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output and intermediate auxiliary matrices are represented in a com-
pressed form, via their short displacement generators. We briefly recall
the known policies of compression via the truncation of the smallest
singular values of the displacement and via substitution and elaborate
upon the very recent policy of the least-squares compression. Numer-
ical experiments demonstrate the effectiveness of our new Newton-like
iteration based on a cubic polynomial.

short running title: Newton-like iteration

keywords: inverse of a matrix, Moore-Penrose generalized inverse,
Newton-like iteration, structured matrices, displacement structure

AMS (MOS) classification: 65F10, 65F20

1 Introduction

Structured matrices are omnipresent in computations in sciences, engineering
and signal and image processing (see some bibliography on these computa-
tions in [16], [19], [20]). Table 3.1 shows the four most popular classes of
structured matrices but many more classes appear in practical computa-
tions. Computing the inverses and the Moore—Penrose generalized inverses
of structured matrices are among the most important practical computa-
tional problems. Iterative methods for matrix inversion and Moore—Penrose
generalized inversion such as Newton’s iteration have been long and well
known [25], [2], [3], [26], [23] and are attractive because of very strong nu-
merical stability, local quadratic convergence, and convenience for parallel
implementation. Their application in the case of general input matrices was
limited, however, because initially the convergence is generally quite slow
for an ill-conditioned input (in spite of some acceleration techniques in [23])
and because each iteration step involves two expensive operations of matrix
multiplication. The latter problem disappears when the matrices are struc-
tured [20], but another problem arises, that is, one must preserve the matrix
structure performing the iteration. Some nontrivial techniques for this prob-
lem have been proposed and analyzed (see Chapter 6 in [20], [7] and the
bibliography therein). In this paper we first survey the state of the art, then
show some refinements of the known methods for general matrices, and fi-
nally unify and strengthen the cited nontrivial techniques for dealing with
structured input. We propose a new iteration method based on a cubic poly-
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nomial. Our numerical experiments show its efficiency and a nontrivial and
still enigmatic effect of the improvement of approximation by compression in
the case of structured input; we call this effect autocorrection.

2 Newton’s iteration for general matrices

2.1 Unscaled iteration
Newton’s iteration
Xi—i—l :2XZ—XZMX“ i:O,l,...7 (21)

converges to the inverse M ! or the Moore-Penrose generalized inverse M*
of a matrix M provided that all eigenvalues of the residual matrices I — X; M
and/or I — M X; are less than 1. Write

Fi = Rleft,i =1— XzM, EZ = Rright,i =1 MXz

for all i, and denote both R; and R; by R; wherever the discussed properties
apply to both R; and R;. Equation (2.1) immediately implies that R; =
R? | = R¥ for all 4, and so the convergence in (2.1) is quadratic. Assume
that the approximations X; share singular vectors with M7? and write the
SVD’s as follows:

M=UxVT X, =vS,U", X,M =VE,2VT,
where 3 = diag(oy,...,0,), 5,2 = diag(pgi), o ,pg)). Write
Ri=V({I -2V
Hence, _
Ri=R =V(I-S2)*V7,

Let us first assume that both oy and o, are available (see Subsection 2.6). To
make || Ryl|2 as small as possible for X of the form Xy = agM”, we choose

X() = CLOMT, ag = 2/(0’% + O'z)

Then pﬁo) = aoojz for all j; therefore, the diagonal matrix I — ;¥ has all

diagonal entries 1 — pg.i) in the range [—v, v| for

2 k21 /
— I'{',:(Tl UT'
2 k241

o

2
1_0
oi+o

v = ||Roll2 =
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It follows that for any positive € < 1/2, we have ||Rp|le < 1/2, ||Rprill2 < €
where h = [In((k? +1)/2)] < [2Ink], i = [logyIn(1/€)].

Remark 2.1. The computational cost of every step (2.1) slightly decreases
in its variations

Yipn = Yi2I + MY;) = (21 +Y;M)Y;

where Y; converges to —M ™! or — M.

2.2 Scaled iteration

Let ¢;(z) denote the Chebyshev polynomial of degree j. To halve the number
of iterations to obtain the desired output precision, i.e., to decrease the bound
h of Subsection 2.1 to log, k + O(1/k?), we can use a scaled version of (2.1),

Xip1 = ai+1(2Xi - XiMXi)7 1=0,1,..., (2-2)

for appropriate scalars a; such that R; = [ — X;M = cyir2(MTM), where
Cyir2(1) = ey (yr +0) /e (0), for v = 2/ (07 —07), 0 = —(01 +07)/(0F —07),
is the scaled Chebyshev polynomial of degree 2 on the interval I'? = [02, o).
In [23, Section 4] the recurrence expressions for a; have been specified as

follows:

a():L alz(l—l—bz)/bl, bi:CQi(U), biZQb?_l—l,

o2+02) (2 3)
i=1,2,..., bozcl(a):a:—zgfg’g. '
1 T
Therefore,
1+ 2 = 1,2 (2.4)
ay = — G = ——————, 1=1,2,.... )
! 202—1" "1+ (2 - a)a

