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1 Introduction

Arguably the most common approach to study dynamical systems starts from the
derivation of some sort of macroscopic description of the system, often in the form
of a set of partial differential equations (PDEs). For a reaction-diffusion system
with S species on a one-dimensional domain and with space-independent isotropic
diffusion, these equations take the form

p; =D%pS, + F5(p*,....p%), s=1,...,85, (1)

where the subscripts t and x denote differentiation with respect to time and space
respectively. In many cases, an evolution equation for the macroscopic quantities
(here, the densities or concentrations p®(x,t)) is already known. There are how-
ever cases where an appropriate macroscopic description of a system is not yet
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known but a microscopic description is available. At the most detailed level one has
molecular dynamics simulations that model all interactions between all individual
particles (atoms or molecules). Kinetic Monte Carlo methods provide a higher
level of abstraction by modeling the statistics of the various interactions between
particles. Even more coarse-grained are lattice gas cellular automata (LGCA) and
lattice Boltzmann methods (LBMs). These models do no longer model individual
microscopic particles and are therefore often called mesoscopic models. Instead,
they model the behavior of an idealized particle limited to move in certain direc-
tions with particular velocities only. While LGCA track the evolution of individual
idealized particles, LBMs evolve the distributions of such particles characterized by
position and speed.

In many applications one is not interested in the detailed microscopic behavior
of a system but only in its macroscopic behavior, i.e., the evolution of macroscopic
variables over a large domain and relatively long time interval. These variables are
typically the first few moments of a microscopic distribution, e.g., the concentration
of the various species. Kevrekidis et al. [10, 15, 27] proposed an approach to realize
a macroscopic time step for a system for which only a microscopic description is
available. The crucial assumption is that a closed macroscopic description in terms
of those variables conceptually exists. A macroscopic time step is then performed
by first constructing one or more microscopic initial states corresponding to the
macroscopic initial condition, then evolving those microscopic initial states using
the microscopic evolution laws and finally computing a new macroscopic state.
The macroscopic initial state does not contain enough information to initialize the
microscopic simulator and the missing information has to be filled in. Using a
multiple time scales argument, Kevrekidis et al. argue that the effect of the errors
from the initializations will disappear very fast (compared to the macroscopic time
step) as the higher-order moments of the microscopic distribution quickly become
slaved by the lower-order ones. It is expected that this coarse-grained time stepper
can replace a time integrator for the (unknown) macroscopic equations in many
applications such as bifurcation analysis and control.

Simulating the microscopic models over the whole domain and time interval of
interest is often impossible. To cope with this problem, schemes that fully exploit
the range of temporal and spatial scales are proposed in [15, 24, 7], such as the
so-called “projective integrators”, “gap-tooth scheme”, “patch dynamics” and the
heterogeneous multiscale method. However, as the number of variables in our lattice
Boltzmann simulations remains limited, we will only use the most basic variant of
the coarse-grained time integrator, i.e., we will simulate over the full physical space.

In this article, we will study the application of the coarse-grained time stepper
for bifurcation analysis. Bifurcation theory studies the possible transitions between
various stable and unstable static and dynamic equilibria in parameter-dependent
systems as the parameters are varied. In numerical bifurcation analysis one com-
putes a branch of solutions obtained by varying one parameter of the system and
detects or computes points along the branch where the stability of the solutions
changes (the bifurcation points). In such points, other branches of solutions often
intersect or branches of solutions of a different type emerge or end. Numerical
bifurcation analysis is well established for small systems with several software pack-
ages available. e.g., AUTO [6] and MATCONT [5]. More recently, several methods
have been proposed for large-scale systems. Of particular interest for this paper are
methods that operate on top of an existing time integration code such as the Recur-
sive Projection Method [25] or the Newton-Picard method [17, 18]. We have chosen
to use the latter since it is more robust and better suited to compute branches of
periodic solutions.

The macroscopic model in this article is the FitzHugh-Nagumo PDE system,
while the “microscopic” model is an equivalent lattice Boltzmann (LB) model [22],
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(which, stricly speaking, is a mesoscopic model), designed to reproduce the behavior
of the PDE accurately. The steady states and periodic solutions of the LBM can be
analyzed with numerical bifurcation analysis techniques for maps. As such, it is the
ideal benchmark to compare the coarse-grained bifurcation results with. Indeed, as
we shall argue later, if the microscopic model has a steady state, the best one can
hope for is to compute the same steady state using the coarse-grained time stepper
(and similarly for periodic solutions). These states may be slightly different from
those of an equivalent macroscopic model since every macroscopic model is only an
approximation and thus involves modeling errors. Our LBM is fully deterministic
and has no chaotic dynamics. Our initialization of the LBM at each coarse-grained
time step is also fully deterministic. Therefore this model is an ideal example to
study the errors caused by the imperfect initialization of the “microscopic” state in
the coarse-grained time stepper.

The plan of the paper is as follows. We discuss the macroscopic PDE model,
the LBM and the coarse-grained time integrator in Sect. 2, 3 and 4 respectively.
The Newton-Picard scheme is discussed in Sect. 5. In Sect. 6, we compute the
bifurcation diagrams for the PDE, the LBM and the coarse-grained time stepper.
We also make a careful study of the effects of the initialization of the microscopic
simulator on the results. In Sect. 7, we study the spectra for the different models.
Finally, in Sect. 8 we summarize the main conclusions of this paper.

