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Abstract

We aim at the efficient computation of the rightmost character-
istic roots of a system of delay differential equations. The approach
we use is based on the discretization of the solution operator by lin-
ear multistep (LMS) methods. This results in an eigenvalue problem
whose size is inversely proportional to the steplength used in the dis-
cretization. We use theoretical results on the location and numerical
preservation of roots obtained in earlier work. Furthermore, we con-
struct special-purpose LMS methods emphasising the accuracy of ap-
proximation of characteristic roots. We present a novel procedure that
computes efficiently and accurately all roots in any right half-plane.
In particular, no roots with large imaginary parts can be overlooked.
The performance of the new procedure is demonstrated for small and
large-scale systems of delay differential equations.
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1 Introduction
We consider a system of linear delay differential equations (DDEs) of the form
y'(t) = Aoy(t) + X7, Ajy(t — 1),  where y(t) € R**', (1.1)

with Ay, A; € R**™ and delays 7; > 0, for j = 1,...,m. The stability (of
the zero steady state solution) of (1.1) is determined by the characteristic roots A
of the characteristic equation

det(AT — Ag — 7% Aje i) = 0. (1.2)

System (1.1) is asymptotically stable if all characteristic roots A of (1.2) lie in the
open left half-plane, i.e., ®(A) < 0, see e.g. [11]. Note that (1.2) has an infinite
number of roots A. However, the number of roots in any right half-plane, i.e., with
R(N\) > r € Ris finite. Hence the stability of (1.1) is always determined by a
finite number of roots.

Remark that system (1.1) can be considered as the linearization of the nonlin-
ear DDE system

2 (t) = f(z(t),z(t —71),-..,2(t — ™)) (1.3)

about a steady state solution z(t) = x*, where f(-) is continuously differentiable.
The local stability of the steady state z* of (1.3) is determined by the stability
of (1.1).

One approach to compute the rightmost characteristic roots of (1.2) is presen-
ted in [8] and implemented in the software package DDE-BIFTOOL [6, 7]. Other
methods to study the stability of (1.2) are discussed in e.g. [13, 5]. The recent
research focuses mainly on methods using discretizations of either the solution
operator [8] or the infinitesimal generator [1, 2, 3] to (1.1). In [8], the solution
operator is discretized using a linear multistep (LMS) method with polynomial
interpolation to evaluate the delayed terms. The size of the resulting eigenvalue
problem is inversely proportional to the steplength used in the discretization. The
dominant eigenvalues, /i, correspond (by an exponential transform) to A which ap-
proximate the rightmost roots A of (1.2). In [8], a heuristic choice of the steplength
used in the discretization was proposed to approximate all roots A with () > r.
Remark that in [1, 2, 3] no heuristic is used to determine a priori a suitable fine-
ness (or coarseness) of the discretization of the infinitesimal generator. Rather, the
resulting accuracy is checked a posteriori by using Richardson extrapolation.

Using the procedure presented in [8], typically much more characteristic roots
than desired are computed with a good accuracy.

In this paper we present a modification of the procedure described above. The
novel procedure aims to reduce the computational cost while maintaining the re-
liability of the numerical results. We use theoretical foundations on the location
and numerical preservation of roots obtained in [15]. Furthermore, we construct
special-purpose LMS methods instead of using methods traditionally used for time
integration. These techniques allow to define a novel heuristic resulting in a larger
steplength, hence the size of the resulting eigenvalue problem is reduced. If this
eigenvalue problem is still too large to be treated, it can be “split” into different
smaller ones which “zoom in” on different pieces of (the interesting part of) the



complex plane. The resulting procedure computes efficiently and accurately all
roots A with (\) > r. In particular, no roots with large imaginary parts can be
overlooked.

This paper is structured as follows. Section 2 summarizes the computation of
the rightmost characteristic roots and the steplength heuristic of [8]. This section
also contains results of [15] on the location and numerical preservation of roots. In
Section 3 we derive special-purpose LMS methods. Section 4 presents the novel
procedure to compute the rightmost characteristic roots. The significant reduction
in computational cost is illustrated by examples in Section 5. In Section 6 we draw
conclusions.

2 Preéliminaries

Sections 2.1 and 2.2 summarize the computation of the rightmost characteristic
roots and the steplength heuristic of [8], respectively. The latter section also argu-
ments why these techniques can be improved and outlines the way to achieve this
goal. Next, Section 2.3 considers the theoretical foundation on the location and
numerical preservation of roots [15] which we need.

2.1 Approximation of the rightmost characteristic roots

LetCy :={A € C : R(\) >0}andC" := {X € C : R(\) > 0} denote
the open and closed right half-plane, respectively. The definitions for the open and
closed left half-plane, C, and C~, respectively, are analogous.

As detailed in [8], approximations to the characteristic roots A can be obtained
by first discretizing (1.1) using an LMS method coupled with polynomial interpol-
ation to evaluate delayed terms. This discrete scheme is not used for time-stepping,
but for the discretization of the solution operator over one time step (see below).
A k-step LMS method is characterized by the function

2 k ) k )
LMS(z) = % with a(e®) := Y ai(e®)!, B(e?) == Bile?)'.
=0 =
@2.1)

Let ~ be the steplength used in the discretization. A delayed term in (1.1),
y(t; — 7;), is approximated by Lagrange interpolation, i.e.,

S+ S+
. €; — O
ylti—m) & Y eleire-r;, With u(e):= [[  S— @2
f=—s_ 0=—5_,0£L

where L; := [1j/h], ¢ :== L; — 1;/h € [0,1][and s_ < s4 < s_ + 2. As
argumented in [15], we bound the steplength h above by

hmax = Tmin/s—l—a (23)

where Tmi, := min; 7; is the minimal delay. Furthermore, we assume that o(-)
and S(-) in (2.1) are irreducible, such that there are no roots that are only caused
by the LMS scheme.



