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Abstract

Partial differential equations with time delays serve as models for systems where both spatial
structure and memory effects are important. The asymptotic stability of travelling waves in such
systems is still determined entirely by the spectrum of the linearization about the wave. We
compare the spectra of localized waves on the unbounded real line with spectra computed on
large intervals with appropriate boundary conditions applied at their end points. We show
that the spectrum on large intervals approximates the spectrum on the real line when periodic
boundary conditions are used. If separated boundary conditions are applied, it is the so-called
absolute spectrum together with the extended point spectrum that is approximated; their union
typically differs from the spectrum on the real line.
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1 Introduction

Partial differential equations with time delays (DPDEs) are natural models for dynamical systems
with spatial heterogeneity and memory effects. Examples of such systems arise mainly in biology,
for instance, in population dynamics where the growing-up period from childhood to adulthood
has a delayed effect and in epidemiology where incubation periods need to be taken into account
[22]. In many of these systems, travelling waves may form which are states that evolve by moving
with constant velocity through space while maintaining their shape. We are interested in finding
numerical means to determine their stability.

We consider one-dimensional reaction-diffusion systems with a single time delay of the form

ut(y, t) = Duyy(y, t) + f(u(y, t), u(y, t− τ)), y ∈ R (1.1)

where u(y, t) ∈ Rn, D is a strictly positive, diagonal matrix, τ > 0 is the fixed time delay, and
f : Rn × Rn → Rn denotes an analytic function. We remark that our results are true for more
general partial differential equations

ut(y, t) = A(∂y)u(y, t) + f(u(y, t), u(y, t− τ1), . . . , u(y, t− τd))

with a finite number of discrete delays τj > 0 for j = 1, . . . , d, where A(z) is an appropriate matrix-
valued polynomial in z so that A(∂y) is sectorial on a suitable function space. For the sake of
clarity, however, we restrict ourselves to (1.1).

Travelling waves are solutions to (1.1) of the form

u(y, t) = q(y + ct)

for some c ∈ R, where q(x) ∈ Rn with x = y + ct satisfies the delay differential equation (DDE)

Dq′′(x)− cq′(x) + f(q(x), q(x− cτ)) = 0, x ∈ R. (1.2)

Alternatively, we may consider (1.1) in the moving coordinate frame (x, t) = (y + ct, t) to get

ut(x, t) = Duxx(x, t)− cux(x, t) + f(u(x, t), u(x− cτ, t− τ)) (1.3)

whose stationary solutions are travelling waves that satisfy (1.2).

In this work, we focus on pulses which are travelling waves whose profile q(x) satisfies q(x) → q∞

as x → ±∞. Note that non-constant pulses come in one-parameter families: together with q(x),
any translate q(x+ x0), for an arbitrary but fixed x0 ∈ R, is also a travelling wave.

Stability of pulses to DPDEs is determined by the spectrum of the linearization of (1.3) about the
wave in question. In most applications, it appears to be hard to calculate these spectra analytically.
One exception are the results in [20] where existence and stability of monotone fronts was proved for
a class of scalar equations. Thus, in general, one has to resort to numerical computations. A natural
strategy consists of truncating the spatial domain R to a large bounded interval, supplemented by
appropriate boundary conditions. The resulting linear equation can then be discretized and its
spectrum computed numerically.

The issue addressed in this paper is whether, and in what sense, the spectrum of the linearization
posed on a large interval (−`, `) approaches that on the unbounded domain as the interval length `
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tends to infinity. We shall see that the answer depends crucially on whether the boundary conditions
are separated or not. For periodic boundary conditions, we indeed recover the spectrum on R. If
separated boundary conditions are used, however, we approximate not the original spectrum but a
different spectral set, the so-called absolute spectrum together with the extended point spectrum,
that will be described in §3 below.

These results are known for partial differential equations (PDEs) without delays [17, 19]. We show
here merely how the spectral problem for DPDEs can be put into the form discussed in [19] and
refer then to this work for the remaining parts of the proofs. Furthermore, extending the analysis
in [2, §3.7], we prove that the Evans function in the infinite-dimensional context counts precisely1

the algebraic multiplicity of eigenvalues. The main goal of this paper, however, is the proof of
concept: as demonstrated in the example shown in §5, it is possible to compute spectra of pulses
in DPDEs numerically.

We remark that pulses can be computed numerically as homoclinic solutions of the delay equation
(1.2). A numerical algorithm for the computation of connecting orbits that utilizes projection
boundary conditions has been derived in [16] and implemented in dde-biftool, a matlab package
for the bifurcation analysis of DDEs [5, 6].

This paper is organized as follows. In §2, we introduce notation, hypotheses, and the definition of
spectra on R, while the approximation of spectra on R by spectra on intervals (−`, `) for ` � 1
is discussed in §3. In §5, we outline the implementation of this approach for computing spectra
and present the computational results for the FitzHugh–Nagumo equation with delays. Section 4
contains a discussion of the numerical computation of pulses and its theoretical justification. Lastly,
we comment in §6 on extensions to fronts.

2 Spectra of pulses on the real line

2.1 Standing hypotheses

Throughout this paper, we assume that the nonlinearity f : Rn × Rn → Rn is analytic and that
q(x) is a stationary solution of (1.3)

ut(x, t) = Duxx(x, t)− cux(x, t) + f(u(x, t), u(x− cτ, t− τ)) (2.1)

for some strictly positive speed c > 0. We also assume that there are positive constants α and C

and an element q∞ ∈ Rn so that

|q(x)− q∞| ≤ Ce−α|x|, x ∈ R.

Lastly, we assume that the matrix J∞1 defined below in (2.4) is invertible.

We remark that analyticity of f is used only to ensure backward uniqueness of solutions (see [10,
Hypothesis 1.1 and §4.4]).

