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Abstract

Waveform relaxation methods are iterative methods for the solu-
tion of systems of ordinary differential equations. The convergence
analysis of waveform relaxation methods traditionally uses the the-
ory of Volterra convolution equations. More specifically, the conver-
gence theory is typically based on a theorem of Paley and Wiener
that gives a condition for the solution of a linear Volterra convolution
equation to be bounded. Extensions of this theorem to discrete con-
volution equations and vector-valued problems have been described
in the literature. In this note, it is shown that the same results can
be derived by an alternative approach based on operational calculus.
An operational calculus defines what is meant by a function of an op-
erator. A spectral mapping theorem then relates the spectrum of the
resulting operator to the spectrum of the original operator. In this
paper, the Dunford-Taylor operational calculus for scalar analytic
functions is extended to matrix-valued analytic functions. Using the
corresponding spectral mapping theorem, it is then straightforward
to analyze the convergence of a large number of waveform relaxation
algorithms. The theory is applied to the analysis of continuous wave-
form relaxation and to the analysis of discrete waveform relaxation
based on general linear methods, both for initial value and time-
periodic systems of ordinary differential equations.

Keywords : ordinary differential equations, waveform relaxation, operational
calculus, spectral mapping theorem.
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Abstract.

Waveform relaxation methods are iterative methods for the solution of systems of
ordinary differential equations. The convergence analysis of waveform relaxation meth-
ods traditionally uses the theory of Volterra convolution equations. More specifically,
the convergence theory is typically based on a theorem of Paley and Wiener that gives a
condition for the solution of a linear Volterra convolution equation to be bounded. Ex-
tensions of this theorem to discrete convolution equations and vector-valued problems
have been described in the literature. In this note, it is shown that the same results can
be derived by an alternative approach based on operational calculus. An operational
calculus defines what is meant by a function of an operator. A spectral mapping theo-
rem then relates the spectrum of the resulting operator to the spectrum of the original
operator. In this paper, the Dunford-Taylor operational calculus for scalar analytic
functions is extended to matrix-valued analytic functions. Using the corresponding
spectral mapping theorem, it is then straightforward to analyze the convergence of a
large number of waveform relaxation algorithms. The theory is applied to the analysis
of continuous waveform relaxation and to the analysis of discrete waveform relaxation
based on general linear methods, both for initial value and time-periodic systems of
ordinary differential equations.

AMS subject classification (2000): 47N40, 65J10.

Key words: ordinary differential equations, waveform relaxation, operational calcu-
lus, spectral mapping theorem.

1 Introduction.

Waveform relaxation is an iterative method for the solution of systems of or-
dinary differential equations (ODEs). Like classical iterations for systems of
algebraic equations, such as the Jacobi and Gauss-Seidel methods, waveform re-
laxation proceeds by repeatedly solving a sequence of simpler systems. Consider
the linear system

U= Lu+ f,
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2 JAN VAN LENT AND STEFAN VANDEWALLE

with u(t), f(t) € R™ and L € R™*™. A matrix splitting L = LT 4+ L~ results
in the iteration
W) = L™ + LY 4 f.

If L* is taken to be the diagonal (Jacobi) or the lower triangular part (Gauss-
Seidel) of L, the simpler systems are scalar ODEs. For a given system and split-
ting, several waveform relaxation variants are possible depending on the way
the time dimension is treated. From a theoretical point of view, it is interesting
to study continuous waveform relaxation, where the simpler ODEs are solved
exactly, on either a finite or an infinite time interval. In a practical implemen-
tation the ODEs have to be discretized and solved numerically. Different time
discretization schemes lead to different discrete waveform relaxation methods.
An Implicit Euler discretization, for example, results in the following method

For linear initial value problems, a convergence analysis based on the theory of
Volterra integral equations was introduced in the seminal paper [20]. There, it is
shown that continuous waveform relaxation can be described by a linear Volterra
convolution operator K whose spectral radius p(K) determines the convergence of
the method. The spectral radius is characterized by the following theorem. It can
be proven using the Paley-Wiener theorem that gives a necessary and sufficient
condition for the boundedness of the solution of a linear Volterra convolution
equation [20, 17, 14].