The minimax property of Chebyshev polynomials implies that this scaling
minimizes the overall number of flops required to yield a fixed bound on the
residual norm (see [23, Section 4]) unless we have some additional information
about the singular values of M. In the next two subsections we exploit some
information of this kind, by following [23, Sections 5 and 6].
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2.3 Symmetric positive definite input

Let M be symmetric positive definite and let cqi p(z) = c2i(yz + 7)/c2:(0)
denote the scaled Chebyshev polynomial of degree 2 on the interval I' =
[0, 01], where ¥ = 2/(0y — 0,), @ = —(01 + 0,) /(01 — 0,). Our analysis in
the previous section can be extended with o; replacing o? for i = 1 and i = r
and with I = [0, 01] replacing I'>. We specify X; (instead of Xj) as follows,

X, = (8/8)(—M + (o1 +0,)]), 6 =400, + (01 +0,.)%
Then X; = p(M), where 1 — zp(x) = cor(z). Under this choice,
|Rillz =1 —8k/(k* + 6Kk + 1)

is minimum over all X; linear in M. By extending the scaling policy (2.2)—
(2.4), we recursively compute X, in (2.2) for

1+0b - - _ .
= _Z_i_ s bi:CQi(5>:2b?_1—1, b1:5:—01+0 222’37

a; )
01 — Oy

Then R; = cyi p(M), for all ¢, and again the extremal property of Chebyshev
polynomials implies that the overall number of flops required to yield a fixed
upper bound on the singular values of R; is minimized over all scaled pro-
cesses (2.2), all symmetric positive definite input matrices M, and all choices
of X; linear in M. The maximum values of |cyi+1p(z)| on I' are less than
the maximum values of |cgi 2 ()| on I'. Therefore, the residual norm now
decreases faster, and roughly by twice fewer iteration steps are required to
ensure the same residual norm bound.

2.4 Ill-conditioned input with a gap for the eigenvalues

Suppose that iteration (2.1) computes X; such that the set of all eigenvalues
pgz), e ,pff) consists of two clusters about 0 and 1. This phenomenon typic-
ally occurs for many ill-conditioned matrices M and moderate k and can be

detected by observing that
0= | XM — (XiM)?||p < 1/4, (2.5)

where ||- || denotes the Frobenius matrix norm. Write p_ =1/2—/1/4 — 4,
0<p_<1/2,14p, =1/24/1/4+ 5. Assoon as (2.5) is observed, we know
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that all the eigenvalues pg-i) lie in the two intervals: [0, p_] and [1—p_, 1+ p,].
In this case the acceleration of the convergence can be achieved by computing
the matrices

Xi1 = bi(XiM )2 X; + e Xi M X; + d; X, (2.6)

where b; = 1/p_, ¢c; = —(2+p_)/p— and d; = (1 +2p_)/p_. The polynomial
p(y) = biy® + ciy® + dyy satisfies the relations p(1) = 1, p’(1) = 0 (which
should make the value 1 an attraction point for the larger eigenvalues pgi)),
p(0) =0, p'(0) =2+ 1/p_ > 4 is large which pushes the smaller eigenvalues
pg-i) towards 1, 0 < p(z) < 1for 0 < 2z < p_, 1 < p(x) < 1+ p_ for
1—p_ <z <1+p; and p(p_) = 1. Subsequent steps either repeat (2.6) if
(2.5) holds or invoke (2.1) otherwise. For more details, we refer the interested
reader to [23, Section 5.

Remark 2.2. One may ask how much more could we push the smaller ei-
genvalues ,05-2) towards 1 by choosing an appropriate polynomial p(y). Quant-
itatively, this is measured by the magnitude of p’(0), and a limitation comes
from the upper bound p'(0) < d?, which holds for any polynomial p(y) of
degree d satisfying 0 < p(y) < 1for 0 <y <1 and p(0) =0 (cf. [22, Part VI,
No.83]); this bound is achieved in the case of the shifted Chebyshev polynomi-
als p(y) = (1 —cq(1—2y))/2. They do not satisfy the important requirement
P/ (1) = 0, but this is not critical if the application purpose is just to move the
eigenvalues deeper into the interval of convergence, away from its endpoints 0
and 1 (or 0 and 2) and then to shift to steps (2.1). For instance, shifting to the
range [0,2], we may use the polynomial p(z) = 1—c3(z—1) = 42® —122%+ 9z,
such that p’'(0) =p'(2) =9, 0 < p(r) <2 when 0 <z < 2.

2.5 Homotopic (continuation) approach

Combining the iteration processes (2.1) and (2.2) with the homotopic (con-
tinuation) approach simplifies the choice of the initial approximations and
enables us to accelerate the computation in the case where M is a symmetric
indefinite matrix [20, Section 6.9], [21].

2.6 How closely should we approximate the extremal
singular values?

Some policies of initializing and scaling involve the singular values o; and
o, of M. The largest singular value o; can be effectively approximated by
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using the power method or (better) the Lanczos method [10]. Then the same
methods can be applied to approximate the largest eigenvalue v — o2 of the
symmetric positive definite matrix vI — MTM for v > o2, and so the value
o, can be easily approximated. The approximation error is proportional to

v — 02 and thus contaminates the output value o, if o1/0, is large, that is,

if the matrix M is ill-conditioned.

