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Abstract

An algorithm that transforms symmetric matrices into similar
semiseparable ones has been proposed recently. Similarly to the
Householder reduction, the latter algorithm works without taking
into account the structure of the original matrix. In this paper we
propose a Lanczos–like algorithm to transform a symmetric matrix
into a similar semiseparable one relying on the product of the original
matrix times a vector at each step. Therefore an efficient algorithm
can be considered if the original matrix is sparse or structured. Now
this is some kind of an abstract.
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A Lanczos–like reduction of symmetric structured matrices
into semiseparable ones∗
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Abstract

An algorithm that transforms symmetric matrices into similar semiseparable ones has been proposed
recently [20]. Similarly to the Householder reduction, the latter algorithm works without taking into ac-
count the structure of the original matrix. In this paper we propose a Lanczos–like algorithm to transform
a symmetric matrix into a similar semiseparable one relying on the product of the original matrix times
a vector at each step. Therefore an efficient algorithm can be considered if the original matrix is sparse
or structured.

keywords: Householder reduction, semiseparable matrix, QR algorithm, Lanczos algorithm.

1 Introduction.

An algorithm that transforms symmetric matrices into similar semiseparable ones has been proposed re-
cently [20]. The algorithm combines the properties of the Lanczos tridiagonalization [5, pp. 470–499] with
those of the subspace iteration method [5, pp. 332–334], with the size of the subspace increasing by one
dimension at each step of the algorithm. Hence, in many cases, after a few steps of the algorithm, the
eigenvalues, and the corresponding eigenvectors, are already well approximated. Unfortunately, similarly
to the Householder reduction, the latter algorithm destroys the structure of the original matrix.

In this paper we propose a Lanczos–like algorithm to transform a symmetric matrix into a similar
semiseparable one that, similarly to the Lanczos tridiagonalization, relies on the product of the original
matrix times a vector at each step. Therefore it can be efficiently used if the original matrix is sparse or
structured.

The matrices handled in this paper are symmetric. However, there is no loss of generality, because it
will be shown that similar techniques can be applied to real unsymmetric matrices, as well. Moreover, the
extension of this algorithm to reduce rectangular matrices into upper triangular semiseparable ones in order
to compute the singular value decomposition [21] is quite straightforward.

∗The research of the first author was partially supported by MIUR, grant number 2004015437. The research of the third and
the fourth author was supported by the Research Council K.U.Leuven, project OT/00/16 (SLAP: Structured Linear Algebra Pack-
age), by the Fund for Scientific Research–Flanders (Belgium), projects G.0078.01 (SMA: Structured Matrices and their Applica-
tions), G.0176.02 (Asymptotic analysis of the convergence behavior of iterative methods in numerical linear algebra), and G.0184.02
(CORFU: Constructive study of Orthogonal Rational Functions), by the K.U.Leuven (Bijzonder Onderzoeksfonds), and by the Bel-
gian Programme on Interuniversity Poles of Attraction, initiated by the Belgian State, Prime Minister’s Office for Science, Technology
and Culture, project IUAP V-22 (Dynamical Systems and Control: Computation, Identification & Modelling). The research of the fifth
author was supported by the Research Council of the KULeuven: GOA-AMBioRICS, by the Fund of scientific research –Flanders:
G.0269.02 (magnetic resonance spectroscopic imaging), G.0270.02 (nonlinear Lp approximation); and by the EU: BIOPATTERN
(contract no. FP6-2002-IST 508803) , ETUMOUR (contract no. FP6-2002-LIFESCIHEALTH 503094). The scientific responsibility
rests with the authors.

†Istituto per le Applicazioni del Calcolo “M. Picone”, sez. Bari, Consiglio Nazionale delle Ricerche, Via G. Amendola, 122/I,
I-70126 Bari, Italy. email: n.mastronardi@ba.iac.cnr.it

‡Department of Computer Science, Katholieke Universiteit Leuven, Celestijnenlaan 200A, B-3001 Leuven (Heverlee), Belgium.
email: {Marc.VanBarel, Raf.Vandebril}@cs.kuleuven.ac.be

§Department of Electrical Engineering, ESAT-SCD(SISTA), Kasteelpark Arenberg 10, B-3001 Leuven (Heverlee), Belgium.
email: {Mieke.Schuermans, Sabine.VanHuffel}@esat.kuleuven.ac.be

1



A Lanczos–like reduction of symmetric structured matrices into semiseparable ones 2

As an application, the proposed algorithm has been considered for computing the kernel step of a state–
space method called HLSVD [18, 1, 8], in which the subspace associated to the largest singular values of a
Hankel matrix is computed.