1In [2, Proposition 3.18], the authors were only able to prove that the algebraic multiplicity is less or equal to the

order of roots of the Evans function.
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2.2 Linearization and spectra

Stability of travelling waves is usually analysed by linearizing the equation around the wave and
examining the spectrum of the resulting linear operator. The spectrum should then provide in-
formation about the stability of the wave with respect to the full nonlinear equation. Thus, we
linearize (2.1) about q(x) and obtain the equation

ut(x, t) = Duxx(x, t)− cux(x, t) + J0(x)u(x, t) + J1(x)u(x− cτ, t− τ) (2.2)

where
J0(x) = ∂u0f(q(x), q(x− cτ)), J1(x) = ∂u1f(q(x), q(x− cτ)) (2.3)

with f = f(u0, u1). As shown in [20], equation (2.2) generates a C0-semigroup on the space

X∞ := C0(R× [−τ, 0])

with generator

[Bu](x, t) =

{
ut(x, t) −τ < t < 0
[Bu](x, 0) t = 0

where [Bu](x, t) denotes the right-hand side of (2.2). Seeking solutions of (2.2) via formal Laplace
transform using the ansatz

u(x, t) = eλtu(x),

we see that u(x, t) satisfies (2.2) if, and only if, u(x) satisfies Lλu = 0 where Lλ is the closed,
densely defined operator

Lλ : L2(R) −→ L2(R)

[Lλu](x) := Duxx(x)− cux(x) + [J0(x)− λ]u(x) + e−λτJ1(x)u(x− cτ)

with domain D(L) = H2(R). The spectrum of the operator pencil Lλ is defined via Σ = Σpt ∪Σess

where2

Σpt = {λ ∈ C; Lλ is Fredholm with index 0 and dim N(Lλ) > 0}

Σess = {λ ∈ C; Lλ is not Fredholm}.

We remark that the Fredholm index for pulses is either zero or not defined. The algebraic multi-
plicity of eigenvalues of the pencil Lλ is defined as usual via Jordan chains

Lλuj = (∂λLλ)uj−1.

Schaaf proved in [20, Lemma 4.1 and 4.2] that the spectra of B on X∞ and the operator pencil
Lλ on L2(R) coincide, and it therefore suffices to find Σ. We record that, due to translational
invariance, λ = 0 is always contained in the spectrum with u(x) = qx(x).

The essential spectrum Σess is determined as follows by the asymptotic rest state q∞. If we replace
the travelling wave q(x) by the asymptotic rest state q∞, we obtain the operator

L∞λ : L2(R) −→ L2(R)

[L∞λ u](x) := Duxx(x)− cux(x) + [J∞0 − λ]u(x) + e−λτJ∞1 u(x− cτ)
2Recall that an operator L is said to be Fredholm if its range R(L) is closed, and both the dimension of its null

space N(L) and the codimension of R(L) are finite.
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where
J∞0 = ∂u0f(q∞, q∞), J∞1 = ∂u1f(q∞, q∞). (2.4)

Nontrivial solutions of the equation L∞λ u = 0 in the form u(x) = eνxu0 with u0 ∈ Cn exist precisely
when

∆(λ, ν) := det
[
Dν2 − cν + J∞0 − λ+ e−(λ+νc)τJ∞1

]
(2.5)

vanishes. We refer to the function ∆(λ, ν) as the linear dispersion relation of L∞λ . We then have
[20, Theorem 4.5]

Σess = {λ ∈ C; ∆(λ, ik) = 0 for some k ∈ R}. (2.6)

For later use, we state the following result whose proof we omit as it is a straightforward scaling
argument.

Lemma 2.1 There is a number r ∈ R such that the function ∆(λ, ν) has, for each fixed λ ∈ C
with Reλ > r, precisely n roots ν1, . . . , νn with positive real part, while the remaining roots have
negative real parts.

With the essential spectrum given in (2.6), it suffices to determine the point spectrum. Referring
again to [20, §4], a complex number λ is in Σpt if, and only if, there is a non-zero, exponentially
decaying solution u(x) of the eigenvalue problem

Duxx(x)− cux(x) + [J0(x)− λ]u(x) + e−λτJ1(x)u(x− cτ) = 0, (2.7)

which we also write as the first-order system

Ux(x) = A0(x;λ)U(x) +A1(x;λ)U(x− cτ)

where U = (u, ux) ∈ C2n and

A0(x;λ) =

(
0 1

D−1[λ− J0(x)] cD−1

)
, A1(x;λ) =

(
0 0

−D−1e−λτJ1(x) 0

)
.

2.3 The dynamical-systems formulation

It will turn out to be advantageous to describe the point spectrum using a dynamical-systems for-
mulation of (2.7). Thus, we review here the results presented in [1, 2, 10, 14] where this formulation
was investigated in detail. Define the spaces

Y0 := L2([−cτ, 0],C2n)× C2n, Y1 := {(φ, a) ∈ Y0; φ ∈ H1([−cτ, 0],C2n) and φ(0) = a},

where Y1 is dense in Y0, and the closed operator

A(x;λ) : Y0 −→ Y0,

(
φ

a

)
7−→

(
φ′

A0(x;λ)a+A1(x;λ)φ(−cτ)

)

with domain Y1, then solutions to (2.7) and the dynamical system

dV
dx

= A(x;λ)V (2.8)
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are in one-to-one correspondence via V (x) = (u|[x−cτ,x], u(x)) by [1, Proposition 1] or [10, Lemma 2.2].
Similarly, the eigenvalue problem L∞λ u = 0 for the asymptotic constant-coefficient operator can be
written in first-order form as

Ux(x) = A∞
0 (λ)U(x) +A∞

1 (λ)U(x− cτ), (2.9)

with U = (u, ux) ∈ C2n, and in dynamical-systems form as

dV
dx

= A∞(λ)V (2.10)

for V ∈ Y0, where

A∞(λ)

(
φ

a

)
=

(
φ′

A∞
0 (λ)a+A∞

1 (λ)φ(−cτ)

)
with

A∞
0 (λ) =

(
0 1

D−1[λ− J∞0 ] cD−1

)
, A∞

1 (λ) =

(
0 0

−D−1e−λτJ∞1 0

)
.

The spectrum of the operator A∞(λ) on Y0 is discrete: in fact, ν ∈ C is in the spectrum of A∞(λ)
if, and only if, det∆(λ, ν) = 0 in which case the corresponding eigenfunction is of the form(

φ(η)
a

)
=

(
aeην

a

)
.

We refer to the eigenvalues ν of A∞(λ) as spatial eigenvalues to distinguish them from the temporal
eigenvalues λ.