Fortunately, we yield almost the same upper bounds on || R; ||, and || R; ||
for quite a few first steps ¢ by relying on (2.2) and (2.5) or (2.6) and (2.8)
where o and o, are replaced by their upper estimates o} and o;" within the
absolute error bound eo; for a small positive € of the order of the machine
precision.

Finally, even without approximating o; and o,, we still may apply the
processes (2.1) and (2.6) (but not (2.2)) using other choices for Xy. In
particular, we may easily compute Xq = MT/(|M|,||MT|;) yielding the
bound ||Ryll2 < 1—1/(nk?) for an n x n matrix M. For an n X n symmetric
positive definite matrix M, we may yield the bound || Rl < 1 — 1/(n'/?k)
by choosing Xy = I/||M]||r.

3 Newton’s iteration for structured matrices

3.1 Structured matrices

(Scaled) Newton’s iteration and other iterative inversion methods are most
effective for structured matrices, for which matrix-by-matrix and matrix-
by-vector multiplication can be performed at a low computational cost (us-
ing O(nlogn) or O(nlog?n) flops, versus the order of n® for n x n general
matrices).

Recall the most popular classes of structured matrices displayed in Table
3.1. Each of these n x n matrices is completely defined by n,2n — 1, or 2n
parameters. More generally, many other matrices with similar structures can
be represented with O(n) parameters as follows. Associate with a fixed class
of structured matrices M a pair of operator matrices A and B such that the
Stein and/or Sylvester displacements of M,

Agp(M)=M—AMB =GH", Vap(M)=AM - MB=GH", (3.1)

respectively, have small rank r (called the displacement rank of M). The nxn
matrix M can be effectively expressed via the columns of the matrices G and
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Table 3.1: Four classes of structured matrices

Toeplitz matrices (tl-,j)zj;lo Hankel matrices (hz’ﬂ)zjio
to 1t li-n ho M [
: . t, : . :
th1 to hn-1 T fran—2
' 1 ] n—1
Vandermonde matrices (tf )n_ Cauchy matrices ( - )
7,,]—0 Si t] Z,j:()
1 t(] fg 1 So;to 50*%71—1
1 tl t? s1—to $1—tn—1
]- t’n—l tnfl Sn—1—to Sn—1—tn—1

H of size n x r. We say that the pair (G, H) is a (nonunique) displacement
generator of length r for M. One may operate with structured matrices
represented in such a compressed form. We trace this important approach
back to [17], [13], [14], [12] (cf. also [9], [18]); it has a huge bibliography
(cf. [16], [20], [15], [6] for surveys and details). In this paper, we cover the
Sylvester displacement representation referring the reader to [20] and the
references therein on the dual Stein displacement representation.

Table 3.2: Structured matrix classes and the operator matrices

Pair of # of Flops for

Matrix Operator Displacement | Multiplication
Class Matrices Rank by Vector
Toeplitz (t;—;)i; Zo,Zs, e # f <2 O(nlogn)
Hankel (hz—l—j)z,j Ze, Z?, Gf 7é 1 S 2 O(n IOg n)
Vandermonde (t]); ; Dy, Z} <1 O(nlog®n)
Cauchy (ﬁ)” Dy, Dy, <1 O(nlog®n)
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Typical operator matrices are the unit f-circulant matrices,
Zy = (215)772 (3.2)

where 2,11, =1,1=0,1,...,n—2, 20,_1 = f, z,; = 0 if (i — j) mod n # 1,
and diagonal matrices, Ds = diag(s;)}'; for s = (s;)!-,. Table 3.2 shows the
operator matrices associated with some classes of structured matrices, the
displacement rank, and the cost in flops for multiplication by a vector. For
these operator matrices, the arithmetic cost of multiplication of a structured
matrix by a vector lies in O(rnlogn) with the operators V,, 7, and V z7

(that is, in the Toeplitz/Hankel, T/H, case) and in O(rnlog®n) with the
operators VD(t)72? and V p),p (that is, in the Vandermonde/Cauchy, V/C,

case). One may operate with structured matrices given in compressed form
by their displacement generators according to some simple rules (see, e.g.,
20, Section 1.5]) and then if needed recover the output from its displacement
generator based on the formulas in [20, Sections 4.4, 4.5] and [24].

3.2 Compressed Newton’s iteration for structured
matrices

The acceleration of iterative inversion of structured matrices is achieved by

reducing processes (2.1), (2.2) to structured matrix-by-vector multiplication.

Similarly to (3.1), write
Vp,a(X;) = G;:H (3.3)

where G;, H; are n x [ matrices, r <[ =[(i) < n, and observe that iteration
(2.2) can be performed by computing the generators

Gi+1 = Qj+1 (-XZG, (] - XzM)Gzy GZ>, (34)

Hioy = (Xf H, H, (I MXi)TH,) (3.5)

for X;,1. For a;;1 = 1, this turns into a compressed version of iteration (2.1).
Equations (3.4) and (3.5) reduce step (2.2) or (2.1) to multiplication of the
matrices M, MT, X;, and X! by [,1,] + r, and | + r vectors, respectively,
where [ = [(7) is the length of the displacement generator for X;. This means

Clnr = O((1 +7)*nlog’n) (3.6)
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flops per step (2.2) where d = 1 (in the T/H case) or d = 2 (in the V/C
case), and so it is crucial to bound [ = [(i) to make the iteration effective.
Typical initial choices of Xy achieve [y < r, but the compression steps (3.4),
(3.5) may inflate this to I; = 3'ly. Therefore special care should be taken
periodically to keep computations effective.