2 The Macroscopic Model

Our macroscopic model in this article is the FitzHugh-Nagumo system of two
reaction-diffusion equations

{,O?C — pgc- +pac _ (pac)3 — pin, (2)
Pyt = Opyy +e(p™ —a1p™ — ao),

with homogeneous Neumann boundary conditions on a one-dimensional domain of
length L = 20. The variables p®“(x,t) and p'(z,t) denote the activator and inhib-
itor “concentration” respectively. (Strictly speaking, these are no concentrations
in the physical sense; the values can also be negative.) In all our computations,
we fix § = 4, ap = —0.03 and a; = 2 and vary . For this choice of parameters,
we computed a branch of steady states and a branch of periodic solutions. In our
numerical experiments in Sect. 6 and 7, (2) was discretized using a second-order
spatial discretization at the midpoints of 200 grid intervals and the trapezoidal rule
for time integration.

3 The Lattice Boltzmann Model

3.1 Model Structure

Lattice Boltzmann models are inherently discrete in space and in time. They model
the evolution of a distribution function for each species (activator and inhibitor in
our case). The distribution function depends on space, time and velocity and is
defined on a space-time lattice with grid spacing Az in space and At in time. We
use a D1Q3-type model, i.e., only three values are considered for the velocity:

Az Az
= d = —.
v = 0 and v, At

Let f7(z;,tx) denote the value of the distribution function for species s at grid point
x; and time ¢, for particles with velocity v;. The corresponding concentrations (the
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macroscopic variables in (2)) are then found as

ps(xjvtk) = Z fl’s(xjvtk)v (3)

1=—1

i.e., the zeroth-order moment of the distribution function. Lattice Boltzmann mod-
els are often specified using the dimensionless variables for space, time and velocity
obtained by rescaling space and time in units of grid spacing Ax and At respec-
tively. To avoid confusion in our notation when moving between the mesoscopic and
macroscopic space, we will only express the higher-order moments in dimensionless
form. The dimensionless first- and second-order velocity moments (up to the factor
1/2 for the second-order moment) are

1

O (o th) = > ifi(te) = F(mte) — £ (2, k), (4)
i=—1
s 1 - -2 rs 1 s s
&), tk) = 5 P Sy te) = 5 (1), te) + (x5, t) - (5)
i=—1

We will refer to these moments as respectively the “momentum” ¢°® and (kinetic)
“energy” £*° (although these are non-conserved quantities in a diffusive system).
The state of our one-dimensional LBM at time ¢, is fully determined by specifying,
for each species and at all lattice points, either the distribution functions f7(x;,tx),
i € {—1,0,1} or the three moments p®(z;,tx), ¢°(z;,tx) and &°%(z;, tx).

The evolution law for the distribution functions is

fi@jristern) — fi (x5, te) = QF (@), t) + Ri (x5, t,), i € I :={-1,0,1}.  (6)

The collision term € models the diffusion while the reaction term R models the
chemical reactions. A LB time step is usually executed in two phases. In the
collision phase, the terms f and R} are evaluated and added to ff(z;,tx). In
the propagation or streaming phase, the distributions at a lattice site hop to a
neighbouring site according to their velocity direction. Equation (6) is augmented
with no-flux boundary conditions which we implemented using the halfway bounce-
back scheme [11, 12]. This puts the lattice points at the same location as in our
PDE discretization.

3.2 The Collision Operator

For the collision operator we use the Bhatnagar-Gross-Krook (BGK) approximation
1, 21]
O (g, t) = —w°[f (g, t) = 7 (g, 1)), i € 1 (7)

which expresses relaxation to the local equilibrium f;>?(z;,t;). Since the macro-
scopic mean flow of the reactants in a reaction-diffusion system is zero, the more
general expression for the equilibrium distribution in [1, 2, 26] simplifies to

[ @, t) =vip®(at), i €1 (8)

3
with v;, i € I, satisfying the constraints

1
E v;=1and v_1 = vy.

i=—1
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This still leaves one degree of freedom for the choice of v;. In a reaction-diffusion
system, all weights are usually chosen equal [22, 4], i.e.,

1
v, = §7
which is also the choice we made in all our experiments. Notice that for this choice

of weights,

1 1
§%Cd = fe0 _ 200 = ( and 9 = §(f187eq e §ps.

The BGK relaxation coefficient w® is related to the diffusion coefficient in (1).

In [22] it is shown that
2

W= 9
1+3Ds 25 ©)

for a one-dimensional model with rest particles.

3.3 The Reaction Term

The reaction term is modeled according to [22, 4]:

R?C(‘rj7 tk‘) = V1At (pac(xj7 tk‘) - (pac)3(‘rj7 tk) - pln(x_% tk)) ) (10)

R;L;n(l‘j,tk) = l/l'Até‘ (pac(fﬂj,tk) - alpin(l’j,tk) - CL()) , iel.
Here it is assumed that the reactions occur at the local diffusive equilibrium [3].
Hence the weights v; are the same as for the equilibrium distribution.

3.4 Extension to Continuous Time

In Sect. 6, we will compute a branch of periodic solutions of the LB model. Strictly
speaking, a periodic orbit is a phenomenon in a continuous time model while an
invariant circle is the corresponding phenomenon in maps and thus in discrete time
systems. However, since the (discrete time) LB model clearly models a continuous
time system and since the LB time step is so small compared to the period of the
limit cycle, it makes sense to consider a continuous time extension of the LB model
and to use numerical techniques developed for such models.

To evaluate the LB state at an arbitrary time T, we use the same strategy
as many time integration codes for ordinary differential equations (ODEs) (e.g.,
LSODE [13]). We first determine k such that t;_; < T < ¢ and then use a linear
interpolation between the results at time t;_; and ¢;. Because there is a linear
transformation between the distribution functions and the moments, it does not
matter whether we interpolate the distribution functions or corresponding moments.

