=1;2;3;100+ rand (100, 1); 10000; 10001; 10002] and
d = [zeros(6,1);0nes(96,1) x 100]
First there is convergence to the cluster with the largest eigenvalues:
Number of Householder transformations: 10
Number of Givens transformations: 55
Separated eigenvalues: 1001, 1002, 1003
Maximum absolute error: 3.6380e — 12
Secondly there is convergence to the cluster with the smallest eigenvalues
Extra number of Householder transformations: 15
Extra number of Givens transformations: 170
Separated eigenvalues: 1,2,3
Maximum absolute error: 1.5099¢ — 14

The examples illustrate clearly, that the convergence behavior can be tuned, by choosing different
diagonal values, for reducing the matrix to semiseparable plus diagonal form.

7.2 The interaction between both convergence behaviors

In the following experiments, the interaction between the Lanczos and the multi-shift convergence behavior
is shown. For each experiment two figures are given. The left figure shows the Lanczos-Ritz values
behavior and the right figure shows the subspace iteration convergence.

The left figure depicts on the x-axis the iteration step of the reduction algorithm and on the y-axis the
eigenvalues of the original matrix. If at step k of the reduction algorithm a Ritz-value of the lower right
block approximates well-enough (closer than 1005y an eigenvalue of the original matrix, a cross is placed
on the intersection of this step (x-axis) and this eigenvalue (y-axis).

The right figure, shows for all off-diagonal blocks the norm (y-axis), w.r.t. the iteration step (x-axis).

According to the theory, one should observe decreasing norms, as soon as the Ritz-values approximate
well enough the dominant eigenvalues w.r.t. the multi-shift polynomial.

In the first example, we generated an example with A = [1;2;3;10 + rand(22,1)], and the diagonal
used for the reduction d = 10 % ones(25,1). In the left figure, we see that after six steps in the reduction
algorithm, three eigenvalues are approximated up to 5 digits by the Lanczos convergence behavior. In
the right figure, we see that after step 6, the norm of 1 subblock, starts to decrease. This means that the
subspace iteration starts separating a block with these three eigenvalues.

Subspace convergence
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Figure 1: Example 1
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In the second example, a matrix with three clusters in its eigenvalues, was generated: A = [1;2;10+
rand(21,1);100;101], and the diagonal used for the reduction d = 10 % ones(25,1). As the eigenvalues are
separated in three clusters and two clusters are both dominant with respect to the multi-shift polynomial,
we would expect two clusters to be separated by the reduction to semiseparable plus diagonal form. This is
exactly what we observe in Figure 2. The Lanczos Ritz values approximate both clusters (see the left fig-
ure), and as soon as these clusters are well enough approximated, the subspace iteration starts converging.
The subspace iteration converges to two clusters, and hence two subblocks show a decreasing norm.

Lanczos convergence Subspace convergence
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Figure 2: Example 2

Continuing with this last example, but changing the diagonal d, should only influence the subspace
convergence. This can clearly be seen in Figure 3. In the left figure we chose d = [100; 101; 10« ones(23,1)]
and in the right figure d = [100;101;100;101;100; 101; 10 * ones(21,1)]. For the left figure, we see that
the convergence towards the small eigenvalues starts, but then the norm starts to increase again, and finally
we get only convergence towards the eigenvalues 100, 101. For the second polynomial however, we do
get convergence to the smaller eigenvalues. (More information on this behavior can be found in the next
section.)
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Figure 3: Example 3

In the last example (see Figure 4) convergence is forced into the middle of the spectrum of the ma-
trix. The considered matrix has eigenvalues A = [ones(50,1) + rand (50, 1);100; 10000 * ones(50, 1) +
rand(50,1)] and d = [10000, 1, 10000, 1,...]. This forces convergence towards the middle of the spectrum.
As soon as there is convergence of the Ritz values towards the eigenvalue 100, the subspace iteration starts
working. We can see that the convergence rate is not as smooth as in the other cases, this is due to the
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changing roots in the polynomials p;(}).

Lanczos convergence Subspace convergence
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Figure 4: Example 4

7.3 The multi-shift convergence speed

In this last subsection with numerical experiments we will investigate the upper bound for the convergence
speed as presented in Section 6.° In the following experiments the figures show the norm of the submatrix,
which should decrease in norm, and the upper bound for this subblock. The upperbound is dependent of
the following factor:
max;<j<i—1|Pn(A))]|
min < j<, | pn ()]

To obtain the norm of a subblock, we need to reorder at every step of the method the eigenvalues such
that | py(A1)] < |pn(A2)] < .... In our computation of the upper bound, we assume however, that we know
to which eigenvalues convergence will occur. Hence, we can divide the eigenvalues into two clusters, a
cluster Ay,...,A;_; and a cluster A, ..., A,. We know that when there is convergence we have that

pn(A;)| < min |pn(X;)].
(max [P(d)l < min [pn(4))]

Hence our computed upper bound will be the correct one, in case there is convergence to the eigenvalus
Ay M

For every example we also give the constant C, which is a measure for the influence of the Lanczos
convergence behavior on the subspace iteration. (see Section 6.)