THEOREM 1.1 (TH. 2.2, [20]). Consider K as an operator in LP ([0, cc],C™)
with 1 < p < oo, and assume o(L*) NCT = ¢. Then, K is a bounded linear
operator and

(L1) p(K) = sup p((:D — L)L),
z€Ct

A framework for the analysis of discrete waveform relaxation was provided in
[21]. The following theorem is based on a discrete equivalent of the Paley-Wiener
theorem [21, 17, 15].

THEOREM 1.2 (TH. 3.1, [21]). Consider K as an operator in 1P (oo, C™) with
1 <p < o0, and suppose o(LT)NE = ¢. Then, K is a bounded linear operator
and

(1.2) p(K) = sup pl(2n — L)L),

ZEX
where X is the complement of the interior of the stability region of the time
discretization scheme scaled by ﬁ,

Extensions to time-periodic problems, to large scale iterative methods such
as multigrid and domain decomposition, to finite element discretizations of
PDEs and to different time discretization schemes such as implicit Runge-Kutta,
boundary value and general linear methods can be found in [17, 29, 3, 14, 15,
28, 27].
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The formulae for the spectral radii of continuous and discrete waveform relax-
ation operators are clearly very similar. This note suggests an approach, based
on operational calculus, that unifies the convergence analyses of the different
waveform relaxation methods. The approach can be summarized by the general
formula

(1.3) p(F(T)) = sup p(F(z)),
z€0(T)

where T is any closed linear operator (with non-empty resolvent set) and F' is a
matrix-valued function analytic in a neighborhood of ¢(T'), the spectrum of T.
Taking T = % and F(z) = (2I,, — L*)"1L~, for example, gives the formula for
continuous waveform relaxation. The operational calculus for scalar functions
is well known. It is shown here that the convergence of waveform relaxation
methods can be analyzed by using a straightforward extension to matrix-valued
functions. The approach based on operator theory can be interpreted as a gen-
eralization of the analysis of iterative methods for matrices to the analysis of
the corresponding methods for matrices of operators (or equivalently matrix-
valued operators). In §2 the operator calculus is first introduced for matrices,
then for bounded linear operators and finally for closed linear operators. Sec-
tion 3 shows how continuous and discrete waveform relaxation for initial value
problems on finite and infinite time intervals and for time-periodic problems fit
into the general framework. For the discrete case, time discretization based on
general linear methods is considered. Linear multistep, implicit Runge-Kutta
and block boundary value methods can be derived as special cases. Section 4
provides some concluding remarks.

2 Spectral Mapping Theorems for Matrix-Valued Functions of Op-
erators.

The theory of this section is introduced first for matrices, then for bounded
linear operators and finally for closed (possibly unbounded) linear operators.
Each class of operators is a generalization of the next. In principle, it would
suffice to consider only closed linear operators. However, for ease of understand-
ing and clarity of exposition the step by step approach is preferred. For each
of the three cases, a definition is given for what is meant by f(7), a function
of an operator. A set of rules is provided for calculating with such functions.
Using this so called operational calculus, the spectrum of f(7') is characterized.
The theory for scalar functions is well developed. Detailed descriptions of the
Dunford-Taylor operational calculus for scalar functions can be found in func-
tional analysis monographs such as [5, 25, 9, 23] and textbooks such as [24, 16].
See [7] for a recent state of the art. Here, extensions to matrix-valued functions
are given. These results will be applied in §3 to characterize the convergence of
waveform relaxation methods.
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2.1 Operational Calculus for Functions of Matrices

The operational calculus for functions of matrices is a special case of the
general theory since matrices can be considered as representations of linear op-
erators in finite dimensional vector spaces. Considering this case separately is
nevertheless useful because the results can be obtained using only standard linear
algebra.

2.1.1 Scalar Functions of Matrices

There are many ways to define a function of a matrix. Most definitions turn
out to be equivalent in practice ([22] cited in [6]). The following definitions are
used here. A similar formulation will be used as the starting point for defining
functions of more general operators.

DEFINITION 2.1. The family of scalar functions f : C — C, analytic in some
neighborhood of o(T') is denoted by F(T).

DEFINITION 2.2. Given a matric T € C"*™ and a function f € F(T), the
matriz f(T) € C**™ is defined by

(2.1) FI) = 5 § 1@ elx = 1)

All line integration is over a contour that is appropriately chosen in relation
to the spectrum o (7") (for more details see [5, 25]). A characterization of f(T')
derived from this definition is given by the following theorem [6, Th. 11.1.1].