4 The Coarse-Grained Time Integrator

4.1 Performing a Single Coarse-Grained Time Step

In [10, 15, 27], a procedure is proposed to perform a macroscopic-level (or coarse-
grained) time step for an unknown macroscopic equation using only a microscopic
simulator. It is important to first select an appropriate set of macroscopic variables.
For the procedure to work well, a macroscopic description must conceptually exist
and close using only those variables. In particular, the basic assumption behind
the coarse-grained integrator is that the dynamics of the microscopic simulator
evolve on a lower-dimensional manifold (related to the slow manifold in multiple
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time scale systems and to inertial manifolds) which can be parametrized by the
chosen macroscopic variable set. Any orbit started away from this manifold will be
attracted to this manifold at a very fast time scale (much faster than the typical
macroscopic time scales). More specifically, the higher-order moments get slaved by
(i.e., become functionals of) the lower-order ones (corresponding to the macroscopic
variables) very quickly. It is important that the chosen macroscopic variables are
a suitable parametrization of the “slow” manifold. When using too few variables,
the procedure would very likely fail or produce wrong results. On the other hand,
using too many moments of the microscopic distribution might reveal too much of
the microscopic behavior, and our “macroscopic” model might no longer exhibit
the steady states or periodic solutions that we expect to find, but much more
complicated dynamics. This will not happen in our case since the LBM has well-
defined steady states and periodic solutions. The existence of a macroscopic PDE
in our case confirms that a macroscopic description using only the zeroth-order
moment p° of the LB distribution is possible.

A time step of length AT with the coarse-grained time stepper consists of three
substeps. First, one needs to construct an initial condition for the microscopic
simulator which corresponds to the macroscopic state. This step is called the lifting
(in [15]) or reconstruction step (in [7]). Since the microscopic simulator needs more
information than provided by the macroscopic variables, the missing information
has to be reconstructed. Since a macroscopic model is really a description for the
dynamics on the lower-dimensional “slow” manifold mentioned above, it is clear that
the best initial condition for the microscopic simulator is the point on the manifold
corresponding to the particular initial values of the macroscopic variables. However,
in [10, 15, 27], Kevrekidis et al. argue that the errors caused by the initialization of
the missing higher-order moments away from this manifold disappear as the higher-
order moments get slaved. According to this argument, the initialization should
not matter too much. However, in Sect. 6, we will show that the fast slaving of
the higher-order moments does not imply that all influences of the deviation of
the reconstructed initial condition from the corresponding correctly slaved initial
condition, disappear quickly, and that a good reconstruction scheme is important.

In our particular case, we need to initialize the missing momentum (4) and
energy (5). Given the macroscopic initial condition p®(z;,0), we set, as in [27],

[i(x5,0) = wip®(x4,0), i €1, (11)

where the only constraint on the weights w; needed for correspondence of the mi-
croscopic state with the macroscopic state is

This leaves two degrees of freedom. Without further information, a reasonable
choice is the use of the same weights as in the local diffusive equilibrium distribution,
ie.,

w; = 3’
which corresponds to ¢*(z;,0) = 0 and £°(z;,0) = (1/3)p°(x;,0).

In the second step, the microscopic initial condition is evolved over the macro-
scopic time step AT using the microscopic simulator (the LB model in our case).
Finally, the macroscopic variables at the end of the time step are computed from
the final microscopic state. This step is called the restriction step in [15]. For our
LB model, this is done using (3).

When the underlying microscopic model is a stochastic model or when the lifting
scheme is stochastic, the result of a coarse-grained time step is again a stochastic
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variable, characterized by an average, a variance, etc. To get a sufficiently small
variance, which is needed for our numerical bifurcation techniques but also for
other methods such as the projective integration mentioned in the introduction,
one should run many microscopic simulations from the same (if the simulator itself
is stochastic) or equivalent initial conditions. In the restriction step, the result for all
the simulations must then be averaged. A similar problem occurs for deterministic
microscopic models with chaotic dynamics. In this case, a lot of nearby initial
conditions have to be used. These difficulties do not occur in our LBM. It is sufficient
to evolve a single initial condition once, interpolating as explained before between
two LB time steps at the end if AT is not a multiple of the LB time step At.

The last difficulty is the choice of the macroscopic time step AT. According to
[15, 19], this time step should be larger than the time it takes for the higher-order
moments to become slaved by the lower-order ones, i.e., the time that the solution
takes to approach the lower-dimensional “slow” manifold mentioned before. The
latter time interval is also called the healing time in [20] and is typically small
compared to the relevant macroscopic time scales. On the other hand, as is clearly
demonstrated in [19], AT should not be too large either, in particular in the case
of a stochastic or chaotic microscopic model because the various realizations might
diffuse irreparably over a large part of the attractor, losing phase information. The
latter is not a problem for our LB model.

In this paper, we will show that the claim made in previous papers that the
initialization of the higher-order moments does not matter much, is not always right.
Our numerical experiments will demonstrate that if the initialization of the higher-
order moments is too far from the unknown correctly slaved state, the effects of this
deviation might decay very slowly (on a much longer time scale than the healing
time, in fact, on a time scale comparable to the slowest macroscopic time scales)
and sufficiently accurate results might only be obtained using a coarse-grained time
step which is several orders of magnitude larger than the healing time.

4.2 Extension to Continuous Time

In applications, one often has to integrate over a time interval T' much larger than
the maximal allowable macroscopic time step AT. The above scheme is then re-
peated until the end time T is reached. In this procedure, the restriction followed
immediately by lifting from the end point to generate microscopic initial conditions
for the next integrations is essential. Since we remove state information at every
restriction step and add slightly different information again to the system in the
following reconstruction step, performing k coarse-grained time steps with time step
AT is not equivalent to performing a single coarse-grained time step with time step
kAT, in particular when there is an upper limit to AT. Though it is not needed
in our case to use multiple coarse-grained time steps since there is no maximum to
the allowable time step contrary to the test cases in [19, 20], we will still use this
procedure to experiment with small macroscopic time steps and to test the concept.
We believe that many of the conclusions we draw from this experiment will carry
over to systems where the maximal successful macroscopic time step is limited.