The solution operator to (1.1) over one time step of length A is discretized by
the scheme described above, cf. [8]. The resulting matrix has size N x N, where

N :=n(k + [Tmax/h] + 5_) = NTmax/h, (2.4)

With Ty = max; 75, the maximal delay. The dominant eigenvalues £ of this
matrix approximate the dominant eigenvalues 4 of the solution operator. By using
fi = e with |3(X) k| < , approximations A to roots A of (1.2) are obtained.

Choose s_ + s+ +1 = p, where p is the order of the LMS method used. Then,
the error |5\ — )| in approximating a root A with multiplicity » behaves as A?/¥. In
the package DDE-BIFTOOL [6, 7], the approximations A are corrected by Newton
iterations up to a desirable accuracy.

2.2 A steplength heuristic to obtain all rootsin C* + r

Let o(-) denote the spectrum of a matrix. Then, the characteristic equation (1.2)
can be written as

A€ () = o(Ao+ 2T Aje ). (2.5)

In [8], a heuristic choice of the steplength used in the discretization, cf. Sec-
tion 2.1, was presented to approximate all roots A with ®(A) > r. This steplength
heuristic was derived for LMS methods that have property C [10] and for which
LMS(C*) NnLMS(Cy ) = 0 holds, such as the BDF methods up to order 6. Note
that Property C and the property of irreducibility imply that LMS(i[0, 2x[) is the
boundary of LMS(C; ).

The steplength heuristic in [8] was developed in two stages. Let ¥,(D) :=
Uxep Z7(A) and D] := {[c| : ¢ € D}, where D C C. First, the fact that
max |5, (C*)| < 3775 |45 was used. Let prvs . denote the radius of the disc
in the complex plane centered at the origin in which LMS(i[0, 27[) approximates
the imaginary axis up to some accuracy ¢ > 0. For a more precise definition,
see [8]. Then, the (open) right and left half-plane are approximated in this disc
up to the accuracy € by %LMS((C(J{) and %LMS((C(; ), respectively. Hence the
steplength A given by PLais

TS AT 29
scales +LMS(-) such that the part of £, (C") located in C™ + €/ is included
in %LMS((C(}L). Likewise, the part of X (C*) located in C~ — €/h is included in
%LMS((C(; ). Thisis illustrated in Fig. 1 (right). It can be proven that, by the above
choice of the steplength, the delay-independent stability and instability of (1.1) are
recovered up to the given e.

Next, a heuristic choice of h was proposed to approximate roots A\ € C* + 7 :

PLMS, e

h == 09 29
[Aoll + Ir] + 3271 [|Ajlle "

2.7)

where 0.9 is a safety factor. This heuristic is implemented in DDE-BIFTOOL.
Since the eigenvalues of the discretization of the solution operator have approxim-
ately the same modulus, they are computed using the QR method. However, its
cost grows like N3 ~ n3(Tmax/h)3.
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Figure 1: For the DDE system in Section 5.1 withn = 4andm = 1: ¢l X, (CT) =
Q(R*7) U 0(Ag) (colored in gray), (0) (solid line), the eigenvalues of A, (x) and the
circle around the origin with radius Z;":O [|A;|| (dashed line). Right: +LMS(i[0,2n[),
where h is given by (2.6) (solid line) and parallel lines, +e/h from the imaginary axis
(dash-dotted lines), in case of the BDF method of 4™ order (with a rather large e for
visibility).

Our experiments with heuristic (2.7) show that it leads to a good approximation
of more characteristic roots than desired, i.e., all X in C* + R, where R < r are
approximated well, see e.g. Fig. 5.3 in [8]. Note that the steplength heuristic should
only “guarantee” that the wanted roots are approximated with sufficient accuracy
so that the subsequent Newton iterations will converge successfully. Clearly, it
would be advantageous to obtain a novel heuristic which allows to use a larger
steplength.

Heuristic (2.7) usually results in a steplength A that is much smaller than
necessary. This is mainly due to the denominator in (2.7) which is an upper
bound for |r| + max |X,(CT + r)|. This upper bound typically overestimates
max |2, (Ct +r) N (CT + r)], see Fig. 1 (left), where r = 0. The latter quant-
ity is important since, by (2.5), the roots X that lie in CT + r are included in
3,(C* + r). Hence heuristic (2.7) overestimates the extent of the spectrum in
C* + r. This suggests one way to optimize this heuristic: considering more pre-
cisely the location of £, (C* +r) w.r.t. C" +r. The second way is to reconsider the
properties of LMS methods that are desirable for our purpose. It will be clarified
that other requirements have to be imposed on the LMS methods used. This results
in the construction of special-purpose LMS methods. The first way, i.e., locating
¥, (Ct +7) wrt. CT + r, is considered in the next section, while in Section 3,
special-purpose LMS methods are constructed. Combining both ideas will lead
to a novel steplength heuristic of a totally different form as heuristic (2.7). These
new techniques are worked out in Section 4, where they are combined in a novel
procedure to compute all characteristic roots in C*+ + 7.

2.3 Thelocation and numerical preservation of roots

This section summarizes the work on the location and numerical preservation
of roots in [15]. These results allow to consider more precisely the location of
2, (Ct + 7) wrt. Ct + r. Moreover, the results on the numerical preservation
of characteristic roots motivate (partially) the requirements for the special-purpose



LMS methods constructed in Section 3.
First the location of the characteristic roots in the complex plane is considered.

Let ¥ := (m,...,7m) and denote by Q(-7) the set-valued function that maps
& € Runto
QeR) = |J  o(do+ X AjemCitien), (2.8)
@E[0,2w[™

Let (Rt + )7 := {£&7 : & > r} and denote by “cl” the closure. The set Q(r7)
encloses (or encircles) the region Q((RT +7)7)Ua(4p) = 1 Z,(Ct + ). Hence
Q(r7) N (C* + r) encloses a region that contains all roots A in C* + r.

