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Abstract

In this paper we will present a general framework for solving
linear systems of equations. The solver is based on the Levinson-
idea for solving Toeplitz systems of equations.

We will consider a general class of matrices, defined as the class of
simple (p1, p2)-Levinson conform matrices. This class incorporates
for instance semiseparable, band, companion, arrowhead and many
other matrices. For this class of we will derive a solver of complexity
O(p1pan).

The system solver is written inductively, and uses in every step k,
the solutions of so called kth order Yule-Walker-like equation. The
first obtained algorithm has complexity O(p1pan?). Based, how-
ever on the specific structure of the simple (p1,p2)-Levinson con-
form matrices, we will be able to further reduce the complexity of
the presented method, and get an order O(p;pon) algorithm.

Different examples of matrices are given admitting this algorithm.
Examples are presented for: general dense matrices, upper triangular
matrices, higher order generator semiseparable matrices, quasisepar-
able matrices, Givens-Vector representable semiseparable matrices,
band matrices, companion matrices, confederate matrices, arrow-
head matrices, fellow and many more.

Finally, the relation between this method and an upper trian-
gular factorization of the original matrix are given and also details
concerning possible look—ahead methods are presented.
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Abstract

In this paper we will present a general framework for solving linear systems of equations. The solver
is based on the Levinson-idea for solving Toeplitz systems of equations.

We will consider a general class of matrices, defined as the class of simple (p1, p2)-Levinson conform
matrices. This class incorporates for instance semiseparable, band, companion, arrowhead and many
other matrices. For this class of we will derive a solver of complexity O(p1pzn).

The system solver is written inductively, and uses in every step k, the solutions of so called kth order
Yule-Wialker-like equation. The first obtained algorithm has complexity O(p;p2n?). Based, however on
the specific structure of the simple (p1, p2)-Levinson conform matrices, we will be able to further reduce
the complexity of the presented method, and get an order O(p1 p2n) algorithm.

Different examples of matrices are given admitting this algorithm. Examples are presented for: gen-
eral dense matrices, upper triangular matrices, higher order generator semiseparable matrices, quasisepar-
able matrices, Givens-Vector representable semiseparable matrices, band matrices, companion matrices,
confederate matrices, arrowhead matrices, fellow and many more.

Finally, the relation between this method and an upper triangular factorization of the original matrix
are given and also details concerning possible look ahead methods are presented.

Keywords: Levinson, Yule-Walker, look-ahead, system solving, L evinson conform matrices

1 Introduction

Solving systems of equations is an essential tool in all kinds of applications. Gaussian elimination (see
[1, 2, 3]) is a well-known method for solving linear systems, it takes O(n®) operations. For several applic-
ations, however, the coefficient matrices involved are structured, for example semiseparable, Toeplitz or
Hankel matrices. These matrices are essentially determined by O(n) parameters, instead of O(n?), for an
unstructured matrix. Therefore, they often admit faster solvers, of O(n?), O(nlog(n)) or even O(n), than
the traditional O(n®) methods, such as, for example, Gaussian elimination.

Toeplitz systems of equations, for example, can be solved in O(n?), by using the Durbin and Levinson
algorithm. The Levinson algorithm for Toeplitz matrices is widespread and described for example in
[1, 4, 5]. Based on a specific block decomposition of the Toeplitz matrix T, one can solve the coupled
Yule-Walker equations, which provide enough information for solving linear systems with this Toeplitz
matrix. The original method is, however, only applicable for strongly nonsingular Toeplitz matrices, as
the inductive procedure, computes solutions of principal leading submatrices of T. Look-ahead procedures
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exist to overcome numerical instabilities, for matrices which are not or almost not strongly nonsingular
(see [6]).

A Levinson-like solver for the class of symmetric strongly nonsingular higher order semiseparable plus
band, was investigated in [7, 8]. The solution of a system of a (p1, p2)-higher order generator representable
semiseparable matrix plus an (I1,12)-band matrix was computed in O((p1 +l1)(p2 + I2)n) operations.

The method presented in this paper, is also based on this Levinson algorithm. A class of matrices
called (p1, p2)-Levinson conform is defined, which will admit a Levinson-like algorithm. In this paper we
focus to a specific subclass, called simple (p1, p2)-Levinson conform. This class is called simple, because
we will prove that these matrices, admit a solver of complexity O(p1p2n), which is in fact linear in time.
Matrices, such as Toeplitz or Hankel, are not incorporated in the class of simple (p1, p2)-Levinson conform
matrices. However, as shown in the paper, several classes of matrices, do belong to this class, and hence
admit an order O(p1pzn) solver. For example the matrices considered in [7, 8], fit in this framework, and
are given as an example.

The algorithmic idea is exactly the same as for solving Toeplitz systems via the Levinson algorithm.
First n systems with a special right-hand-side, called the Yule-Walker like equations need to be solved.
Based on these solutions, we can then solve the linear system, with an arbitrary right-hand side.

In [9, 10], the authors investigated a closely related technique for solving systems of equations. The
authors restricted themselves to the class of block quasiseparable matrices, which also includes the class of
band matrices and semiseparable matrices. The presented algorithm is based on an efficient computation of
the generators of a triangular factorization of the (inverse) matrix, and then use this factorization for com-
puting the solution. As several examples provided in this paper, naturally fit in the class of quasiseparable
matrices, we investigate more closely, in the example section, the relation between the method in [9], and
the one presented in this paper.

The paper is organized as follows. In Section 2 the class of simple (p1, p2)-Levinson conform matrices
is defined. In fact this is just a special block decomposition of the matrix involved. In Section 3, the
algorithm for solving simple (ps, p2)-Levinson matrices is presented. First a direct way to solve systems
in this manner is given having complexity O(p;pzn?). It will be shown however how one can further
reduce this complexity to come to a method which costs O(p1pzn) operations. It is therefore, important
to choose the factors p; and p, as small as possible. In Section 4, we investigate the upper triangular
factorization related to this method. In section 5 numerous examples are described. The first three examples
are related to semiseparable matrices. In a first case the class of Givens-Vector representable semiseparable
matrices is considered, secondly the class of quasiseparable matrices and finally the class of higher order
generator representable semiseparable matrices are investigated. (These results are already extensions of
the ones presented in [7, 8].) Next, the class of band matrices and arrowhead matrices are investigated,
they are closely related to semiseparable matrices as well: band matrices can be considered as the inverses
of semiseparable matrices and an arrowhead matrix is a semiseparable plus diagonal matrix. Examples
for matrices having a nonsymmetric structure are given, such as a unitary Hessenberg. Moreover, the
class of simple (p1, p2)-Levinson conform matrices is proven to be closed under summation, this means
that summations of simple Levinson conform matrices are again simple Levinson conform. Finally we
also prove that upper triangular matrices, dense matrices, companion matrices, comrade matrices as well
as fellow matrices are simple Levinson conform and hence admit the proposed solver. Finally we also
indicate how to implement the look—ahead version of the algorithm, such that we can omit the strongly
nonsingularity condition. The paper closes with conclusions and future research.

2 Thematrix block decomposition

In this paper we will develop a Levinson-like solver for structured systems of equations. In order to develop
such a solver, our coefficient matrix should admit a specific partitioning of the matrix, making it able to
derive the recursive algorithm.

Let us therefore introduce the notion of (simple) p;-Levinson and (simple) (p1, p2)-Levinson conform
matrices.

Definition 1 (p;-Levinson conform matrices). Given a matrix A = (& j), for i, j =1,...,n, and denote



with A = (@ j), for i, j =1,...,k the upper k x k submatrix of A. The matrix A is said to be p;1-Levinson
conform if the matrix can be decomposed in the following way:

1. Forevery 1 <k <n-—1, there is a splitting in blocks of the matrix Ay, of the following form:

Akl =

Ax ‘ EkRkC—IE_HL
dk+1SI FkT ‘ Ak+1,k+1
where ¢ 1 € RPP1 diy g € RVP2, Ry € RR*PL, R/ By € R¥¥K Ry, S € RK*P2 and A € Rk,

2. The following relation for the matrices Rx.1 (with 1 < k < n—1) needs to be satisfied:

R
Rk+1:[ kPk],

€kt
where Py is a matrix of dimension p; x p1 and &k, 1 is a row vector of length p;.