To compress the iterates X;; one should modify (2.1), (2.2), and (3.3)—
(3.5) as follows: A A

Xipr = g9(Xi, M), Xipa = f(Xia) (3.7)

where g(X;, M) is the iteration defined by (2.1) or (2.2), and the function
f(W) defines a compression rule.

Two examples of compression rules are given by

1. truncation of the smallest singular values of the displacement V,; =
VB,A(X'Z-) such that X; = VE}A(trVi), that is, X; is computed by ap-
plying the inverse of the displacement operator Vg 4 to tr(V;), the
truncated displacement V; having a fixed rank (say, r, 2r, or 3r), and

2. substitution, in which case X, ; is represented by its displacement gen-
erator G, 1, H;11 where

Gip1 = —XinG , Hiyy = X[ H,
Vap(M)=GH" | Vpa(Xis1) =G H .

Under both policies, compression generally perturbs the computed approx-
imate inverse Xi+1 towards or outwards M ~!. Assuming the worst, that is,
the perturbation outwards, we still may count on rapid convergence if the
residual norm remains small enough so that its subsequent squaring in step
(2.1) overcompensates us for the perturbation affect. Upper bounds on the
perturbation distance and the worst case affect on covergence have been es-
timated in many papers, most recently in [21] (see [20, Chapter 6] and the
bibliography therein on other works).

Extensive experiments with Toeplitz matrices M reported in [20, Section
6.11] and [21] show that the perturbation actually tends to preserve the
convergence stronger than the worst case theoretical study suggests, that
is, the perturbation frequently pushes the approximate inverses towards the
inverse. In particular, in about 25% of tests, the Newton steps (2.1) with
compression converged where the residual norms at times exceeded 1 and
sometimes substantially (see Table 6.21 in [20]. Theoretical explanation of
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this phenomenon is still a challenge (see, however, the end of Section 4). We
call this effect autocorrection of the compression because with no compression
the residuals and therefore their norms are squared in each iteration step
which excludes this effect in absence of compression.

A more minor negative affect of the compression persists in both theory
and our experiments with Toeplitz matrices M. That is, already with the
first compression step we lose the theorems in [23] on the acceleration by
twice using scaling (2.3). Thus scaling can help only in a few steps before
the first compression according to both theory and the experiments.

3.3 Simplified compression in the Toeplitz case

General policies of compression can be made more efficient for specific classes
of structured matrices. Here is an example where the compression via sub-
stitution is simplified in the case of Toeplitz matrices M (the number of
multiplications by vectors decreases by twice versus the general policy).
Define Z;(v) = Y1) v; Z}, the f-circulant matrix with the first column
v = (v;)l=, for Z; as in (3.2). For a fixed nonsingular Toeplitz mat-
rix M = (ti,j);f;:lo and three constants, b # 0, a and ¢, define the vector
t = (t,at; —bty_,,...,at,_1 —bt_1). Let eg = (8;0); be the first coordinate
vector, dgg = 1, 0;0 = 0 for ¢ > 0. Write P = [eo, t].

Theorem 3.1. [11] Let Mx = ey, My =t. Let bd # 1. Then
(bd = )M~ = Zy(x) Z15(y) — Za(y — (1 — bd)eo) Z1 (%)

Define Newton’s approximation X; by extending the latter equation as
follows:

(bd — 1) Xi = Za(x:) Z1pp(yi) — Za(yi — (1 = bd)eo) Z15(xs),
for certain vectors x; and y;.

Theorem 3.2. Let |b|] > 1 > |d|. Then || X; — M7, < |bod — 1]7(]|x —
Xill1 (11 = bd| + 2llyill) + 2lly: = yllillxl[1) for h =1 and h = oco.

Proof. First recall that Z;(u) — Z;(v) = Z;(u—v), for all f,u,v. Subtract
the above expression for (bd — 1)M ™! from that for (bd — 1)X; and deduce
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that

(bd — 1)(X; — Mﬁl) = Zd(Xi)Zl/b<y'i> - Zd(X)Zl/b(y>
+ Za(y — (1 — bd)eg) Z1 p(x) — Za(y: — (1 — bd)eo) Z1p(x:)
= Za(xi = X) Z1p(yi) + Za(%) Z1p(yi — Y)
+ Za(y = ¥i) Z1p(X) + Za(yi — (1 — bd)eo) Z1 5(x — X;).

Now recall that [|Z¢(u)||, < |uljy for |f] < 1 and any u where h = 1 or
h = oo, and from this, the result of the theorem can be deduced. O

Corollary 3.3. X;, - M ' asx; = X, y; — y.

