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In this paper we investigate some matrix structures on C™*™ that
have a good behaviour under Schur complementation. The first type
of structure is closely related to low displacement rank matrices. Next,
we show that for a matrix having a low rank submatrix, also the Schur
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1 Introduction

In this paper we will handle several matrix structures that are preserved by Schur
complementation, as a continuation of [1] where we handled structures preserved
by matrix inversion. Nevertheless, all results will be developed independently
of [1].

Section 2 deals with the preservation of displacement structures. Asin [1], the
idea is to generalize the classical examples of displacement structures (Toeplitz-
like, Cauchy-like, Vandermonde-like, circulant matrices etc., see [10]), by ‘de-
coupling’ the displacement equation. This means that the displacement equation
is allowed to involve two variables A and B rather than only one variable A.
We will then illustrate this definition by some examples.
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Section 3 handles the preservation of what we call rank structures. As in
[2, 1], such a structure is defined as a collection of structure blocks: these are
low rank submatrices of a given matrix A € C™*", together with a certain cor-
rection term A, called the shift matrix. We will prove that these rank structures
are preserved under Schur complementation, and we provide some examples to
illustrate this.

Section 4 considers Mébius transformations of a matrix A. Each Mobius
transformation can be realized as the Schur complement of a very special block
matrix, and hence this connection can be used to translate the preservation
results of Schur complements into properties of Mobius transformations.

For further reference, let us recall here some basic definitions and properties
of Schur complements [5].

Definition 1 Given A € C™*", and given k € N. We define the k-partitioning

of A as
All A12
A= , 7 1
{Am Ay L’ 1)

with Ay 1 € CF*k. We define the Schur complement induced by this k-partitioning
as
Sagi=A22— A2,1A1_&A1,2,

where we supposed that A; 1 is invertible. We denote with A. ;1 the first block
column and with A, 1 the first block row of (1).

Schur complements are related to Gaussian elimination steps on A with pivot
block A; i, in the sense that

A Aig Ain O
L auss ’ ’ R auss — ’ 5 2
“ [A21 A22} ¢ { 0 SA,k] @)

where
- I 0 [T —A[1A
LGauss = |: —A271A1_7% I ] ) RGauss = |: 0 I 5

which are unit block lower and upper triangular matrices, respectively. Hence
the following lemma should not come as a surprise.

Lemma 2 Given L € C*™, A € C™*" and R € C"*P. Suppose we can
partition

Lip O A Ao Rin Rio
L=| % A= | A A dRr—| i B
[ Lis Lo ] ’ [ A1 Azp } o { 0  Rap ] ’

with Ly 1, A11 and Ry in CF*k nonsingular. Then

Spark = L2 2SaxRo 2.



PROOF. First, let us prove the property for the case R = I. Then we can
expand the matrix LA as

Li1A1; L1142
LioA11+LopAs1 Li2A12+ LooAss

from which it follows that

Spakr=L12A12+ LosAss— (L12A11+ L2,2A2,1)A17&Li%(L1,1A1,2)
= Loo[Ago — A2,1Afjx41,2] = L2254k,

as we had to prove. In a similar way, one can prove the property for the case
L = I. The general result follows then by composing these two results. [

Note that in particular, it follows from the above lemma that the left mul-
X 0
X I
transpose of such a matrix always preserves the Schur complement of A.

We may recall also the so-called transitivity of Schur complements, i.e. the
fact that Ss, , 1 = Sa k41 Whenever all involved Schur complements are defined.
The underlying reason is that for a Gaussian elimination step applied on A, the
same result is obtained if the Gaussian elimination step is split up in two separate
steps with smaller pivot blocks. Alternatively, one can prove this property by
direct computation.

tiplication of A with a matrix { ], or the right multiplication with the

2 Displacement structures

In this section we handle the preservation of displacement structure under Schur
complementation. As a general reference, we can refer to [10, 9] for an overview
of the many applications of displacement theory in numerical linear algebra.
Some references of historical interest are [3, 8].

2.1 Sylvester type displacement

First we handle Sylvester type displacement equations. As a classical example,
let A be a Hankel matrix, i.e. A = [aiﬂ]ﬁj:l. Putting Z := [e3...e,0] with
e the kth column of the identity matrix, it is easy to check that

AZT — ZA =Rk 2, (3)

where Rk 2 denotes a matrix of rank at most 2.
Generalizing, we can come to a more general definition. The main difference
with (3) is that the variable A is ‘decoupled’ into two variables A and B.

Definition 3 Let A, B, F and G be rectangular matrices and let r € N. We
say A and B to satisfy the Sylvester type displacement equation induced by
(F,G,r) if

AF — GB =Rk r, (4)



where Rk r denotes a matrix of rank at most r.

Here we supposed (4) to be well-defined, or equivalently we supposed the

block matrix A o
|: FT BT :| (5)

to have compatible matrix dimensions. Moreover, this block representation (5)
is useful in several other aspects, as will become clear soon.

Let us show that for F7 and G block lower triangular, Sylvester type dis-
placement structure is preserved under Schur complementation. This generalizes
the corresponding property for the case A = B (see [10]).

Theorem 4 (Sylvester type inheritance:) Let k,1 € N, and suppose that

Ain A | Gig 0
Al G | | Ay Asp|Gon G (©)
FT ‘ BT - F17:1 0 Bfl Bg:l ’

Ff, F"|B{, B},
with Ay € Ck*k gnd B € CcHt If
AF — GB =Rk r, (7)
where Rk r denotes a matrix of rank at most r, then
SarEF -GSy =Rk r, (8)
where Rk r denotes a new matriz of rank at most r.

PROOF. We will prove the theorem for A and B square and nonsingular.
(For the general case, see the paragraph following this proof). Multiplying (7)
on the left with A=! and on the right with B!, it follows that

FB™' - A7'G =Rk r, (9)

with Rk r a new matrix of rank at most r. Now we use the fact that for any
matrix A, the (2,2) block element of A=! is precisely the inverse of the Schur
complement Sy . (Proof: invert both sides of (2)). Using this, and using the
partitioning in (6), it follows by evaluating the (2,2) block element of (9) that

FS;}Z — S ,G =Rk,

with Rk r a new matrix of rank at most r. Hence by multiplying on the left
with S4 1 and on the right with Sp;, we obtain the desired equation (8). O

Although the above proof of inheritance of structure is rather ‘clean’; it only
worked for square and nonsingular matrices. (One could use a reduction to
square matrices and a ‘continuity argument’ to remove these restrictions, but



we will not do this here, due to the complexity of the argument). Furthermore,
the proof of Theorem 4 gives rather complicated formulae for the new Rk r
matrix in the right hand side of (8).