Moreover, in [15], a decomposition Q(-7) = (J;-_; Q;(-7) is constructed. The
resulting “2;((R™ + r)7)-regions” can partially or totally overlap. This is illus-
trated in Fig. 1 (left). In this case, n = 4, while there are only three distinct
Q;((R* + r)7)-regions (for r = 0). The largest ;(R* 7)-region is obtained two
times. Notice that in the case of commensurate delays or a single delay (cf. Fig. 1),
the sets Q;(r7) are curves.

Let us turn to the numerical preservation of characteristic roots. Consider the
discrete approximation to the characteristic equation (2.5) that is presented in Sec-
tion 2.1. As detailed in [8, 15], the stability of this discrete scheme is determined
by the real parts of the roots  satisfying

1 < < T T (s

SLMS(Ah) € Za(X) == 0 (Ao + Y Age % el ), @9)
j:1 =—S_

and |3(X)| < 7/h. Comparing the right hand sides of (2.5) and (2.9), one ob-

serves that 3, ,(-) = 3,(:). In the case of commensurate delays, it is possible

to eliminate the use of interpolation (2.2) in the discrete approximation, such that

Ern(A) = Z7(A). In order to evaluate the influence of the interpolation on the
preservation of characteristic roots, we define the set ¥ as

B ~ S+ ~
U= {/\ €C:r<RA) - Llog e S ape(e;)e N, for j = 1m}
——s_

(2.10)
which is a function of , 7, h, s_ and s,.. Due to the quality of the polynomial
interpolation, C* + r is approximated well by ¥. In case no interpolation is per-
formed (i.e., ¢; = 0), ¥ = C* +r, by (2.10).

Denote by 7 > 0 that 7; > 0, for j = 1,...,m. The following result on the
preservation of characteristic roots in CT + r holds.

Theorem 2.1. (Theorem 4.2 in [15]) Letr € R, 7 > 0, h €]0, hmax] (cf. (2.3))
and s_ < s4 < s— + 2.

(i) Let Q(r7) N (CT +7) = 0. Then
e (1.2) has no roots X in C* + r and
e (2.9) has no roots X in ¥ that satisfy +LMS(h)) € C* +r.

(ii) Let ¥, C W be multiple connected. Assume there are n, Q;(r7)-regions that
lie in C +r. If those ©;(r7)-regions also lie in the interior of :LMS(RT.),
then



e (1.2) has at least n, roots A (counting multiplicities) that lie in the
interior of (C{ +r) N LMS(h¥,) and

e those roots are approximated by n, roots A (counting multiplicities)
of (2.9) that lie in the interior of ¥,,.

The preservation of (in-)stability, i.e. » = 0, is now treated in more detail. We
first define the stability preserving region of an LMS method as

Shi={zeC" : LMS(z) eC"}. (2.12)

This region (2.11) is the domain where LMS(-) “maps unstable points on unstable
points”. The stability preserving region differs from the stability region of an LMS
method, defined as the subset of the complex plane where no A € (CBL are mapped
upon by LMS(-). For a more precise definition of the latter, see e.g. [10]. The
following (delay-independent) result holds.

Corollary 2.1. (Corollary 4.1 in [15]) Under the assumptions of Theorem 2.1,
the following holds.

(i) 1fQ(0) NCt =0, then (1.2) has no roots A € Ct and (2.9) has no roots in
+SH c C*forall 7 > 0.

(ii) Assume that n, €;(0)-regions lie in the interior of %LMS(SI;;) c Cf.
Then (1.2) has at least n, roots A (counting multiplicities) in the interior
of %LMS(Sl;Lr) and those roots are approximated by n, roots A (counting

multiplicities) of (2.9) that lie in the interior of £ S, ¢ C* for all 7 > 0.

Hence, under the appropriate conditions, the stability properties are maintained
inside the scaled stability preserving region %Spr.

3 Special-purpose LM S methods

As foreshadowed at the end of Section 2.2, the properties of LMS methods that
are desirable for our purpose to approximate accurately the rightmost roots (i.e.,
those in C* + r for a given r € R) have to be considered in detail. These desired
properties are derived in Section 3.1. Next, in Section 3.2, we construct special-
purpose LMS methods.

3.1 Therequirementson the discrete approximation
3.1.1 Approximation of the characteristic equation

This section considers the role of the LMS method in the approximation of the
characteristic equation (2.5) by (2.9).

Denote by o;(-) an element of the set in the right hand side of (2.5), for
i =1,...,n. Note that the continuity of o;(-) is considered in more detail in [15].
Let X be a characteristic root such that A = o;(\) for some . Let the multiplicity
of X equal » and let A ~ \. Hence, it follows from the Taylor expansion that
oi(A) = A~ k7 HA) (A — A)Y, where

(ai(N) = 1)~ ifr=1,

1
Ki(A) = { V!(Uz@)(}‘))il’ otherwise. ¢4
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We neglect the influence of the interpolation in (2.9), such that %LMS(Xh) equals

o;(A). Combining the above implies that

B 1 B B 1/v
A— A= [m(/\) (ELMS(Ah) — A)] . (3.2)

The error estimation in (3.2) motivates the following definition of the “trust-
region” 7T for a given relative tolerance § > 0.

T = {z €CUSE : |3(2)] < [LMS(2) — 2| < 5|z|}. (3.3)

The occurrence of S in definition (3.3) will be clarified in Section 3.1.2. We
may expect that the X that lie in %7{; are good approximations to characteristic
roots A of (1.2). Indeed, assume that a simple root X is approximated by a X at
the boundary of +7;. Then, by 3.2, the relative error |X — A|/|A| is approximately
|ki(A)|6, for some ¢ € {1,...,n}. Itis illustrated in Section 3.2 that the origin
belongs to 75 for all § > 0. Thus, the smallest error can be expected for X close to
the origin.

3.1.2 The preservation of roots

We now discuss the practical use of the results of Section 2.3 on the numerical
preservation of characteristic roots.