We say that (2.8) and (2.10) are hyperbolic if the spectrum of A∞(λ) contains no points on the
imaginary axis. Thus, these equations are hyperbolic precisely when λ is not in the essential
spectrum Σess. If (2.8) is hyperbolic, it has exponential dichotomies, see [1, 2, 10, 14], on R± with
projections P u(x;λ) on R− and P s(x;λ) on R+. Furthermore, the range R(P u(x;λ)) has finite
dimension given by the number of spatial eigenvalues ν of A∞(λ) with Re ν > 0, counted with
multiplicity. In line with this, (2.8) actually admits a strongly continuous semigroup T (x, y;λ),
defined for x ≥ y, of solution operators on Y0.

Next, we shall consider the adjoint equation. We identify the dual space of Y0 with the space

Y ∗
0 := L2([0, cτ ],C2n)× C2n

so that the dual product associated with Y0 and Y ∗
0 becomes〈(

φ

a

)
,

(
ψ

b

)〉
= a · b+

∫ 0

−cτ
φ(η) · ψ(η + cτ) dη. (2.11)

The adjoint equation associated with (2.8) is then given by

dW
dx

= −A(x;λ)∗W (2.12)

where
A(x;λ)∗ : Y ∗

0 −→ Y ∗
0 , (ψ, b) 7−→ (−ψ′, ψ(cτ) +A0(x;λ)∗b)

is defined on Y ∗
0 with dense domain Y ∗

1 given by

Y ∗
1 := {(ψ, b) ∈ Y ∗

0 ; ψ ∈ H1([0, cτ ],C2n) and ψ(0) = −A1(x;λ)∗b}.
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Note that, while the domain of A(x;λ)∗ depends on x, equation (2.12) admits the semigroup
T ∗(x, y;λ) = (T (y, x;λ))∗, computed with respect to (2.11), for x ≤ y [1, 2]. A key feature of
solutions V (x) to (2.8) and W (x) to (2.12) is that their dual product 〈W (x), V (x)〉 is independent
of x. For λ /∈ Σess, (2.8) is hyperbolic, and (2.12) then has exponential dichotomies on R± with pro-
jections Qu(x;λ) on R− and Qs(x;λ) on R+ with R(Qs

λ(x)) ⊥ R(P s(x;λ)) for x ≥ 0. Furthermore,
we have

dim R(P u(0;λ)) = dim R(Qs(0;λ)) = nu,

where nu is independent of λ in each connected component of C \ Σess. Note that nu = n for
Reλ� 1 by Lemma 2.1.

We are now in a position to state the definition of the Evans function constructed in this context in
[1, 2]. For any λ /∈ Σess, equations (2.8) and (2.12) are hyperbolic and therefore admit exponential
dichotomies as outlined above. We choose analytic bases {Vi(0;λ)}i=1,...,nu and {Wi(0;λ)}i=1,...,nu

of R(P u(0;λ)) and R(Qs(0;λ)), respectively. The Evans function D(λ) is then defined as

D(λ) = det (〈Vi(0;λ),Wj(0;λ)〉)1≤i,j≤nu
. (2.13)

It has been proved in [1] that D(λ) is analytic in λ for λ /∈ Σess, and D(λ) = 0 if, and only if,
λ ∈ Σpt.

Remark 2.2 We emphasize that we shall use the Evans function (2.13), and other related Evans
functions defined later on, only locally in λ. To ensure analyticity in this context, it suffices to
construct, again locally in λ, analytic exponential dichotomies which can be done using the roughness
theorem for exponential dichotomies [15]. Locally analytic bases can then be found by projecting a
fixed basis at λ∗ onto the relevant subspaces using the locally analytic projections associated with
the exponential dichotomies.

We assume that Evans function does not vanish identically:

Hypothesis 2.3 The point spectrum Σpt is discrete.

Proposition 2.4 Assume that Hypothesis 2.3 is met, then the order of a complex number λ /∈ Σess

as a root of the Evans function D(λ) and the algebraic multiplicity of λ as an eigenvalue of Lλ

coincide.

Proof. The inequality a.m.(λ) ≤ ord(λ,D) has been shown in [2, Proposition 3.16]. We shall
strengthen this result by showing the opposite inequality.

Thus, we shall assume that D(λ∗) = D′(λ∗) = 0 and prove that the algebraic multiplicity is equal
to or larger than two; the generalization to larger order is tedious but straightforward and involves
combining the arguments given below with the proof given in [11] in finite dimensions.

Note that the algebraic multiplicity of λ∗ is defined in terms of (2.8) by maximal Jordan chains of
bounded solutions on R of

dVj

dx
= A(x;λ)Vj +Aλ(x;λ)Vj−1. (2.14)

First, if the geometric multiplicity is equal to two, we are done. Hence, we can assume that λ∗ has
geometric multiplicity one. We need to prove that the algebraic multiplicity is at least two.
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Exploiting that the geometric multiplicity is one, we may choose the bases {Vi(0;λ)}i=1,...,nu

and {Wi(0;λ)}i=1,...,nu of R(P u(0;λ)) and R(Qs(0;λ)), respectively, with the following properties:
V1(x;λ∗) corresponds to the eigenfunction belonging to λ∗ (in particular, V1(x;λ∗) is a bounded
solution on R of (2.8)) and

〈V1(0;λ∗),W1(0;λ∗)〉 = 0

〈Vi(0;λ∗),Wi(0;λ∗)〉 = 1, i 6= 1 (2.15)

〈Vi(0;λ∗),Wj(0;λ∗)〉 = 0, i 6= j.

In particular, W1(0;λ∗) is the unique element (up to scalar multiples) in Y ∗
0 which annihilates the

subspace R(P u(0;λ∗)) + R(P s(0;λ∗)). Furthermore, it follows easily from the normalization (2.15)
and the assumption that the derivative D′(λ∗) of the Evans function vanishes that〈

dV1

dλ
(0;λ∗),W1(0;λ∗)

〉
+
〈
V1(0;λ∗),

dW1

dλ
(0;λ∗)

〉
= 0. (2.16)

Using the exponential dichotomies associated with (2.8), we see that the solutions V ±
1 (x;λ) of (2.8)

defined by
V +

1 (x;λ) := T (x, 0;λ)P s(0;λ)V1(0;λ∗), V −
1 (x;λ) := V1(x;λ) (2.17)

are bounded for x ∈ R±, respectively, and smooth in λ. Furthermore, taking derivatives in (2.8)
and using again smoothness of exponential dichotomies in exponentially weighted norms, we see
that the derivatives dV ±

1
dλ (x;λ∗) are bounded solutions of

dV
dx

= A(x;λ∗)V +Aλ(x;λ∗)V1(x;λ∗) (2.18)

on R±, respectively. Thus, the general bounded solutions of (2.18) on R± are given by

V +(x) := T (x, 0;λ∗)V +
0 +

dV +
1

dλ
(x;λ∗), V −(x) := T (x, 0;λ∗)V −

0 +
dV −

1

dλ
(x;λ∗),

respectively, where
V +

0 ∈ R(P s(0;λ∗)), V −
0 ∈ R(P u(0;λ∗)) (2.19)

are arbitrary.