THEOREM 2.1. Let T = X diag(J1,...,J;)X ! be the Jordan decomposition
of T € C™*"™ with Jordan blocks J; € C™*™i

N1 0
Ji=1"

L

0 0 A

If f e F(T), then
f(T) = Xdiag(f(Jl)7 e 'vf(Jq))X_l

with (1) £ )
fa) fON) e e
f(Ji) = 0
FON)
0 0 f(N)

The following rules constitute a so called operational calculus for functions of
matrices. They can be proven using Definition 2.2 or Theorem 2.1. These rules
are also a special case of the rules for bounded linear operators.

THEOREM 2.2. If f, g € F(T) and «, B € C, then
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e af+ 89 € F(T) and af(T) + Bg(T) = (af + Bf)(T) (linearity),
o f-geF(T) and f(T)-9(T) = (f-g)(T) (multiplication),

e if f has a power series expansion f(z) = > po axz®, valid in a neighbor-
hood of o(T), then f(T) =Y peaxT* (power series),

If f € F(T), g € F(F(T)) and h(z) = g(f(2)), then
o he F(T) and h(T) = g(f(T)) (function composition).

The following spectral mapping theorem is a direct consequence of Theorem
2.1.
THEOREM 2.3. Let T be a complex square matriz. If f € F(T), then

o(f(T) ={f(2), z € o(T)} = f(o(T)).

2.1.2 Matriz- Valued Functions of Matrices

DEFINITION 2.3. The family of all matriz-valued functions F : C — C™*™,
analytic in some neighborhood of o(T') is denoted by F™*™(T).

Note that a matrix-valued analytic function is equivalent to a matrix of ana-
lytic functions. Matrix-valued functions of matrices can be defined by applying
Definition 2.2 componentwise.

DEFINITION 2.4. Given a matriz T € C" ™ and a function F € F™*™(T),
the matriz F(T) € C™™*™" 45 defined by

1 -1
FT) = 5 7{ F(2) @ (sIx —T)"'d.

The expression A ® B denotes the Kronecker or tensor product. The matrix
A ® B is obtained by replacing each element a;; in A with the matrix a;; B. If
A e C™ and B € C"*™ then A ® B € C™nxmn,

From the operational calculus for scalar functions, an operational calculus for
matrix-valued functions can be derived. For example, if F, G € F™*"™(T'), then
F-GeF™™(T)and F(T)-G(T) = (F-G)(T).

By applying Theorem 2.1 componentwise, it can be found that

(2.2) F(T) = (In ® X) diag(F(J1), . .., F(J,))(Im ® X~

Since diag(F'(J1),. .., F(Jq)) is block diagonal, the spectrum of F'(T') is given by
the union of the spectra of the diagonal blocks F'(J;). These blocks themselves
contain triangular blocks with constant diagonals (or, equivalently, they are
block triangular with a constant block diagonal if all the tensor products are
reversed). This observation leads to the following generalization of the spectral
mapping theorem.
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THEOREM 2.4. Let T be a complex square matriz. If F' € F™*™(T), then

z€o(T)

The following corollary follows immediately.
COROLLARY 2.5. Let T be a complex square matriz. If F € F™*™(T), then

p(F(T)) = nax p(F(2))

2.2 Operational Calculus for Functions of Bounded Linear Operators

The following terminology and notations are used in this section. A linear
operator T in a Banach space X is bounded if IM : Vo € X : [|[Tz| < M| z|.
The norm of a bounded linear operator is given by ||T'|| = sup) ;= [[Tz[|. The
resolvent set of a linear operator T in X is the set of complex numbers A for
which (Alx — T)~! is an everywhere defined bounded linear operator. The
spectrum o(T) of T is the complement of the resolvent set in C. The spectral
radius of a linear operator is given by p(T') = supcq(r) [Al = limp— oo 7| ™.
The spectrum of a bounded linear operator is a closed and bounded set.

2.2.1 Scalar Functions of Bounded Linear Operators

The definitions from the section 2.1 can still be used when T is a bounded
linear operator. The formulation of the theorems is analogous as well. Proofs
for the operational calculus and spectral mapping theorems for scalar functions
of bounded linear operators can be found in [5, 25]. Only the spectral mapping
theorems are stated here.

THEOREM 2.6. Let T be a bounded linear operator. If f € F(T), then

2.2.2 Matriz- Valued Functions of Bounded Linear Operators

It is straightforward to extend the operational calculus for scalar functions to
matrix-valued functions. Using the resulting operational calculus, the following
generalization of Theorem 2.4 to bounded linear operators can be given.