Recall that, the “heuristic tolerance” implied by (3.3) holds for all approximate
roots A € +7s. For this purpose, it is important that the regions 75 and LMS(7;)
are large. Clearly, a large LMS(75) is also beneficial for the results of Section 2.3.
Indeed, assume that the LMS(-)-mapping approximates the identity mapping in a
large part of the complex plane. Then %LMS(hS\) in Theorem 2.1 is approximated
well by ), even for a large steplength k. The latter obviously goes together with a
large stability preserving region 51;;.

First consider the preservation of (in-)stability, i.e., the case r = 0, covered
by Corollary 2.1. By (3.3), 75 is chosen such that 7; N C* C Sf. We assume
that LMS(75) N C* C LMS(S,;). The latter property holds if ¢ is sufficiently
small, which is true in practice, cf. the figures in the next section. Let A be chosen
such that the part of €(0) that lies in C* also belongs to +LMS(75). Then the
stability properties are preserved inside %73 in the sense of Corollary 2.1. In case
LMS(S;;) contains part of the imaginary axis there is no need for an e with a sim-
ilar meaning as in heuristic (2.7). Therefore we require that the LMS(-) function
maps a line segment i] — 49, 9] with 9 > 0 onto the imaginary axis. Assuming that
LMS(+) has no poles on i] — , 7[, this condition is equivalent to

LMS(i] — w,n[) C iR, (3.4)

by analyticity. Clearly, this property is also desirable for the approximate preser-
vation of Hopf bifurcations.

In the general case r # 0, one has to consider the location of Q(r7) N (C* +7)
w.r.t. tLMS(h¥,), where ¥, C . Assume that & is chosen such that the part of
Q(r7) that lies in C* + r also belongs to +LMS(hV,). Here we choose ¥, =
%%ﬂ\p such that the approximations X to the roots A € C+ +r belong to %7}. The

7



set %LMS(% N h¥) depends on the chosen r in a way that is not straightforward.
This set can be approximated by %LMS(%) N (C* + r — Ar), which depends
on r in an easy manner. Here, Ar > 0 is a safety margin. The quality of this
approximation is guaranteed by the good approximation of C*t + r by ¥.

Assume that the safety margin Ar is “large enough”. Then %775 contains ap-
proximations A to all rightmost characteristic roots A € C* + . The results (3.2)
and (3.3) give confidence in these approximations.

3.2 Construction of special-purpose LM S methods

Our objective of approximating the roots in C* + r imposes other requirements
on LMS methods than in case of time integration. The desired properties were
discussed in the previous section. Specifically, the size and extent of the stability
region of the LMS method used is not important for our purpose. In the context of
time integration, on the contrary, the stability region is important since it indicates
which steplengths prevent that spurious modes due to the numerical scheme arise
(and grow). However, in computing the eigenvalues using the QR algorithm, these
spurious modes cannot grow to domination over the other modes. For our purpose,
it is not the stability region, but the stability preserving region 8p+r and the trust-
region 75 which are important.

Some other properties are not required either. Specifically, Property C and the
condition that LMS(C*) N LMS(C, ) = @, which are used in [8], cf. Section 2.2,
are not needed and hence they are not imposed.

Let us now concentrate on the desired properties. To obtain a large region
Ts, hence a large LMS(75), an LMS method of high order (and with small error
constant Cl,,) is potentially suitable. Indeed, in case of an irreducible and consist-
ent LMS method of order p > 1, the LMS(-)-mapping approximates the identity
mapping in the neighborhood of the origin as

LMS(2) = z 4 Cen 2Pt + O(2P12), 2z — 0.
This follows from the order condition which requires that
a(e?) — zB(e°) = B(1)Cor 2T + O(2PT2), 2z — 0, (3.5)

where 5(1) # 0, see e.g. [9].

Thus we aim at methods of the highest order possible for a given number of
steps & and satisfying (3.4). There remain 2k + 1 degrees of freedom in choosing
LMS coefficients after the normalization o, = 1, cf. (2.1). By the linear independ-
ence of the functions z%e®, for d € {0, 1} and £ € {0,...,k}, at most 2k + 1
coefficients in the Taylor expansion of the left hand side of the order condition (3.5)
can be set to zero. Hence p.x = 2k is the highest possible order.

The LMS(-)-mapping is symmetric w.r.t. the real axis, just as X (-) and ().
A sufficient condition to satisfy (3.4) is that the LMS(-)-mapping is symmetric
w.r.t. the imaginary axis as well or, equivalently, that this function is odd. One can
obtain the latter by choosing o; = —ay_; and 8; = By fori = 0,...,|k/2].
Indeed, using trigonometric identities, one immediately sees that «(e?) and S(e?)
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Table 1: The LMS coefficients (listed in ascending order), Cer (computed using MAPLE)
and Mg for three special-purpose LMS methods with & steps and order 2k.
then have the form

ale’) = 2¢3# (sinh (52) — o sinh @z — ...~ Q(k_1)/28inh (%)) ,

Be?) = 2657 Bo cosh (%z) + B1 cosh ((’“;2) Z) +...+ 5k/2%) )

(3.6)
where ;1) = 0 for k evenand k = 1 and ;o = 0 for k£ odd. Now con-

sider the function e_gz(a(ez) — zB(e?)), which is odd by (3.6). Hence its Taylor
expansion reads as

e_gz(a(ez)—zﬁ(ez)) = yz+7 +. AT O, 2 =0, (3.7)
where 1, ..., are linear in the k free coefficients. It follows from comparison
of (3.7) with the order condition (3.5) that the & equalities y; = 0,...,7 = 0
uniquely determine an LMS method of order p = 2k.