We call the matrix simple p;-Levinson conform if the matrix Ey equals the identity matrix of order k and
the multiplication of a vector with the matrix Py can be done in linear time (i.e. only O(p1) operations are
involved).

No conditions were placed on the matrix S, if we put similar conditions on Sy as on the matrix Rk we
call the matrix (p1, p2)-Levinson conform.

Definition 2 ((p1, p2)-Levinson conform matrices). A matrix A is called (ps1, p2)-Levinson conform, if
the matrix is p;-Levinson conform, i.e. that Conditions (1) and (2) from Definition 1 are fulfilled and the
following condition for the matrices Sy is satisfied:

3. The matrices Sk, 1 (with 1 <k < n— 1) can be decomposed as:

SkQk }

Nk+1

Sk1 = {

where Qg is a matrix of dimension p, x pz and N1 is a row vector of length p,.

We call a matrix simple (p1, p2)-Levinson conform, if both the matrices Ex and Fx are equal to the identity
matrix of order k and the multiplication of a vector with the matrices Px and Qx can be performed in
respectively O(p1) and O(p;) operations.

The notion of (p1, p2)-Levinson conformity is not a strong notion. In fact, every matrix is simple
Levinson conform.

Lemma 1. Suppose an arbitrary matrix A € R™" is given, the matrix A is (n—1,n—1)-Levinson conform.
Proof. The proof is straightforward. Define the k x (n— 1) matrices Rk and Sk as follows:

Rk = Sk = [Ik, 0]
and assume for every k the matrices Ey, Fx, P« and Qx to be equal to the identity. Defining

dk = [ak,lyak,27~~'7ak,k7170a"'70]7
Ck = [al,kaaZ,kw"aakfl.kaoa"'ao]v

with both row vectors of length k — 1. One can easily check that the conditions of Definition 2 are satisfied.
O



The Lemma also shows that the choice of cy,dk, Rk and Q is not always unique. But, the notion of
simple (p1, p2)-Levinson conformity is strongly related to the complexity of the method we will deduce in
this paper. The overall solver will have a complexity O(p1pzn). Hence it is important to keep the values of
p1 and py as low as possible.

¢From now on we will only focus on simple Levinson conform matrices. This excludes in some sense
important classes of matrices, such as Toeplitz,Hankel and Vandermonde matrices. In the simple formula-
tion these matrices are (n,n)-Levinson conform, whereas, omitting the assumption of being simple leads
to a (1,1)-Levinson conform matrix. In this paper however we will restrict ourselves to the class of simple
Levinson conform matrices. This class is already wide enough to admit different types of structures as will
be showed later on the examples section. More information on effecient solvers for Toeplitz, Hankel and
Vandermonde matrices, based on their displacement representation, can for example be found in [11].

3 A framework for simple (pz, p2)-L evinson conform matrices

In this section we will construct a Levinson-like solver for solving strongly nonsingular linear systems of
equations for which the coefficient matrix is simple (p1, p2)-Levinson conform. The limitation of being
strongly nonsingular can be relaxed (see the section on the look-ahead procedure). In this section we will
firstly solve the corresponding Yule-Walker-like systems. The solution of these equations will be used for
solving the general system of equations, with an arbitrary right-hand side, based on the Levinson method.
A possible algorithm is presented in Section 3.3, followed by complexity reducing remarks in Section 3.4.
The final O(p1p2n) method is presented, with a detailed complexity count, in Section 3.5.

3.1 The Yule-Walker system

Suppose a simple pi1-Levinson conform matrix A is given. The aim of the Yule-Walker step is to solve
the following system of equations AY, = —Rj. The system will be solved by induction. Let us assume we
know the solution of the kth order Yule-Walker-like problem (with 1 <k <n-—1):

AxYk = —Ry,

and we would like to compute the solution of the (k+ 1)th Yule-Walker-like problem. (Note that, in general,
Yk represents a matrix of dimension k x p1.) The (k + 1)th system of equations is of the form:

Akt1Yk1r = —Riqa. (1)
Using the initial conditions put on the matrix A, we can rewrite the equation above as
Ac | Ry { Ziir } [ R
dict1S) ‘ Akt 1kt1 Okt1 i1 |

with Z1 € R**PL and a1 € R1*P. Expanding this equation towards its rows, we observe that

A Zie1 + R €1 Qi1 = —RiPx, )
and
i1 St Zi1 + 8k 1k 10k 1 = — &kl 3)

Rewriting Equation (2) towards Z 1 and using the solution of Equation (1) gives

Zi1 = —AlRe (Pt Gy Okit)
= Yic(Pit Gy Ok1) -

Substituting the latter equation in Equation (3) leads to:

T T
i1 Sk Yk(Pi+ Ciy1Ok1) + ki1 kt10k1 = —&ki1,



from which we can extract a1 as:

&kt di+1Sg YicPi
dicr 1Sy YkCl, 1 + aks1 ket

Oy+1 =

Using now the vector a1 in equation (2), we can compute the matrix Z 1. Based on the formulas for a1
and Zy. 1, we can immediately derive a recursive algorithm, for solving the Yule-Walker-like problems.

To conclude this section, we prove that the denominator in the formula for o1 is always nonzero, i.e.
that the computation of oy, 1 is well defined. Because our matrix A is assumed to be strongly nonsingular,
we know that all the leading principal matrices are nonsingular. This means that for every nonzero vector
w: W' A 1w % 0. Taking now w' = [cy;1Y), 1], we have that:

.
CkpaYy o 1] A ‘ RiCis1 { Vi1 ]
dic11Sy ‘ Qi1 kil 1

T T To T Ty T
= Cks1Yk AkYkCy1 + Cki1Yk RiCyy1 4 Ok 1Sk YkCr 1 + k1 k1

£ 0.
Using the fact that A Yx = —Rk we obtain

Ty T
Ok+1Sk YkCii1 + Ak 1k+1 # 0

which states that the calculation of a1 is well defined.
Based on the results presented in this section we will derive now the Levinson-like algorithm for solving
an arbitrary system of equations.

3.2 The Levinson-like solver

In this section a Levinson-like method is proposed for solving systems of equations for which the coefficient
matrix A is simple p1-Levinson conform. The presented solver uses the solution of all the kth order Yule-
Walker-like problems and it is based on an inductive procedure.

Suppose a matrix A which is simple p1-Levinson conform is given, and use the notation from Definition
1 and the one from Section 3.1. We would like to compute a solution x for the following system of equations
Ax=h, where bT = [b1,...,bn] is a general right-hand side. In this section we also assume the matrix A to
be strongly nonsingular. As already mentioned, further in the text we will omit this strongly nonsingularity
condition.

