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Abstract

Fast estimation and tracking of the principal subspace of a sequence of random vectors is a classic problem, widely encountered
in areas such as radar, sonar and speech processing, data compression, data filtering, parameter estimation, pattern recognition,
neural analysis, wireless communications, to name just a few.

Among the most robust algorithms for subspace tracking there are the so called OPERA–based algorithms with computational
complexity 2nr2 +O(r2), where n is the input vector dimension and r (n� r) is the desired number of eigencomponents.

In this paper we propose a fast and stable algorithm for subspace tracking based on the EVD–OPERA algorithm with 6nr+15r2

computational complexity.

Index Terms

subspace tracking, rank–one updating, eigenvalue decompositon.

I. INTRODUCTION

FAST estimation and tracking of the principal subspace of a sequence of random vectors is a classic problem, widely
encountered in areas such as radar, sonar and speech processing, data compression, data filtering, parameter estimation,

pattern recognition, neural analysis, wireless communications (see, e.g. [1], [3], [4], [8], [12], [13], [18]–[20], [24] and the
references therein).

Among the most robust algorithms for subspace tracking there are the so called OPERA–based algorithms [10], [12], [13],
[20]. Indeed, OPERA–based algorithms have been shown to be “locally” more robust than, e.g., PAST–based algorithms [24],
provided the initial basis of the principal subspace is “close” to the exact one [9].

There are mainly two equivalent implementations of the OPERA–based algorithms, one based on the singular value
decomposition of the signal subspace formed from the observations of a non stationary signal in non stationary noise, called
SVD–OPERA, and one based on the eigenvalue decomposition of the covariance matrix formed from the observations of a non
stationary signal in non stationary noise, called EVD–OPERA. Both have the same computational complexity 2nr2 + O(r2),
where n is the input vector dimension and r (n� r) is the desired number of eigencomponents1.

In this paper we propose a fast algorithm for tracking the signal subspace of a sequence of vectors. At each iteration of
the new method, the smallest eigenvalue and the corresponding eigenvector of a Hermitian tridiagonal matrix modified by a
Hermitian rank–one matrix, is computed. Then a unitary matrix, approximation of the original signal subspace, is multiplied
by a Householder matrix. Each iteration requires 6nr +15r2 floating point operations.

Moreover, we will show that one step of the new EVD–OPERA is equivalent to one step of the EVD–OPERA algorithm.
For the sake of brevity we describe only the algorithm based on EVD–OPERA. In a similar way, a fast algorithm can be

derived for SVD-OPERA based algorithms.
The paper is organized as follows. In the next section the general framework of subspace tracking algorithms and the

EVD–OPERA algorithm are described. The new fast algorithm for tracking an othogonal subspace of a sequence of vectors
is described in section III. The comparison between the performances of the EVD–OPERA algorithm and the new algorithm
can be found in section IV followed by the conclusions.

II. SUBSPACE TRACKING PROCEDURE

Let r� n be the dimension of the signal subspace and consider a set of k ≥ r distinct data snapshots xi ∈ C
n, i = 1, . . . ,k.

For instance, in direction of arrival (DOA) estimation [12], r represents the number of sources present. The rank of the data
snapshots X = [x1,x2, . . . ,xk] is equal to r if noise is absent. Unfortunately, the matrix X has generally full rank because of
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the noise. The vector space SX , representing the column space of X , is commonly referred as the signal subspace and its
orthogonal complement S⊥X the noise subspace. When noise is present, only approximations to SX and S⊥X can be computed
from the measured data. One method to estimate the rank of the matrix X [11], [12], requires an estimate for the covariance
matrix, given by the matrix

Ĉ =
1
k

k

∑
i=1

xix
H
i =

1
k

XXH (1)

Since the estimated covariance matrix Ĉ in (1) is a Hermitian positive semidefinite matrix, it has non–negative real eigenvalues
λ1 ≥ λ2 ≥ ·· · ≥ λk ≥ 0 with corresponding eigenvectors v1,v2, . . . ,vk,

Ĉ = V ΛV H =
k

∑
i=1

λiviv
H
i

where Λ = diag(λ1,λ2, . . . ,λk) and V = [v1,v2, . . . ,vk]. Hence, if there is no noise the rank of Ĉ is exactly r, i.e., λr+1 = λr+2 =
· · ·= λk = 0. Due to the noise, the matrix Ĉ has rank k and r must be estimated in some way. Statistically based methods for
such estimations can be found in [11]. Once the value of r has been estimated, the estimate of the signal subspace can be
obtained from the matrix Ĉ considering the subspace spanned by the eigenvectors corresponding to the largest r eigenvalues.