Summarizing, the above procedure constructs the (unique) k-step LMS method
of maximal order 2k satisfying LMS(i] — w, #[) C iR for any integer k£ > 1. For
k = 1, one obtains the trapezoidal rule of 2" order. For the examples in Section 5
we used methods of 4™, 6™ and 8™ order, hence k& = 2, 3 and 4, respectively, see
Table 1. This table also lists the remarkably small error constants of these special-
purpose LMS methods and Mg := sup S(LMS(i] — w, n[)). Inthe case k = 3,
Mg = +oo since LMS(z) has a pole at z = i(2¢+ 1)« for £ € Z. Note that for all
methods listed in Table 1, LMS(-) has no poles on i] — , 7[. Furthermore, these
methods satisfy the irreducibility requirement, which we also need in Section 2.1.

In the above construction, we have not imposed that the origin is part of the
stability region of the LMS method, which is called zero-stability (or D-stability).
Dropping this requirement allows to circumvent the first Dahlquist barrier [9],
which implies that the highest possible order of a zero-stable k-step LMS method
isk+ 2if kisevenand k + 1 if k is odd. Note that the zero-stable methods of
highest order and even & also have the form (3.6). The special-purpose method
of 41 order is called the Milne-Simpson method. It is also the zero-stable LMS
method of order p > 2 where Mg is maximal, see [10].

Remark that the stability region for the Milne-Simpson method is merely the
interval i[—+/3, /3], while for the special-purpose methods of 6™ and 8t order it
is empty. However, as argumented above, not the stability region, but the stabil-
ity preserving region S;;, the trust-region 75 and LMS(75) are important for our
purpose.

The location of S, 75 and LMS(7s) for 6 = 0.1 for the special-purpose
methods listed in Table 1 is shown in Fig. 2. Note that for the method of 6™ order,
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Figure 2: S, (bounded by the thick dash-dotted line), 75 for & = 0.1 (bounded by the
dashed line), LMS(75) (colored in gray and bounded by the solid line) and (a part of)
the image of lines parallel to the imaginary axis (with integer %(-)) under LMS(-) (dotted
lines) in case of the special-purpose methods of 4", 61" and 8™ order.

S;; is large but does not equal C*. This figure also shows (a part of) the image
of lines parallel to the imaginary axis under the LMS(-)-mapping. These curves
illustrate that the LMS(-)-mapping indeed approximates the identity mapping well
in a large region around the origin. For the method of 8 order, the blow-up in
Fig. 2 (right, bottom) clearly shows that 75 N Ct C S;; holds, cf. (3.3), as in the
other cases.

Figs. 2 and 3 illustrate that LMS(75) in case of the special-purpose meth-
ods is significantly larger than for other LMS methods of the same order, e.g. the
BDF methods. This goes together with the remarkably small error constants of the
special-purpose methods, cf. Table 1. Clearly, the latter is also important for the
constant factor in the asymptotic result concerning the accuracy, cf. Section 2.1.
By construction of the special-purpose methods, LMS(S ;) and LMS(75) contain
part of the imaginary axis. Remark that this property, which we need, cf. Sec-
tion 3.1.2, does not hold for the BDF methods.

4 Thenovel procedure

In this section, we describe the building blocks of the novel procedure to compute
all rightmost characteristic roots in C* + r efficiently and with a good accuracy.
Section 4.1 treats the novel steplength heuristic for the special-purpose LMS meth-
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Figure 3: The same regions as in Fig. 2, but in case of the BDF methods of 4™ and 6™
order.

ods. This novel heuristic gives a larger steplength than heuristic (2.7) for any DDE
system. Section 4.2 describes an alternative if the resulting eigenvalue problem re-
mains too large to be treated by the QR method. Finally, Section 4.3 describes how
the location of Q(r7) can be estimated, which is needed to calculate the heuristic
steplength.

4.1 Thenove steplength heuristic

As argumented in Section 3.1, we determine h such that the part of Q(r7) that lies
in Ct + (r — Ar) also belongs to :LMS(75). Here, Ar > 0 is a safety margin
and & > 0 is a relative tolerance. The region LMS(7j) for special-purpose LMS
methods of different order is colored in gray in Fig 2. For practical use, instead
of LMS(75), we consider regions whose form is more easy to handle and that are
inscribed in LMS(75). In particular, we work with inscribed ellipses of the form

(R(2)/aen)® + (S(2)/ben)” = 1, (4.1)

where ae; and by are determined for a given order and 6 > 0 such that the ellipse
has a large value of either a¢) or bey. Note that, in general, a large value of by
is preferable to a large ae by the typical wedge-like form of the rightmost part of
Q((RT + r)7). Table 2 contains the parameters ae; and bey of the ellipse (4.1)
for three special-purpose LMS methods, in case of § = 0.1 (cf. Fig 2). Note that
for the 61 order method, two alternatives are given. In the remainder we only use
the first one, because it gave the best results in almost all our computations, as
expected. Remark that using ellipses rather than circles is certainly advantageous
in this case since bg; exceeds radcirc.

Our heuristic choice of the steplength is formulated as follows. First, a (finite)
set of points {gx € Q(r7) : K = 1,...} is computed (cf. Section 4.3) for a
given value of r. Ideally, one should have some confidence that these points are
well spread out over Q(r7). Next, we use the subset of the above points with real
parts larger than r — Ar for some Ar > 0. We use the safety margin Ar for the
reason explained in Section 3.1.2 and because only a limited number of points is
computed. Finally, the largest value of A is determined such that the latter points

11



[ order] 4 ] 6 | 8 |
Qenn || 2.193 | 1.345 2.958 | 3.523
benn || 1.679 | 2.442 2.010 | 2.205

radeire || 1.679 2.1000 2.205

Table 2: The parameters of ellipses (4.1) inscribed in LMS(75) for § = 0.1 and radcire,
the radius of the largest inscribed circle centered around the origin.