Trying to accelerate the convergence, we may compute a least-squares
solution to the matrix equation M|x;,y;] = [eo, t]; that is, we may replace
the vector pair [x;, y;] by the pair [u;, v;| = (S7'S;)71ST e, t], S; = M[x;, yi,
which minimizes the norm N; = || M[x;,y;|B+[eo, t]||2 over all pairs [u;, v;] =
[x;,y:|B and 2 x 2 matrices B. This is an example of the general techniques
of least-squares improvement of approximations developed in [7] and in our
next subsection.

3.4 Least-squares compression/refinement

The third policy of compression is to compute a least-squares refinement

~

Git1, Hipq of the displacement generator Gii1, Hiy1 of the computed ap-
proximation X;,.; to M~! such that

VB,A(XiH) = Gi+1ﬁ£_1, (3.8)
Giy1 = éi+1Yi+1,G, Hi = FfiﬂYQH,H, (3.9)

and the norms A
riv1,e = |G+ MGiz1Yiall2 (3.10)

and )
rivia = |H— M H; 1Y u | (3.11)

are minimum over all [ x r matrices Y41 ¢ and Y;i; g. The pair Giq1, Hiq
is used as a displacement generator representing the matrix

Xipr = V(G HY ) (3.12)
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(cf. (3.3)). (For motivation, compare (3.10) and (3.11) with the following
equations implied by (3.1): Vpa(M™') = G_H = —M 'V 5(M)M' =
~M~'GH"™M™, G = -MG_, H = M"H_.) Clearly, policy (3.8)~(3.12)

~

compresses the generator (G;y1, H;11) to yield the same length as we have
for (G, H). Besides compression, this policy also intends to refine the approx-

A

imation X;,; to M1, as follows from the next three theorems and a corollary;
the first two theorems are easily deduced based on combining (3.8)—(3.12).

Theorem 3.4.
MV a(Xip1 — M YM =GH" + MG H . M
= (G+ MG;1)H" — MG (H" — H M)
=GH" — H M)+ (G + MG )H M
=GH" - H,\M)+ (G+ MG;11)H" — (G+ MGi)(H" — H. 1 M).
Corollary 3.5. Write
rivian = |GHT + MG HE M |o. (3.13)

Then

rivten < riv1el|Hll2 + rivn,m | MGia 2,
Tig1,G,H < 7“i+1,GHHi:Cr1MH2 + rip1,u1]| G2,

rivi,eH < rivncl|Hll2 + ripnm||Glle + Tiv1,6Tiv a1

The corollary bounds the norms r;41,¢ g via 7i41,¢ and 741, 7. The next
theorem bounds the error and residual norms of approximation to M~ via

Ti+1,G,H-

Theorem 3.6. Assume r;11¢n as in Corollary 3.5 and write ||VE;,1A||27~ =
SUPranicy <2 VA (Y)|l2/[[V]l2. Let rank Vg a(Xi1) < 7, rank V(M) <
r. Then we have

eiv1 = | Xivr = M7 Yl2 < rivigu M2V allr,

Tivtgest = [ — Xig1 M|z < €ir1|| M2,
Tis1right = [ — MXit1]l2 < €ixa||M]|2.
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Remark 3.7. In [20, Section 6.6] and [24] quite tight upper and lower bounds
on [[V5!4|l2r are shown for various common pairs of the operator matrices A
and B. In particular by Corollary 8.10 in [24] we have

Bk

min, ; [ewwi — frwi|

IV 2! 2,]ler < V2r

provided that é = max{|e|,1/|e|}, f = max{|f|,1/|f|}, w = exp(2mv/—1/n).

Theorem 3.8. The assignment Y;1 1 = Y;JrLgYﬂl y minimizes the norm
. T A T
Fivten = |GH + MG Yig Hiyp Mo

over all | x | matrices Yiy1, $0 Tiv1.6.0 = Tiv1,6,u of Corollary 3.5.

Proof. For a real matrix X, let X = U(Z O)V be the singular value de-
composition of X, and let X+ = VT(ET) JUT be the Moore-Penrose
generalized inverse of X. Let M@Hl = Ul(zlo)Vl and FIZAM =
Us(™,)Va be the SVD’s. Then ||GHT + MGy Vi HEL M|, = |GHT +
U (% )Y Us (72 )Vallo = [UFGHTV + (1 )ViYen Us (2 ) |2 is min-
imum when (™', )ViY;1Us(72,) = — (" ) UIGHTV'(" ). This holds for
Vi = —(MGip)"GHT(HL  M)*, that is, for Yy, = Yipi oY,y where
Yirig = —(Méi+1)+G and Y1 g = (MTI;TZ-+1)+H minimize the 2-norms
Tit1,6 = G+ Méi+1Yi+1,GH2 and 7417 = | H — MTﬁiHY;H,H”% respect-
ively. O

Theorem 3.8 shows that the policy (3.8)—(3.12) of compression/refinement
via least-squares approximation extends

(1) the policy of “the truncation of singular values”, in which case Y, =
(I o) Gipr = U(\/E o) ﬁﬁl = (\/EO)V, U(E o)V is the SVD of

VB,A(XiJrl)u and

(2) the policy of “compression via substitution”, in which case Y;4; = I,
Gipn = —g(Xi, M)G, Hl, = H (X, M), Vg a(Xip1) = (Gipa HL)
for g(X;, M) as in (3.7).