To address these questions, one can proceed in a more direct way by directly
computing the Schur complements.

Let us work this out. Thus we start with the equation

AF —GB=Rkr=UYV, (10)
with U having r columns and V' having r rows. Let us recall the general property
A— Ac,lAl_&Ar,l =0® SA,ka (11)

where we used the notations of Definition 1. Keeping in mind this property,
and keeping in mind the partitioning in (6), we have
0@Rkr = 0@(SA7;€F—C~¥SBJ)
= (00SsK)F—G0O0®SE,)
= (A=A 1AT1A)F — G(B — Bo1B{1B:1)
= UV - Ac,lAfjAmF + GBCJB;%B“, (12)

where the last transition follows from (10). Still keeping in mind (10) and the
partitioning in (6), we can further work this out as

= UV - Ac,lAl_&(Ur,lV +G11B 1) + (A Fig — UVc,l)Bl_,%Br,l
= UV =Ac1 A UiV = UV Bi1Bey + Aci AT Ui Ve Br Bry
= (U= A1 AT1Ur1)(V = Ve Bi 1 Br ). (13)

We see from this that Rk r is indeed a matrix of rank at most r, which we can
explicitly determine. Moreover, the only condition for the above derivation to
be valid was the nonsingularity of A;; and By 1, i.e. the existence of the Schur
complements S4 , and Sp .

2.2 Stein type displacement
We come to a second type of displacement structure.

Definition 5 Let A, B, G and H be rectangular matrices and let r € N. We
say A and B to satisfy the Stein type displacement equation induced by (G, H,1)

if
A—GBH =Rk, (14)

where Rk r denotes a matrix of rank at most r.

Here we supposed (14) to be well-defined, or equivalently we supposed the

block matrix
A G



to have compatible matrix dimensions. Moreover, this block representation (15)
is useful in several other aspects, as will become clear soon.

As in the Sylvester case, for HT and G block lower triangular, Stein type
displacement structure will be preserved under Schur complementation. This
generalizes again the corresponding property for the case A = B (see [10]).

Theorem 6 (Stein type inheritance:) Let k,l € N, and suppose that

Aiqx A | Gia 0
Al @G Agqr Asn | Gon G
H ‘ B Hiy Hyp | By, B,
0 H Bg:Q 35:2
with A171 € CF*k and B171 S Cixt, If
A—GBH =Rk r, (17)
then ~ ~ .
Sy — GSpyH = Rk , (18)

where 7 :=1r —k +1.

PROOF. We will prove the theorem for A € C™*™ and B € C™*" square
and nonsingular. (For the general case, see the paragraph following this proof).
Applying [1, Theorem 2], it follows from (17) that

B™' -~ HA7'G =Rk(r +n—m). (19)

Now we recall the fact that for any matrix A, the (2,2) block element of A~! is
precisely the inverse of the Schur complement S4 ;. Using this, and using the
partitioning in (16), it follows by evaluating the (2, 2) block element of (19) that

Sg}l - fIS;}k@ = Rk(r +n—m),

with Rk(r +n —m) still a matrix of rank at most r +n —m. Hence by applying
again [1, Theorem 2], we obtain the desired equation (18), i.e.

Sax —GSpH =Rk(r+n—m+ (m—k)—(n—1)) = Rk 7,
with 7:=r — k + (. U

Again, the above proof was only valid for A and B square and nonsingular.
Instead of showing theoretically that these restrictions are not essential (by
using a reduction to square matrices, together with a ‘continuity argument’ to
remove the nonsingularity condition), let us indicate how to prove the theorem
by a direct approach.

We start with the equation

A—GBH =Rkr=:UV, (20)



with U having r columns and V' having r rows. In a similar way as the derivation
of (12), we obtain

0®Rkr=UV — A AT Ay + GBe Bi1 B, 1 H. (21)

Then keeping in mind (20) and the partitioning in (16), we can further work
out the right hand side of (21) as
= UV = (UVeq + GBe1H11)AT1(UraV + G1,1 B 1 H)
+GB. 1By 1B H
U(I = Vea AU 1)V = UVe1 AT 1G11Ben H
~GBe1Hy 1 AT U1V — GBey (Hi 1AL Gy — Brg) B H. (22)

To proceed further, we will assume that
Assumption: k£ = 1.

Then we claim that there exist matrices X; € CF*", X3 € C™*F, Xy, X4 € CT¥7
that satisfy the embedding relation

Bii 0] _[Hia Xi][Ad 0][Gua U 25)
0 I Veai Xo 0 I Xs X4 |’

where all involved matrices are square of size k + r. Assuming this for the
moment, then we have the componentwise equations

Bi} = H1,1A£%G1,1 + X1 X3
0 = Hl,lA;’}Ur,l + X1X4
0 = Ve1A[Gi1+XoX5
I = VerA[Urs + Xo Xy

Hence (22) can be rewritten as

= UXyX4V +UXyX3B:1H + GBe1 X1 X4V + GBe 1 X1 X3B, 1 H
= (UXy+ GBe1 X1)(X4V + X3B,  H). (24)

We see from this that Rk 7 is indeed a matrix of rank at most r, which we can
explicitly determine in terms of X, X5, X3 and Xj.

To prove the solvability of the embedding relation (23) is beyond the scope
of the paper. We may notice that it suffices to find X;, i = 1,...,4 which solve
the equivalent embedding relation

Aip 0| _ | Gix U Bipx O Hiy Xy (25)
0 I X3 X4 0 1 V::,l X2 ’

where the (1, 1) block element of this equation is nothing but the equality A; 1 =
G1,1B1,1H11 + U, 1 Ve 1, which is satisfied by (20). To prove that also the other



block elements of this equation can be satisfied, we refer to [9] where completely
similar problems are handled.