If T is not a multiple of AT, we have two choices. If AT is small compared to the
dominant time scales of the macroscopic dynamics, i.e., if AT is comparable to what
a time step would be in a typical numerical integrator for the macroscopic model if
the latter were known explicitly, we can use the same approach as for the LBM and
interpolate between the two last states. If AT is larger, we need another approach.
Let AT,,;n and AT,,4, be the minimum and maximum allowed macroscopic time
step, estimated according to the criteria specified in Sect. 4.1. Varying AT between
these limits should have very little influence on the result at time 7. Therefore
we change AT such that T is an integer multiple of AT. This approach may fail
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however if T is not sufficiently larger than AT,,., and the time step limits are too
close to each other. We used the second approach in our experiments.

5 Numerical Bifurcation Analysis

To perform a numerical bifurcation analysis of a system of autonomous PDEs, the
PDEs are first space-discretized. In many cases, this leads to a large system of
ordinary differential equations (ODEs)

%:f(u7’7)7 f:RY xRl — RV, (12)
though in some cases, a system of differential-algebraic equations is obtained. In
(12), ~ denotes the parameters of the system. For most discretization schemes,
the Jacobian matrix 9f(u,v)/0u is a large but very sparse matrix. In bifurcation
analysis, steady states are usually computed by applying some version of Newton’s
method to f(u,7) = 0. The stability of the resulting steady state is determined by
the eigenvalues \; of 9f (u,7)/0u. A steady state is asymptotically stable if

Re()\l)<0, l=1,...,N.

For a discretized PDE, only the rightmost eigenvalues will be good approximations
to the true eigenvalues of the continuous PDE problem, but these are precisely
the eigenvalues which determine stability. Bifurcations occur when one or more
eigenvalues cross the imaginary axis as the parameter is changed.

Assume @7 (u(0), ) is the solution w(T') at time T of (12) with initial condition
u(0) at the parameter values 7. A steady state of (12) is also a fixed point of the
map

u— or(u,7) (13)

for any value of T. A periodic solution of (12) is a fixed point of (13) only when T
is a multiple of the (unknown) period. Solutions of (12) can therefore be studied
by analyzing fixed points of (13) instead. The stability of a fixed point of (13) is
determined by the eigenvalues p; of

8§DT (’U,, ’7)

M =
ou

The fixed point is stable if all eigenvalues have modulus smaller than one. If u is a
steady state of (12) then

p = derw) (Taf(um))

ou ou
and hence
w = exp(NT). (14)
Since
< <
|/14l| =1& Re()\l) =0
> >

the stability information obtained with both approaches is equivalent. In practice,
we have to use a numerical time integrator. Most classical time integration schemes
preserve steady states of (12). However, (14) will only be satisfied approximately.
If the step size is sufficiently small, the dominant eigenvalues of the numerical time
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integrator will be very good approximations to the eigenvalues u; of the exact time
integrator and can be used to judge the stability of the computed fixed points. One
can then still use (14) to compute approximations to the eigenvalues A;.

A LBM defines a map. To analyze this map, one can use the same techniques
as for the time integrator map. If the dynamics of the LBM are equivalent to those
of a PDE, the dominant eigenvalues p; computed from the LBM and the rightmost
eigenvalues \; computed from the equivalent PDE will also approximately satisfy
(14). The same framework can also be used in combination with the coarse-grained
time integrator to compute steady states of the unknown but assumed to exist
macroscopic description and to analyze their stability.

In numerical bifurcation analysis, one typically computes a discrete set of points
on a branch of steady states or fixed points obtained by varying one parameter
of the ODE system (12) or map (13) while monitoring the stability-determining
eigenvalues along the branch to detect bifurcation points. The tool for this is a
continuation method. Given the already computed points on a branch, a prediction
is made for the position of the next point and that point is then computed by solving
the nonlinear system

{QOT(UKY)—U:O, (15)
n(u,v;n) = 0.

The vector u and one of the components of the parameter vector «y are the unknowns.
The last equation, n(u,~v;n) = 0 is a scalar equation that determines the position
of the point along the branch through a reparametrization with parameter n. In
our experiments we used pseudo-arclength continuation [14].

When computing a branch of periodic solutions, the period T is also unknown.
We use single shooting to compute a point on the branch. This point is computed
by adding a phase condition p(u,T,~) = 0 to (15) which fixes the starting point for
integration along the periodic orbit. The resulting system

or(u,y) —u=0,
p(u,T,v) =0, (16)
n(u, T,v;n) =0,

is solved for the vector u, T and one component of v. The stability is determined
by the eigenvalues (now called Flogquet multipliers) of M evaluated at the solution.
One of the multipliers will be one and should not be taken into account. The others
determine the stability of the periodic orbit. Instead of a numerical time integrator
for (12), we can also use the coarse-grained time integrator or the LBM (with the
extension to a continuous time variable).

In [25], Shroff and Keller proposed the Recursive Projection Method (RPM)
to compute solutions of (15). This procedure is essentially a stabilization and
acceleration procedure for iterating with the map. This method was used in [27].
Though it is possible to extend RPM to compute periodic solutions also, we used
the Newton-Picard method [17, 18]. This method tends to be more robust and was
originally developed for bifurcation analysis of periodic solutions of large systems.
Both methods are based on the assumption that M has only few eigenvalues close to
or outside the unit circle. The Newton-Picard method starts from Newton’s method,
but computes only an approximate solution to each linearized system. At each step,
the low-dimensional dominant subspace U of M (i.e., the subspace of all eigenvalues
larger than some user-determined threshold 6, with 0 < 6 < 1) is determined using
orthogonal subspace iteration [23], the linearized system is projected on this space
and its orthogonal complement 2/, and the resulting system is solved approximately
by combining fixed-point (or Picard) iterations in &+ with a direct solver in &. The
dominant eigenvalues are easily computed from the projection of M onto U.
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When using time stepper based bifurcation analysis to compute steady state
solutions, T" can be chosen freely. However, T should not be too large since the
nonlinear behavior of the map (13) may become more pronounced, causing trouble
when solving the nonlinear system (15). This is especially the case when computing
unstable steady states and is essentially the same problem as encountered in single
shooting methods for computing periodic solutions. As can be seen from (14),
T also influences the eigenvalues of M and thus the convergence of the Newton-
Picard method. Assuming the threshold 6 is squared so that the dimension of
the subspace U remains the same, doubling 7" will roughly halve the number of
orthogonal subspace iteration and Picard iteration steps, but each step will be
twice as expensive. The overal computational cost remains roughly the same. The
value of T is not critical for the Newton-Picard method, although we did observe
some problems with the subspace convergence criterion we used if T' becomes too
small.