In the case (1) where we replace compression via the truncation of singular
values by the compression via least-squares approximation, G, and H;, are
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nx[ matrices shown on the right-hand sides of (3.4) and (3.5) for I < 3r. They
are typically rank deficient, and so the least-squares computation of Y; 1 ¢
and Y;1; g should rely on computing the SVD’s of MCA},-H and MTI;TZ-H at the
cost of performing 2(2n + 111){? flops (see [10, pages 257,263]) or maybe on
rank revealing QR factorization replacing the SVD’s. This clearly dominates
the (41 — 2)nr flops required for computing the generator (G,y1, H;11) but
typically (for smaller r) is dominated by ¢, flops in (3.6) involved in the
computations in (3.4) and (3.5).

In the case (2), we may complement the compression via substitution by
the refinement via least-squares approximation. Let us change the notation
and write G4y = —g(X;, M)G and H,, = HTg(X;, M). Then G,; and
H;.1 are n x r matrices and typically have full rank. In this case, instead of
computing Y11 ¢ and Yi1 g based on the SVD’s, one may compute Y1 ¢
and Y;;1 g simply from the normal equations

(GLAM")MGiYi g = Gl MG, (3.14)
([:Iz‘jjf—lM)MT[:Ii+1Yi+1,H = FIﬁlMH. (3.15)

This amounts to multiplication of each of the matrices M and M7T by r
vectors, that is a fraction of ¢, flops of (3.6) plus 4lr(2n — 1) flops, for
computing the coefficients of normal equations (3.14), (3.15), and (4{3/3 +
31?)r flops, for solving these equations. Having Y;y1 ¢ and Y, g, one may
immediately compute G;1 and H;1; in (3.9).

Although in a certain sense, the policies (1) and (2) are two special cases,
each of them may in principle compete with the general policy of the least-
squares minimization because neither of the policies is absolutely better than
another according to the main criterion of Newton’s iteration processes, that
is, the minimization of the 2-norm of the residuals. By increasing the com-
putational work a little, one may compare the resulting residual norms after
performing an iteration step under two or three distinct policies of compres-
sion and then go to the next step with the output where the norm is the
smallest.

Remark 3.9. For a given displacement V 4 g(M) the choice of the generator
pair G, H satisfying (3.1) is not unique, but, clearly, this choice does not affect
the norm 7,1 ¢ g in Theorem 3.8, which only depends on GHT. Likewise,
the choice of a pair of GiH and lﬁ[iﬂ for a fixed displacement VB,A(XiH)

~

in (3.8) is not unique, but no transformation into a pair of GV = G, 1,V
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and ﬁ}f{” — H; W, for nonsingular matrices V and W, may decrease the
norms 7;41,¢ and 741,47, because we may choose Y;3{ o = VY9, Vi 4 =
WﬁlYiﬁf‘i - A huge area of new opportunities, however, opens when we allow
any modification of Gi+l by (éi-i—l, CA?I) and Hiﬂ by (ﬁiﬂ,ﬁi), or similarly
combine two or more other candidate generator pairs. The size of the least-
squares problems increases respectively, but this may be a reasonable price
to pay for a more accurate compression, particularly at the initial stages of

Newton’s iteration when one has to save fragile convergence.

3.5 New iteration formula based on a cubic polynomial

For general input matrices, the scaled Newton iteration described in Sub-
sections 2.2 and 2.3 uses the minimum number of iteration steps. However,
with compression, this method needs very high displacement ranks for the
intermediate results. Otherwise the method diverges. In this section, we
design an iteration method based on a cubic polynomial. The numerical
experiments in Section 4 show that the compression by truncation for this
method is “autocorrective”, i.e., even when the residual norm exceeds one,
after some steps it becomes smaller than one again, and there is convergence.
Let us consider the following iteration formula:

When X, has the form
X, =Vx,U7,
with VUT # I, X; also has the form X; = VX;U? if and only if d = 0.

Suppose M is nonsingular. Then the cubic iteration step (3.16) can also
be written as follows:

Yig =aYP+bY7? +¢cY;,  withY; = MX,.

Hence, Y; is of the form Y; = UL, UT = UA,UT. We have to choose a, b, and
¢ such that Y; converges to I, i.e., A; converges to I. Therefore, we impose
the following conditions on the iteration function F(y) = ay® + by* + cy:

F1) =1 1 is a fixed point,
F'(1) = 0 quadratic convergence in the neighbourhood of y = 1.
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Figure 1: The function F(y) on [0,2] for ¢ =2,3,4,5,6

These two conditions give us F'(y) parameterized by c:
F(y) = (c—2)y* + (3 — 2¢)y* + cy.

Note that for ¢ = 2, we obtain again the classical Newton iteration function.
Let us now choose the value of c¢. Figure 1 shows the function F(y) for
c=2,3,4,5,6 with y € [0,2]. To accelerate the convergence for small initial
values of y, we want to make F’(0) = ¢ as large as possible (cf. Subsection
2.4). When 2 < ¢ < 3, it is easy to check that F([0,1]) = [0, 1]. When ¢ > 2,
we have three fixed points

c—1
c—2

n=0<p=1<y;=

To guarantee that F'([0,y3)) C [0,y3) when ¢ > 3, we have the sufficient
condition

c c—1
Fly)= F(——— = —.