The paper is organized as follows. In § 2 the basic steps of the classical Lanczos algorithm are described
followed by the Lanczos algorithm for reducing symmetric matrices into semiseparable ones in § 3. Some
numerical experiments are shown in § 4 followed by the conclusions and future work.

2 Lanczos–like algorithm for semiseparable matrices.

The Lanczos algorithm is a simple and effective method for finding extreme eigenvalues and corresponding
eigenvectors of symmetric matrices. Because it only accesses the matrix through matrix–vector multiplic-
ations, it is commonly used when matrices are sparse or structured. The algorithm can be summarized in
the following steps.

Lanczos algorithm

A ∈ R
n×n symmetric and r0 ∈ R

n the initial guess.
β0 = ‖r0‖2 and q0 = 0.
for i = 1,2, . . .
(a) qi = ri−1/‖ri−1‖2

(b) p = Aqi

(c) αi = qT
i p

(d) ri = p−αiqi −βi−1qi−1

(e) βi = ‖ri‖i

Let Qk ≡ [q1,q2, . . . ,qk] and

Tk =











α1 β1

β1 α2 β2

β2
. . .

. . .
. . . αn−1 βk−1

βk−1 αk











,

and let Tk = UkΘkUT
k its spectral decomposition, with Θk = diag(θ1,θ2, . . . ,θk) and Uk ∈ R

k×k orthogonal.
Then

A(QkUk) = (QkUk)Θk +βkqk+1eT
k Uk,

where ek is the last vector of the canonical basis of R
k. It turns out (see, e.g., [5, pp. 475]) that

min
µ∈λ(A)

|θi −µ| ≤ |βk||uk,i|, i = 1, . . . ,k.

Hence βk and the last components of the eigenvectors of Tk associated to θi give an indication on the
convergence of the latter eigenvalues to the eigenvalues of A.

To prevent the loss of orthogonality in the computation of the Krylov basis Qk, a lot of techniques have
been developed (see, e.g., [5] and the references therein, [12, 13, 14, 15]).

The Lanczos-like algorithm for semiseparable matrices is based on the classical Lanczos algorithm for
reducing symmetric matrices into similar symmetric tridiagonal ones [20].

Before considering it, let us introduce the definition of generator representable semiseparable matrices.
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Definition 1 A matrix S is called a generator representable semiseparable matrix if

S =











v1u1 v1u2 v1u3 . . . v1un

v1u2 v2u2 v2u3 . . . v2un

v1u3 v2u3
. . .

. . .
...

...
...

. . .
. . .

...
v1un v2un · · · · · · vnun











,

i.e., the lower triangular part is equal to the lower triangular part of the rank–one matrix uvT and, symmet-
rically, the upper triangular part is equal to the upper triangular part of vuT . The vectors u = [u1, . . . ,un]

T

and v = [v1, . . . ,vn]
T are the generators of S.

Remark 1 A semiseparable matrix is a block diagonal matrix, whose diagonal blocks are generator rep-
resentable semiseparable matrices.

Remark 2 A comprehensive treatment of semiseparable–like matrices can be found in [22]. A more stable
end efficient representation of semiseparable matrices in the context of eigenvalue problems can be found
in the latter reference as well.

Given A ∈ R
n×n, the ith step, i = 1, ...,n−1, of the algorithm described in [20] to reduce a symmetric

matrix into a symmetric semiseparable one can be summarized as follows.

Reduction of a symmetric matrix into symmetric semiseparable form
Let A0 ≡ A.
for i = 1, . . . ,n−1,

(a)
Compute the Householder matrix Hi in order to annihilate
the entries of Ai−1 in the ith column below the (i+1)th row.