Both RPM and the Newton-Picard method need matrix-vector products with
M. These can be computed using finite difference methods. These matrix-vector
products must be accurate enough, otherwise it will be impossible to compute a basis
for U with enough accuracy. Note that the subspace U may be better conditioned
than individual eigenvalues associated with that subspace. Therefore, in order to
compute the eigenvalues with enough accuracy to reliably determine the stability
and bifurcation points, even higher accuracy of the matrix-vector products may be
required. Problems are possible with the coarse-grained time stepper if the underly-
ing microscopic model is stochastic or has chaotic dynamics. Since differentiation is
by itself an ill-conditioned operation, we will need a very low variance of the result
of the coarse-grained time stepper to compute the matrix-vector products accur-
ately enough. This may require a lot of microscopic simulations at each time step
as was experienced in [19] for a system with an ODE-like one- to three-dimensional
macroscopic state. In our test case, the “microscopic” model has clear steady states
and periodic solutions.

We use only a single LB simulation at each coarse-grained time step, and the
initial conditions are prescribed in a deterministic way. Therefore we have no prob-
lems computing the matrix-vector products. A stochastic microscopic simulator
would be a better choice to study this aspect of coarse-grained bifurcation analysis.
However, by avoiding this problem in our test case, we are in a much better posi-
tion to study the influence of the initialization of the microscopic simulator and the
macroscopic time step AT which is the subject of Sect. 6.2.

6 Study of the Bifurcation Diagrams

We will first compare the bifurcation diagrams for the PDE model, the LBM and the
coarse-grained LB time integrator, using a reasonable set of weights in the recon-
struction step and a fairly large macroscopic time step. Next, we will study how the
minimal macroscopic time step needed for accurate results depends on the weights
used in the reconstruction step. This will show that the minimal macroscopic time
step is often much larger than the healing time.

6.1 The Reference Bifurcation Diagram

Figure 1 presents the steady state bifurcation diagram for the LBM, the coarse-
grained time integrator and the PDE model. On the vertical axis, we show
fOL p%¢(x) dz, computed using the midpoint quadrature rule. This quantity should
be essentially the same for all three models and is also, up to discretization errors,
independent of the grid size. For all computations, we used a grid with 200 grid
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Figure 1: Bifurcation diagram for the steady state solutions. “PDE” denotes the solution
branch of the PDE system (2), “LB” of the LBM and “CGLB” of the coarse-grained LB
time stepper (using T'= AT = 5). Unstable solutions are plotted using a dotted line. The
markers represent only a subset of the points computed by the continuation code. The
two figures on the right zoom in on the Hopf and the fold point. The bifurcation points
are marked with a square.

cells (Az = 0.1). All branches, also the branch for the PDE model, were computed
using the time stepper based bifurcation approach explained in Sect. 5, using the
publicly available package PDEcont [16]. We set T' = 5. For this value of T', we had
no difficulties computing the unstable solutions. Also, for this 7', the eigenvalues
are well enough separated for the robust operation of our Newton-Picard implemen-
tation. Note also that the computed steady states do not depend on the value of T
The LB time step At was set equal to 0.001. Smaller values of At only led to minor
changes (on the order of the spatial discretization error) in the bifurcation diagram,
while the bifurcation diagram changed considerably for larger values of At. In other
words, the LB bifurcation diagram has converged for At = 0.001. Also, the corres-
pondence with the PDE bifurcation diagram is very good. To compute the fixed
points of the coarse-grained integrator, we set AT = 5 (the results do depend on this
value!) and used the same weights as for the local diffusive equilibrium distribution
in the reconstruction operator. With this choice of parameters, the difference with
the PDE results is also of the order of the discretization error. We will study the
influence of these parameters in more detail in Sect. 6.2. There is a fold point at
€ =~ 0.945 and a supercritical Hopf bifurcation at ¢ ~ 0.0183 giving rise to stable
periodic orbits at smaller parameter values. The location of the bifurcation points
corresponds very well for all three approaches.

In Fig. 2, we show the branch of periodic solutions emanating from the Hopf
point. Since the phase condition was not the same for all simulations, it is impossible
to compare the computed point on the orbit for all three models. Therefore we now
plot the period T on the vertical axis. To compute periodic solutions using the
coarse-grained integrator, we set AT =~ 5, cf., the second approach in Sect. 4.2.
There is a fold point at € ~ 0.00087. Solutions on the unstable part of the branch
have (at least initially) almost the same parameter-period dependence as on the
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Figure 2: Bifurcation diagram for the periodic solutions. The labels and markers are the
same as in Fig. 1.

stable part. The periodic orbit however is different. We did not succeed in com-
puting the unstable branches far past the fold point. This demonstrates the lack
of robustness of single shooting methods, in particular when computing unstable
solutions.

We can draw two conclusions from this section. First, the steady states and
periodic solutions of the LBM correspond very well to those of the macroscopic PDE.
Second, computing a bifurcation diagram for the coarse-grained time integrator
does work and produces the expected results (at least for this choice of AT and
reconstruction scheme).