Hence, ¢ should satisfy 3 < ¢ < 6. When ¢ = 6, we have

max F(y) = F( ¢

y€(0,1) 3(c— 2)) — b
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Therefore, to avoid a lot of iteration steps for yy =~ we should take

3(c—2)”
¢ not too close to 6. In our experiments (see Sectioil 4; we have chosen
c = 5. In this case, when yy ~ 0 and positive, we get y, ~ yo5*, compared
to yr ~ yo2F for the classical Newton iteration (2.1) and y;, ~ yo4"* for the
scaled iteration (2.3)—(2.5), although we use a cubic polynomial in MX;
versus quadratic polynomials in (2.1) and (2.3). (Compare also the cubic

polynomials in (2.16) and Remark 2.2.)

4 Numerical experiments

In the experiments of this section, we use the first compression rule described
in Subsection 3.2, i.e., truncation of the smallest singular values of the dis-
placement (cutting). For numerical experiments comparing this compression
with the least-squares compression, we refer the reader to [7].

4.1 Norm estimation

Computing the 2-norm would require too much computational effort.

An upper bound on the 2-norm can be computed in an efficient and robust
way by applying the following theorem based on the circulant displacement
representation [1, 8, 24, 5, 27]:

Theorem 4.1. Let T be a Toeplitz-like matriz with circulant displacement
rank k, i.e. rank(AT(T)) = k and displacement representation A(T) =
UXVH then an upper bound for the 2-norm is:

k
1
17| < = E o max | Fu,| * max | F7 D v,
2= J J

where
F= (D0, w = cos(2m/n) + isin(27/n),

D = diag(1,0,6%,...,0""), 0 = cos(m/n) + isin(w/n), i=+v-1.

Proof. The matrix T' can be written as %Zle CH(u;)C (Jv;) (see [5]).
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Hence, we derive that

k
1 . o
|7l = 511D _ osFdiag (y,) F* DFdiag (g,) P D" |
=1

k
1 .
5 2_ i IIF | idiag (y) | |27 IDI] |1

=1

IN

IN

1< max|Fu;| max|F? Dy,
—Zai n n :
2 — n n

4.2 Numerical results

The code for our numerical experiments has been written in C++. We have
designed an object-oriented library in order to model the main entities used
in the Newton iteration procedure and its variants. The main characteristics
are:

e The class matriz which models a general dense rectangular matrix, and
makes use of the fast routines of the ATLAS package.

e The class T'Like which models a Toeplitz-like matrix using its circulant
orthogonal displacement representation.

e The FF'Ts are performed using the fast routines of the FF'T'W package.

e The algorithms: DeltaNorm, DeltaScal, DeltaSum, DeltaProd , ODG
and CUT which represent fast norm estimation, fast scaling, sum and
product operation of TLike objects, reorthogonalization of the generat-
ors and compression of the generators via the truncation of the smallest
singular values of the displacement representation, respectively.

Based on the previous sections, we devise a modified Newton iteration in
terms of the operators in the library (see Algorithm 1).

The iteration in Subsection 3.5, based on a cubic polynomial, requires an
extra operation of matrix multiplication and some extra operations of matrix
additions and scalings. This may cause a dramatic growth of the displace-
ment rank, up to 30 in each iteration. Such an iteration is not competitive
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10:

11:
12:
13:
14:

15

: INPUT: The T Like matrix M, the tolerance ¢ and the cutting level

rank.

matrix M).
M = DeltaScal(M, DeltaNorm(M)); normalize the matrix.
Res = DeltaSum(—I, DeltaProd(Xo, M); residual matrix.
k=0;
while DeltaNorm(Res) > ¢ do
k=Fk+1;
Xy = DeltaProd(M, Xy_1); compute the product M Xj_;.
Xy = DeltaProd(Xy_1, Xgar); compute the product Xy (M Xy 4.

Xo = I; the initial approximate inverse (for a symmetric positive definite

X, = DeltaSum(Xy_1, DeltaScal(Xgp, —1)); compute the sum

2X, 1 — Xp_1AX,_ 1. Now X} represents the result of the kth step

of the Newton iteration, and it has to be compressed.
X = ODG(Xy); reorthogonalization for a fast norm estimation.
Xy = CUT(Xy, rank);
Res = DeltaSum(—1I, DeltaProd(Xy, M));
end while
: OUTPUT: an approximate inverse Xj, of the normalized matrix M.

Algorithm 1: modified Newton’s iteration
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because the computational cost in each iteration step is too large. We solve
this problem by compressing the intermediate results in each iteration step,
thus maintaining small displacement rank in each matrix multiplication.

The parameter over,.,r has been estimated heuristically. From our ex-
tensive numerical experiments, it turns out that over,,,, = 2 is a good choice.
We can not set over,q,. equal to zero because in this case we would have lost
too much information about the generators, and then generally the itera-
tion diverges. Numerical tests show that two iteration steps of the classical
Newton method take 20 to 25 percents more execution time than one new
cubic iteration step. The total number of cubic iteration steps for ¢ = 5 is
always about one half of the number of steps required by the classical Newton
method as is shown by the next experiments.