(b) Compute HiAi−1HT
i

(c)
Compute the orthogonal matrix Zi such that the leading principal
submatrix of order i+1 of ZiHiAi−1HT

i ZT
i is symmetric semiseparable

(d) Ai = ZiHiAi−1HT
i ZT

i

Remark 3 The leading principal submatrices of order i of HiAi−1HT
i have already the symmetric semise-

parable structure. Therefore step (c) in the latter algorithm can be interpreted as an updating step, i.e.,
increasing by one the order of the leading principal semiseparable submatrix.

2.1 Updating of semiseparable matrices

Let Sk ∈ R
k×k be a symmetric semiseparable matrix. We describe now how the augmented matrix

Ŝk+1 =










0

Sk
...
0
βk

0 · · · 0 βk αk+1










, (1)

with βk 6= 0, can be updated, i.e., reduced in symmetric semiseparable form by orthogonal similarity trans-
formations working on the first k rows (and columns).

For simplicity, let us suppose k = 4,

Ŝ5 =









u1v1 u1v2 u1v3 u1v4 0
u1v2 u2v2 u2v3 u2v4 0
u1v3 u2v3 u3v3 u3v4 0
u1v4 u2v4 u3v4 u4v4 β4

0 0 0 β4 α5









.
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Define δ4 ≡ β4. Let Ĝ3 be the Givens rotation

G3 =

[
c3 s3

−s3 c3

]

such that G3

[
v3

v4

]

=

[
v̂3

0

]

and let

Ĝ3 =





I2

G3

I1



 ,

where Ik is the identity matrix of order k. Then,

Ĝ3Ŝ5 =









u1v1 u1v2 u1v3 u1v4 0
u1v2 u2v2 u2v3 u2v4 0
u1v̂3 u2v̂3 u3v̂3 ρ3 s3δ4

0 0 0 δ3 c3δ4

0 0 0 δ4 α5









,

with [
ρ3

δ3

]

=

[
(c3u3 + s3u4)v4

(−s3u3 + c3u4)v4

]

.

Therefore

S(1)
5 ≡ Ĝ3Ŝ5ĜT

3 =









u1v1 u1v2 u1v̂3 0 0
u1v2 u2v2 u2v̂3 0 0
u1v̂3 u2v̂3 η3 s3δ3 s3δ4

0 0 s3δ3 c3δ3 c3δ4

0 0 s3δ4 c3δ4 α5









,

with η3 = u3v̂3c3 + ρ3s3. The sub–block matrices S(1)
5 (1 : 3,1 : 3) and S(1)

5 (3 : 5,3 : 5) turn out to be
symmetric semiseparable.

Let

G2 =

[
c2 s2

−s2 c2

]

such that G2

[
v2

v̂3

]

=

[
v̂2

0

]

,

and

Ĝ2 =





I1

G2

I2



 .

Multiplying Ĝ3Ŝ5ĜT
3 to the left by Ĝ2 and to the right by ĜT

2 , it turns out

S(2)
5 = Ĝ2Ĝ3Ŝ5ĜT

3 ĜT
2 =









u1v1 u1v̂2 0 0 0
u1v̂2 η2 s2δ2 s2s3δ3 s2s3δ4

0 s2δ2 c2δ2 c2s3δ3 c2s3δ4

0 s2s3δ3 c2s3δ3 c3δ3 c3δ4

0 s2s3δ4 c2s3δ4 c3δ4 α5









,

with η2 = u2v̂2c2 +ρ2s2 and

[
ρ2

δ2

]

≡
[

c2u2v̂3 + s2η3

−s2u2v̂3 + c2η3

]

.