(or its convex hull) scaled by a factor ~/0.9 fit into an ellipse of the form (4.1),
where 0.9 is a safety factor. Hence we obtain h as

0.9

h—
\/ma,xm(qK)ZT_Ar ((§)ff(l]1()/aell)2 + (%(QK)/bell)2)

, (4.2)

which then has to be bounded above by Amax, Cf. (2.3).
Remark that this novel heuristic gives a larger steplength than heuristic (2.7)
for any DDE system. Indeed, the h given by (4.2) is larger than

radirc

09 x| ) N (C 47 =AY

(4.3)

The denominator of (4.3) is clearly smaller than the denominator used in heur-
istic (2.7). In order to asses the numerator of (4.3), assume e.g. that the BDF
methods are used in heuristic (2.7). One then has to compare radcir. for the 4™
and 6t order methods (cf. Table 2) to prms,e ~ 0.57 and prvs e ~ 0.70, respect-
ively, for the BDF methods of the same orders (for e = 0.1). Note that the latter
values are remarkably smaller. Consequently, the novel heuristic (4.2) results in a
larger steplength A than the old heuristic (2.7).

4.2 Dividing the interesting region

By using heuristic (4.2), a steplength A is obtained which can be used in the method
to approximate the rightmost characteristic roots, cf. Section 2.1. The computa-
tionally most expensive step in this algorithm is the numerical solution of an ei-
genvalue problem of size N, cf. (2.4). As argumented in the previous section, the
size of this eigenvalue problem is always smaller than in case heuristic (2.7) would
be used. However, if this eigenvalue problem is still too large to be treated, it can
be “split” into different smaller ones in the following manner.

As mentioned in Section 3.1.1, it can be expected that the error in approxim-
ating a characteristic root A is smallest close to the origin. Remark that, by clas-
sical results, the interpolation error, cf. (2.2), is also smallest close to the origin.
Hence, by solving the eigenvalue problem presented in Section 2.1, one focuses
on the characteristic roots A in the neighborhood of the origin, i.e., they are ap-
proximated with a certain minimal accuracy. The size of this neighborhood grows
with decreasing steplength k. Consider the “shifted system”, where A and A;,
forj =1,...,m, in (1.1) are replaced by Ay — A\sI and Aje—AsTj, respectively.
The spectrum of this shifted system is obtained by translating the spectrum of the
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original system by the (complex) value —\gs. Hence by computing the spectra of
shifted systems, one can focus on different parts of the spectrum of the original
system.

Thus, instead of solving a single eigenvalue problem that “zooms in” on the
origin, one can use the following alternative. First, choose a feasible size N of the
eigenvalue problems and calculate the corresponding steplength h. Next, consider
the interesting part of C* +r, i.e., the intersection with (the estimation of) Q(r7).
For ease of use, we work with a rectangle with edges parallel to the coordinate axes
that includes the points gk in Q(r7) N (C* +r — Ar), cf. Section 4.1. The part of
this rectangle in C™ + r has to be covered by translated copies of the ellipse (4.1),
scaled by 0.9/h. Next, a collection of shifts {\s} corresponding to such a covering
is determined. Finally, each shift )\ is considered separately. Approximations ) to
roots of the corresponding “shifted system” are computed (by solving a eigenvalue
problem of the size determined above) and “shifted back” by adding As. This
approach is particularly appealing if solving a single eigenvalue problem would
be intractable, e.g. in case of large-scale DDE systems. The above technique al-
lows to “split” the single eigenvalue problem into several smaller (computationally
feasible) ones. Each one “zooms in” on a different part of the spectrum.

4.3 Estimating thelocation of Q(r7)

We now briefly discuss how to compute (efficiently) a set of points {gx }r>1,
used in (4.2), that represents a good estimation of the location of Q(r7). This
information is needed to calculate the heuristic steplength (4.2).

The general case. In general, one can only resort to the definition of Q(-) in (2.8)
to obtain points qx. This amounts to computing eigenvalues of matrices of the
form

Ag + 307, (Aje T ) e,

for a number of m-vectors & chosen from [0, 27[™. These eigenvalue problems
merely have size n, which is much smaller than the size N in (2.4). Therefore the
computational cost to estimate the location of (r7) in this manner in case of one,
two or three delays is negligible w.r.t. the total computational cost. However, this
approach quickly becomes very expensive when the number of delays grows. Re-
mark that the symmetry of Q(r7) w.r.t. the real axis can be exploited by choosing
the m-vectors @ from the set [0, 7[x[0, 2x[™~ 1.

The above procedure can be made adaptive by first computing a small number
of points and only computing more according to a certain criterion. One criterion
could be that the current maximum in (4.2) is reached for a point ¢ with R(q) > r.
Indeed, this would be unexpected considering the typical shape of the spectrum
mentioned in Section 4.1.

Remark that computing (the boundary of) Q(r7) using variants of set-oriented
(or path-following) techniques could be possible. For an application in another
context, see e.g. [4]. Note though that ©(r7) does not have to be determined very
accurately. Moreover, it is important to notice that in a continuation process, the
steplength calculation using (4.2) does not have to be repeated for each steady state
since some information can be reused.
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A special case. Locating the Q;(r7)-regions accurately in the complex plane is
rather easy for certain systems. Here we consider the case where Ay, ..., A,, can
be transformed to upper (or lower) triangular form by the same nonsingular mat-
rix X € C*", ie, Aj = XSjX—l, where all §; € C**™ are upper (or lower)
triangular, j = 0,...,m. Let [M], ; denote the element with indices (i, j) of a
matrix M. Then it follows from (2.8) that c1Q;((R™ + r)7) is the (closed) disc
centered at [So]; ; with radius 3=, [[S;];; le™"™, fori =1,...,n. One (import-
ant) class of matrices with this property are the tri-diagonal, symmetric Toeplitz
matrices. These matrices have the same set of eigenvectors, regardless the value
on the main diagonal or the value on the first upper and lower subdiagonal, see
e.g. [12, Lemma 10.5]. These matrices can arise from, e.g. the space discretiza-
tion by finite differences of a one-dimensional reaction-diffusion delay PDE that
is linearized about a homogeneous steady state solution.