THEOREM 2.7. Let T be a bounded linear operator. If F € F™*™(T), then

(2.3) o(F(T)) = o(F(o(T)))-

PROOF. The proof is patterned after the proof of Theorem 2.6 [5, Th. 11,
p- 569].
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First, it is shown that o(F(T")) D o(F(o(T))). Let A € o(T) and p € o(F()N)).
Take v a normalized eigenvector of the matrix F'(A) for the eigenvalue p, i.e.,
F(A)v = pv and v*v = 1. Define the matrix-valued function G in the domain of
definition of F' by

G(&) = (F(N) = F()/ (A=)

By the matrix-valued operational calculus it follows that

GMYIn®Mx —-T)=F\)®Ix— F(T)
=—(ulyp —FN)®Ix +pul, @ Ix — F(T).

Multiplying from the right by v ® I'x and using (I, — F(A\))v = 0 results in
(24)  GT(w® Ix)Mx —T) = (uln ® Ix — F(T))(0® L).

Assume p ¢ o(F(T)), then pl,,, ® Ix — F(T) has a bounded everywhere defined
inverse, denoted by A. Multiplying (2.4) from the left by (v* ® Ix)A shows
that (v* ® Ix)AG(T)(v ® Ix) would be a bounded everywhere defined inverse
of A\Ix — T. This contradicts the assumption that A € o(T) and therefore
p € a(F(T)).

Next, it is shown that o(F(T)) C o(F(o(T))). Let u € o(F(T)) and suppose
that p ¢ o(F(0(T))). Then the function

H() = (F(§) — pI)™!

is analytic in the same neighborhood of ¢(T") as F'. By the matrix-valued oper-
ational calculus it follows that

Hence H(T) is a bounded everywhere defined inverse of F(T') — ul,, ® Ix which
contradicts the assumption that p € o(F(T)). o
The following analogue of Corollary 2.5 holds.
COROLLARY 2.8. Let T be a bounded linear operator. If F € F™*™(T), then

p(F(T)) = nax p(F(2))

2.8 Operational Calculus for Functions of Closed Linear Operators

A linear operator T with domain D(T") C X is closed if its graph, i.e., the set
of all points (x,Tx), is closed. This is equivalent to the following implication:
if lim,, oo, = 2 and lim, o T2, = y for z,, € D(T) then = € D(T) and
y = Txz. A closed linear operator T' with D(T') = X is bounded. The definitions
for resolvent set, spectrum and spectral radius are those of §2.2. The spectrum
of a closed linear operator is closed, but not necessarily bounded. A definition of
a function of an unbounded closed operator can be given by taking into account
the behavior of the function at infinity. Operators whose spectrum is the whole
complex plane have to be explicitly excluded.
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2.8.1 Scalar Functions of Closed Linear Operators

DEFINITION 2.5. The family of all scalar functions f : C — C, analytic in
some neighborhood of o(T') and at infinity is denoted by Foo (T).

The definition of a scalar function of a closed (possibly unbounded) linear
operator can be based on the definition for bounded linear operators (see [5]).
Let @ be the homeomorphism of the Riemann sphere to itself defined by

(2.5) PN =AN—a)', ®(x)=0, &(a)=o0.

DEFINITION 2.6. Given a closed linear operator T' with a non-empty resolvent
set, let o be an element of the resolvent set and A = (T — aI)~! a bounded
linear operator. For a function f € Foo(T), the linear operator f(T') is defined
by f(T) = ¢(A) where the function ¢ € F(A) is given by ¢(z) = f(P~1(2)).
The following theorem is derived in [5].

THEOREM 2.9. Given a closed linear operator T' and a function f € Foo(T),
the linear operator f(T), defined in Definition 2.6, is given by

(2.6) FT) = £ + 5 § £ eTx = 1)

It is therefore independent of the choice of « from the resolvent set of T. In
[25] the equality (2.6) is taken as the definition for f(7T).
The operational calculus is again analogous to the case for matrices and not
repeated here.
DEFINITION 2.7. The extended spectrum is defined as 00o(T) = o(T) U {o0}
The following spectral mapping theorem for scalar functions of closed linear
operators follows from Theorem 2.6 by Definition 2.6 and the fact that ® is a
one-to-one mapping between o (T') and o(A) [5]. For a different proof see [25].
THEOREM 2.10. Let T be a closed linear operator. If f € Foo(T), then

o(f(T)) = f(0o(T)).