The first example is similar as in the previous two sections. A matrix is constructed with eigenval-
ues A = [152;3;10+ rand(22,1)], the diagonal d = 10 % ones(25,1). We expect convergence to a 3 x 3
block containing the three eigenvalues [1,2,3]. The norm of the off-diagonal block is plotted and decreases
linearly as can be seen in the left figure of Figure 5. The size of the constant C, for calculating the con-
vergence rate equals 1.0772 % 10*. In the right figure, we plotted almost the same example, but the sizes
of the larger eigenvalues, are chosen smaller now. The eigenvalues were A = [1;2;3;5 4 rand(22,1)], and
d = 5xones(25,1), this clearly has an effect on the slope of line representing the convergence speed, the
size of the constant C equals 1.8409 % 103. In both figures we see that our upper bound predicts well the
convergence behavior.

Also in the case of a diagonal with varying elements, our upper bound provides an accurate es-
timate of the decay of the corresponding subblock. We consider the example with eigenvalues A =

5The implementation used in the previous sections is based on the Givens-vector representation (see [13]) and is therefore more
stable than the implementation used in this section, for generating the figures and calculating the constant C. That is why we get a
horizontal line in the figures, once the norm of a subblock reaches the machine precision. This means that using this implementation,
the norm of the subblocks cannot, relatively spoken, go below the machine precision, in contrast to the figures in the previous section.
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Figure 5: Example 5

[1;2;10 + rand (21,1);100; 101]. If we choose as diagonal d = 10 x ones(25, 1), we get a similar behavior
as above (see the left of Figure 6), and convergence to the cluster containing the eigenvalues 100, 101.
The constant C = 3.4803 % 103. To obtain however the cluster 1,2 we need to change our diagonal to
e.g. d = [100;101;100; 101; 100; 10 * ones(21,1)]. Also in this case our upper bound provides an accurate
estimate of the decay (see the right of Figure 6). The constant C = 2.0396 % 10°.
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Figure 6: Example 6

In the following experiment we illustrate, that also if convergence is slowed down, our upper con-
vergence bound predicts a rather accurate estimate of the convergence rate. We consider here the same
matrix three times, with varying values for the diagonal, used to reduce it to semiseparable plus diagonal
form. The matrix has eigenvalues A = [1 + rand(20,1);100 + rand(2,1)]. The diagonals considered for
the reduction algorithm are the following ones:

dy = [zeros(22,1)],
dy = [100;zeros(21,1)],
ds = [100;100;100;zeros(21,1)].

In the first case we expect normal convergence, in the second case a delay, and in the third one an even
larger delay. This behavior is shown in Figure 7, where the reduction with d;,d, and d3 from left to right
is shown.

In the last experiments we illustrate false convergence, and how our upper bound can deal with, or pre-
dicts, it. Suppose we have a matrix with eigenvalues A = [1 +rand(2,1);5+ rand(36,1);10+ rand(2,1)],
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Figure 7: Example 7

suppose the diagonal is chosen in the following way: d = [10;10;10;10;10;10;5 * ones(38,1)]. We ob-
serve in the convergence behavior (left of Figure 8), that first there is convergence, but then suddenly the
subblock starts to diverge again. This divergence was predicted by the convergence bound. This means that
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Figure 8: Example 8

our designed polynomial was not yet strong enough, to force convergence to the two small eigenvalues. If
we however would have chosen our diagonal as d = [10,5,10,5,...], we would have been able to force
convergence towards the two small eigenvalues (see right of Figure 8).

Let us conclude with almost the same experiment, but let us increase the number of eigenvalues in the
middle of the spectrum. The eigenvalues are now A = [1 +rand(2,1);5 + rand(66,1);10 4 rand(2,1)],
and our diagonal values are d = [10;10;10;10;10; 10;10; 5 * ones(10, 1); zeros(58,1)]. Similar like in the
previous example, we observe first (see left of Figure 9) false convergence towards the small eigenvalues.
We see that our upper bound goes up very fast. In reality however we see that norm of that subblock, starts
decreasing again in size, so there is convergence towards a block. This block does however not contain the
small eigenvalues anymore, but the largest two. This is depicted in the second figure (right of Figure 9),
where we plotted the upper bound related to convergence of the largest eigenvalues. It is clear that the
upper limit predicts that the separated block will contain the largest eigenvalues, instead of the smallest
ones

These last examples illustrate that the theoretical upper bound computed for this multishift subspace
iteration is correct. Moreover this upper bound can also be used as a theoretical device to predict the
eigenvalue convergence.
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8 Conclusions

In this paper we presented theoretical results explaining the convergence behavior of the reduction to
semiseparable plus diagonal form. As we proved that also the reduction to semiseparable and tridiag-
onal form can be seen as special cases of the reduction to semiseparable plus diagonal form, we know
that also the presented theorems are valid for these reduction methods. Also a theoretical bound for the

convergence speed was given.

In a final section we illustrated our theoretical findings by experiments, related to the tuning of the
convergence behavior, the interaction between the Lanczos convergence and the subspace convergence and

the bound on the convergence rate.
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