Finally, we recall our above assumption that k = [. For k # [, we should
additionally look at two special cases. First is when £ # 0 and [ = 0: then

G

and H = [ 0 H ] Thus the displacement equation A — GBH = Rk r can be
rewritten as

0
B 1 is the empty matrix, and hence the partitioning in (16) implies G = [ ~ }

A— (0w GBH) =Rk - (26)

Applying on (26) the block unit lower and upper triangular transformations
LGauss and Ragauss appearing in (2), we obtain

A1 1@ (Sap — GBH) =Rk 7,

with Rk r a new matrix of rank at most r. Hence it follows that indeed S 5 —
GBH = Rk 7 with 7 := r — k.

The second special case is when [ # 0 and k = 0, and then it can be seen by
a similar argument that indeed A — GSp H = Rk 7 with 7 := 7 + 1.

The general case k # [ follows then by combining the results for & = [
together with the above two special cases, by using the ‘transitivity’ of Schur
complements. We will not go further into this.

2.3 Stein-Sylvester hybrid displacement

The reader will have noticed a lot of similarity between the Sylvester and Stein
type displacement. In fact, there exist also Stein-Sylvester hybrid displacement
structures, in the sense described by Kailath and Sayed [9, Section 7.4].

To introduce these structures, let us start from the Sylvester type displace-
ment equation AF — GB = Rk r. Suppose we can factor

A:=FEA, B:=BH, (27)

for certain block lower triangular matrices E, HT with Ey 1 and H; 7 square and
nonsingular. Then Lemma 2 implies that

Sag=E225;,, Spi=Sp,Haz,

and moreover it is easy to see that by substituting (27) into (13), the latter
transforms into the expression

Rkr = (U~ BAL AT EC1U ) (VT — VI HTIBTIB. (H).  (28)

Similarly, suppose that in the Stein type displacement equation A—GBH =
Rk r we can factor A := EAF, for certain block lower triangular matrices E, FT
with 4, and Fy; square and nonsingular. Then Lemma 2 implies that

Sak =E2255 1 I,



and moreover it is easy to see that equation (24) remains invariant; the only
change is that the embedding relation (23) must be updated by substituting
All=FA[1E].

Note that in both cases, we were led to an equation of the form

EAF +GBH =Rk .

In particular, the block matrix

E G 0
AT 0 F (29)
0 BT H

must have compatible matrix dimensions. We can then resume the above facts
in the following theorem.

Theorem 7 (Stein-Sylvester hybrid inheritance:) Let k,l € N, and consider
the k-partitioning of A and the l-partitioning of B (Definition 1). Partition the
block matriz (29) accordingly with A and B, and suppose that E, FT, G and
HT are block lower triangular w.r.t. this partitioning, and such that each of the
sets {E11,G11} and {F1,1,H11} contains at least one square and nonsingular
matriz, i.e.

[ Ein 0 |G O 0 0
B 0 Eé’l L; Gan G 0 0
AT o | F Aiq A, 0 0 Fi1 F{,z
AT, AT 0 0 0 F
0 |BT|H ’ T T
0 0 Blvl Bg’l Hl,l H},Q
0 0 Bfg B;Q 0 H
If
FEAF +GBH =Rk r, (30)
then R ~ R R .
ESA’]CF + GSBJH = Rk 7, (31)

with 7 := r if either both {E1 1, Hy 1} or both {F11,G1,1} are square and nonsin-
gular, and 7 := r—k+1 if either both {E1 1, F11} or both {G1,1, H11} are square
and nonsingular.

PROOF. This follows from the paragraph preceding the statement of the the-
orem. We even showed there how to update the explicit formulae for the new
Rk 7 matrix, if so desired. O

As an application of Stein-Sylvester hybrid displacement structure, we will
use it to establish a converse to the reasoning in the proof of Theorem 6, i.e. we
will show how the preservation of structure under matrix inversion [1, Theorem



2] is a consequence of the preservation of structure under Schur complement-
ation. Thus let A € C™*™ and B € C™*" be nonsingular matrices satisfying
A — GBH = Rk r, for arbitrary G and H. Hence

{AGBH G-G

H_H 0 }szr,

or by a small calculation
I 0 A - I 0] |G O B I H 0 _ Rk
o H||IT o |[0 G oI 1 o0 0o 17"

But now the Schur complements in this last equation are precisely the inverse
matrices A~! and B~!. Hence by Theorem 7, it follows that

HA'G - B! =Rk 7,
with 7 := r +n — m, as we had to prove.

Remark 8 1. We showed now how the inversion result of [1, Theorem 2]
leads to Theorem 6, and conversely. This may seem a circular reasoning;
but recall that we also indicated how to give a direct proof of Theorem 6,
hence avoiding the use of [1, Theorem 2J.

2. Note that in case A = B, the procedure of the preceding paragraph suggests
an efficient way to compute A~ by the generalized Schur algorithm [10].
A treatment of such computational aspects for A # B, will be the subject
of the next subsection.

2.4 Computational aspects

The preservation results of this section were in the first place theoretically ori-
ented, in the sense that there seems to be no analog if A # B for the so-called
generalized Schur algorithm [10].

To state the problem more precisely, let us first make some assumptions.
Suppose that FT G (for Sylvester type displacement) and HT G (for Stein
type displacement) are not just block lower triangular, but completely lower
triangular matrices. Then the preservation of structure holds for any choice
of indices k = I. Moreover, by the transitivity of Schur complements we are
allowed to recursively pull off rows and columns of A and B, one at a time, so
that we can assume that k=1 =1.

Now let us recall the explicit formulae (13) and (24) that we obtained for the
new low rank matrix Rk r. These formulae involved information about the first
row and column of the matrices A and B. (For the Stein type, this dependence
appeared also in an indirect way, via the embedding relation (23)). The ideal
situation would be the following: we use the given displacement equation in
order to determine these first rows and columns, next update the generators
of the Rk r matrix, and then repeat this procedure in a recursive way on the

10



Schur complements S4 ; and Sp; (which we do not actually compute, but only
store in a ‘coded’ form by means of the subsequent Rk r matrices). Repeat-
ing this procedure, at the end we would obtain information about the LDU
decompositions of both the matrices A and B.