Assume we know the solution of the kth order Yule-Walker system:

AYk = —Ry, 4)

and the solution of:
AiXi = T, )

where r] = [by,...,by]. We will now solve Ay, 1 Xxs1 = 'k, 1, based on the Equations 4 and 5.
The system we would like to solve can be rewritten in block form as:

Ay ‘ RiCh 1 ]|:Wk+1} _ { Mk ]’ )

dic1 1Sy ‘ k41 k1 Mkt bit1

with Wi, 1 € R™K and .1 a scalar. We remark that in contrast to the previous section, the right-hand side
is now a column vector.
Expanding Formula (6) leads to the following two equations

A Wic1 + Hicr1 RiCyg = M (7
and
Ayt SI W1 4 M1 Bkt k1 = Dt (8)



Equation (7) can be rewritten towards w1, using thereby A, 're =Xy and A;l(—Rk) = Yk we get:

-1 T
Wil = Ag (rk - Hk+1Rka+1)
T
= Xk+Mkr1 YkCyyg-

Substituting the solution for wy..1 into Equation (8) and rewriting this leads to the following expression for
M1+

bry1 — dk+1SIXk
dk+1SIYkCL1 + ak+1,k+1)

The formula for py1 is well defined as the denominator is always different from zero (see Section 3.1).
Using the relations for computing pk;1 and wy 1 one can immediately derive a recursive formula for com-
puting the solution. We remark that for solving the system of equations, with this Levinson-like algorithm,
the solution of the nth Yule-Walker-like equation is not needed, hence we do not necessarily need to define
the matrix Rp. In the next section this algorithm and the operation count is presented.

I“lk+l = (

3.3 A first algorithm of complexity O(p; p2?)

Based on the previous two sections we can present a first version of a Levinson-like solver for simple
p1-Levinson conform matrices.

The algorithm is given in a simple mathematical formulation. First the problem is initialized and then
the main loop is performed. After each computation in the algorithm, the number of flops® involved is
shown. We remark that the presented algorithm, is not the most efficient implementation, it is written in
this way, to clearly see the most computational expensive steps. For the operation count, we assume that
the multiplication of a row vector with any of the matrices Py has a flop count bounded by k1n + K>, with
K1 and Ky two constants.

Algorithm 1. Initialize

_Rl
Yi=01 = —
! ! ay1
b1
X; = = —
1=H a1
Fork=1,...,n—1do
1. Compute and store the following variables:
(@) SyYk Flops: p1p2(2k—1)
(b) Sfxk Flops: p2(2k —1)
(©) dk+1(S{Yk) Flops: p1(2p2—1)
(d) (dkraSEYKCE, 1 + Ak1kr1) Flops: 2p;
_ &1t 1S YeP .
2. Ogy1 = G SV e Flops: 2p1 +K1p1 +K2
3. Ziky1 =Y (P+cf 4 Oks1) Flops: k(k1p1 +K2) +k(2p1 — 1) +2p1k
b~ S .
A et = dk+1§-<rYkCE<—+1+ak+1,k+1 Flops: 1+2p;
5. Wicr1 = Xk + M1 YkCpiq Flops: 2k +k(2py — 1)
6. Y\, =[Z].af] Flops: 0

LA floating point operation (flop) consists of any of the following operations: +,—,:,+ A sign change is not counted as an
operation.



7. Xy = [WE,He] Flops: 0
endfor;

Performing an overall complexity count leads us to an algorithm of complexity O(p; p2n?). This means
that as long as the factor p1p2 < n, the method will perform better than Gaussian elimination if the matrices
in question are large enough. However, taking a closer look at the involved computations, we can see that
the bottlenecks, causing the factor n? in the operation count, are the computations of the matrices SIYk,
and Slxk, and the explicit formation of the matrices Zyx,1 and vectors wy 1. Assume, now that one could
remove the computation of Zy 1 and w1 out of the most inner loop, and compute the final solution, using
only the stored values of ay and Ly in O(n) operations (dependent on p; and py however). Assume also
that one could compute the products Slxk and SEYk in constant time, independent of k. This would lead to
the following algorithm.

Algorithm 2. Initialize

—Ry
Vi=ap = —
a1
b1
X1=lh = ——
H a1
Fork=1,...,n—1do the same initializations:
1. Compute and store the following variables:
(a) SIYk Flops: Independent of k
(b) S§xk Flops: Independent of k
(©) (dis1SEYiCL, 1 + Akt kr1) Flops: p1(2p2 —1)+2p1
_ &1t 1S YeP .
2. Oky1 = G ST, Lt Flops: 1+ p1 +K1p1 +K2
_ b1 — i1 S Xk .
3 Mt = O 1 SEYRCH 4 8k Lk 1 Flops: 1+ 2p
endfor;

Under these assumptions, the solver has a complexity: O(p1pzn).

In the next section, we illustrate how to achieve the above complexity, by computing the solution in
another loop and by computing the products SEYK and Slxk, in an inductive way, making thereby the
computation indepent of k.

3.4 Reduction of the complexity

We know from the previous section that the computations of the matrices Y| = [Z],a]], the vectors x =
[WI, U] and the computations of the matrices Slxk and SIYk in every step of the algorithm are responsible
for the n? factor in the complexity count. If we could reduce the complexity of these operations, the overall
operation count would decrease by a factor n. Let us start with the computation of the solution vector x.
Instead of computing for every k the vector xi, wich incorporates the computation of wy, Zy and Y at every
step, we will postpone this computation up to the very end, and simple store the factors pi and o for every
k. Extracting the computation of x out of the loop, the final solution vector can be written in the following



form. (Denote with x; the ith component of the vector X = [x1,%2,...,Xn]".)

Mn-3+0n-3 (Hn—261 5+ (Pn-3+CT 50n-2) (Hn-16T 4 + (Pn—2+C]_10n-1)Hncl))
X= = Mn—2 + 02 (Mn-1C1_1 + (Pa—2 +C]_10n_1)HnCT)

Mn-1+ Gn—ll-lnc-r:
L Mn

Mn—3 -+ On-3 (Xn—2C}_, 4+ Pn—3 (Xn-1C}_; +Pn_2XnC/}))

= Mn—1 -+ An-2 (Xn-1C}_1 +Pn—2XnC/ )
Hn—1-+On-1 (XnCP)

L Hn

The computation of the vector above can easily be rewritten in a recursive manner, as the term following
the vector a3 in the computation of x,_1, can be used in the computation of x,_,. Consequetively,
the term following the vector an_» in the computation of x,,_2, can be used in the computation of x,_3,
and so on. Implementing this in a recursive way, from bottom to top requires O(pin) operations for
computing the solution, instead of the O(py1n?) operations needed if it was incorporated in the main loop.
The implementation of this recursion is given the next section.

Secondly, one need to reduce the computation of the matrices SIYk and S[xk in the loop. This reduction
in complexity is related to the structure in the lower triangular part, as the following example shows:

Example 1. A simple case, considers the class of upper triangular matrices. This means that the matrix
Sk = 0. Hence all the computations involving the matrix S, such as SExk and SIYT are removed thereby
creating an O(p1n) solver for upper triangular, simple p;-Levinson conform matrices.

We would like to place this however in a more general framework. The class of matrices admitting
this reduction in complexity is the class of simple (p1, p2)-Levinson conform matrices. Assume a simple
(p1, p2)-Levinson conform matrix A is given, this means that the lower triangular part is structured in a
similar way as the upper triangular part. \We have that our matrices Sk satisfy the following relations (for

1<k<n-1):
Ski1 = { 2Q } ;
Nk+1
where Q is a matrix of dimension p, x pz and ng.1 is a row vector of length k.
Using this relation, the computation of SLlYkH can be rewritten in terms of the matrix SIYk, admitting
thereby a recursive computation of these products:

Z
StiaVier = [QkSK:Nksal [ aiﬂ 9)
= QUSkZi+1+ N1 0kt

= Qu Sk Yi(Px+ Cly1 Okt 1) + Nyt Ok 1
_ olsTy.p ToTy, T T
= Qu Sk YiPi+ (Qx Sk YkCir1 + Nicr1) Ak 1

This leads to a recursive calculation independent of k.
In a similar way a recursive formula for computing the products Ska can be derived:

ST .x _ ToT nT [WkJrl} 10
K1 Xk-1 [Qxk Sk > N1 Ut (10)

= QI SIXK + Hkt1 (QI SIYKCIH + nLl) ‘

This recursive formula for computing Ska in each step of the loop is independent of k.



In the first section we proved that every matrix is (n,n)-Levinson conform. Solving a system of equa-
tions with a strongly nonsingular simple (n,n)-Levinson conform matrix, therefore costs O(n?).