Assume now that either Ĉ or X is available and that a new data snapshot xk+1 has been computed, causing a change in the
signal subspace. The estimate for the signal subspace is then updated incorporating the new information contained in xk+1.
This process is frequently called “subspace tracking”, referring to the updating of an estimate for the time–varying vector
subspace.

A rank–one updating of the covariance matrix Ĉ and the new snapshot xk+1 is involved in each step of the subspace tracking
algorithms. Then a new rank–r approximation of the covariance matrix Ĉ is obtained from the rank–one modification removing
from its dyadic decomposition the component corresponding to the largest (r +1)th eigenvalue.

Let us shortly describe how the EVD–OPERA algorithm for subspace tracking works.
1) The EVD–OPERA algorithm: Let A ∈ C

n×n be Hermitian positive semidefinite with rank(A) = r. The matrix A can be
written as

A =
r

∑
i=1

λiviv
H
i = V ΛV H , (2)

where λ1 ≥ λ2 ≥ ·· · ≥ λr > 0 are its positive eigenvalues, Λ = diag(λ1,λ2, . . . ,λr), and V = [v1,v2, . . . ,vr] the matrix of the
corresponding eigenvectors, such that V HV = Ir, with Ir the identity matrix of order r. Let x ∈ C

n be the new snapshot and
consider the rank–one update

Â = A+ xxH .

Then
x = V α+αr+1vr+1, (3)

with
α =

[

α1,α2 . . . ,αr
]H

= V Hx, αr+1 = ‖(In−VV H)x‖2,

vr+1 =
(In−VV H)x

αr+1
, V Hvr+1 = 0.

Therefore

Â = [V | vr+1]

([

Λ
0

]

+

[

α
αr+1

]

[

αH αH
r+1

]

)

[V | vr+1]
H .

Let

Ã =

[

Λ
0

]

+

[

α
αr+1

]

[

αH αH
r+1

]

(4)

and let

Ã =
r+1

∑
i=1

λ̃iṽiṽ
H
i

be the dyadic decomposition of Ã, with λ̃1 ≥ λ̃2 ≥ ·· · ≥ λ̃r+1 ≥ 0 its positive eigenvalues and corresponding eigenvectors
ṽi, i = 1, . . . ,r +1.

The dyadic decomposition of Â is given by

Â =
r+1

∑
i=1

λ̂iv̂iv̂
H
i

with
λ̂i = λ̃i, v̂i = [V | vr+1]ṽi, i = 1, . . . ,r +1.
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Then the best rank r approximation matrix to Â is obtained by dropping the term λ̂r+1v̂r+1v̂H
r+1 from Â [6] and setting

V = [v̂1, v̂2, . . . , v̂r].
The most expensive part of one updating step of the EVD–OPERA algorithm is the computation of v̂i, i = 1, . . . ,r + 1,

requiring 2nr2 operations. The decomposition of x in (3) can be accomplished in 2nr floating point operations. Moreover, the
eigendecomposition (4) can be computed in a stable way with O(c1r2) operations, with c1 a constant of moderate size [2],
[7]. Therefore, the overall computational complexity is (4n+ c1)r2.

In the next section we describe the new algorithm that tracks an orthogonal subspace approximating the original signal
subspace, with 6nr +15r2 computational complexity.

III. TRIDIAGONAL UPDATING ESTIMATION FOR SIGNAL SUBSPACE TRACKING

The important information in the EVD–OPERA algorithm is given by the computed orthogonal signal subspace V . In this
section we propose a fast algorithm for computing an orthogonal subspace approximating the original signal subspace, based
on the the EVD–OPERA–algorithm.

The role of the diagonal matrix Λ in the EVD–OPERA algorithm is played by a Hermitian tridiagonal matrix T in the new
algorithm. In fact, the algorithm is based on Tridiagonal Rank–one Updating based estimation for signal Subspace Tracking.
Therefore the algorithm will be called TRUST.

Given the estimated covariance matrix (1) the initialization can be either accomplished by a nontrivial truncated reduction
of the matrix of the Hermitian rank–r matrix (2) into a Hermitian tridiagonal one by Householder transformations [6],

A = UTUT , (5)

with U ∈ C
n×r unitary and

T =

















γ1 βH
1

β1 γ2 βH
2

β2
. . .