The next task is to find V ±
0 subject to (2.19) so that V +(0) = V −(0), that is,

V +
0 +

dV +
1

dλ
(0;λ∗) = V −

0 +
dV −

1

dλ
(0;λ∗). (2.20)

Indeed, we would then obtain a solution V (x) of (2.18) which is continuous at x = 0 and bounded
for x ∈ R, and therefore corresponds to the desired generalized eigenfunction of the operator pencil
Lλ∗ . Elements V ±

0 that satisfy (2.19) and (2.20) can be found if, and only if,〈
dV −

1

dλ
(0;λ∗)−

dV +
1

dλ
(0;λ∗),W1(0;λ∗)

〉
= 0, (2.21)

since the comment right after (2.15) shows that (2.21) is equivalent to

dV −
1

dλ
(0;λ∗)−

dV +
1

dλ
(0;λ∗) ∈ R(P u(0;λ∗)) + R(P s(0;λ∗)).
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It remains to prove that our starting assumption (2.16) implies (2.21) whose left-hand side we can
write as 〈

dV1

dλ
(0;λ∗)−

dV +
1

dλ
(0;λ∗),W1(0;λ∗)

〉
(2.22)

on account of (2.17). Comparing (2.22) with (2.16), we see that we need to prove that

−
〈

dV +
1

dλ
(0;λ∗),W1(0;λ∗)

〉
=
〈
V1(0;λ∗),

dW1

dλ
(0;λ∗)

〉
.

Since V +
1 (x;λ) is a decaying solution on R+ of (2.8), we have by construction that

〈V +
1 (0;λ),W1(0;λ)〉 = 0

for all λ. Taking the derivative with respect to λ evaluated at λ∗, we get

0 =
〈

dV +
1

dλ
(0;λ∗),W1(0;λ∗)

〉
+
〈
V +

1 (0;λ∗),
dW1

dλ
(0;λ∗)

〉
(2.17)
=

〈
dV +

1

dλ
(0;λ∗),W1(0;λ∗)

〉
+
〈
V1(0;λ∗),

dW1

dλ
(0;λ∗)

〉
as needed. This completes the proof of the proposition.

3 Spectra of pulses on large bounded intervals

We consider the same setting as in the previous section and assume, in particular, that the assump-
tions in §2.1 are met.

3.1 Periodic boundary conditions

We begin with the dynamical system (2.8)

dV
dx

= A(x;λ)V (3.1)

on Y0. For each fixed ` � 1, we define Σper
` as the set of all λ ∈ C for which (3.1) has a nonzero

solution V (x) on [−`, `] with
V (`) = V (−`). (3.2)

Before we state our result on the behaviour of Σper
` in the limit ` → ∞, we introduce a technical

hypothesis. We define the subset Sper of Σess to be the set of all λ ∈ Σess for which

spec(A∞(λ)) ∩ iR = {ν(λ∗)}

is a simple spatial eigenvalue ν(λ∗) ∈ iR with the additional property that d Im ν/dλ|λ∗ 6= 0 where
ν(λ) is the eigenvalue of A∞(λ) that is close to ν(λ∗) for λ close to λ∗.

Hypothesis 3.1 The set Sper is dense in Σess.

We can now state the announced approximation result.

Theorem 1 Assume that the assumptions in §2.1 as well as Hypotheses 2.3 and 3.1 are met.
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(i) Fix a root λ∗ of D(λ) of order ρ in Σpt. As ` → ∞, there are precisely ρ elements in Σper
` ,

counted with multiplicity, close to λ∗, and these elements converge to λ∗ as `→∞.

(ii) Fix λ∗ ∈ Σess, then λ∗ is approached by infinitely many elements in Σper
` as `→∞.

(iii) Fix a bounded open set Ω ⊂ C. For any δ > 0, there is an `∗ such that (Σper
` ∩ Ω) ⊂ Uδ(Σ)

for all ` > `∗, where Uδ(Σ) denotes a δ-neighborhood of Σ.

In particular, Σper
` converges, in the symmetric Hausdorff distance and in each bounded region of

the complex plane, to Σ as `→∞.

Proof. Assertion (i) can be proved most easily using Lyapunov–Schmidt reduction near each root
λ of D(λ) (see [18] for details). The statement about the multiplicity follows from Proposition 2.4.

The convergence of Σper
` to Σess in bounded regions of C follows as in [19, §5.2] where Lyapunov–

Schmidt reduction was utilized.

Lastly, using exponential dichotomies on R±, it is straightforward to show that 2`-periodic solutions
of (3.1) do not exist for all `� 1 whenever λ /∈ Σ (see, for instance, [18, §3.3] and specifically [18,
Lemma 3.3] with D = G = γ = 0).

Next, consider the operator

Lper
λ : L2(S1

` ) −→ L2(S1
` ) (3.3)

[Lper
λ u](x) := Duxx(x)− cux(x) + [J0(x)− λ]u(x) + e−λτJ1(x)u(x− cτ)

with domain H2(S1
` ) where S1

` := [−`, `]/∼ denotes the circle with circumference 2`.

Lemma 3.2 Assume that the assumptions in §2.1 as well as Hypotheses 2.3 and 3.1 are met, then
Σper

` coincides with the set of all λ ∈ C for which Lper
λ has a non-trivial null space, and the algebraic

multiplicities of elements in the two sets are equal to each other.

Proof. The first statement follows from the correspondence of solutions to (3.1)-(3.2) and Lper
λ u =

0, while the assertion regarding the algebraic multiplicity can be proved by comparing (2.14) and
Lper

λ uj = (∂λLper
λ )uj−1. We refer to [1, 2, 10] for similar results.