In the following section the algorithm for solving strongly nonsingular simple (p1, p2)-Levinson con-
form systems of equations in O(p1 p2n) operations is presented.

3.5 A second algorithm of complexity O(p1p2n)

Before giving examples of matrices solvable via these Levinson-like methods, we present here the general
algorithm for simple (ps, p2)-Levinson conform matrices. For the computation of S} Yy and SJ xi we use
the recursive schemes presented in Equations (9) and (10). We know that for every k the multiplication of
a vector with the matrices Qk and/or Py can be performed in linear time. Assume that K1 p; + K2 is an upper
bound for the number of operations needed to multiply a vector with a matrix Py, and assume y1pz + Y2
to be an upper bound for the number of operations needed to multiply a vector with a matrix Qx. The
algorithm is presented below, after each computation, the number of involved operations is shown (flop
count). The operation count presented here is the worst case scenario, as we do not take into consideration
other possible advantages such as sparsity in multiplications and so on. One can see this complexity count
as an upper bound.

Algorithm 3. Initialize
R

a = — Flops:
1 a1 ps: p1
b
M = a—l Flops: 1
1,1
SiY1 = Sjog Flops: p2p:
SIxi, = ST Flops: p1

Fork=1,...,n—1do:

1. Compute and store the following variable:

(@) (dkr1SgYk) Flops: (2p2 —1)ps
(b) (dics1SyYCh, 1 +aks1ke1) Flops: 2p;
_ &k 1S VP .
2. Oki1 = RC AT e Flops: 2p; +K1p1 + K2

brs1 =i 1 S0 %
dk+131YkCI+1+ak+l.k+1

3. Hkr1 = Flops: 2p, +1

4. Compute and store the following variables (if k < n—1):

(@) QISEYich 1 +Ni s Flops: 2p2p1+Y1p2 + V2
() ST Yes = QISP+ (QTSTEL, L) s

Flops: 2p2p1 + p1(Y1P2 +VY2) + P2(K1p1+K2)
(© SI+1Xk+1 = QISIXK + (QISIYKCIH + rlLl) Hic+1

Flops: 2p2 +y1p2 +Y2

endfor;
Computation of the solution vector (h is a dummy variable)

Xn = Hn

h = pnc’

Flops: p1

Fork=n-1,-1,1do



1. Xk = Mk +okh Flops: 2p,
2. h=xc] +Pc1h Flops: 2p1 +Kip1 +K2
endfor.

It is clear that an overal complexity count leads to method with complexity O(p1p2n). A more detailed
summation of the involved operations gives us an overal complexity of

(n—1) [(6+v1+K1)p1p2+(2K1 +Y2+7)p1+ (21 + K2 +4)p2+ZVz+2K2+1]
+(=3—y1 —K1)p1p2+ (3—V2)p1+ (—2—2y1 —K2)p2 + (1 — 2y2)

3.6  (p1, p2)-Levinson conform matrices with Ex = R, = Ik

The considered class of (p1, p2)-Levinson conform matrices was called simple, because the corresponding
solver had a complexity of O(p1p2n). Suppose now that we omit this simplicity assumption. This would
immediately increase the complexity. For example in the Toeplitz case, we cannot extract the computation
of the solution vector x out of the most inner loop and hence we have immediately a complexity of O(n?).
If we assume however that the matrices Ex = Fx = li, the algorithm as presented in Section 3.5 remains
valid, but it will increase in complexity, because we cannot perform multiplications with the matrices Py
or Qg in linear time anymore. In this section we will assume the matrices Ex and F equal to the identity
matrix (because then the algorithm in Section 3.5 remains valid), and we will see what the impact of the
multiplications with the matrices P and Qy is on the complexity count.

e Assume we cannot multiply vectors with the matrices Py in linear time, but we can multiply vectors
with the matrices Q in linear time. This means that in Algorithm 3, the following steps increase in
complexity:

— in the main loop, steps

Ek+1+dk+13.<rYkPk
dk+15[<rYkC-kr+l+ak+1,k+1

4. (b) Sg,1Ykr1 = QeSEYkPx+ (QTSEYKCE, 1 +Niyq) Okra
Flops: 2p2p1+ p1(y1p2 +VY2) + p1p2(2p1 —1)

2. Ogy1 = — Flops: (2p1+1)ps1

— in the computation of the solution, step
2. h=x¢l +Pc_1h Flops: (2p1+1)ps.

This means that we will get an Algorithm of complexity O(p?pzn). More precisely we get the
following operation count:

(n—1)| (2p2+4) P2 + (Y1 +5) p1p2 + (Y2 +5) pr + (2y1 +4) p2 +2y2 + 1| +0O(1)

e Assume the multiplication of a vector with the matrices Py can be done in linear time, but not the
multiplication with the matrices Q. In Algorithm 3, the following steps increase in complexity:

— in the main loop, steps
4. (3) QSKYkCryg +Niys Flops: 2p2ps + P2(2p2 — 1)
4. (b) SgqYkr1 = QESEYkPk+ (QTSEYKCE, 1 +Nityq) Okr1
Flops: 2pzp1 + p2(K1p1 +K2) + p1p2(2p2 — 1)
4. () S X1 = Qe SEXic+ (QRSEYKC 1 + N et
Flops: p2(2p2+1)
— in the computation of the solution nothing changes.
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Overall, we get the following operation count:
(n—1) |2p1p3 +3p5 + (K1 +5) pLp2 + (2K1 +7) p1+ (K2 +2) p2+2|<2+1} +0(1)

e Suppose none of the matrices Py or Qx admit a multiplication in linear time. Hence the algorithm
increases in complexity, and we get:

— in the main loop, steps

_ &qatdia SR .
2. Ogy1 = AR Flops: (2p1+1)p1
4. () QF SEYCh 1 +Niiy Flops: 2p2p1 + p2(2p2 — 1)

4. (b) Sf.1Yir1 = QESEYPk+ (QTSEYkCL, 1 +Nikyq) Okr1
Flops: 2p2p1 + p1p2(2p2 —1) + p1p2(2p1 — 1)
4. (C) SkyaXki1 = QSgXk+ (QESEYRCE 1 +NEy1) Hier
Flops: p2(2pz2+1)
— in the computation of the solution, steps
2. h=x¢l +Pc_1h Flops: (2p1+1)p1.

If no linear multiplications with vectors are possible, we get the following complexity:

(n— 1) [29Fp2 -+ 2P p3 -+ 4p5 + 4p1p2 + 3p3 + 5p1 + 2p2 + 1] + O(1)

In the Section 5 there is a class of matrices (quasiseparable matrices) included, which are (p1, p2)-
Levinson conform, with Ex = F¢ = I, and the matrices P, and Qk do not admit a linear multiplication with
a vector.

4 An upper triangular factorization

The Levinson-like algorithm as presented in this paper applied to a matrix A, is closely related to an upper
triangular factorization of the involved matrix. This is also the case for the Levinson algorithm related to
Toeplitz matrices, (see e.g. [4, 1]). Suppose we have a Levinson conform matrix A. Writing down the
solution of the kth order Yule-Walker-like problem, gives us:

AYk = —Rx.

Bringing the matrix R to the left-hand side, and multiplying this equation on the right with the vector cLl
gives us:
AkYkCIJrl + RKCLJ =0.

This equation can be rewritten in terms of the matrix Ay, 1:

-
( Ac | Rl ) ( o ) _ ( 0 >

dk+1SE ‘ Ak+1,k+1 1 Ok+1
If we put the successive equations for the different values of k, in an upper triangular matrix we get (we
remark that the products Yicy, , are column vectors of dimension k):

1 Yac] Yol ... Yool oo 0 0 .. 0
0 1 X 02 0 0
A 0 0 1 = X 03 0
0 0 0o 1 o S

11



The x denote arbitrary elements in the matrix. Rewriting the equations above, defining the upper triangular
matrix to the right of A as U and rewriting the matrix on the right-hand side as LA, with A a diagonal matrix.
We get the following two relations:

A = LAUY
ATt = UATILTE

where U and L are respectively upper and lower triangular matrices, with ones on the diagonal, and A a
diagonal matrix. Moreover, we do not get the matrices U and L, but in fact we get their generators, in terms
of the vectors ay and p. This factorization, can therefore be used to compute the inverse of the matrix A.