6.2 Influence of the Reconstruction Step and the Macro-
scopic Time Step

6.2.1 The slaved state.

In Fig. 3, we study the slaving of momentum and energy at the stable steady state
of the LB model at € = 0.05. For both the activator and the inhibitor (not shown),
the momentum is small compared to the concentration. When investigating the
solution more carefully, one notes that the momentum is in fact proportional to the
gradient of the concentration, i.e.,

¢° =~ —d°pl. (17)

We computed d® = ||¢°|| / ||p5]|, where ||-|| denotes the two-norm of the discrete state
vector. The ratio d° is essentially constant along the solution branches with d®¢ ~
0.04338 and d" ~ 0.07334. Figure 3 also clearly shows that the (dimensionless)
kinetic energy £° is almost perfectly one third of the concentration.

These relationships can be proven quite easily for a diffusion problem. In the
latter case, the LB variables can be written up to first order terms as
w; 1AL

S
x?

f1 = B O = wip”

ws
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Figure 3: Slaving of the activator higher-order moments for the stable steady state at
€ = 0.05. Note that we plot 25¢*° rather than ¢“¢ in the top figure.

following [28]. The corresponding momentum (4) and energy (5) are

2u Az
s = ofsmed = _ZT1T s
¢ h ws T (18)
"

Substituting the parameter values of our problem into (18), we obtain ¢*¢ =
—0.04333p2¢, ¢ = —0.07333p" and ¢° = (1/3)p®. So far, we have no proof of
these relations for reaction-diffusion problems, but they appear to hold at least for
our example.

Equation (18) enables us to develop an almost perfect reconstruction scheme by
first computing the slaved (i.e., on-manifold) values of ¢*(x;,0) and £°(x;,0) from
p°(x;,0) using (18) (and numerically approximating p? by finite differences). The
corresponding distributions f7(z;,0) can then be obtained from definitions (3), (4)
and (5). However, in the remainder of this paper we will focus on the behavior of
the coarse-grained integrator using initializations away from the “slow” manifold.

6.2.2 Initialization of the LB model in the coarse-grained time stepper.

We studied several reconstruction schemes in our experiments. Three schemes are
based on (11) but use different sets of weights. Initialization with the local diffusive
equilibrium distribution, i.e.,
1

w_1 =Wy = W1 = g (19)
in (11) is a straightforward choice. For this choice, the kinetic energy is almost
perfectly slaved. The momentum is identically zero. Though the momentum is
small in the correctly slaved state also, this reconstruction scheme — as all others
based on (11) — does not satisfy (17). For the second reconstruction scheme, we
chose the symmetric set of weights

w—_1 =wW1 = 0.1, wo = 0.98. (20)

The momentum is still zero and thus “close” to the correctly slaved state, but
the kinetic energy (the second-order velocity moment) is very different from the
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correctly slaved state. Our third scheme uses the asymmetric weights
w_1 = 0.75, wg =0.24, w; = 0.01. (21)

For this choice, both the first-order and second-order velocity moments, i.e., both
momentum and kinetic energy, differ significantly from the correctly slaved state.

Though we can initialize the kinetic energy very well with reconstruction scheme
(11), the momentum cannot be initialized correctly unless a more complicated
scheme such as (18) is used. Since this relation is as yet unproven for our class
of problems, and to avoid any small error resulting from the approximations made
in the derivation of (18) and the computation of p2, we also performed experiments
with a coarse-grained time stepper using both concentration and momentum as the
macroscopic variables. This leaves only one degree of freedom per species and per
lattice point for the initial state of the LB model. In this case, the reconstruction
scheme is

s 1 *\ .S 1 S s * S s 1 *\ S 1 S
2= 5(1_100)/0 —§¢ » Jo = wgp® and fT = 5(1_“’0)/’ +§¢ (22)

where w§ can be chosen freely. For this initialization,

S 1 * S
£ = 5(1*100)/’ .

We considered two choices for the parameter wg. For the first choice,
wg = 0.98, (23)
the energy differs significantly from the correctly slaved state. The second choice,

1
37

provides an (almost) perfect initialization of all velocity moments.

wp = (24)

6.2.3 The healing process.

In Fig. 4, we study the healing process. Diagram (a) shows the difference between
the momentum and the scaled concentration gradient while diagram (b) shows the
difference between the kinetic energy and one third of the concentration for the
activator at the lattice point x = 9.95 in the first few LB time steps using the three
reconstructions based on (11). The macroscopic initial state is the stable steady
state of the LB model at ¢ = 0.05. From this state, we generated microscopic
initial conditions using (11) with weights (19), (20) and (21). The figures show that
both the momentum and kinetic energy become slaved in about 10 to 15 LB time
steps. This claim is further verified by the experiment in Fig. 5. If the higher-
order moments are correctly slaved for a given state, the evolution from then on
could be described by a macroscopic model with the lower-order moments as the
unknowns. Since our LB model is designed to correspond to the (macroscopic)
FitzHugh-Nagumo PDE model (2), it is clear what the macroscopic model should
be in this case. Hence we started time integration of the PDE model from the LB
trajectory obtained for initialization (11) with weights (21), at ¢ = 0.002 = 2At¢
(i.e., before slaving is obtained) and at ¢ = 0.02 = 20A¢ (after obtaining slaving).
The PDE trajectory started from the LB trajectory at ¢t = 0.002 differs significantly
from the LB trajectory, while the PDE trajectory started at ¢ = 0.02 follows the
LB trajectory more closely. Note that the LB and PDE trajectories converge to a
slightly different steady state as discussed in Sect. 6.1. This experiment confirms
that after 20 time steps, the higher-order moments are slaved by the lower-order
ones, while this is not yet the case after 2 time steps.
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LB trajectories started from the stable steady state at € = 0.05 using the reconstruction
schemes (11) and (22). (d) is a close-up of (c). (e) Steady state bifurcation diagrams for
the coarse-grained integrator using AT = 0.02. The steady state bifurcation diagram for
the LBM from Fig. 1 is also shown for comparison.
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Figure 5: Trajectory of p°(9.95,t) for a LB simulation started from the initial condition
obtained by reconstruction using the asymmetric reconstruction scheme, and for two PDE
simulations started from the LB trajectory at ¢ = 0.002 and ¢ = 0.02.