Lastly, we compare (3.3) with the linear DPDE

ut(x, t) = Duxx(x, t)− cux(x, t) + J0(x)u(x, t) + J1(x)u(x− cτ, t− τ)

on S1
` = [−`, `]/∼. On account of the results stated in [22, §2.1], this equation generates a semiflow

T`(t) on Xper
` := C0(S1

` × [−τ, 0]), and the spectrum of T`(t) is given by the set exp(Σper
` t) plus

possibly {0}.

3.2 Separated boundary conditions

Next, we discuss the approximation of spectra upon using separated boundary conditions. We shall
use again the dynamical system (2.8)

dV
dx

= A(x;λ)V (3.4)

10



on Y0 and add the boundary conditions

V (−`) ∈ E−
bc, V (`) ∈ E+

bc (3.5)

where the subspaces E±
bc of Y0 satisfy the following assumption.

Hypothesis 3.3 We assume that E−
bc and E+

bc are closed subspaces of Y0 such that dimE−
bc = n

and codimE+
bc = n.

We remark that Lemma 2.1 is the reason why the dimension n is singled out and refer to the
discussion below for more details.

We define Σsep
` as the set of all λ ∈ C for which (3.4)-(3.5) has a non-zero solution. Multiplicity is

again defined using (2.14). We wish to determine whether, and in what sense, the limit of Σsep
` as

`→∞ exists. Before we can state the result, we need to introduce additional definitions.

Recall from Lemma 2.1 that ∆(λ, ν) has precisely n roots ν with positive real part for each fixed
λ ∈ C with sufficiently large real part. We also know, for instance from [4, Theorem I.4.4(ii)], that
we can label the roots νj(λ) of ∆(λ, ν) with respect to their real part so that

. . . ≤ Re νj+1(λ) ≤ Re νj(λ) ≤ Re νj−1(λ) ≤ . . . ≤ Re ν1(λ), j ∈ N.

Lemma 2.1 can then also be stated as Re νn+1(λ) < 0 < Re νn(λ) for all λ ∈ C with large real part.
The absolute spectrum Σabs is now defined via

Σabs = {λ ∈ C; Re νn+1(λ) = Re νn(λ)}.

Lastly, we define the subset Ssep of Σabs as follows: λ∗ ∈ Ssep precisely if

Re νn+2(λ∗) < Re νn+1(λ∗) = Re νn(λ∗) < Re νn−1(λ∗),

Im(νn+1(λ∗)− νn(λ∗)) 6= 0,
d Im(νn+1 − νn)

dλ

∣∣∣
λ=λ∗

6= 0.

In the main result described at the end of this section, we shall need the following non-degeneracy
assumption.

Hypothesis 3.4 The subset Ssep of the absolute spectrum Σabs is dense in Σabs.

We focus now on λ /∈ Σabs. For each such λ, there is an η = η(λ) ∈ R such that

Re νn+1(λ) < η < Re νn(λ).

Using the results in §2.3, we see that the equation

dV
dx

(x) = [A(x;λ)− η1]V (x) (3.6)

is hyperbolic and that the asymptotic matrix A∞(λ)−η1 has precisely n unstable eigenvalues. Note
that solutions of (3.4) and (3.6) are related via V (x) = U(x)e−ηx. We denote the projections of the
exponential dichotomies of (3.6) on R− by P̌ u(x;λ) and those of the associated adjoint equation

dW
dx

(x) = − [A(x;λ)∗ − η1]W (x) (3.7)

11



on R+ by Q̌s(x;λ). By construction, we have

dim R(P̌ u(0;λ)) = dim R(Q̌s(0;λ)) = n.

Next, we choose analytic bases {V̌i(λ)}i=1,...,n and {W̌i(λ)}i=1,...,n of R(P̌ u(0;λ)) and R(Q̌s(0;λ)),
respectively. Similarly, let {V∞

i (λ)}i=1,...,n and {W∞
i (λ)}i=1,...,n be analytic bases of the general-

ized unstable and stable eigenspaces of the asymptotic systems associated with (3.6) and (3.7),
respectively. Lastly, due to Hypothesis 3.3, we can choose analytic bases {V −

i }i=1,...,n of E−
bc and

{W+
i }i=1,...,n of the annihilator of E+

bc in Y ∗
0 , computed with respect to the dual product (2.11).

We then define the Evans functions

Ď(λ) = det
(〈
V̌i(λ), W̌j(λ)

〉)
1≤i,j≤n

D−
bc(λ) = det

(〈
V −

i ,W
∞
j (λ)

〉)
1≤i,j≤n

D+
bc(λ) = det

(〈
V∞

i (λ),W+
j

〉)
1≤i,j≤n

.

It follows from [1] that these functions are well defined and analytic for λ /∈ Σabs (see again
Remark 2.2). The next hypothesis states that none of the Evans functions defined above vanishes
identically on open sets.

Hypothesis 3.5 There is a discrete (possibly empty) set C ⊂ C with no accumulation points in C
so that Ď(λ) and D±

bc(λ) are non-zero for all λ /∈ Σabs ∪ C.

We can now define the extended point spectrum.

Definition 3.6 We define the extended point spectrum Σsep
pt as

Σsep
pt := {λ /∈ Σabs; ρ̌+ ρ− + ρ+ > 0}

where ρ̌ and ρ± denote the order of λ as a root of the functions Ď and D±
bc defined above. We call

ρ = ρ̌+ ρ− + ρ+ the multiplicity of λ for λ ∈ Σsep
pt .

The next theorem states that the set Σsep
` does not approximate the spectrum Σ = Σpt ∪ Σess of

the travelling wave on R but the set Σsep
pt ∪ Σabs.

Theorem 2 Assume that the assumptions in §2.1 as well as the Hypotheses 2.3, 3.3, 3.4 and 3.5
are met.

(i) Fix an element λ∗ with multiplicity ρ in Σsep
pt . As ` → ∞, there are precisely ρ elements in

Σsep
` , counted with multiplicity, close to λ∗, and these elements converge to λ∗ as `→∞.

(ii) Fix λ∗ ∈ Σabs, then λ∗ is approached by infinitely many elements of Σsep
` as `→∞.

(iii) Fix a bounded open domain Ω ⊂ C. For any δ > 0, there is an `∗ such that (Σsep
` ∩ Ω) ⊂

Uδ(Σ
sep
pt ∪ Σabs) for all ` > `∗.

Thus, Σsep
` converges, in the symmetric Hausdorff distance, to the union Σsep

pt ∪ Σabs as `→∞.