5 Examples

In this section we will provide several classes of matrices, which are simple (p1, p2)-Levinson conform.
Hence we can apply our previously designed algorithm and come to an O(pspzn) solver for these systems
of equations. We do not always derive the complete algorithm, but we define all the necessary matrices to
illustrate that the presented matrices are indeed simple (p1, p2)-Levinson conform matrices.

5.1 Givens vector representable semiseparable matrices

Nowadays a lot of attention is being paid to semiseparable, and closely related matrices. Systems of equa-
tions with semiseparable plus diagonal coefficient matrices arise for example in differential and integral
equations [12, 13], in oscillation theory [14], statistics [15], and so on.

For example, in the papers [16, 17, 18, 19, 20, 21, 22] different methods were proposed for solv-
ing semiseparable systems of equations. Some of these papers cover more general structures than the
simple semiseparable one, the papers [17, 18] focus explicitely on the class of semiseparable matrices of
semiseparability rank 1 plus a diagonal. For this class of matrices, the complexities of some of the different
solvers are 54n flops for [18], 58n flops for [22], 59n flops for [16] and 80n flops for [19].

As the structure of the simple (p1, p2)-Levinson conform matrices, as presented in this paper does
not extend towards the diagonal, there is no loss of generality when solving a simple (p1, p2)-Levinson
conform matrix plus a diagonal. In fact it does not even increase the complexity. This means that the solver
we derive below is also applicable for semiseparable plus diagonal matrices.

In [23], an alternative representation for semiseparable matrices of semiseparability rank 1 was presen-
ted. The representation is based on a sequence of Givens transformations and a vector. Let us consider
here the unsymmetric case, namely an unsymmetric semiseparable matrix of semiseparability rank 1, rep-
resented by using a two sequences of Givens rotations and a vector. (More information concerning this
representation with respect to other types of representations and algorithms related to it can be found in
[23].) Let us denote the first sequence of Givens rotations, and the vector for representing the upper trian-
gular part as:

G — l:Cl Cr ... Cnl:|7
S1 S22 ... Sp-1
d = [d dp ... dn]

and the second sequence of rotations and the vector as:

rh I ... In=2
H = ,
|: W b ... thoo :|
e = [e1 e ... ena].

The matrices G and H contain in the first row, the cosines of Givens transformations and in the second row
the sines of the Givens transformation, every column corresponds to one Givens rotation. The resulting
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semiseparable matrix S is of the following form

C10; rier  rtie ... rpooth_z---ti€1  thooth_3---t1€g ]
CoS1d1 Cdy & M-oth-3---t2€1 thoth_3---t1€1
S_ Casps10y Caspdz  Cads ' ’
: R : Fn—2€n-2 th-2€n—2
Ch—1Sn—2---S1d1 ... Cn—10n—1 €n—1
| Sh1Sh-2--s101 - Sn—10nh-1 dn i

We will construct here only the matrices R, ckx and Py corresponding to the upper triangular part. The
matrices corresponding to the lower triangular part, can be constructed in a similar fashion.

Put Ry = e; and define ¢y, =rgfork=1,....n—2and cy, = 1. If Px =ty and & = ek, we get for
k=2,....n—-1:

eitito -tk
Ru -t etz tk1
R, — [ k—1lk—1 } _ .
€k :
ex—1tk—1
€k
and hence (only the upper triangular part is shown)
Mdk—1---t1€1
Ndx—1---1o€1
A, | P R | A :
ket Ch10k41 :
'€k
| Ck+10k+1

Which states that our defined matrices, generate the matrix A. Moreover we remark that the multiplication
of a vector with any of the matrices Py = ry can clearly be performed in linear time. This defines all the
matrices, and therefore, this matrix is simple (1,1)-Levinson conform and admits an O(n) Levinson-like
method. Using the operation count as presented in Section 3.5, we see that the cost of solving a system of
equations is bounded by 24n — 29 operations (with K1 =y, =1 and Ky =y, = 0).

5.2 (1,1)-Quasiseparable matrices

In this section, the class of (1,1)-quasiseparable matrices is considered. General quasiseparable matrices
(see [24]) are investigated in Section 5.4 as the general class is slightly different.

Currently a lot of attention is paid to the class of quasiseparable matrices (see e.g. [9, 10, 22, 21]).
Briefly spoken we can say that a matrix is (1,1)-quasiseparable if every subblock taken out of the strictly
upper triangular triangular part of the matrix hax rank at most 1 (the same holds for the lower triangular
part). Hence, the structure does not incorporate the diagonal, which is the case for semiseparable matrices.
The class of (1,1) quasiseparable matrices incorporates for example the class of semiseparable matrices
of semiseparability rank 1, tridiagonal matrices and unitary Hessenberg matrices. Several algorithms for
solving systems of equations with quasiseparable matrices exist, the methods presented in [22, 21] compute
a QR-factorization, and solve the system in this way. The methods presented in [9, 10] use a recursive
scheme for computing the solution and are in fact closely related to the Levinson method presented here
applied to quasiseparable matrices. A comparison between these approaches is given in Section 5.4.

Let us illustrate that (1,1)-quasiseparable matrices can be considered as simple (1,1)-Levinson con-
form matrices, and hence admit an O(n) solver of the Levinson type.

The class of (1,1)-quasiseparable matrices R = (r; j) consists of matrices of the following form:

piaiquh 1§|<J§n>

rij=-1< di 1<i=j<n,
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Where afj =aj;1...aj-1 and bifj =bj;1...bj_1 and all the elements &;,b;, p;,0;,0i,hi and d; are scalars.

As the stucture of the upper triangular part is exactly the same as the structure from the lower triangular
part, we will search for the matrices corresponding to the upper triangular part. The upper triangular part
of such a (1, 1)-quasiseparable matrix R has the following structure:

[ d1 p102 p1@203 P182830s - P1d2...8n-10n |
dz P20z P2a3ds -+ P283...an-10n
d3 P304 o+ P334...8n-10n
R= :
ds
Pn-10n
. dn

Initializing Ry = p; and defining cx = gk, Px = ax.1 and & = px givesus fork =1,... .n—1:

Piazaz---ak
poaz---ax
R — { Ri—1Px—1 } _ [ Rk_18k ] _ .
&k Pk . .a
k—18k
Pk

and hence

p1azasz- - - akOk+1
P2as- - - akOk+1

At = { Ax | RiCii1 ] _ { A | RiGks1 } | A :
[ Ak | dita Pk—18k0k+1 7
Prk+1
dk+1

which gives us the desired matrices. All the conditions are satisfied (including the demands on the
multiplication with Py) to have a simple (1,1)-Levinson conform matrix. Using the operation count as
presented in Section 3.5, we see that the cost is bounded by 24n — 29 operations (with k; =vy; =1 and
K2 = y2 = 0), which is exactly the same number of operations for a semiseparable matrix represented with
a sequence of Givens transformations and a vector. In fact both representations are closely related to each
other (see [23]).

A careful computation of the number of operations involved in Algorithm 5.3 proposed in [9] for
solving a (1,1)-quasiseparable matrices gives us, for the number of flops, the following complexity: 49n+
O(1).

5.3 Higher order generator representable semiseparable matrices

In two recent papers [7, 8], we investigated how to solve symmetric strongly nonsingular systems of higher
order semiseparable matrices plus band matrices using a Levinson-like technique. The results provided
in this paper are much more general. We include here the class of higher order generator representable
matrices as an example. Moreover, we prove here that also nonsymmetric matrices fit in this framework.
Implementations of these solvers are available (see [7, 8]).