. . .
. . . γr−1 βH

r−1
βr−1 γr

















,

or simply computing the spectral decomposition (2) of the matrix A. Due to the truncation of the Householder reduction after
r−1 steps, the latter initialization procedure turns out to be more reliable.

We observe that the matrices V and U in (2) and (5) span the same signal subspace. The problem now is to compute the
new signal subspace of the rank–one modification of A,

Â = A+ xxH ,

where x ∈ C
n is the new snapshot.

The TRUST algorithm is made by the following steps.
Step 1. The new snapshot x is decomposed into its projection onto U and on its projection onto the orthogonal complement U⊥,

x = U α̂+ α̂r+1ur+1,

with
α̂ =

[

α̂1, α̂2, . . . , α̂r
]H

= UHx, α̂r+1 = ‖(In−UUH)x‖2,

ur+1 =
(In−UUH)x

α̂r+1
, UHur+1 = 0.

The problem is transformed into a similar rank–one modification one,

Â = A+ xr+1xH
r+1

=[U |ur+1]

([

T
0

]

+

[

α̂
α̂r+1

]

[

α̂H , α̂H
r+1

]

)

[U |ur+1]
H .

This step is similar to the one of the EVD–OPERA algorithm, requiring the same number of floating point operations,
i.e., 2rn floating point operations.

Step 2. Reduction of the Hermitian rank–one modification of the matrix T, into a similar Hermitian pentadiagonal matrix S,

S = Q1

([

T
0

]

+

[

α̂
α̂r+1

]

[

α̂H α̂H
r+1

]

)

QH
1 . (6)

This reduction can be accomplished by an algorithm similar to those used for reducing a diagonal plus a Hermitian
rank–one matrix into a similar Hermitian tridiagonal one [15], [21]. The reduction, for a matrix of order 8, is depicted
in Fig. 1.
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To annihilate the entries of the rank–one matrix and to chase the bulges during the construction of the pentadiagonal
matrix, r/2(r/2−1) Givens rotations are used. Therefore, the computational complexity of this step is 8r2. We observe
that the unitary matrix Q1 in (6), given by the product of the r/2(r/2−1) Givens rotations, is not explicitly computed.
The Givens coefficients are stored, requiring O(r2) memory and used in step 4 to update the signal subspace.

↓ ↓
→
→























× ×
× × ×
× × ×
× × ×
× × ×
× × ×
× × ×
× ×























+

→
→























⊗
×
×
×
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×
×




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
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
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



↓ ↓
(

⊗ × × × × × × ×
)

⇒

↓ ↓

→
→
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
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




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× × ×
× × ×
× × ×
× ×























+

→
→























⊗
×
×
×
×
×
×























↓ ↓
(

⊗ × × × × ×
)

⇒
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→
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Fig. 1. Description of the unitary transformation used to reduce a Hermitian tridiagonal matrix plus a Hermitian rank–one matrix into a Hermitian tridiagonal
one.

Step 3. Reduction of S into a similar Hermitian tridiagonal one T̂ ,

T̂ = Q2SQH
2 . (7)

The reduction of a Hermitian pentadiagonal matrix into a similar Hermitian tridiagonal one can be accomplished by
using standard bulge–chasing techniques [17]. Also this step is accomplished by using r/2(r/2− 1) Givens rotations
with 19/2r2 computational complexity. Again, also in this case the unitary matrix Q2 in (7) is not explicitly computed.
The Givens coefficients are stored, requiring O(r2) memory and used in step 4 to update the signal subspace. This
reduction is depicted in Fig. 2 for a matrix of order 8.

Step 4. Update the signal subspace.
Since

([

T
0

]

+

[

α̂
α̂r+1

]

[

α̂H , α̂H
r+1

]

)

= QH
1 SQ1

= QH
1 QH

2 T̂ Q2Q1

then
Â = [U | ur+1]Q

H
1 QH

2 T̂ Q2Q1, [U | ur+1]
T . (8)

Let T̂ = ẐΛ̂ẐH be the eigendecomposition of Â, with Λ̂ = diag(λ̂1, λ̂2, . . . , λ̂r+1), λ̂1 ≥ λ̂2 ≥ ·· · ≥ λ̂r+1 ≥ 0. Applying
very few steps (from a theoretical point of view only one step is needed) of the implicitly–shifted QR algorithm [6] to
the matrix T̂ with shift λ̂r+1, we get