Therefore the sub–block matrices S(2)
5 (1 : 2,1 : 2) and S(2)

5 (2 : 5,2 : 5) are symmetric semiseparable. To end
the updating, let us consider the Givens rotation

Ĝ1 =

[
G1

I3

]

,

with

G1 =

[
c1 s1

−s1 c1

]

such that G1

[
v1

v̂2

]

=

[
v̂1

0

]

.
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Then

S(3)
5 ≡ Ĝ1Ĝ2Ĝ3Ŝ5ĜT

3 ĜT
2 ĜT

1 =









η1 s1δ1 s1s2δ2 s1s2s3δ3 s1s2s3δ4

s1δ1 c1δ1 c1s2δ2 c1s2s3δ3 c1s2s3δ4

s1s2δ1 c1s2δ2 c2δ2 c2s3δ3 c2s3δ4

s1s2s3δ1 c1s2s3δ3 c2s3δ3 c3δ3 c3δ4

s1s2s3δ4 c1s2s3δ4 c2s3δ4 c3δ4 α5









is symmetric semiseparable with

η1 = u1v̂1c1 +ρ1s1 and

[
ρ1

δ1

]

=

[
c1u1v̂2 + s1η1

−s1u1v̂2 + c1η1

]

.

The updating of a symmetric semiseparable matrix of order k has O(k) computational complexity and needs
O(k) storage.

Having shown how the semiseparable structure in the matrix (1) can be updated, it turns out quite
straightforward how the Lanczos algorithm can be modified in order to compute semiseparable matrices.

Lanczos reduction to semiseparable matrices
Let r0 be the initial guess, β0 = ‖r0‖2, q0 = 0 and S0 is the empty matrix.

for i = 1,2, . . .
(a) qi = ri−1/‖ri−1‖2

(b) p = Aqi

(c) αi = qT
i p

(d)

Compute Si, i.e., reduce into semiseparable form the augmented matrix
[

Si−1 βi−1ei−1

βi−1eT
i−1 αi

]

with ei = [0, . . . ,0
︸ ︷︷ ︸

i−1

,1]T ,

(e) ri = p−αiqi −βi−1qi−1

(f) βi = ‖ri‖i

The step (d) in the Lanczos reduction to semiseparable matrices corresponds to applying one iteration of
the QR–method without shift to the matrix Si−1 [20]. This is accomplished applying i−2 Givens rotations.
Step (d) could be replaced by applying one step of the implicitly shifted QR–method, with the shift chosen
in order to improve the convergence of the sequence of the generated semiseparable matrices towards a
similar block diagonal one [23].

We observe that it is not necessary to compute the product of the Givens rotations at each step. The
Givens coefficients are stored in a matrix and the product is computed only when the convergence of the
sequence of the semiseparable matrix to a block diagonal form has occurred. As a consequence, the Krylov
basis is then updated multiplying Qk by the latter orthogonal matrix.

The reduction of a symmetric matrix into a similar semiseparable one proposed in this paper has the
same properties as the algorithm proposed in [20]. Therefore, if gaps are present in the spectrum of the ori-
ginal matrix, they are “revealed” after some steps of the algorithm [11]. This property makes the proposed
algorithm suitable for computing the largest eigenvalues and the corresponding eigenvectors of sparse or
structured matrices, if the large eigenvalues are “quite well” separated from the rest of the spectrum. In-
deed, the most computationally expensive part, at each step of the proposed algorithm, is a matrix by vector
product, and it can be efficiently performed if the matrix is sparse or structured.

3 Numerical experiments.

In the previous section, the Lanczos reduction of a symmetric matrix into semiseparable form has been
described. The extension to reduce an unsymmetric matrix into an upper triangular semiseparable one, very
useful in the applications in order to compute the singular value decomposition, is quite straightforward
(for the sake of space, we omit the details of this reduction). The latter algorithm has been considered in
the next examples and we will refer to it as lansvdSS.
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The proposed algorithm has been implemented in matlab. To prevent the loss of orthogonality of the
Lanczos method [5, pp. 479–484], the proposed method is based on the implementation of the Lanczos
algorithm with partial reorthogonalization [7, 6, 14] and compared with lansvd, an implementation of
the Lanczos algorithm with partial reorthogonalization in PROPACK [7].