Suppose we have the following higher order generator representable semiseparable matrix A:

p1d; P20 Pnd]
T T .
uv :
A 1Vq P29, ’
: ' RO
Un—1V] Un-1Vp_;  Pndf

14



for which all the row vectors u; and v; are of length I, and the row vectors p; and q; are of length I;.
This matrix is called an (I, 12)-generator representable semiseparable matrix. We will prove now that this
matrix is simple (l1,12)-Levinson conform.

Let us define the matrices Ry and S as follows:

01 Vi
Rk = and Sx=
(O]% Vk

Defining P« =11, Qx = Ii,, Nk = vk and & = qx gives us the following relations (these are Conditions 2
and 3 of Definition 2):

R S
Rky1 = [ K } and  Sxi1= [ K ] .
Ok+1

Moreover the upper left (k+1) x (k+ 1) block of A is of the following form (Condition 1 of Definition 2):

Ac | RePgia ]

T T
Uk Sy ‘ Pk+10k 41

Akl =

This coefficient matrix satisfies all the properties to come to the desired O(l112n) Levinson-like solver.
Using the operation count as presented in Section 3.5, we see that the number of operations is bounded by

(6|1|2+7|1 +4|2+1) (n— 1) —3l1ly + 3l — 21, + 1.

5.4 General quasiseparable matrices

References concerning the class of quasiseparable matrices can be found in Section 5.2. In this section
we will compare the Levinson-like method, with the algorithm presented in [9], for solving quasiseparable
systems of equations Rx = b. Before comparing both methods, we will briefly indicate how quasiseparable
matrices fit into this framework. A general (p1, p2)-quasiseparable matrix is of the following form

piaii(jq-jra 1§|<J§na
rj=< di 1<i=j<n,
gibjhf, 1<j<i<n
Where & = aj;1...aj-1,) = bis1...bj-1, pi,qi € RI*P1 gi,hj € RY*P2, a; € RP1*Pt and by € RP2*P2
for all i. Combining the techniques presented in Sections 5.3 and 5.2, we see that our quasiseparable matrix
is (p1, p2)-Levinson conform (we do not include the details). The quasiseparable matrix is however not
simple Levinson conform as our matrices Py = ax,1 and Qx = by 1 and these matrices ax,1 and by ; do
not necessarily admit a linear multiplication with a vector. Hence, we are in the case of Section 3.6, leading
to a complexity of

n[2p§p2+2p1p§+4p§+4p1pz+3p§+5p1+2pz +1} +0(1).

for solving a quasiseparable matrix via the Levinson-like solver, as presented in this paper.

The method presented in [9], computes in fact the generators of the inverse of the quasiseparable mat-
rix, and then applies a fast multiplication A~! to the right-hand side b to compute the solution vector x.
Moreover the algorithm produces also the generators for the matrices L and U, in the following factoriza-
tion of the matrix A:

A=LAU,
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where L and U are respectively lower and upper triangular matrices, with ones on the diagonal, and A is
a diagonal matrix. A complexity count of the algorithm proposed in [9], gives us the following number of
flops?

n[4p2p2 +4p3py -+ 12p1p; + 8pF + 83 + 5py +5pz + 3| +O(1).

The method presented in this paper however, does not explicitely compute the generators of the in-
verse of the quasiseparable matrix. But in some sense it calculates an upper triangular factorization of the
following form (see Section 4)

AU = LA,

where U and L are respectively upper and lower triangular with ones on the diagonal, and A is a diagonal
matrix. Moreover comparing both complexity counts, we see that our Levinson-like solver is approximately
2 times faster as the solver presented in [9].

We remark however that the algorithm proposed in [9], is also capable of dealing with block quasisep-
arable matrices, which our method in the current form is not capable of dealing with.

5.5 Band matrices

We will now briefly illustrate how we can solve band matrices using the above proposed method. There
is a huge variety of methods for solving banded systems of equations: from QR-decompositions, LU-
decompositions, Gaussian elimination to parallel methods. Some of these methods can be found in [25],
and the references therein. Band matrices can also be considered as quasiseparable matrices, for example
a (l1,12) band matrix is also (I1,1,)-quasiseparable. But instead of using the quasiseparable approach, the
direct approach gives a much faster algorithm: the quasiseparable approach involves the terms Iflz, I1I§
and Il in the complexity count, whereas the Levinson-like approach only involves the term I1l; in the
complexity count (see Section 5.4, and the complexity count at the end of this section).
Assume we have an (l1,1,)-band matrix A of the following form:

[ a1 a2 ... A4l 0 0 7
az1 a2 a3 az |42
az2 ass 0
A= ay+11 : dn—l;n
0 al,+2,2
: . an—1n
. 0 0 anny, ann-1  ann |

with all the & j € R. This is not the most compact representation of the band matrix A, as many of its
elements are zero. Let us therefore introduce the matrix A, which contains as rows the elements in the same
column of the matrix A above the diagonal (not including the diagonal). Similarly we can construct the
matrix A, which contains the elements in the same row, strictly below the diagonal.

Let us denote with a; the ith row out of the matrix A, this means:

zi:[0,...,0,a17i,a27i,...,ai,17i] if
ai = [@i_1y,i, &ty 4155 a1 if

i<ly
i> |1
The row vectors a; are of length 1; (a; = 0). It is shown now that the upper triangular part of the matrix sat-

isfies the desired conditions, to be simple (I, I,)-Levinson conform. (The lower triangular part is similar.)
Let us define Ry as a k x 11 matrix of the following form:

il

2In the paper [9] another definition of a flop is used, than the one used throughout this paper. Therefore the operation count as
presented in [9], was translated towards the definition of a flop in this paper.

16



where |;, denotes the identity matrix of size I;. In the beginning of the algorithm, we have that k <I;. In
this case we take only the last k lines of I, this means that:

0, if k<l
| if k=l
Rk = | 0 1
{ ] if k>l

I,

Defining for every k the matrix Px equal to the shift operator P, which is an |3 x I3 matrix of the
following form
0 ... 0
1 0 ... 0

P=]10 1 0

o ... 0 1 0O
Multiplying a matrix on the right with this operator, will shift all the columns in this matrix one position
to the left, and add a trailing zero column. Using this shift matrix and defining for every k the vector
&=10,0,...,0,1] gives us
Ru: — RkP

ktl 0,...,0,1] |
Using the above definitions and defining cx = ax (define Sk and dy similarly as for the upper triangular
part.) leads to the following relations:

Akt

Ax | RkaLl
dk+151 ‘ Ak+1,k+1

This means that our band matrix is simple (Iq,l)-Levinson conform, leading to a solver of complexity
O(l1lzn). More precisely we know, as the multiplication on the right with the matrix Py does not involve
operations (just index shuffling), that the number of operations is bounded by

(6|1|2+7|1 +4|2+1) (n— 1) =3l +3lp -2l +1,

as Ky = Ky =y1 = Yo = 0. This is clearly an upper bound, as the special structure of the matrices Ry is not
taken into consideration. Exploiting this structure results in further complexity reduction.

5.6 Arrowhead matrices

Arrowhead matrices are often an essential tool for the computation of the eigenvalues, via divide and
conquer approaches [26, 27]. They also arise, in block form, in domain decomposition methods, when
discretizing partial differential equations where they are used as preconditioners. In this section we will
show how arrowhead matrices can be solved efficiently using the presented framework, and we will present
the algorithm based on Section 3.5. Let us consider the nonsymmetric arrowhead matrix of the following
form:

aa a 3 ... a
a a

A= | a3 as
gn an

Where the elements of the form "a denote the elements of the arrow in the upper triangular part and the
elements a; denote the elements of the arrow in the lower triangular part. The elements a; denote the
diagonal elements, with a; = a; = "a, and the elements not shown are assumed to be zero.
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Let us define the matrices R and Sk as ST = Rl = [1,0,...,0]T which are vectors of length k. Let us
define the elements cx = @ and dix = &, the matrices Px = Qi are chosen equal to the identity matrix and
the vectors & = nk = 0. One can easily check that this matrix is simple (1,1)-Levinson conform.