2.3.2  Matriz-Valued Functions of Closed Linear Operators

DEFINITION 2.8. The family of all matriz-valued functions F : C — C™*™,
analytic in some neighborhood of o(T) and at infinity is denoted by FI*™(T).

The construction used to derive scalar functions of closed linear operators
from the case of bounded linear operators can also be used for matrix-valued
functions. Alternatively Theorem 2.9 can be applied componentwise.

DEFINITION 2.9. Given a closed linear operator T and a function F €
Fxm(T), the linear operator F(T) is defined by

F(T)=F(0) ® Ix + % %F(z) ® (zIx — T) 'dz.
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A spectral mapping theorem for matrix-valued functions of closed linear oper-
ators can be derived from the one for bounded linear operators in the same way
as for scalar functions.

THEOREM 2.11. Let T be a closed linear operator. If F € F2*™(T), then

(2.7) o(F(T)) = o(F(oo(T)))-

The following analogue of Corollaries 2.5 and 2.8 holds.
COROLLARY 2.12. Let T be a closed linear operator. If F € F2*™(T), then

p(F(T)) = e p(F(2))

This formula is equivalent to (1.3).

3 Waveform Relaxation.

In this section several waveform relaxation methods are described and their
convergence is analyzed using the operational calculi of §2. As expected, the
results derived with the theory based on Volterra equations [20, 17, 29, 14, 15, 27]
can be reproduced in a much more general setting.

3.1 An Abstract Setting for the Analysis of Waveform Relazation
The following general set of equations is considered
(3.1) In@Tu=(LIx)u+ f,
with u, f € X™, X a Banach space, T' an operator in X, L € C™*™ and Ix and

I,,, identity operators in X and C™. Typically, the operator T will be the time

derivative operator % or a discrete equivalent, although the results will continue

to hold for any closed linear operator. A splitting of the form L = L* 4+ L~
results in the waveform relaxation method

(3.2) (Im ® T)U(V) =(L*® IX)U(V) +(L ® Ix)u(y_l) + f,

For the classical Jacobi (LT: diagonal of L) or Gauss-Seidel (L*: lower triangular
part of L) splittings, one iteration requires the solution of m decoupled equations.
By considering the iteration for the errors e*) = u(*) —

(3:3) (In ® T)e”) = (L* @ Ix)e® + (L~ ® Ix)e ™,

it is clear that the convergence of the waveform relaxation method can be studied
using the spectrum of the iteration operator

(3.4) FT)=I,®T—-L"®Ix) (L~ ®Ix).
The matrix-valued function F', defined by

(3.5) F(2)= (2l — L") 'L~
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is analytic in C\o(L™) and at infinity. It is therefore always assumed that

(3.6) o(LY)No(T) = ¢.

Equation (3.1) is considered for simplicity. The more general results from [14, 15]

where I, is replaced by a non-singular matrix M can be obtained by taking
F(z)=(M*+2L")" " (M~ +2L") where M =M"+4+M".

A whole range of waveform relaxation methods can now be analyzed by defin-
ing an appropriate ‘time derivative’ operator T'. For each waveform relaxation
method discussed in the following sections the Banach space X, the operator T,
its domain D(T') and spectrum o(7') or extended spectrum o, (7') are specified.
The spectrum and spectral radius of the waveform relaxation operator F(T') can
then be derived by using the theory of §2 as summarized by the formulae

(3.7) o(F(T)) = 0(F(owo(T))) and  p(F(T)) =zefgla>(<T)P(F(Z))~

oo

In some cases T itself can be obtained as a function of an even simpler operator.

3.2 Continuous Waveform Relazation

Continuous waveform relaxation is obtained by defining Tx := &, in which
case (3.1) is just the system of ordinary differential equations

= Lu+ f,

for functions u and f defined on [0,¢r]. For initial value problems the extra
condition u(0) = ug is added and tp can be infinite. For periodic problems the
extra condition is u(0) = u(tr).

The abstract iteration (3.2) takes the form

o™ = Ltu® £ LD +f,
together with u)(0) = ug or u")(0) = u(tr). The error iteration (3.3)

becomes
W) = Lre) 4 L—e(v—l)7

together with e®)(0) = 0 or ™) (0) = e (tr).