6.2.4 The bifurcation diagram.

The fact that slaving is obtained so quickly, suggests that a coarse-grained time
step AT = 20A¢ = 0.02 would be sufficient to compute the bifurcation diagram
accurately. Diagram (e) in Fig. 4 shows the bifurcation diagrams near the fold
point computed with this time step. The results for all reconstructions except (22)
with (24) are clearly unacceptable. In fact, the line for (11) with weights (21) even
falls off the figure. The reason for this can be seen in Fig. 4, diagram (c) and (d).
Though slaving is obtained quickly, the LB simulation does not follow the intended
trajectory, i.e., the trajectory that would be followed by a macroscopic model using
the same macroscopic initial condition. (In this experiment, we initialized from
a steady state, so the correct trajectory is constant.) In the healing process, the
lower-order moments change also and even at a fairly fast time scale. At the end of
the healing process, these lower-order moments are different from what they would
have been for a “perfect” initialization, and so the trajectories differ. Since we are in
the neighborhood of a stable steady state, all trajectories ultimately converge to the
steady state. However, it takes about 5 time units (5000 LB time steps) with most
reconstruction schemes to return to the steady state, while with the reconstruction
scheme (11) with the asymmetric weight choice (21) (i.e., both momentum and
kinetic energy are badly initialized), it even takes on the order of 300 time units.
Therefore the coarse-grained time step AT must be much larger than the healing
time unless a perfect reconstruction scheme is used.

In Fig. 6 we show the bifurcation diagram obtained with the initialization (11)
with weights (19) (the equilibrium distribution). The left panel shows the bifurca-
tion diagram near the fold point for different values of AT'. In the right diagram, we
plot the estimated discretization error for the stable steady state at € = 0.93, close
to the fold point. The estimate was obtained by comparing with a LB steady state
on a much finer lattice. As AT increases, the computed equilibria and bifurcation
diagram become more accurate. For AT = 0.5, the error of the activator concentra-
tion is on the order of four times the discretization error and the bifurcation diagram
is also acceptable. For AT = 5, the bifurcation diagram is virtually the same as
for the LB model. This agrees with Fig. 4(d), where it took about 5 time units for
the LB simulator to converge to the correct trajectory. However, near an unstable
solution, the trajectories diverge and one would expect that the results would only
get worse as AT is increased. This is true when plotting the trajectories, but when
computing fixed points, we still notice an improvement as AT is increased.

In Fig. 7 we show the bifurcation diagram obtained using (11) with the sym-
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Figure 7: The steady state bifurcation diagram for the coarse-grained integrator with
both a symmetric (w—; = 0.01, wo = 0.98 and w; = 0.01) and asymmetric (w—_; = 0.75,
wo = 0.24 and w1 = 0.01) set of reconstruction weights. The diagram for the coarse-
grained integrator with asymmetric reconstruction scheme is computed for three different
macroscopic time steps. The steady state branch obtained with the LBM from Fig. 1 is
also shown. The right figure zooms in on the area near the fold point.
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Table 1: Dominant eigenvalues for the unstable steady state on the upper part of the
branch and stable periodic solution at ¢ = 0.01 (using AT = 5 in the CGLB integrator).

steady state periodic solution

A12 ‘ A3 trivial gy ‘ 42
LB 0.002010 + 0.0394614 —0.124867 1.000000 0.514888
CGLB 0.002012 + 0.039463: —0.124863 1.000000 0.514452
PDE 0.001999 + 0.0394461 —0.124861 1.000000 0.516712

metric weight set (20) and the asymmetric one (21). With the symmetric weight
set, we again obtain sufficiently accurate results for AT = 5. For the asymmetric
weight set, the results also get better as AT increases, but only become acceptable
when AT = 75. Though we can compute fairly accurate solutions even for this bad
initialization, the coarse-grained time step AT and hence the time integration in-
terval T for the Newton-Picard method becomes so large that it is hard to compute
the unstable solutions as we already pointed out in Sect. 5. We did not manage to
compute the unstable steady state branch far beyond the fold point.

Clearly, obtaining a correctly slaved state by the end of the microscopic integra-
tion in the coarse-grained time stepper is not sufficient to obtain accurate results.
If the reconstruction is not very good, the microscopic simulator must be run over
a much larger time interval AT. In this test case, there are no upper limits on this
time interval other than those imposed by the Newton-Picard procedure. However,
as we pointed out in Sect. 4.1, other microscopic models, and in particular stochastic
simulations, may impose a more severe upper bound on AT. In these cases it may
be impossible to compute an accurate bifurcation diagram unless a very good re-
construction scheme is used. We expect that the quality of the reconstruction will
be even more important when using more advanced simulation schemes such as the
projective integration and gap-tooth schemes suggested in [15, 24]. In fact, un-
less the higher-order moments are initialized near-perfectly, it may be impossible
to simulate trajectories accurately near unstable equilibria with those techniques.
Correctly initializing the microscopic simulations is clearly an important area of
further research. As shown in [9, 8], ideas from approximate inertial manifolds may
be useful here.

7 The Spectra

7.1 Stability Analysis

In Sect. 6.1 we noticed that the bifurcation diagrams for the PDE model, LB model
and coarse-grained integrator are virtually the same, including the location of the bi-
furcation points. The latter fact indicates that the dominant, stability-determining
eigenvalues will match very well also. We will now study this in more detail.