Example 1 In this example, we consider a simulated Magnetic Resonance Spectroscopy (MRS) signal
derived from an in vivo spectrum measured in the healthy peripheral zone tissue of the prostate [9]. The
discrete simulated signal, made of N = 256 data points, was modelled as the sum of K = 4 exponentially
damped sinusoids (Fig.1),

yn =
K

∑
k=1

ake jφk(−dk+ j2π fk)tn , n = 0,1, . . . ,N −1, (2)

with j =
√
−1, ak the amplitude, φk the phase, dk the damping factor, fk the frequency of the kth sinusoid k =

1,2, . . . ,K, K the number of the sinusoids, tn = n∆t + t0 with ∆t the sampling interval, t0 the time between
the effective time origin and the first data point. A realistic realization of a noisy signal is obtained adding

0 50 100 150 200 250 300
−1

−0.5

0

0.5

1

1.5
x 10

7

Figure 1: Original signal (real part).

to the latter signal a white Gaussian noise with zero mean and standard deviation equal to 2.5e + 6 (see
Fig.2). An approximation of the original signal is computed by using a state–space method called HLSVD
[18, 1, 8], that yields an approximation of the parameters characterizing the signal, i.e., the amplitudes, the
phases, the damping factors and the frequencies of the dumped sinusoids in (2). The computationally most
intensive part of this method is the computation of the K largest singular values and the corresponding
left singular vectors of a Hankel matrix of size (bN/2c+ 1)× (N − bN/2c), whose entries in the first
column and last row are the equidistant and consecutive samples of the noisy signal. The approximation
of the original signal is then constructed from the K left singular vectors corresponding to the largest
K singular values of the Hankel matrix. In Fig.3 the original and the reconstructed signals are shown
together. Both considered algorithms, lansvd and lansvdSS, compute the K largest singular values
and the corresponding left singular vectors of the constructed Hankel matrix to full accuracy requiring 17
and 13 steps of the algorithm, respectively.
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7

Figure 2: Noisy signal obtained adding a white Gaussian noise with zero mean and standard deviation
equal to 2.5e+6 (real part).

As already described in [20, 21, 11], the proposed algorithm is very efficient if gaps are present in
the distribution of the singular values of the matrix. To show this feature, lansvdSS has been used to
compute the first K = 4 singular values of 7 complex Hankel matrices, whose first row and last column
are constructed considering the original signal perturbed by a white Gaussian noise with zero mean and
standard deviation st.dev. = 1e + k,k = 0,1, . . . ,6. The results are depicted in table 1. In the first, second
and third column, the level of the standard deviation used to construct the Gaussian noise, the number of
steps needed by the proposed algorithm lansvdSS to compute the first 8 singular values to full accuracy,
and the ratio between the 8th and the 9th singular value, i.e., the gap between the “signal” singular values
and the “noise” singular values, respectively, are reported.

st.dev. #steps σ8/σ9

1 8 2.0232e+06
1e+1 8 2.0221e+05
1e+2 8 1.8447e+04
1e+3 8 1.9438e+03
1e+4 9 1.5069e+02
1e+5 10 2.1517e+01
1e+6 13 1.7023e+01

Table 1: Results obtained computing the first 4 singular values of 7 complex Hankel matrices, constructed
with different levels of noise.

We can observe that the larger the gap, the faster the convergence is to the largest eigenvalues.

Example 2 In this example, the matrix illc1033.mat in [16], of dimension 1033×320, is considered.
This matrix has a pronounced gap between the 13th and the 14th singular value (see Fig. 4). The number of
steps of the algorithm lansvd in PROPACK [7] to compute the largest 13 singular values of the considered
matrix to full accuracy is 53. The proposed algorithm lansvdSS requires only 32 steps.
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True signal
Recons. signal

Figure 3: Original signal (continuous line) vs reconstructed signal by HLSVD (dashed line) (real part).

4 Conclusion and future work.

In this paper, an algorithm that reduces a symmetric matrix into a symmetric semiseparable one is de-
scribed. The algorithm is based on the Lanczos method. Therefore each iteration relies on the product of
the original matrix times a vector. All the developed techniques to prevent the loss of the orthogonality
in the Krylov basis (full reorthogonalization, partial reorthogonalization, ...) can be used in this case as
well. The extension to reduce a matrix into an upper semiseparable form to compute the singular value
decomposition is quite straightforward. Two numerical examples are considered to show the effectiveness
of the proposed method.

Further research will consist of extending the proposed algorithm for computing the rank revealing
factorization of sparse and structured matrices.
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