Unfortunately, the above scheme can impossibly work since the given dis-
placement equation does not contain enough information to determine the first
block rows and columns of both the matrices A and B.

The situation may be different if an additional connection is given between
A and B. For example, it could be that (i) a factorization B = LDU is given,
and we want to compute the LDU decomposition of A; (ii) we have a relation
in the style B = A (leading to the generalized Schur algorithm as described in
[10]), or B = AT. Thus only in such cases, we can hope the above scheme to
work.

3 Rank structures

In this section we handle the preservation of rank structures. The following
result could already have been mentioned in the previous section. It is a spe-
cial case of both the preservation of Sylvester and of Stein type displacement
structure.

Corollary 9 Let k € N, and let A and B be matrices for which the Schur
complements Sa  and Sp j exist. If

A— B =Rk,

then -
Sar—5Spr=Rkr

Note that there appeared only one index k in the statement of the above
corollary, rather than two indices £ and [ as in the previous section. This
is because we have here F7 and G equal to the identity matrix, which by
Theorem 4 has to be block lower triangular w.r.t. the indices k and [; hence
k =1 is the only relevant choice.

Now let us take for B an arbitrary Hermitian matrix. By the general prop-
erty Spu ), = (Spx)™, also the Schur complement Sp ) must be Hermitian.
Hence Corollary 9 reveals the following fact.

Corollary 10 The property A = Herm + Rk r, i.e. A is Hermitian plus rank
at most r, is inherited under Schur complementation.

The rest of this section is devoted to the preservation of what we call rank
structures. First we recall some definitions from [1]. We will use here the
subscript weak to distinguish these definitions from the actual definition of rank
structures, which is given later.

11



Definition 11 (See [1]:) We define a weak structure block Byeax on C"*™ as
a 4-tuple
Bweak - (ivju T, A)a
where i is the row index, j the column indez, r the rank upper bound and A €
CU—HUXG=+1) s called the shift matriz of Byeax (it is assumed here that
j—i+1>0). We say a matriz A € C"*™ to satisfy the weak structure block
if, making a partitioning
Ain A A3

A=:| Ay1 Asp Asz |, (32)
Az Az Az

where Ay o is square and containing rows and columns i, ..., j, we have
Ayr Asp— A
’ ’ =Rk r, 33
As 1 As o (33)

i.e. a matriz of rank at most r: see Figure 1.

As an extension, we can allow shift matrices A = Ag, B ool , with Ag, having
only finite entries. In this case we identify Byeax with the ‘weak structure block’
obtained by dropping all rows and columns involving oo, and with the rank upper
bound r decreased by the number of these dropped rows: see Figure 2. A weak
structure block with shift matriz of the form A = 0@ ool is called pure, denoted
Bweak,pure'

Figure 1: The structure block Byeax in the left picture has the following meaning:
after subtracting the shift matrix A € C*** from the dashed square submatrix
in the middle, the indicated bottom left submatrix must be of rank at most 6.
The structure block Byeak,pure il the right picture is a special case of this, with
A=0.

Theorem 12 (see [1, Corollary 16]:) Let A € C™*™ be a nonsingular matriz
satisfying the structure block Byeax = (4,7,7,A), where A = Aps & 0 ® ool, with
Ans nonsingular. Then the inverse matriz A~% will satisfy the structure block
B;V;ak = (i,7,7, A1), with A=1 := Al ® 0ol ©0 (hence using the rules % =00

and L =0).

12



Rk 2 3 v

Figure 2: The structure block Byecak pure i the left picture has shift matrix
A = ocoly. Hence by definition, it should be identified with the Rk 2 structure
block in the bottom left corner. The structure block Byeax in the right picture
has A = diag(0.89,2.42, 00, 00). Hence it should be identified with the smaller
Rk 4 structure block, consisting of two pieces. Note that the shift submatrix
Agin := diag(0.89,2.42) is inherited.

Let us recall also that by absorbing permutation matrices into the structure,
structure blocks can be moved to any matrix position, not necessarily situated
in the bottom left matrix corner anymore [1].

Now we come to the actual definition of structure blocks in the context of
Schur complements. Such structure blocks will be denoted just as B, hence
dropping the subscript weak.

Definition 13 Given a matriz A € C™*™, k € N and consider the k-partitioning
of A (Definition 1). We define a structure block w.r.t. this k-partitioning as a
collection

B = (I> J,IA,JA,T,A),

where Ix C I and Jpn C J are the index sets, r is the rank upper bound and
A e CHAIXIAL 4 called the shift matriz of the structure block. We define a
partition I = I Uly, with I :=IN{l,...;k} and I :=IN{k+1,...,n}, and
we define similar partitions for the other index sets. We also partition

A Ao
A= ; ,
[ Aa1 Aso } ’

with A1 1 having dimension |Ix 1| by |Ja1]. Here we assume that
Condition: Ay is square of size |J1| — |I1| + 1.
We say the matriz A to satisfy the structure block B if

A(I,J) =Rk,

where A has been defined from A by A(In,Jn) = A(Ix, Jn) — A: see Figure 3.

13



A1,1 A1,z
Rkr
b\h\ /\12
l, N A I
A= A, A,
P T
Moy ‘ A

Figure 3: Example of a structure block B. The meaning is that after subtracting
the shift matrix A € C™*¢ from the dashed matrix positions, the indicated
submatrix A(I,J) (consisting of four parts) must be of rank at most r. Note
that in general, there are no restrictions on the size of Ay while on the other
hand A;; must be square and such that, up to permutation, the restriction
B|a, , is a weak structure block Byeak-

Now we come to the preservation of structure blocks under Schur comple-
mentation.