Based on our solver of Section 3.5, we derive here the solver for the arrowhead matrix.

Algorithm 4. Initialize

-1
ap = — Flops: 1
1 a p
by
= — Flops: 1
H1 a p
sSlvi, = SJa;=a; Flops: 0
SIxy = Sluy=m1 Flops: 0
Fork=1,...,n—1do:
1. Compute and store the following variable:
(@) 2y 1Sk Y Flops: 1
(b) (2, 1Sg Yk i1 +ak 1kt1) Flops: 2
_ a1 S Y .
2 O = a1 S Yedks 1 Hak 1k 1 Flops: 1
_ T
3. Pt = — Dl B Sk Flops: 3

§k+1§1<—Ykék+1+ak+1,k+l
4. Compute and store the following variables (if k < n—1):
(@) SPYk @1 Flops: 1
(b) S§.1Yks1 = SpYic+ (SEYk @1) Qi Flops: 2
(©) SpogXkr1 = SEXk+ (SgYk Rr1) Miia Flops: 2

endfor;
Computation of the solution vector (h is a dummy variable)

Xn = Hn
h = pra Flops: 1
Fork=n—-1,-1,1do
1. Xk = Uk +agh Flops: 2
2. h=xa+h Flops: 2

endfor.

This algorithm has as largest term in its complexity 19n. If one however uses standard Gaussian elim-
ination to solve this system (after having flipped the arrow, so that it points downwards), the complexity is
6n.

5.7 Unsymmetric structures

The examples presented above were matrices having a symmetric structure. This means that if the upper
part was semiseparable also the lower triangular part was semiseparable, if the upper triangular part was
from a band matrix, also the lower triangular part was from a band matrix. But in fact, taking a closer look
at the conditions, the upper and/or the lower triangular part of the matrix need not to be related in any way.

Dealing with the upper and the lower triangular part of the matrix separately we can create matrices
having a nonsymmetric structure:
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e An upper triangular semiseparable matrix is simple (I1,0)-Levinson conform, where I; stands for the
semiseparability rank of the upper triangular part.

e An upper triangular band matrix is simple (I1,0)-Levinson conform, where 1; stands for the band-
width in the upper triangular part.

o Different matrices from statistical applications, which have different semiseparability ranks in the
upper and the lower triangular part plus a band matrix can be found in [15]. These matrices fit
naturally in this Levinson framework.

e A matrix for which the upper triangular part is semiseparable, and the lower triangular part is coming
from a band matrix. For example a unitary Hessenberg matrix, this matrix has the upper triangular
part of semiseparable form and only one subdiagonal different from zero. Hence a unitary Hessen-
berg matrix is simple (1,1)-Levinson conform.

e An upper triangular band matrix, for which the lower triangular part comes from an arrowhead is
(I1,1)-Levinson conform (I; denotes the bandwidth).

e Moreover, one can also combine matrices, for which the upper or the lower triangular part is quas-
iseparable. In this case the complexity of the Levinson-like solver changes according to the com-
plexity of the multiplication with the matrices Px and Q, see Section 3.6 for a more detailed analysis
of the complexity.

In the following sections, some interesting classes of matrices having an unsymmetric structure are invest-
igated in more detail.

5.8 Upper triangular matrices

Let us apply our Levinson solver to an upper triangular system of equations. We have the matrix A = (ajj)
where ajj = 0 if i > j. Let us denote with Ry the matrix of dimension k x (n — 1) where Ry = [Ix,0] and
Ck = @1k, ..-,8Kk-1k,0,...,0] is arow vector of length 1 x (n—1). Moreover we assume the matrix Sy =0
and P = |. The matrix is simple (n— 1,0)-Levinson conform as:

Ak RkCT ]
A — k+1
kit [ 0 | a1kt
We know that solving the system of equations in this manner will lead to an O(n?) method. Moreover, this
is a well-known method, as we will show.
Let us take a closer look at the solution generated by this Levinson-like approach. We have all the

necessary information to easily caculate the values of ay and p for every k, as Sy = 0. We have that for
every k

el((n)
ok = ——
K

Ak

bk
kK = —
H ak,k’

where el((n) is the (k)th vector of the canonical basis of R". Using these variables, we can construct the
solution vector x for the system Ax = b. We will consider the computation of the last three components of
X, based on the equation (9). The last component Xy, has the following form:

bn
Xn=Hn=—.
an,n
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The component x,_1 is of the following form:

bn—l (*1) bn (n) T
X1 = + e cl
dn-1n-1 dn-1,n-1Qann
-1

= (bn—1—an—1,nXn)-
an—1,n-1

Let us conclude with element x,_», which gives us the following equations:

bn- -1 bn- -1 b
Xn-2 = 24 =) e, . R (B €n 1) ——Ch
anfz,nfz an72,n72 anfl,nfl anfl,nfl ann

1 bn—1 an-2,n-18n-1n
= Pn—2 —an—2n-1 —an2nXnt ———Xn
an—-2.n-2 an—-1,n-1 an—1n-1

1
= (bnfz —an-2,n—-1Xpn-1 — an72,nxn)
an-2.n-2

This means, that rewriting the general formulas for the Levinson-like solver for upper triangular systems
of equations, gives us the well-known backward substition algorithm [1]. In a similar way we can derive
the solution method for a lower triangular system of equations. This will give us the forward substitution
algorithm.

5.9 Dense matrices

Using Lemma 1 we know that also strongly nonsingular systems of equations without structure in the
coefficient matrix, can be solved in this fashion. This gives us an algorithm, requiring O(n®) operations,
more precisely 6n2, which is of course not efficient enough.

5.10 Summations of Levinson-conform matrices

If we summate different Levinson-conform matrices, we get again a Levinson-conform matrix. This is
proved in the next theorem.

Theorem 1. Suppose we have two matrices A and A, which are respectively (p1, p2) and (i1, f2)-Levinson
conform. Than the matrix A = A+ A will be (p1 + p1, p2 + P2)-Levinson conform.

Eroof. Let us denote all the matrices related to the matrix A, with a hat"and the ones related to the matrix
A with a tilde™ Let us define the matrices Ry, ck, dk, Sk as follows:

R« = [RiR«]
Sk = [Sk.Sk
ck = [Ck G
de = [d.d].
Define the operators P and Q as
PT = [FTBT)
AT 71T
QT = [Q.Q"]".
Then it is straightforward to prove that these newly defined matrices and vectors, satisfy the desired condi-
tions, such that the matrix A is (p1 + p1, 2 + P2)-Levinson conform. O

Let us illustrate this with, some possible structures which become solvable now:

e One can solve now summations of all previously defined Levinson-conform matrices. For example,
the sum of a higher order semiseparable matrix plus a band matrix.
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e Moreover it is not necessary that both matrices are strongly nonsingular. As long as the sum of these
matrices is strongly nonsingular, the problem can be solved by the standard Levinson-like solver
(for the look-ahead method see Section 6). In this way, we can also add simple Levinson conform
matrices which are singular. For example adding a rank 1 matrix to a Levinson conform matrix is
feasible.

e For example an arrowhead matrix with a larger band-width is (I3 + 1,12 + 1)-Levinson conform, as it
can be written as the sum of an arrowhead matrix and an (l1,12)-band matrix.

In the next sections, we will give some more examples of matrices, which can easily be seen as the sum
of simple Levinson conform matrices.