T̂ = Q̌

[

Ť
λ̂r+1

]

Q̌H , (9)
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Fig. 2. Description of the unitary transformation used to reduce a Hermitian pentadiagonal matrix into a Hermitian tridiagonal one.

where Ť is a Hermitian tridiagonal matrix of order r and Q̌ is a unitary matrix of order r +1. Let us define

ϒ≡
[

Ť
λ̂r+1

]

. (10)

Moreover, q̌r+1, the last column of the matrix Q̌, is the eigenvector of T̂ corresponding to λ̂r+1, i.e.,

q̌r+1 = Q̌er+1 = Ẑer+1.

Let H be the Householder matrix such that

Hwr+1 =∓er+1, wr+1 = QH
1 QH

2 Q̌er+1. (11)

Therefore

HQH
1 QH

2 Q̌ =

[

W
∓1

]

,

with W ∈ C
r×r unitary. Hence

Taking (9), (10) and (8) into account, it turns out

Â = [U |ur+1]Q
H
1 QH

2 T̂ Q2Q1, [U |ur+1]
T

= [U |ur+1]Q
H
1 QH

2 Q̌ϒQ̌HQ2Q1, [U |ur+1]
T

= [U |ur+1]H
HHQH

1 QH
2 Q̌ϒQ̌HQ2Q1HHH[U |ur+1]

T

= [U |ur+1]H
H

[

W
∓1

]

ϒ
[

W
∓1

]H

H[U |ur+1]
T .

Let Û ≡U | ur+1]HH . Due to the special block tridiagonal structure of ϒ, the signal subspace associated to the largest
r eigenvalues of Â is given by the first r columns of Û . Given the matrix H, the latter product is computed with 4nr
floating point operations.
In the end of this step, we set

U ← Û(:,1 : r),
T ← Ť .

The computation of the smallest eigenvalue λ̂r+1 of the Hermitian tridiagonal matrix T̂ can be done in several ways
with O(r) floating point operations. For our purposes, we have used a modified version of the rational QR–method with
Newton shift described in [16].
Once the smallest eigenvalue λ̂r+1 has been computed, the corresponding eigenvector can be computed in several ways
[5], [6], [14], [22], [23]. For the implementation of the TRUST algorithm we have considered the efficient algorithm
described in [14], requiring O(r) floating point operations.
Computed the vector q̌r+1, wr+1 is obtained multiplying q̌r+1 in (11) to the left first by QH

2 and then by QH
1 . Since

the matrices Q1 and Q2 are not explicitly computed, the latter multiplications are performed reconstructing the Givens
matrices from the stored Givens coefficients, and multiplying them by q̌r+1. Hence, the overall complexity of the latter
computation is 3r2.
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Despite a higher number of steps, the TRUST algorithm has a lower computational complexity compared to the EVD–
OPERA algorithm. Indeed, as we will see, the most expensive step is the first and the last one, requiring 6rn+O(r2) floating
point operations in total.

At first glance, the EVD–OPERA algorithm and the TRUST algorithm seem to be equivalent. Indeed, if only one updating
step is considered, the matrices V and U computed by one step of the EVD–OPERA algorithm and the TRUST algorithm, span
the same subspace. However, if one more step is considered, i.e., a new snapshot is processed, we come up with two different
rank–one modification problems, (diagonal plus rank–one and tridiagonal plus rank-one for the EVD–OPERA algorithm and
the TRUST algorithm, respectively), yielding, in the end of the second updating step, two matrices V and U spanning two
different subspaces.

The TRUST algorithm has been implemented in Matlab2. The code can be obtained from the authors upon request.

IV. NUMERICAL EXPERIMENTS

To compare the efficiency of the TRUST algorithm with respect to the EVD–OPERA algorithm, the following examples
have been considered. The eigenvalue decomposition (6) in the OPERA algorithm has been computed using the function
eig of Matlab. As previously said, this computation could be performed in a more efficient way considering, e.g., the
algorithm described in [7] for computing the eigendecomposition of a Hermitian rank–one modification of a diagonal matrix.
For the TRUST algorithm, two different implementations have been considered, differing for the two different initializations
described in section III. To measure the number of floating point operations the algorithms have been run in the Matlab 5.3
environment, neglecting the cost of the initialization step for the algorithms considered.