Theorem 14 Suppose given a matriz A € C"™ ™, a k-partitioning of A and a
structure block B w.r.t. this k-partitioning. Using the notations of Definition 13,
let us suppose that Ay 1 is square and nonsingular. Then the Schur complement
Sai satisfies the structure block Sp := (Iz, Jo, In 2, Ja 2,7, Sa) with Sy := Ao o—
AQJAI&ALQ.' see Fz'gure 4

PROOF. By definition of structure block, there exists a matrix B having the
form

X X X|X X X

0 A171 X 1|0 ALQ X

0 0 X|O0 0 X | =
B=F X X XX X X P,

0 Agp X |0 Ago X

0 0 X|O0 0 X

for certain permutation matrices P = P; & P, and P = ]51 @ ]52, such that
A — B =Rk r. By Corollary 9, it follows that S, — Spr = Rk r. But by the
form of B, it is easy to see that its Schur complement satisfies

X X x7
SBJc:PQ 0 SA X P27
0 0 X

where Sy = Ag o 7A271A1_jA172. It follows that S4  satisfies the structure block
S = (I2,J2,Ip 2, Jn 2,7, 54), as we had to prove. O

14



******** J | s s

Figure 4: Given the matrix in the left hand side, satisfying the huge structure
block B, consisting of four parts. Then the Schur complement Sy, = A2 2 —
Ag,lAl_jALg inherits this structure block, with new shift matrix given by Sy :=
Aog — A2,1A1_7}A1,2-

As an illustrative example, suppose that

X X
Ay = 1 1+ ,
1 1 X

for4,j =1,2. Then we claim that Ag o —AQ’]_A;&ALQ (if Ai% exists) will satisfy
the structure block Byear : (4,7,7,A) = (2,2,1,5)), with new shift element
defined by Sy := Az — Ad21A7 A2 (if Aj ] exists). Indeed: the proof follows
immediately from Theorem 14 by working with the embedded matrix

A Ao
A= | A A
[ A1 Ao ] ’

and observing that the given data can be translated in terms of a huge structure
block B on A.
Note that in this last example, it was necessary that the low rank blocks

1 1
were not the case, it could be that the rank upper bound of the huge structure
block B (and hence of the Schur complement S4 ;) must be increased.

A way to avoid the latter problem is to choose several of the low rank blocks
equal to zero. Suppose for example that A; ; := T is a given matrix, satisfying
a given structure block Byeak. Suppose that we choose A; 2, Az 2 and Ag ; with
sparse bottom left parts as illustrated in Figure 5. Then it is clear that the
structure block Byeak can always be extended to a huge structure block B in
the matrix A, with new shift matrix

| A T
=M )

11 . . . .
{ } of the several matrices A; ; were ‘compatible’ with each other. If this

15
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Figure 5: Given the matrix A;; := T in the top left position, satisfying a
structure block Byeax- Then the data in the figure imply a huge structure block
B in the matrix A. Hence the Schur complement S 4 , will inherit the structure
block Sp, with new shift matrix Sy = Af%

See figure 5.

We can derive two things from this example. First, consider the special case
where Ay 9 = —1, A2 =0 and Ay ; = I. Then Figure 5 shows that S4 = 71!
satisfies the structure block Sz = B__,,, which is precisely the structure block
inversion result of [1, Theorem 11]. Second, we can interpret Figure 5 in the
following way: it can be used to generate matrices A; 2, A2 2 and As ; such that
Ag o — A2,1T*1A172 inherits the structure of 7-!. We can interpret this as a set
of structure preserving transformations for T—1.

To conclude this section, we want to relax the nonsingularity condition in
Theorem 14. At the same time we want to introduce shift elements equal to oo,
in the sense of Definition 11. Here we will restrict ourselves to the case where

Assumption: Ay 1 = Ay @ 0ol @0y,

where A, is square and nonsingular, and with 0; being the zero matrix of size
I by I. The other parts Ay 2, Ao 1 and Ag o are not allowed to contain elements
equal to oo.

Now let us write

AT 0 [ AL,
A: |: Al’l A1’2 :| = 0 Ol Ang
A

34)
Aot | Aos : (
b A | Aso

where Af% := Aps @ ool, and where the superscripts T, B, L and R denote the
top, bottom, left and right parts of the corresponding matrices. It is easy to see
that the Schur complement of (34) can be written as a ‘dyadic decomposition’

Sa = Stin + Soos (35)

16



where Sg, and S, are the Schur complements of the respective matrices

Arirf AC1F2 0 A{gz
L ) @0

Here Sg, contains only finite elements, and hence this will just be a finite cor-
rection term to the structure of S4 ;. The problem is instead to determine the
meaning of S.

To achieve this, we will suppose that operations have been applied on the
second block row and column of A, such that

0, | AB, 0 |0 Aind col
- - o o o |, (37)
AR | o A

ind row 0 0

where Ajnq co1 contains independent columns and Ajng row contains independent
rows. (Here the row and column operations which we applied on A to achieve
(37), have a well-determined effect on the Schur complement S4 ; by virtue of
Lemma 2).

Then we have the following result.

Theorem 15 Suppose given a matriz A € C™*™ a k-partitioning of A and a
structure block B w.r.t. this k-partitioning. Suppose that A1 1 = Ays G 0ol &0y,
that San and So are defined as in (35), and that (37) holds. Then if we update

Sar(Iaz, Ir2) == Sak(Ia 2, Ja2) — Shn,

and if we drop in this updated matriz the rows of Ix o and columns of Jp o which
are nonzero in (37), the resulting part of Sa i will have rank at most r —1: see
Figure 6.

PROOF. If necessary, we can virtually add extra rows and columns to A until
the blocks Aing row and Ajng col in (37) become square and nonsingular (of size
I by 1). Then since S, was defined as the Schur complement of (37), and by
approximating 0; as 0; = lim¢_,o €, we obtain

0 0

Soo =
0 Aina row(OOIl)Aind col

But by our knowledge of the meaning of shift elements oo, this means that we
should drop in S all [ rows and columns where oo is standing, and decrease
the rank upper bound r by this same number /. The theorem now follows. [

As an illustrative example, suppose that

X X
Az,j = 1 1 X s
1 1 x



A =
mjl
_— - S | ‘
poSsee ¥ N

Figure 6: Given the matrix in the left hand side, satisfying the huge structure
block B with A;; = 03. For the other parts of the shift matrix, the places
where the nonzero elements act are indicated with a cross. (We assume here
for simplicity of illustration that the finite correction term Sg, in (35) is equal
to zero). Then the Schur complement Sy4 ;, satisfies a Rk(r — 3) structure block
consisting of four parts, as indicated.

for ¢,7 = 1,2. Then we claim that A > _A2,1Ai}A1,2 (if Ai% exists) will satisfy
the structure block Byeak : (4,7,7) = (2,2,0), i.e. that

X X X
AQ’Q — AQJAI’}ALQ = 0 0 X
0 0 x

Indeed, this follows from Theorem 15 by working with the embedded matrix A
(as usual), and by observing that the given data can be translated in terms of
a huge structure block B with shift matrix

Atr A2 | [ 00 O
Aoi Ao | | O 0|

Thus indeed the rank upper bound r decreases by the value [ = 1.