5.11 Matrices with errors in structures

Quite often one will deal with matrices, which do not have a perfect structure. For example a matrix, which
is semiseparable, except for some elements in one row or column. Or a matrix, which is almost of band
form except for some elements which are nonzero. The number of elements desintegrating the structure is
often low. If we are able to write now this matrix as the sum of the pure structure (e.g. semiseparable plus
band) and the elements destroying the structure, we can decrease the complexity count of the Levinson
method related to this matrix. Let us call these matrices destroying the structure, error matrices. If these
error matrices are simple (eq,e,)-Levinson conform, the complete matrix will be simple (p1 +e1,p2 +€2)-
Levinson conform. In case of small e; and e, this does not lead to a large increase in complexity. Let us
illustrate this with some examples of errors in the upper triangular part. (The lower triangular part, can be
dealt with in a similar way.)

e The error matrix E has only one column different from zero. Suppose column i: Ej = [e1, ez, ... ,en]T
contains the only nonzero elements in the matrix E. If we define Ry = ey, RIH = [Rl,ekﬂ] and
all the ¢ = 0, except ci+1 = 1, this gives us the structure for the upper triangular part. Defining the
lower triangular part similarly gives us a simple (1,1)-Levinson conform matrix. Similarly one can
consider error matrices with more columns different from zero, or error matrices with one or more
rows different from zero. For example a matrix which is of unitary Hessenberg form, except for
the elements in the last column. These elements do not belong to the semiseparable structure of the
upper triangular part. This matrix can be written as the sum of a unitary Hessenberg matrix plus an
error matrix, which has only one column different from zero.

e The error matrix has a super diagonal different from zero. Similarly to the band matrix approach,
we can prove that this matrix is simple (0,1)-Levinson conform. Multiple super diagonals and/or
subdiagonals, can also be considered.

e If the error matrix is unstructured, but contains few elements, one might be able to represent it as a
simple (e1,e2)-Levinson conform matrix with small e; and ey, but this is of course case dependent.

In the next sections some examples will be given of specific matrices which can be written as the sum of a
pure structure plus an error matrix.

5.12 Companion matrices

Companion matrices are often used for computing the zeros of polynomials (see [28]). The companion
matrix itself is not suitable for applying this Levinson algorithm, as all the leading principal matrices,
except the matrix itself, are singular. We can add this matrix however easily to other Levinson-conform
matrices as it is (1,1)-Levinson conform. Let us consider the Companion matrix C corresponding to the
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polynomial p(x) = x"+an_1x"1 4 .- 4-a;x+ap:

0 0 O —ag

1 0 O —ay

C= 01 0O —ap
1 -—an

This matrix is clearly simple (1,1)-Levinson conform.

5.13 Comrade matrix

Lots of polynomial basisses satisfy a three terms recurrence relation. If we would like to compute the roots
of a polynomial expressed in such a basis, we can use the comrade matrix ([29]).
When we have a set of polynomials defined in the following sense:

i .
pi(x)=$ pijx!,1=0,1,2,3,...
2

which satisfy the following relationships (in fact a three terms recurrence):

Po(X) 1,
pi(x) = ouX+Pu,
pi(x) = (aix+Bi)pi-1(x) —Vipi—2(x) fori>2.

Suppose we have the following polynomial:

a(x) = pn(X) +a1pn-1(X) + ... +anpo(x),
then the comrade matrix is defined as the matrix C:
—B1

1
e 0
Y2 —_éz 1 9 0
ay ay ay e
s B 1
C = 0 as a3 as 0
Yn-1 —Bn-1 1
Op_1 On_1 On-_1
—an —an-1 -8 —®%+¥%n —a1—Pn
On On e On On On

It is clear that this comrade matrix can be written as the sum of a tridiagonal matrix plus an error matrix,
for which one row is different from zero. Hence, the matrix is simple (1, 2)-Levinson conform.

5.14 Fellow matrices

Fellow matrices are rank 1 perturbations of unitary Hessenberg matrices (see [30]). Finding the roots of
a polynomial expressed as a linear combination of Szegd polynomials is related to the eigenvalues of a
Fellow matrix (see [31, 32]). These matrices are naturally written as the sum of two simple Levinson
conform matrices. Suppose F to be a fellow matrix, than we can write F = H +uv', where H is a unitary
Hessenberg matrix, which is simple (1,1)-Levinson conform, and the rank one matrix uv' is also simple
(1,1)-Levinson conform. A Fellow matrix is therefore simple (2,2)-Levinson conform.
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6 Thelook-ahead procedure

A limitation of the presented solver is the strongly nonsingularity assumption. In this section we will
briefly illustrate how we can overcome this problem by applying a look-ahead technique. Once the main
decomposition of the involved matrices is known, it is an easy exercise to derive the complete algorithm.
Hence we do not include all the details, we only illustrate it for the Yule-Walker like equation.

Given a simple p;1-Levinson conform matrix A. Suppose that, after having solved the kth order Yule-
Walker like equation, we encounter some singular principal leading matrices Ak 1 up to Axyj_1. This means
that the first nonsingular principal leading matrix is Ax.. We will now solve this (k+1)th Yule-Walker-like
system, based on the solution of the kth Yule-Walker like problem:

AYx = —Ry.

The coefficient matrix Ay, can be decomposed in block form as

Ac | RC,
Ak+| = T - )
Dk,S, | Bk

where By =Ak+1:1,k+1: I)3 isan | x I matrix and Cy is an | x p; matrix of the following form:

C|I7| = [C-IL—-Q-]_’PKCI—FZV"aPkPk+l"'Pk+|—2C-|£+|} .
Before we can solve the system Ay Yk = —Rk41, We also need to block-decompose the matrix Ry.:

R, — RkPk -+ - Peri-1
k+l — Zkl

with 2y € R"P1 of the form:

k1P 1P 2Pk - - Pryi—1
Ek+2Pk+2Pk+3 T I:’k+l—1
2k = Ek+3pk+3 Pryi-1

&kt
Using these block-decompositions of the matrices Ax;| and Rg., the (k4 1)th Yule-Walker-like equation

can be written as T
Ax ‘ RiCy { Zy| ] _ { RkPx -+ P11 }
Dy, Sk ‘ Bk Ok 2y ’

with Zy; € R®<Pr and oy € R'*P1.
Expanding the above equations and solving them towards Zy| and o leads to the following formulas:

Zky = Yi(PPes1--Pigio1 +C{|Gk,|) ;
—1
okl = — (DigSEYiCiy +Bii)  (Zit + DiciSe YiPi-+Pg—1) -

This means that for computing oy, we need to solve p; systems of size | x I, this can be done by several
techniques, at a cost of O(1%). As long as the value of I, w.r.t. the problem size is small, there is no
significant increase in complexity, but this is of course closely related to the problem.

Having computed the solution of the Yule-Walker-like equation, the solving of the corresponding Lev-
inson problem is done similarly. Also the complexity reducing remarks as presented in Section 3.4, can be
translated towards this block-version.

3With the matrix A(i : j,k: 1), we denote the submatrix of the matrix A, with columns ranging from i up to j, and with rows ranging
fromkuptol.
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An important issue, which we will not address here, is to decide when a principal leading matrix
is numerically singular. Or even more, when is it too bad conditioned, such that it might have a large
influence on the accuracy of the final result. An easy way to measure the ill-conditioning is to check the
value of the denominator in the computation of ay, as long as this value is not to close to zero (w.r.t. the
nominater), the computations are numerically sound. A more detailed analysis should however be done
case by case for obtaining a fast and accurate practical implementation.

7 Conclusions

In this paper we developped an algorithm for solving simple (p1, p2)-Levinson conform matrices. The
algorithm was linear in time, multiplied with p; and p,. It was shown that different classes of matrices,
including semiseparable, quasiseparable, band, ... fit in this framework. Further one we also investigated
the relation with an upper triangular factorization, and we pointed out how to design a look-ahead method
for this type of algorithm.
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