3.2.1 Functions on Finite Time Intervals

Consider the Banach space X = C'[0, t¢] of continuous functions on the interval
[0,tp] with norm ||z|| = max,c[,¢,) [|=(t)]|. Let T" be the operator defined by
(Tz)(t) = &(t) with domain

D(T) ={z:x € C[0,tp],z(0) = 0}.
T is a closed unbounded linear operator and its spectrum is empty (o(T") = ¢).
Its extended spectrum is therefore given by

0oo(T) = {00},

see, for example, [5, p. 604], [25, p. 297] and [25, p. 291]. Together with (3.4)-
(3.7) the classical result p(F(T")) = 0 is recovered [20].
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3.2.2  Functions on Infinite Time Intervals

Consider the Banach space X = LP([0,00],C), 1 < p < oo and let T be the
operator defined by (T'z)(t) = @(t) with domain

D(T) = {z : zis absolutely continuous on [0,a],a > 0,7 € X, z(0) = 0}.

T is a closed unbounded linear operator. The equation Az(t) — (t) = y(¢),
together with x(0) = 0, has a bounded solution z(t) = — fot M=)y (s)ds for
every y € X whenever R(\) < 0. Therefore the operator (A x —7)~! is bounded
and everywhere defined when R(\) < 0 and, since the spectrum is closed, this
gives

o(T)=CT, 0oo(T) = Ct U {o0}.

Together with (3.4)-(3.7) this leads to the classical result for the convergence of
waveform relaxation on infinite time intervals given in Theorem 1.1.

3.2.8 Periodic Functions

Consider the Banach space X = C[0,1] and let T' be the operator defined by
(Tx)(t) = &(t) with domain

D(T)={z:% € C[0,1],z(0) = z(1)}.

T is a closed unbounded linear operator. The equation Az(t) — (t) = y(t),
together with z(0) = x(1), has a bounded solution x(t) = — fot eMt=8)y(s)ds +
C>\ 1

== o M=)y (s)ds for every y € X whenever \ ¢ 27iZ and thus

o(T) = 2miZ, Ooo(T) = 2miZ U {0},

from which the convergence results for time-periodic waveform relaxation in [29]
follow. For this case see [5, p. 604]. Similar results can be obtained for the
Banach spaces X = LP(—m,m), 1 < p < oo on the unit circle [5, p. 605], [25,
p. 176].

3.8 Discrete Waveform Relazation using General Linear Methods

For discrete waveform relaxation, the operator T' can be defined by discretizing
the equation © = Tz. In this section the theory is applied for time discretiza-
tion based on general linear methods (GLMs) [4, 8]. The well known linear
multistep and implicit Runge-Kutta methods [3, 4, 8] and also the block bound-
ary value methods [2, 10, 11] belong to this class of methods. The results for
discrete waveform relaxation using linear multistep and implicit Runge-Kutta
methods [21, 17, 27] can therefore be derived as special cases. Boundary value
methods [2] are another generalization of linear multistep methods. The spectral
properties of discrete waveform relaxation using boundary value methods [27]
can be derived in the same way as for GLMs by using the results in [2, 12, 1].
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There are several ways to formulate GLMs for an ODE of the form (t) =
f(t,z(t)) (see [4]). We choose to use the equations

(3.8) B = Cxiq + AtAf(L;, &),
(3.9) x; = Dx;_y + AtBf(t;, &),

with A € R, B € R™*%, C € R**", D € R™*", t; € R®, #; € R® and
x; € R" and where f denotes componentwise application of f. This formulation
highlights the analogy with IRK methods for which » = 1. The s stage values Z;
are typically approximations of x(¢) for some ¢ within the current time step. The
r values x; can contain, for example, approximations of x(t), brought forward
from previous time steps or scaled approximations of derivatives of x(t). In
order to have a stable method, the matrix D has to be power bounded. Further
conditions are needed to ensure that the method is consistent. The matrices C'
and D are typically chosen such that all rows sum to one and D is of rank one.

3.3.1 Finite Sequences
The discrete equivalent of & = T'z is found by using (3.8)-(3.9) which results

in
(3.11) z; = Dx;_1 + AtB(TZ);.