Note that in this last example, it was again necessary that the low rank
11 . . .
blocks { 11 } of the several matrices A; ; were compatible with each other.
A way to avoid the latter problem is to choose several of the low rank blocks
equal to zero. Suppose for example that A; ; := T is a given matrix, satisfying
a given structure block Byeak,pure With A = 03. Suppose that we choose A 2,
Az o and A with zero bottom left parts as illustrated in Figure 7. Then it
is clear that the structure block Byecak pure can always be extended to a huge

structure block Bpure in the matrix A, with new shift matrix

03 O
0 0|
See Figure 7.
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Figure 7: Specification of Figure 5 in the case of zero shift matrices.

We can derive two things from this example. First, consider the special case
where Ay 9 = —1, A2 =0 and Ay ; = I. Then Figure 7 shows that S4 = 71
satisfies the structure block Sp = B‘;elak,pure, which is precisely the structure
block inversion result of [1, Corollary 16] (concerning shift matrices Aps®0G0o0l).
Second, we can interpret Figure 7 in the following way: it can be used to generate
matrices A; 2, Az 2 and As 1 such that Ao — A271T*1A1,2 inherits the structure
of T~1. We can interpret this as a set of structure preserving transformations
for T—1. Other examples of structure preserving transformations will be given
in the next section, in the context of Mobius transformations.

We conclude this section with a final remark.

Remark 16 1. The structure block B can sometimes be brought in easier
form by virtue of Lemma 2. For example, it follows from this lemma that

the left multiplication of A with a matrix [ § ? ], or the right multi-

plication with the transpose of such a matriz always preserves the Schur
complement. Such transformations can be used for example to transform
the dependent rows and columns of A1 1 into zeros. In some cases, it
may be even possible to restore in this way the size restrictions on Aq 1
occurring in Definition 13, even if these were not satisfied initially.

2. In many examples where structure blocks occur (for example lower semisep-
arable or lower semiseparable plus diagonal related matrices, see [1]), we
have I = 0, J; = {1,...,k} and Ao 1 = 0, as in the left picture of Fig-
ure 8. Then the size restrictions on Ay 1 occurring in Definition 13 are not
satisfied. But they can be restored by just ‘enlarging’ the structure block,
as illustrated in Figure 8.

4 Mobius and Cayley transformations

In this section we will focus on Mobius transformations, as an illustration of the
results on Schur complements in the previous section. M&bius transformations
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Ao 0 | M S| A

Figure 8: Given the structure block in the leftmost picture. Then we can
‘enlarge’ this structure block by redefining I := {1,...,k}, A11 = A1 and
A1 2 := A1 2|1, %7, as illustrated in the middle picture. In this way the resulting
structure block will still be of rank at most r, and the size restrictions on A;
occurring in Definition 13 are restored. But then it follows that S, j satisfies
the new structure block Sp = (I2, J2, In,, Ja,, 7 A2 2).

appear also under the name of rational linear transformations. As a general

reference, we can refer to [7] for the treatment of Mdbius transformations with

scalar coefficients, and to [11, 12] for the general case of matrix-valued coeffi-

cients. Most of the results which we state without proof can be found there.
We start with a definition.

Definition 17 Given fized coefficient matrices P,Q,R,S € C"*" then we
define the Mobius transformation on C**™ to be the map

M:Aw (PA+Q)(RA+S)™
Similarly, we define the dual Mobius transformation to be the map

A (AP +R)"HAQ + 9).

P Q

R S
to be the matriz associated with M, and we say M to be invertible if its asso-
ciated matrixz is nonsingular.

Finally, we define

Unless explicitly mentioned, we will always work with usual Mobius trans-
formations, rather than with their dual versions.

Note that the Mdébius transformation is only defined on the domain D :=
{A € C"*"| det(RA + S) # 0}. Since the domain D is defined by the non-
vanishing of an algebraic equation, it is either empty (a case we exclude) or a
dense subset of C™*™,

The use of the matrix associated with M follows by rewriting M(A) =

NM(A)D with
Npeay | | P Q A
{ D pa) ] o [ RS [T (38)

20
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This matrix representation is useful in several aspects. For example, it can be
checked that for given Mébius transformations M; and Moy, the composed map
A — My(M;(A)) is again a Mdbius transformation, with associated matrix

{Pz QzHH Ql]
Ry S2 Ry 51 '

Since the identity map A — A is a special case of a Mdbius transformation,

with associated matrix [ é g ] , it follows that the inverse Mdobius transform-

-1
) . . . . . P
ation M™! will have as its associated matrix precisely { R g } . Moreover,

denoting with D the domain of M, then it can be shown that M ™! has as its
domain M (D) and as its range D.

We may note here that M~ can also be obtained by directly solving for A in
terms of M(A) in Definition 17. This yields M~!: B+~ —(BR—P)"}(BS-Q),
which is not a Mobius transformation anymore, but rather a dual Mobius trans-
formation in the sense of Definition 17. In particular, it follows that every
invertible M6bius transformation can be expressed as a dual Mobius transform-
ation too.

Now note that M(A) can be realized as the Schur complement of

{ RA+S -I ]

PA+Q 0 (39)

In particular, we can prove the following result.

Theorem 18 Let M be a Mébius transformation with domain D. Suppose
AeD, A+ Rk r €D where Rk r is a matriz of rank at most r. Then

M(A + Rk r) = M(A) + Rk r,
with Rk 7 a new matriz of rank at most r.