12



Proof. Assertions (i) and (iii) follow upon applying the arguments in [19, §4.3] to the Evans
function

Dsep(λ) := det
(〈
T (0,−`;λ)V̌ −

i (λ), T ∗(0, `;λ)W̌+
j (λ)

〉)
1≤i,j≤n

where T (x, y;λ) and T ∗(x, y;λ) are the semigroups associated with (3.4) and its adjoint.

The convergence of Σsep
` to Σess in bounded regions of C is a consequence of the results in [19,

§5.3] which were proved using Lyapunov–Schmidt reduction and therefore apply also to the current
situation.

We focus now on Dirichlet boundary conditions that we shall use in the numerical computations
presented in §5 below. Thus, we consider the operator

Ldir
λ : L2([−`, `]) −→ L2([−`, `]) (3.8)

[Ldir
λ u](x) := Duxx(x)− cux(x) + [J0(x)− λ]u(x) + e−λτJ1(x)u(x− cτ)

with dense domain H1
0 ([−`, `]) where we extend functions by zero to [−`− cτ,−`]. Upon setting

E−
bc = {U = (u, v, a, b) ∈ Y0; u = v = a = 0}, E+

bc = {U = (u, v, a, b) ∈ Y0; a = 0},

we see that the eigenvalue problem associated with Ldir
λ fits into the framework of this section. As

in the case of periodic boundary conditions, we can use the results in [22, §2.1] to conclude that
the spectrum of T`(t) is given by the set exp(Σsep

` t) plus possibly {0}, where T`(t) is the semiflow
associated with the linear DPDE

ut(x, t) = Duxx(x, t)− cux(x, t) + J0(x)u(x, t) + J1(x)u(x− cτ, t− τ)

u(x, t) = 0 for x ∈ [−`− cτ,−`] and at x = `

on C0(L2([−`, `])× [−τ, 0]), where functions are again extended by zero to [−`− cτ,−`].

4 Numerical continuation of pulses

We assume that q(x) is a solution of (1.2)

Dq′′(x)− cq′(x) + f(q(x), q(x− cτ)) = 0 (4.1)

for c > 0 with q(x) → 0 as x → ±∞. Written in first-order form with U = (q, qx), we obtain an
equation of the form

U ′(x) = F (U(x), U(x− τ̌);µ), (4.2)

where we fix τ̌ = cτ > 0 and include a continuation parameter µ ∈ R. We shall assume that the
nonlinearity f is analytic (this will guarantee backward uniqueness of solutions).

Note that the spatial delay τ̌ = cτ in (4.1) is fixed. We may use the wave speed parameter c in
front of the term cqx(x) as the free parameter µ which is then determined by the condition that
(4.1) has a homoclinic orbit. Afterwards, from the knowledge of cτ and c, we obtain the value of τ
for which the computed homoclinic orbit is a travelling pulse. If we wish to find a pulse for a given
delay τ , we would need to use continuation in cτ and c with the hope of realizing a specified value
of τ .
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4.1 The boundary-value problem formulation

Associated with (4.2) is the dynamical system

Vx = F(V ;µ) (4.3)

on the phase space Y0. The mapping

F(V, µ) : Y0 −→ Y0, (φ, a) 7−→ (φ′, F (a, φ(−τ̌);µ))

is well defined provided f satisfies certain growth conditions: since we are interested in the dynamics
near a given pulse of (4.1), we can modify f outside a bounded region in Rn × Rn.

Pulses q(x) of (4.1) correspond to homoclinic orbits Q(x) := (q(x + ·), q(x)) of (4.3). The idea is
therefore to follow the numerical algorithm studied in [3] for ODEs which consists of approximating
the stable and unstable manifolds of the asymptotic equilibria V = 0 by their tangent spaces.

In addition to the standing hypotheses stated in §2.1, we assume that the equilibrium V = 0 of
(4.3) is hyperbolic for µ = 0, which is equivalent to the assumption that 0 /∈ Σess. Next, we assume
that Q(x) is a homoclinic orbit, converging to V = 0, of (4.3) at µ = 0. Moreover, we assume
that Qx(x) is the only nontrivial bounded solution of the linearization of (4.3) about Q(x) which
is given by (2.8) with λ = 0. Lastly, we assume that the Melnikov integral∫ ∞

−∞
〈Ψ(x),Fµ(Q(x); 0)〉 dx 6= 0

is not zero, where Ψ(x) denotes the unique nontrivial bounded solution on R of the adjoint equation
(2.12) at λ = 0: in the notation of §2.3, the solution Ψ(x) satisfies Ψ(0) ⊥ R(P u(0; 0)), and we
further have Ψ(x) = W1(x; 0) in (2.15).

We denote by Es
0 and Eu

0 the stable and unstable generalized eigenspaces of the operator A∞(0)
defined in (2.10). Furthermore, we choose positive constants νu and νs so that either Re ν < −νs < 0
or Re ν > νu > 0 for each root ν of the linear dispersion relation ∆(0; ν) defined in (2.5).

We may then seek approximations V (x) of Q(x) as solutions to the boundary-value problem

Vx(x) = F(V (x);µ), x ∈ (−`, `) (4.4)

V (−`) ∈ Eu
0 (4.5)

V (`) ∈ Es
0 (4.6)

0 =
∫ `

−`
〈Qx(x), V (x)−Q(x)〉Y0 dx (4.7)

on the interval [−`, `] with ` � 1. Note that (4.5) involves a finite number of conditions as does
(4.6) since it can be written as

〈V (`),W∞
j 〉 = 0, j = 1, . . . , nu

where {W∞
j }j=1,...,nu is a basis of the finite-dimensional generalized stable eigenspace of A∗

∞(0);
see §3.2.

In this setup, we have the following result regarding the solvability of (4.4)–(4.7).
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Theorem 3 Under the assumptions stated in this section, the boundary-value problem (4.4)–(4.7)
has a unique solution (V`, µ`) near (V, µ) = (Q, 0) for all sufficiently large `� 1. Moreover, there
is a constant C > 0 such that the solution (V`, µ`) with V` =: (φ`, q`) satisfies the estimates

sup
x∈[−`,`]

|q`(x)− q(x)| ≤ Ce−2` min{νu,νu} (4.8)

|µ`| ≤ Ce−` min{2νu+νs,2νs+νu}

uniformly in `� 1.