5 Examples

This section presents examples that illustrate the efficient computation of the char-
acteristic roots for a small-scale and a large-scale DDE system. We show that the
use of the novel heuristic (4.2) leads to a significant reduction of the computational
cost compared to heuristic (2.7) from [8].

5.1 A small-scale system of DDEs

For a system of four DDEs and one delay, 7 = 1, with

1 0 0 0 3 3 3 3
0O 1 0 0 0 -15 0 0
do=1 ¢ o _10 _4 and Ai=1 g 3 _5
0 0 4 -10 0O 5 5 5

we computed roots A € CT + r for r = 0, —0.5, —1, —3. We used, for compar-
ison, the special-purpose methods of 41, 6! and 8" order and the BDF methods
of 4" and 6™ order. The Q;(r7)-regions in case r = 0 are shown in Fig. 1 (left)
and the quantities used in the steplength heuristics are given in Table 3. Table 4
lists the steplength h and the size N of the corresponding eigenvalue problem
for the novel heuristic (4.2) with Ar = 0.1 and for the old heuristic (2.7). If
h > hmax = Tmin/S+, the steplength is set equal to hp,x. This is indicated by a
(%). In this case, N = n(3k — 1) for the special-purpose methods.

| [r=0]r==05]r=-1]r=-3]
Aol + 7 + 2o, A lle 7 || 211 283 | 309] 22L7
max|Q(r7) N (CT +7— Ar)| | 2.86 858 | 188| 13L0

Table 3: Quantities used in the computation of the steplength for different r.

In order to asses the merits of the two adaptations (the location of 3. (Ct +r)
w.r.t. CT +r and the special-purpose LMS methods) Table 4 also lists the following
quantities:
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old heuristic adaptation 1 adaptation 2 new heuristic
r  Order h N h N h N h N
4 2.44x10~%2 184 | 7.16x1072 68 [ 1.80x10~ ! 44 [ 528101 (x) 20
0 6 2.97x1072 168 | 8.95x102 68 | 2.19x10~! 52 | 4.84x1071 (x) 32
8 9.40x10—2 72 6.94x10~1 (¥) 44
4 1.82x10~2 240 | 5.33x10~2 88 | 6.01x10~2 88 | 1.77x10° T 36
—0.5 6 | 2.22x1072 216 | 6.67x10"2 80 | 7.32x10 2 88 | 2.55x10~! 36
8 7.00x1072 88 2.32x10~1 48
4 1.29%x10~2 332 [ 3.79x10~2 120 | 2.75x102 168 | 8.05x10~2 64
—1 6 1.57x10~2 288 | 4.74x10~2 108 | 3.34x102 152 | 1.12x10~1 56
8 4.97x10~2 112 1.06x10—1 68
4 2.33x10~3 1740 | 6.82x10~3 600 | 3.94x10=3 1036 | 1.15x10~2 360
—3 6 2.83x107% 1448 | 8.53x10™3 492 | 4.79x10~3 868 | 1.01x10—2 420
8 8.95x10~3 476 1.52x10~2 292

Table 4: Values of the steplength h and size N of the eigenvalue problem for r =
0, —0.5, —1, —3. Left column: using the old heuristic (2.7) for the BDF methods. Mid
columns: using the adaptations (5.1) resp. (5.2). Right column: using the new heur-
istic (4.2) for the special-purpose methods.

e “adaptation 1” : for the special-purpose LMS methods of 4™, 6 and 8t

order: q
Tadcirc
h =09 — (5.1)
[ Aoll + Ir[ + 32721 14; /e
where radg;r is taken from Table 2.
e “adaptation 2” : for the BDF methods of 4™ and 6™ order:
h=0.9 PLMS ¢ (5.2)

max [Q(r7) N (Ct +r — Ar)|’
where max |[Q2(r7) N (Ct +r — Ar)] is given in Table 3.

Adaptation 1 (cf. (5.1)) is obtained by replacing prs, ¢ in (2.7) by radir.. Hence it
guarantees that £ (C* + r) belongs to +LMS(7;). The resulting h benefits from
the improvement by the special-purpose LMS methods, but still uses an overes-
timate in the denominator which severely restricts the steplength. Adaptation 2
(cf. (5.2)) uses a more realistic bound for |[X.(CT + ) N (Ct + r)|. However,
as mentioned before, pr,vs ¢ is remarkably smaller than radci.. Table 4 illustrates
that both adaptations are improvements to the old steplength heuristic. The new
heuristic combines the merits of both adaptations.

Table 4 illustrates that & decreases with r. This is inevitable since the size of
the Q;(r7)-regions depends on r through e="7, for j = 1,...,m.

Table 5 gives ratio of the steplengths and the ratio of the sizes of the eigenvalue
problems for the new heuristic and the old heuristic (2.7). Notice that the ratio
Noiq/Nnew listed in Table 5 decreases with . However, because Nojq/Nnew > 1,
the novel heuristic is superior.

Fig. 4 shows the approximate roots A with their corrections for the special-
purpose methods of 4™ and 6™ order for » = —1, —3. Remark the good corres-
pondence between an approximate root A and the exact A. This certainly holds for
roots \ that lie in 0,7977;, which is also indicated in Fig. 4. Notice that the rightmost
part of the spectrum, which lies in the middle of %775 is approximated with a high
accuracy.
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|Order| ||r=0|r=—0.5|r=—1|r=—3|

4 | hpew/hold 20.5 9.7 6.2 4.9
Notd/Nuew 9.2 6.7 5.2 4.8
6 | hAnew/hold 11.2 11.5 7.1 3.6
Nota/Nnew 5.3 6.0 5.1 3.6

Table 5: Ratios of the steplengths hnew/hola and ratios of the sizes of the eigenvalue
problem, Noig/Nnew, Where hyey, comes from heuristic (4.2) for special-purpose LMS
methods and h1q from heuristic (2.7) for the BDF methods. For r = 0, hnew > Amax and
Rnew 1S S€t t0 Amax.