PROOF. Let us write Rk r = UVH with U,V € C**". Note that M(A +
UVH) can be realized as the Schur complement of (39), to which is added now

a correction term [ ]Izg } [ vVH ] Since this correction term is still of rank
at most r, the result follows by Corollary 9. O

We come to a second topic.

Definition 19 Given fized coefficient matrices E, F,G € C"*" with E and G
Hermitian, then we define the quadratic transformation on C™*" to be the map

Q: A= APEA+ APFPH L FA+G.

2]

to be the matriz associated with the quadratic transformation.

We define
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The use of the matrix associated with the quadratic transformation, follows
by rewriting

Q(A) = [ AM I]{?F;H‘H. (41)

Moreover, note that by our assumption that F and G are Hermitian, both the
middle matrix and the right hand side of (41) must be Hermitian. In particular,
it makes sense to speak about the inertia of Q(A).

To establish some inertia results, we will first prove the following lemma.
Here we agree to label the eigenvalues of a matrix A in non-increasing order as
)\Aﬁk; k= 1,...,n.

Lemma 20 Let Herm be Hermitian and let T' be arbitrary. Define H :=
T(Herm)TH and H = (T + Rk r)Herm(T + Rk 7)), where Rk r is a mat-
riz of rank at most . Then we have the interlacing property

AHktr S Afp g < AHk—r-

PROOF. We will prove the interlacing property under the slightly weaker
condition that H and H are both Hermitian and

H=H+UV? 4+ VUH, (42)

with U, V, V in C"*". We recall that for any Hermitian matrix Herm, the
eigenvalues can be determined by the Courant-Fisher characterization

2" Herm a:7 (43)

AHerm ks = Max min
TE T dimV=kzev  zHy

with V running over all k-dimensional linear subspaces of C". Taking such a
IHHKE

fixed subspace V and taking Herm = H, we obtain by (42) that min, ey iy

mingcyny %, where U denotes the (n—r)-dimensional linear subspace of C™
containing all vectors for which Uz = 0. Then since dim(V NU) > k —r, we
derive by (43) that
. 2fHx
min
zeV T

< AH k—r-

By taking the maximum over all V, it follows that A5, < Agk—,, as we had to
prove. The other inequality follows by symmetry. g

Remark 21 An alternative proof of Lemma 20 is the following. It can be
checked that the inertia (m,v, () of the Hermitian term UVH +VUH in (42) must
necessarily be ‘equally distributed’ in the sense that max{m,v} <r. Lemma 20
follows then as a consequence of the interlacing properties of eigenvalues of a
Hermitian, small rank correction to a Hermitian matriz as stated in [6]. Here
we may remark that the proof in [6] is essentially based on a similar argument
involving the Courant-Fisher characterization of eigenvalues.

22



Corollary 22

1. Inertia(Q(A+Rk r))—Inertia(Q(A)) = (Am, Av, A() with max{|Ax|,|Av|} <
T

2. If the matriz associated with the quadratic transformation (40) has inertia
(m,v,¢) withm =n+440, 0 > 1, then Q(A) has at least § positive eigenvalues,
independent of the choice of A.

PROOF.

1. Note that in (41), going over to Q(A + Rk r) corresponds to a rank r

. A .
correction of the factor JE Hence the result follows from the previous

lemma.

2. We will use again (41). First, by adding n extra columns, the matrix

[ 1;1 } can always be completed to a nonsingular 2n x 2n matrix. Repla-

cing [ 1;1 } by this completed version, and replacing [ AT ] by the

Hermitian transpose of it, Sylvester’s law of inertia implies that the right
hand side of (41) must still have inertia (7, v, () with 7 = n+J. The result
follows then by again removing the n added columns (which is a rank n
perturbation) and applying the previous lemma.

O

Since both Mo&bius and quadratic transformations allow what we called a
matrix representation, we can expect that these transformations have a good
behaviour w.r.t. each other. Let us first introduce

Definition 23 Given a quadratic transformation Q on C"*™ and given a pos-
itive integer r, then we say A € C™*" to satisfy the quadratic relation induced
by (Q,r) if

Q(A) =Rk r,

for a certain matriz Rk r of rank at most r.

Since Q(A) is always Hermitian, we can in fact add any inertia condition on
Rk 7 if so desired.
Now let M be a Mdobius transformation with domain D, let A € D and let

23



Q(B) =Rk r
s [ B I][? F;H?}zmr
o [ NE Dg][ﬁF;Hgﬂ:f{Er
w42 7[5 4[4
s [ A I}{??H‘?]:ﬁﬁr

where we defined Rk r := DE(Rk r)Dp (being a matrix with same rank and
inertia as Rk r), and where we defined the quadratic transformation Q by its
associated matrix

E FH] [P Q1'[E FE][P Q m

F G |7 |R S F G R S|
Let us give some illustrations to the above series of equivalences. First
consider the class of Hermitian matrices, defined by Q(A) := —iA + iAH =
Rk 0. Note that the matrix associated with Q is given by { _g I ZOI ] Then

consider the class of J-unitary matrices, defined by Q(A4) := A#JA — J =
Rk 0, where J = I, & —I; is a fixed signature matrix. The matrix associated

with Q is given by { J 0 . Now we may observe that these two matrices

0 —J
obtained for Hermitian and J-unitary quadratic relations have the same inertia,
namely (n,n,0). Hence by Sylvester’s law of inertia, there exists a nonsingular
congruence transformation which maps these matrices into each other. Indeed:
one can check that

o ] 1 [ 1 1][J o[l iJ] 1L
—l 0 | a2l i iJ 0 —-J I —iJ |2
Comparing this with (44), we conclude that
M:A— (A+id)(A—i)™! (45)

is a Mobius transformation mapping the class of Hermitian into the class of J-
unitary matrices (at least for every Hermitian matrix belonging to the domain
D of M). Moreover, one can check that

M A (A+TJA-T)h
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Remark 24 Composing (45) with an arbitrary Mébius transformation mapping
the class of J-unitary matrices into itself, one can obtain many other Mdobius
transformations M mapping Hermitian into J-unitary matrices. In particular,
due to the cancellation of numerators and denominators, the domain D will
heavily depend on the resulting Mébius transformation M. It can be proven
that any Hermitian matriz belongs to such a domain.