Proof. Using the exponential dichotomies from [1, 10, 12, 14], we can write (4.4) in a weak integral
form. From this point on, the proof given in [13] with Qρ = 1 for elliptic PDEs applies verbatim,
thus yielding the desired result for DDEs.

4.2 Practical implementation

Firstly, we argue that the boundary-value problem (4.4)–(4.7) can be written in the following
simpler form. For the sake of simplicity, we assume that the unstable spatial eigenvalues νu

j of the
linearization about the equilibrium V = 0 are semisimple, so that the associated eigenvectors V∞

j

and V∞
j of the linearization and its adjoint are of the form

V∞
j =

(
U∞

j eνu
j x

U∞
j

)
, W∞

j =

(
−Fu1(0, 0; 0)∗Û∞

j e−νu
j x

Û∞
j

)
.

Consider the DDE
U ′(x) = F (U(x), U(x− τ̌);µ), x ∈ [−`, `] (4.9)

together with the boundary conditions

U(x) =
nu∑
j=1

αjU
∞
j eνu

j x, x ∈ [−τ̌ , 0] (4.10)

0 = U(`) · Û∞
j −

∫ 0

−τ̌
e−νu

j (y+τ̌) [Fu1(0, 0; 0)U(`+ y)] · Û∞
j dy = 0, j = 1, . . . , nu(4.11)

and the, slightly modified, phase condition∫ `

−`
Q′

2(x) · (a(x)−Q2(x)) dx = 0 (4.12)

where V = (φ, a) and Q = (Q1, Q2). We remark that, in practice, one would replace the exact,
but unknown, solution Q that appears in (4.12) by an approximate solution, for instance, by the
solution obtained at a previous continuation step.

The system (4.9)–(4.12) is a boundary-value problem which we solve using a collocation method.
The algorithm has been implemented in dde-biftool, a matlab package for the bifurcation
analysis of DDEs [5, 6].

As a test case, we consider the system

du1

dx
(x) = u2(x) (4.13)

du2

dx
(x) = u1(x)− u1(x)u1(x− τ) + µu2(x) +

1
2
u1(x)u2(x),

15



0 5 10 15 20 25 30 35 40
10

h

−12

10−11

10−10

10−9

10−8

10−7

10−6

10−5

10−4

10−3

10−2

Figure 4.1: Plotted are the truncation errors ‖q` − q∗‖ (∗) and |µ` − µ∗| (◦) from (4.8) for the
homoclinic orbit of (4.13) as functions of 2`. For comparison, we also plotted two lines with slope
−νu and −(νu + νs/2).

which has two steady states given by (0, 0) and (1, 0). Equation (4.13) with τ = 0 was used in [3]
to examine the effect of truncation on the accuracy of numerically computed homoclinic orbits in
ODEs. For convenience, we used the same model with an artificially introduced delay to illustrate
the assertions made in Theorem 3. For τ = 0.8255, equation (4.13) has a homoclinic orbit q∗ to the
saddle (0,0) for µ = µ∗ ≈ −1.0796. The linearization about the steady state (0, 0) has one unstable
spatial eigenvalue given by νu = 0.59695, while the rightmost stable spatial eigenvalue is given by
−νs = −1.6752.

The results of our numerical computations are shown in Figure 4.1, where we compare the solution
to (4.9)–(4.11) and the phase condition u2(0) = 0 for a range of values of ` with the numerically
obtained solution for 2` = 591.44.

5 Numerical computation of spectra

In this section, we shall discuss our strategy for computing the spectra of travelling pulses numer-
ically on the interval (−`, `) with periodic or Dirichlet boundary conditions. Ideally, one would like
to use the eigenvalue problems (3.3) and (3.8) to compute these spectra since the relevant operators
act only on functions in the x-variable. However, the eigenvalue parameter λ enters these operators
in a transcendental fashion, and it is therefore not clear how to proceed.

Instead, we consider the original linear equation (2.2)

ut(x, t) = Duxx(x, t)− cux(x, t) + J0(x)u(x, t) + J1(x)u(x− cτ, t− τ) (5.1)

on the interval (−`, `), supplemented by periodic

u(x, t) := u(x+ 2`, t) for x ∈ [−`− cτ,−`] (5.2)

or Dirichlet boundary conditions

u(x, t) = 0 for x ∈ [−`− cτ,−`] and at x = `. (5.3)
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In the previous section, we gave characterizations of the spectra of the semigroups associated with
(5.1)-(5.2) and (5.1)-(5.3) in terms of the sets Σper

` and Σdir
` in the limit `→∞.

The numerical strategy pursued here is to calculate the spectra of these semigroups. To this end, we
discretize (5.1) and the boundary equations in the spatial variable x, and compute the eigenvalues
of the semiflow as growth rates of solutions of the resulting large system of ODEs with time t being
the evolution variable.

5.1 Discretization and time integration

We discretize equation (5.1) in the space variable x using centered finite differences of second order
on an equidistant mesh on (−`, `) with mesh points {xi}i=1,...,N . This yields a system of N coupled
delay differential equations (DDEs) for the functions ui(t) := u(xi, t) where i = 1, . . . , N .

Note that some care has to be taken when evaluating the function J1(x) defined in (2.3) as it
depends on the delay through the pulse profile q(x − cτ). We assume that we have computed a
numerical approximation of the pulse profile q(x) on [−`− cτ, `], for instance using collocation. We
then use interpolation to compute the values q(xi − cτ) on the mesh points {xi}i=1,...,N .

We also use linear interpolation between umi(t) and umi+1(t) to approximate the intermediate term
u(xi− cτ, t) in (5.1), where the indices mi are determined so that xi− cτ ∈ [xmi , xmi+1). Of course,
this procedure for computing u(xi − cτ, t) works only for indices i ≥ N0 where N0 is the smallest
index for which xN0 − cτ ≥ 0. We use the boundary conditions to compute the remaining terms for
j < N0: for periodic boundary conditions, we take uj−N0(t) = uN−N0+j(t) and uN+1(t) = u1(t),
while we choose uj−N0(t) = 0 and uN+1(t) = 0 when using Dirichlet boundary conditions.