5.2 A large-scale system of DDEs

In this section, a large-scale DDE system is considered. For comparison, we use
the novel heuristic (4.2) with the special-purpose method of 6 order and heur-
istic (2.7) with the BDF method of 6™ order.

The following hybrid DDE-PDE system models a semiconductor laser subject
to conventional optical feedback and lateral carrier diffusion [14]. The system in
the complex scalar variable A(¢) and real Z(z,t), where z € [-0.5, 0.5], reads as

%it) = (1—ia)A()¢(t) + nA(t —T)e ¥ —ibA(t),  (5.3)
0Z(z,t)  0°Z(=,t)
T—or = = =53~ Z(x,t) + P(x)
~F(z)(1+2Z(, 1)) |A®), (5.4)

where “i” is the imaginary unit and

05 F(z)Z(z,t)dx

¢t) = 70.}:’000 F(z)dz

(5.5)

The functions P(z) and F(z) are specified in [14]. Zero Neumann boundary
conditions for Z(z,t) are imposed at z = +0.5. We fix parameters « = 3, ¢ = 0,
T = 1000, d = 1.68 x 102 and delay 7 = 1000. For the numerical computations,
the time variable is rescaled as ¢ «+— 1000 ¢. The symmetry about z = 0 is exploited
by considering only the interval [0, 0.5]. We split (5.3) into real and imaginary
part and discretize (5.4) in space using a second order central difference formula
with constant stepsize Az = 0.5/128. Moreover, (5.5) is approximated using
the trapezoidal quadrature rule. Hence the resulting DDE system has size 131.
This system is linearized about the steady state solution with |A| ~ 1.8209 and
b= 1.1119 x 1073,

Forn = 2.5717 x 1073, there is a Hopf bifurcation point. For this point, Fig. 5
shows approximate roots X and their corrections. The same conclusions concern-
ing the accuracy hold as for the previous example. Note that, due to the rotational
symmetry in the complex variable A, there is always an additional characteristic
root at zero.

The spectrum shown in Fig. 5 was computed using » = —1, Ar = 0.1 and
0 = 0.1 (left) and 6 = 0.01 (right). For this example, contrary to the previous
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Figure 4: For the first example in Section 5.1: approximate roots X (+), their corrections
using Newton iterations (o). Top: BDF method of 4t order. Mid and bottom: special-
purpose methods, 2275 (bounded by the dashed line).

one, we use a steplength A commensurate with 7. That is, the value of i obtained
from heuristic (4.2) is lowered to obtain that 7/h is an integer value. This allows
us to avoid the interpolation for the delayed term in (2.9). Heuristic (4.2) gives
h =7/24 (N = 3537)incase 6 = 0.1 and h = 7/36 (N = 5109) in case
6 = 0.01. The resulting eigenvalue problems are large, but still feasible. Heur-
istic (2.7) gives h = 7/7195 which leads to N = 943331 (for e = 0.1); hence,
this eigenvalue problem is intractable.

The steplength resulting from heuristic (2.7) is so small because || Aol| + || +
Do lAjlle™" ~ 4531.8 severely overestimates max [Q(r7) N (CF +r)| ~
52.5. The former value is large because the Q;(r7)-regions extend far to the left in
C . However, only the extent of Q(r7) in C™ + r is important, cf. Section 2. For
space discretizations of reaction-diffusion systems, the tail of Q;(r7)-regions will
typically grow to the left when the discretization in space becomes finer. Indeed,
in this case, the real part of the leftmost eigenvalues of A typically tends to minus
infinity.

Remark that use of the Q;(r7)-regions ensures that the Hopf bifurcation point,
shown in Fig. 5, caused by roots with large imaginary part, is not “missed”. Such
roots could be missed without insight in the location of characteristic roots, as
presented in [15].
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Figure 5: The large-scale DDE system of Section 5.2 with r = —1, using the 6'" order
special purpose method: The approximate roots A (+) and their corrections (o) and Q(r7)
(solid line) in case § = 0.1 (left) and in case 6 = 0.01 (right).

Finally, consider the technique of “dividing the interesting region”, cf. Sec-
tion 4.2. We will split the single eigenvalue problem of size N = 5109 (for
§ = 0.01) into smaller ones. In this case, the points g in Q(r7) N (Ct +r — Ar)
belong to a rectangle with right, upper vertex 12.64 + i152.43. For the choice
N = 2620 (corresponding to h = 7/17), two eigenvalue problems have to be
solved: one (real) eigenvalue problem (corresponding to a shift A\; = 0) and one
(complex) eigenvalue problem (corresponding to a shift Ay = i134.95).

6 Conclusions

In [8], a method was proposed for the computation of the rightmost characteristic
roots A with ®(A) > r € R These roots determine the stability (of the zero
steady state solution) of a linear DDE system (1.1). The proposed approach is
based on the discretization of the solution operator to (1.1) over one time step by
a linear multistep (LMS) method combined with polynomial interpolation of the
delayed terms. This leads to a large eigenvalue problem whose size is inversely
proportional to the steplength used in the discretization.

In this paper, we have presented a modification to this procedure. The novel
procedure is more efficient while maintaining the reliability of the numerical res-
ults. To achieve this goal, we have used theoretical foundations on the location
and numerical preservation of roots obtained in [15]. Furthermore, we have con-
structed special-purpose LMS methods instead of using methods traditionally used
for time integration. These techniques allow to use a novel heuristic resulting in
a larger steplength, hence the size of the resulting eigenvalue problem is reduced.
We showed that, if this eigenvalue problem is still too large to be treated, it can
be “split” into different smaller ones which “zoom in” unto different pieces of the
complex plane. The resulting procedure computes efficiently and accurately all
characteristic roots A with (A) > r. In particular, no roots with large imaginary
parts can be overlooked.

The performance of the new procedure was demonstrated for a small- and a
large-scale system of DDEs.
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