For the rest of this section, we will restrict ourselves to Mobius transform-
ations with scalar coefficients, i.e. with P, @, R, S being scalar multiples of the
identity matrix. We will denote these multiples as pI,ql,rI and sI.

As in the general case, note that M(A) can be realized as the Schur com-
plement of the embedded matrix

rA+sl -1
[ pA+ql 0 } (46)
Now assume that A satisfies a weak structure block Byeax = (¢,7,7,A).

We want to show that this weak structure block can be extended to a huge
structure block in (46), with same rank upper bound r. For this, let A,yre ==
(A— (0®A®0))|g,...- Note that Rank [ rApure ] = Rank Apyre. This means

pure
that Bweak can indeed be extended to a huge structure block, denoted Bhyge,

and with corresponding shift matrix

A _ | PA+al —I
huge - rA+sI 0

(Here we did not show all the zero blocks of Apyge; see Figure 9 for a more
accurate picture).

Now by Theorem 14, the Schur complement of (46) must inherit Bpyge, with
new shift matrix being the Schur complement of Ap,ge. Reformulating this in
terms of the original data, we obtain

Theorem 25 Given a matrix A € C"*"™ which satisfies a weak structure block
Bweak- Then the scalar Mébius transformation M(A) will inherit the weak struc-
ture block Byeak, with new shift matriz being M(A), i.e. precisely the scalar
Mébius transformation of the original shift matriz A.

We may mention that Theorem 25 was already shown in [13] for the case of
lower semiseparable plus diagonal matrices. See also [4].

For this same example, note that for a couple of matrices A, B satisfying
the same weak structure block Byeax = (4, 4,7, A), the ‘decoupled scalar Mobius
transformation’ (pA+qI)(rB+ sI)~! will essentially inherit the weak structure
block Byeak, but now with rank upper bound only bounded by 2r. The reason
for this is the identity Rank [ T‘gpure < Rank A,ue + Rank Bpyre, which is

pure
much weaker than in the case Apyre = Bpure-
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Figure 9: Given a matrix A satisfying a Rk r weak structure block with shift
matrix A. Let p,q,r, s € C be arbitrary numbers. Then the Mobius transform-
ation (pA+qI)(rA+ sI)~! can be obtained in the form of a Schur complement
of an embedded matrix A, as illustrated. Hence it will inherit the Rk r weak
structure block, with new shift matrix (pA + ¢I)(rA + sI)~L.

An interesting case of a scalar Mébius transformation is by taking J = T
in (45). Then (45) reduces to the well-known Cayley transformation C : A —
(A+iI)(A—iI)~1, mapping Hermitian into unitary matrices. Unlike the general
situation, the domain D of the Cayley transformation contains the entire class
of Hermitian matrices.

The Cayley transformation can be used to derive several properties of unitary
matrices. We already remarked in [1] that the weak structure blocks of such a
matrix always come in pairs, i.e. that the presence of one such weak structure
block always implies the presence of a second weak structure block, which we
can easily determine. The underlying reason was the fact that Uni~* = Uni” for
any unitary matrix Uni, together with the inversion theorem for weak structure
blocks. Another way to see this is by using the Cayley transformation. This
transformation can be used to establish the property that the structure blocks
of a unitary matrix always come in pairs, from the corresponding property that
the structure blocks of a Hermitian matrix always come in pairs (for obvious
reasons). We will not go further into this.

The Cayley transformation can also be used as a tool to prove a similar
result to the following theorem from [1].

Theorem 26 Let r € N. The following are equivalent:
(i) A=Herm+ Rk r, i.e. A is Hermitian plus rank at most r;

(ii) Q(A) :=i(A — AH) = Rk 2r, where Rk 2r is a matriz of rank at most 2r
such that Inertia(Rk 2r) = (m,v, () with max{m,v} <r.

We obtain the following, similar formulation.

Theorem 27 Let r € N. The following are equivalent:
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(i) A=TUni+ Rk r, i.e. A is unitary plus rank at most r;

(ii) Q(A) := A A — I = Rk 2r, where Rk 2r is a matriz of rank at most 2r
such that Inertia(Rk 2r) = (m,v, () with max{mr,v} <r.

PROOF. The implication (i) = (ii) is a special case of Corollary 22.1. For
the implication (ii) = (i), suppose that A is such that A A — I = Rk 2r with
Inertia(Rk 2r) = (m,v,(¢) with max{m,v} < r. Denoting by D C C"*™ the
domain of the Cayley transformation C, then we will suppose that A € C(D),
the domain of the inverse Cayley transformation C~!. (This can always be real-
ized by multiplying with a suitable number ¢, # € R). Then we claim that
B := C~1(A) will satisfy iB—iBH = f{\k/%, with Rk 2r having the same inertia
as Rk 2r. Indeed, this follows from the series of equivalences preceding (44).
Hence by Theorem 26, we can factorize B = Herm + Rk r. The result follows
then by applying C on both sides of this equation. (Here it is essential that for
the application of Theorem 18, C(Herm) is always defined, independent of the
precise form of this Hermitian component Herm!) O

Corollary 28 Letr € N. Then the class of unitary plus rank at most r matrices
18 topologically closed.

By composing Theorems 26, 27 with an affine transformation A — pA + ¢,
these theorems can in fact be generalized to normal matrices with eigenvalues
lying on a fixed generalized circle in C, i.e. either a straight line or a circle in
the complex plane. We must then work with a quadratic transformion on C™*™
of the form Q(A) := eAT A+ fAH” + fA+ gI = 0, for suitable numbers e,g € R
and f € C.

We may note here that these theorems can not be generalized to arbitrary,
non-scalar quadratic relations. For example, it can be shown that the class of
J-unitary plus rank at most 1 matrices, is not topologically closed.

5 Conclusion

In this paper, we investigated some structures that have a good behaviour un-
der Schur complementation. We handled two classes of them: displacement
and rank structures. For displacement structures, we derived in a direct way
the preservation of structure, leading to formulae which extend the classical dis-
placement tools. For the case of rank structures, we showed how the preservation
results could be used as a general framework to specify structure-preserving op-
erations. In particular, we considered the Mobius transformion of a matrix and
derived several structure preservation results.
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