The dominant eigenvalues are computed in the Newton-Picard code by per-
forming a number of additional orthogonal subspace iteration steps after the com-
putation of the fixed point. In Table 1, we list the dominant eigenvalues for the
unstable steady state at € = 0.01 on the upper part of the branch in Fig. 1. We
used T' = AT = 5 and transformed the eigenvalues to exponent form using (14).
Table 1 also lists the trivial Floquet multiplier and the most dominant non-trivial
multiplier for the stable periodic solution at the same parameter value. The ex-
istence of a trivial multiplier at one is a general property of autonomous systems.
Its computational accuracy is independent of the spatial discretization error. The
remarkable precision of the computed value indicates that the time integration and
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Figure 8: Left: The full spectrum for the LB and discretized PDE model for the stable
steady state at ¢ = 0.05. Right: Close-up of the most dominant eigenvalues.

Figure 9: Slaving of the activator momentum and energy of the (real part of the) full LB
eigenvectors for the largest complex pair of eigenvalues and the first real eigenvalue from
Fig. 8. Left: Difference between the eigenvector’s momentum and its appropriately scaled
concentration gradient. Right: Difference between the eigenvector’s energy and one third
of the concentration.

eigenvalue computation are very accurate. Clearly, the eigenvalues (and also the
corresponding eigenvectors) correspond very well for all three models.

7.2 Slaving and the Spectrum of the Lattice Boltzmann
Model

To conclude, we study the full spectrum of the LBM and the discretized PDE
model. We computed the Jacobian matrix analytically for both cases. To compare
with the eigenvalues of the LBM, the eigenvalues \; obtained for the PDE were
transformed to multiplier form using (14) with 7= At = 0.001, the LB time step.
The results for the stable steady state at € = 0.05 are shown in Fig. 8. The LBM
has 400 eigenvalues in the same zone along the real axis as the discretized PDE.
However, only the dominant eigenvalues correspond well. This is not surprising.
The less dominant eigenvalues depend very much on the discretization and have
little relationship with the true eigenvalues of the continuous problem.

At first, one would expect to recognize slaving of the first- and second-order
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moment to the zeroth-order moment of the eigenvectors of those 400 LB eigenvalues,
while in the other eigenvectors there would clearly be no slaving. However, we
only observed slaving in the eigenvectors for the most dominant eigenvalues that
correspond very well to those of the discretized PDE. Figure 9 illustrates this slaving
for the real part of the eigenvectors corresponding to the rightmost complex pair of
eigenvalues and for the eigenvector corresponding to the largest real eigenvalue. The
eigenvector’s momentum is small compared to its concentration and proportional to
its concentration gradient, and its second-order moment, the energy, is very nearly
one third of the concentration, so we note the same slaving relationships as for the
state in Sect. 6.2. The discovery of such relationships between the higher-order
and lower-order moments could be a step towards the development of some kind of
constitutive equation or closure relation.

8 Conclusions

In this paper, we have studied the coarse-grained bifurcation analysis procedure
proposed in [27], using the same test case, a FitzHugh-Nagumo lattice Boltzmann
(LB) model. We have extended the work of [27] in several ways. We compared the
results of a numerical bifurcation analysis using the coarse-grained time integrator
not only with results for an equivalent PDE, but also with the bifurcation diagram
for the LB model used in the coarse-grained time stepper. The results for all
three approaches corresponded very well. We have also extended the coarse-grained
integrator to produce results at an (almost) arbitrary time 7. This enabled the
computation of periodic solutions. Instead of the Recursive Projection Method
used in [27], we used the Newton-Picard method [17, 18] which is often more robust.
Though the coarse-grained time stepper is not really needed to perform a numerical
bifurcation analysis of the LB model, this test case did enable us to thoroughly study
the effects of the reconstruction scheme. This led to the most important conclusion
of this paper. Contrary to the claim in [27] that the quality of the reconstruction step
does not really matter, we have shown that this step can be crucial to the success of
the method. Though slaving is quickly obtained irrespective of the reconstruction
scheme, with a bad initialization the trajectory of the microscopic simulator may be
quite different from the intended one (the one which corresponds to the trajectory
of a macroscopic model, if such a model would be known explicitly, started from
the same initial macroscopic state). Hence, good reconstruction schemes are clearly
problem-dependent and are an interesting area of further research, see e.g., [9, 8.

We have also demonstrated that the techniques developed for time stepper based
numerical bifurcation analysis of PDEs can be used for bifurcation analysis of steady
states and periodic solutions of LB models using either the coarse-grained integrator
or the LB model itself as the time stepper. As shown in [29], the amount of work
when using the Newton-Picard method is roughly the same for both approaches,
since this is mostly determined by the dominant eigenvalues. Since the state vector
is lower-dimensional for the coarse-grained time stepper, the memory requirements
will be less. However, this approach is much more complicated than bifurcation
analysis using the LB model itself as the time stepper, since a good choice of the
macroscopic variables must be made and a good reconstruction is needed for accu-
rate results.

We have also studied the spectrum of the LB model and showed that the higher-
order moments of the full eigenvectors are slaved in the same way as those of the
corresponding LB solution.

This paper does not claim that numerical bifurcation analysis based on the
coarse-grained time stepper of [15, 27] will always work. Indeed, microscopic or
mesoscopic simulations based on stochastic models or models with chaotic behavior,
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may (and likely will) pose additional numerical problems that cannot be studied
with this simple test case. Further research is needed in this area. However, it does
show that the idea of initializing microscopic simulators from a macroscopic state
can produce valid macroscopic data already after a short time interval, provided
the reconstruction of the microscopic state is done properly.

Another possible extension of this work is the combination with more efficient
simulation techniques such as the schemes in [15, 24] and [7].
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