Example 1: Let V ∈ R
100×20 and W ∈ R

20×100 be full rank random matrices generated by the matlab function randn.
Let X = VW + τZ, with Z ∈ R

100×100 be a random matrix generated by the matlab function randn and τ a parameter,
assuming different values, that gives an indication of the level of noise, i.e., of the distance from the subspace spanned by
the columns of V and that one spanned by the columns of X . If τ = 0, V and X span the same subspace of R

100. Let V1, V2,
and V3 be the orthogonal subspaces tracked by the EVD–OPERA algorithm (Alg1), by the TRUST algorithm with eigenvalue
initialization (Alg 2), by the TRUST algorithm with tridiagonal initialization (Alg3), respectively. For the initialization step the
first 20 columns of X have been considered, i.e., Ĉ = 1

20 X(:,1 : 20)X(:,1 : 20)H . As a measure of the accuracy of the subspaces
tracked, we have computed

‖V H(I−ViV
H
i )‖2, i = 1,2,3.

The results are reported in table 1. Since the complexity is quite independent from the level of the noise, we report only the
number of flops needed to track the subspaces by Alg1, Alg2 and Alg3 for τ = 1e−2. It can be noticed that the accuracy of

τ ‖V H(I−V1V H
1 )‖2 ‖V H(I−V2V H

2 )‖2 ‖V H(I−V3V H
3 )‖2

1.0e-02 1.6826e-02 4.2094e-02 2.1759e+00
1.0e-04 1.6825e-04 5.4624e-04 2.3606e-02
1.0e-06 1.6825e-06 4.5224e-06 2.1609e-04
1.0e-08 1.6825e-08 6.5214e-08 2.4493e-06
1.0e-10 1.6825e-10 4.2234e-10 2.3454e-08
1.0e-12 1.6876e-12 4.7211e-12 7.8048e-10
1.0e-14 5.1938e-14 8.8494e-14 7.4705e-10

# flops Alg1 # flops Alg2 # flops Alg3
14865653 2737821 2769177

TABLE I

LEVELS OF ORTHOGONALITY BETWEEN THE SUBSPACE V AND THE TRACKED SUBSPACES Vi, i = 1, . . . ,3.

the subspaces tracked by the three methods is comparable and proportional to the amount of the noise introduced (the term
τZ) although there is a loss of accuracy in the TRUST algorithm with the tridiagonal initialization.

Example 2: This example is very similar to the previous one. Let V ∈ R
200×40 and W ∈ R

40×200 be full rank random
matrices generated by the matlab function randn. Let X = VW + τZ, with Z ∈ R

200×200 be a random matrix generated by
the matlab function randn and τ as in the previous example. Let V1, V2, and V3 be the orthogonal subspaces tracked by
the EVD–OPERA algorithm (Alg1), by the TRUST algorithm with eigenvalue initialization (Alg 2), by the TRUST algorithm
with tridiagonal initialization (Alg3), respectively. For the initialization step the first 40 column of X have been considered.
The results are reported in table 2.

V. CONCLUSIONS

A fast algorithm that computes the orthogonal subspace tracked by the EVD–OPERA algorithm is described in this paper.
Its complexity is 6nr + 15r2 (the complexity of the EVD–OPERA algorithm is 2nr2 + O(r2)), where n is the input vector
dimension and r (n� r) is the desired number of eigencomponents. The algorithm is shown to be efficient and stable.

2Matlab is a trademark of the MathWorks Inc.
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τ ‖V H(I−V1V H
1 )‖2 ‖V H(I−V2V H

2 )‖2 ‖V H(I−V3V H
3 )‖2

1.0e-02 1.7905e-02 1.2399e-01 6.5583e+00
1.0e-04 1.8198e-04 9.7354e-04 1.4746e-02
1.0e-06 1.7585e-06 1.1072e-05 2.8420e-05
1.0e-08 1.8248e-08 1.3242e-07 4.7096e-07
1.0e-10 1.6180e-10 1.2536e-09 8.3852e-09
1.0e-12 1.8049e-12 5.1923e-11 9.7479e-08
1.0e-14 1.1956e-13 4.4641e-12 1.1920e-09

# flops Alg1 # flops Alg2 # flops Alg3
214848759 21211667 21281585

TABLE II

LEVELS OF ORTHOGONALITY BETWEEN THE SUBSPACE V AND THE TRACKED SUBSPACES Vi, i = 1, . . . ,3.
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