These equations define T' as an operator in the space of sequences of stage
values C™*. Using the backward shift operator S € C"*™, given by (Sz); = 0,
(Sz); =xi-1, 1 <i<nor

0
(3.12) s— |1
1 0
and taking into account the initial condition z¢y = 0 this can also be written as
(3.13) T=(CRS)r+At(A® Ix)TZ,
(3.14) = (D®S)z+At(BIx)Ti.

By eliminating x and using the matrix-valued operational calculus, it can be
seen that T' = G(S) with

1
At

Since the spectrum of S is {0}, it follows from the spectral mapping theorem for
matrix-valued functions of matrices that

1
T)=0c|—A"1).
o) = (547)
Together with (3.4)-(3.7) the results in [27] for the convergence analysis of dis-
crete waveform relaxation on finite intervals are recovered.

(3.15) G(z) (A+2C(I, — 2D)™*B)~".
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3.8.2  Infinite Sequences

The same approach as for finite sequences allows T' to be defined as an operator
in the space of infinite sequences of stage values [P(co, C*). The backward shift
operator in [P (oo, C?) is defined by (Sz); =0, (Sz); = x;—1,4 > 1 or

0
(3.16) S=1|1

The spectrum of S is derived by considering the recurrence relation Azx; —x;—1 =
y; with 2o = 0. Tts solution is #; = >, _, N7ty i > 1. If y € 1P(00, C*), then
x € IP(00,C?) for |A| > 1. Since the spectrum is closed this gives

o(S)={reC: |\ <1}

(See also [25, p. 266]). For more information about the spectral properties of
Toeplitz operators such as S see [1, 2]. Using the spectral mapping theorem for
matrix-valued functions of bounded linear operators, one arrives at

o(T) = é glo ((A+2C(I, —zD)"'B)™").

It is shown in [27] that this is the complement of the interior of the stability
domain of the GLM as defined in [4, 8] scaled by ;. A similar result was origi-
nally derived for the special case of linear multistep methods in [21]. In general,
the interior of the stability region of a time discretization method corresponds
to the resolvent set of the discrete time derivative operator in [P(c0). Combin-
ing the expression for o(T") with (3.4)-(3.7) recovers the results in [27] for the
convergence analysis of discrete waveform relaxation on infinite intervals.

REMARK 3.1. Certain GLMSs lead to a function G that has poles on the
unit circle. The time derivative operator 1" for such methods is unbounded. Its
spectrum can be derived directly or by using an extended operational calculus [7].
Alternatively, the expression for p(F(T')) can be obtained as

sup p(F(G(2))),
z€o(S)
i.e., by considering the function F'(G(z)) which is again analytic on the closed
unit disc.

3.8.8 Periodic Sequences

For time-periodic problems discretized by GLMs the time derivative operator
T in C*™ can be formulated as a function of the circulant backward shift matrix
0o --- 0 1

(3.17) p=|1 = 01,
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2mij

with spectrum o(P) = {e”» ,j =0,...,n — 1}. Using the matrix-valued func-
tion (3.15) the operator T is given by T'= G(P). The corresponding spectrum
is

1

o(T) = Az

U o ((A+2¢U, —2D)'B)™).
o(P)

Together with (3.4)-(3.7) this results in an expression for the convergence rate
of discrete waveform relaxation for time-periodic problems (for the case of linear
multistep methods see [29]).

4 Concluding Remarks.

A general framework for the analysis of waveform relaxation methods based on
the Dunford-Taylor operational calculus was described. To do this, the theory
of scalar functions of operators had to be extended to matrix-valued functions
of operators. When applied to waveform relaxation for initial value problems,
the results from the theory based on Volterra convolution operators are recov-
ered. The theory presented here, however, is more general. For a given matrix
splitting, a waveform relaxation method can be defined and analyzed for every
closed linear operator.

Finally, we would like to point out some possible generalizations and ideas
for further research. The theory developed in this paper covers most classical
waveform relaxation results for linear systems of ODEs. It does not immediately
cover waveform relaxation for linear systems of delay differential equations [26].
For this case, an operational calculus is needed for a larger class of functions that
are not necessarily analytic at infinity. An extended operational calculus [7] such
as the Hille-Phillips calculus, based on the theory of semigroups of operators [9],
would be appropriate. It is also possible to study pseudospectra of waveform
relaxation operators [13, 19] using functions of operators. For a spectral mapping
theorem for the pseudospectra of scalar functions of matrices and bounded linear
operators see [18].
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