In summary, we obtain the system

dui

dt
(t) =

(
− c

2∆x
+

1
∆x2

)
ui+1(t) +

(
J0(xi)−

2
∆x2

)
ui(t) +

(
c

2∆x
+

1
∆x2

)
ui−1(t) (5.4)

+J1(xi) [(1− ξ)umi(t− τ) + ξumi+1(t− τ)]

of DDEs for i = 1, . . . , N , where
ξ =

xi − cτ − xmi

xmi+1 − xmi

and ∆x is the spatial step size.

The discretized equation (5.4) is a large linear system of autonomous DDEs which we write in short
as

dU
dt

(t) = B0U(t) +B1U(t− τ), U ∈ RN . (5.5)

The growth rates λ of solutions of (5.5) are the roots of the transcendental characteristic equation

det(λ1−B0 −B1e−λτ ) = 0. (5.6)

We solve (5.6) using Newton iterations in λ. Appropriate initial guesses for λ are obtained through
time integration of (5.5) [7, 8], which guarantees that the rightmost (stability-determining) roots
will be found.

In the rest of this section, we discuss the time integration of (5.5). Using the notation

Ut(θ) := U(t+ θ) θ ∈ [−τ, 0],
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we can write the solution operator of (5.5) as

Tt̄ : C0([−τ, 0],RN ) −→ C0([−τ, 0],RN ), Ut 7−→ Tt̄Ut (5.7)

[Tt̄Ut](θ) := Ut+t̄(θ).

Note that the eigenvalues µ of Tt̄ and the solutions λ of (5.6) are related via µ = eλt̄ (possibly
supplemented by µ = 0) [9, §7.4].

We consider an equidistant mesh Π := {−τ = t0 < t1 < . . . < tM−1 = 0} with tj − tj−1 = h

for j = 0, . . . ,M − 1. The time discretized state Ūt ∈ RMN is given by the function segment
Ut discretized on Π so that Ūt = (Ut(t0), Ut(t1), . . . , Ut(tM−1). A single time-step with a linear
multi-step (LMS) method with step length h is given by

Ūt+h = ŤhŪt,

where the first row of the matrix Ťh is determined by the LMS method, while the rest of the matrix
is a shifted identity matrix. The eigenvalues of the matrix Ťh will provide good approximations of
the eigenvalues of the solution operator Th provided h is chosen appropriately. It has been proved
in [8] that one needs hλ ∈ D for all λ with

λ ∈
⋃
|z|<1

spec(B0 + zB1)

to preserve the stability of the original operator, where D denotes the stability region of the LMS
method. Based on this result, a heuristic step length hLMS has been given in [8, Heuristic 4.1] such
that for all h < hLMS the discretized operator Ťh should have the same stability as the original
operator Th. Choosing h smaller results in a better approximation of roots that are more to the
left. Note however, that smaller step sizes will require much more memory. For stiff problems, a
less pessimistic heuristic step length has been derived in [21]. In our computations, we chose h
to be the smallest number compatible with the memory available on the machine we used for the
computations.

5.2 FitzHugh–Nagumo equations with delay

To test the prediction made in §3, we consider the FitzHugh–Nagumo system

ut(x, t) = uxx(x, t) + u(x, t− τ)− 1
3
u3(x, t)− v(x, t) (5.8)

vt(x, t) = εvxx(x, t) + d[u(x, t− τ) + a− bv(x, t)]

with an artificial delay τ . We set ε = 0.1, a = 0.7, b = 0.8 and d = 0.08. We use the approach
given in [16] as outlined in §4 to compute pulses of (5.8) numerically as homoclinic orbits of the
delay differential equation (4.1).

Periodic boundary conditions

Fixing cτ = 0.5, we computed the pulse shown in Figure 5.1 with wave speed c = 1.0931 and
associated delay τ = 0.4574. We then compute the spectrum of the pulse on a periodic domain
with length 2` = 59.5 using a spatial discretization of N = 120 and a step length h = 0.01 for the
LMS method.
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Figure 5.1: Pulse profile of the FitzHugh–Nagumo equation for τ = 0.4574.
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Figure 5.2: Essential spectrum (solid line) of the asymptotic rest state (u∞, v∞) and the spectrum
(stars) of the pulse with periodic boundary conditions are shown for τ = 0.4574.

For comparison, we also computed the essential spectrum of the background state (u∞, v∞) using
continuation in λ applied to the system (2.9) supplemented by the condition that it has a purely
imaginary spatial eigenvalue. This procedure was implemented in dde-biftool.

In Figure 5.2, we plotted the rightmost eigenvalues of the numerically computed spectrum and the
essential spectrum of the background state (u∞, v∞) on the unbounded domain. In general, there
is a reasonable correspondence between the numerically computed and the theoretically predicted
spectra, and we clearly also capture point spectrum. Note that the spectra begin to look quite
different the further we go to the left: this disagreement is due to the space-time discretization of
the DPDE.

Separated boundary conditions

We fixed cτ = 0.1 and computed a pulse with speed c = 0.5545 and delay τ = 0.1800. The spectrum
of the pulse was computed using Dirichlet boundary conditions on the interval of length 2` = 59.5
using a spatial discretization of N = 200 and a step length h = 0.01 for the LMS method.
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Figure 5.3: Absolute spectrum (solid line) of the asymptotic rest state (u∞, v∞) and the spectrum
(stars) of the pulse with Dirichlet conditions are shown for τ = 0.18.

We also computed the absolute spectrum of the asymptotic rest state since we expect from The-
orem 2(ii) that the spectrum, computed with Dirichlet conditions, approaches this set. We again
use dde-biftool for continuation in λ applied to the system (2.9) supplemented by the condition
that the second and third rightmost spatial eigenvalues ν2 and ν3 have the same real part.

Both the absolute spectrum of (u∞, v∞) and the spectrum of the pulse under Dirichlet conditions
are shown in Figure 5.3. Again, we capture isolated eigenvalues, which are part of the extended
point spectrum, in addition to the absolute spectrum.

6 Conclusions

We compared spectra of pulses on the unbounded real line with spectra computed on the interval
(−`, `) for ` � 1 under separated and periodic boundary conditions. Through the collection of
appropriate reformulations, we showed that known results for ODEs and PDEs apply also to partial
differential equations with temporal delays. We confirmed these findings by numerical computations
using the continuation package dde-biftool.

Even though we focused entirely on pulses in this paper, the results apply also to the computation
of spectra of fronts under separated boundary conditions; note that periodic boundary conditions
are not appropriate in this case. We refer to [17, 19] for statements of the relevant results for ODEs.
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