We have compared the new cubic iteration to the classical one for various
classes of Toeplitz matrices. Here we show the results for two classes of
positive definite Toeplitz matrices. The tests for the other classes of Toeplitz
matrices give comparable results. The first class of matrices is generated
by the symbol f(z) = ; f;;ﬂ These matrices have a Euclidean condition
number which grows as O(n?) where n is the dimension of the matrix. In
Table 4.1, the number of iteration steps and the norm of the residual attained
are shown for different values of the parameter C' of the cubic polynomial:
C=2,3,4,5.

The second matrix class is generated by f(z) = HZQ% In this case the
condition number grows as O(n?) and in Table 4.2, we show the results.

We also performed numerical tests by using the scaled Newton iteration
of Subsections 2.2 and 2.3 which needs the smallest number of iteration steps
when no compression is used. However, whenever compression is included
using a compression level similar to that in the experiments with cubic itera-
tion, the scaled Newton iteration diverges because the residual norm exceeds
one and the method does not recover from that. This seems to be related
to the fact that the scaled iteration method in Subsection 2.2 and 2.3 (op-
timal for general matrices) maps the interval [0%, 0%] (or the interval [o,, 0]
for symmetric positive definite matrices) so that small singular values of the
input matrix are exchanged with its large singular values. Together with the
compression, this leads to divergence.
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10:
11:

12:
13:
14:

15:

16:
17:
18:
19:
20:
21:
22:
23:
24:

: INPUT: The T Like matrix M, the tolerance €, the compression level
rank, the over,,,. and the parameter C'.

Xo = [; the initial approximation (for a symmetric positive definite
matrix M).

M = DeltaScal(M, DeltaNorm(M)); Normalize the matrix.

Res = DeltaSum(—1, DeltaProd(Xgy, M); residual matrix.

k=0;

while DeltaNorm(I — Xy « M) > € do

k=k+1,;

Xp1 = DeltaProd (M, Xy _1); rapidly compute the product M Xj_;.
ODG(Xpy); reorthogonalization.

CUT(Xpy, rank + over,,,i);compression

Xp2 = DeltaProd(Xy_1,Xp1); rapidly compute the product
X1 M Xy

ODG(X py); reorthogonalization.

CUT (Xp2, rank + over,,,i);compression.

Xps = DeltaProd(Xp2, Xp1); rapidly compute the product
Xp 1 MXy 1 MX, .

FREE Xp;; crucial operation for large matrices; at this point X pq
can be deleted freeing a large portion of memory.

ODG(Xp3); reorthogonalization.

CUT(Xp3, rank + over,,,i); compression.

DeltaScall P(C, Xx_1); scaling in place.

DeltaScall P((3 — 2C'), X p2); scaling in place.

DeltaScallI P((C — 2), Xp3); scaling in place.

Xk = DeltaSum(Xps, DeltaSum(Xps, X—1))

X = ODG(X}); reorthogonalization for a fast norm estimation.

Xy = CUT(Xy, rank);

Res = DeltaSum(—1I, DeltaProd(Xy, M));

25: end while
26: OUTPUT: the approximated inverse X, of the normalized matrix M.

Algorithm 2: Newton’s iteration based on a cubic polynomial
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Table 4.1: Euclidean condition number O(n*).

Residual ‘ Tterations ‘ Dimension ‘ Condition Number
C = 2, The Newton iteration

3.20814e-06 14 2° 2.7026e+-03
1.52751e-05 17 26 2.9174e+05
6.12537e-04 20 27 2.9174e+05
3.64023e-04 24 28 3.9709e+-06
3.79358e-02 27 29 5.8560e+4-07
C =
1.14001e-10 9 2° 2.7026e+03
1.18725e-08 11 20 2.9174e+05
1.72215e-06 13 27 2.9174e+05
1.23804e-04 15 28 3.9709e+-06
4.33197e-02 17 29 5.8560e+-07
C=14
9.06532¢-08 8 2° 2.7026e+-03
1.38793e-07 9 26 2.9174e+4-05
4.54479e-06 11 27 2.9174e+05
2.49081e-03 12 28 3.9709¢e+-06
6.3061e-02 13 29 5.8560e+07
C =
1.41586¢-08 8 2° 2.7026e+-03
4.782e-05 9 20 2.9174e+05
4.22898e-06 10 27 2.9174e+4-05
2.3277e-03 11 28 3.9709e+-06
7.64821e-02 12 29 5.8560e+07

5 Conclusion

In this paper, we give an overview of several iterative methods based on New-
ton’s iteration for approximating the inverse of general matrices and then fo-
cus on some classes of structured matrices. For structured matrices, we ana-
lyze and extend the techniques of the least-squares compression /refinement
introduced in [7] and propose a new cubic iteration formula. The numerical
experiments indicate that when compression is done at each iteration step,
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Table 4.2: Euclidean condition number O(n?).
Residual ‘ Tterations ‘ Dimension ‘ Condition Number

C=5
8.59137¢-10 6 27 7.7852e+01
8.3459%e-10 6 28 2.8664e4-02
7.4425¢e-11 8 29 1.1010e+03
2.03686e-09 9 210 4.3169e+03
2.12262¢e-08 10 21 1.7097e+04
2.96647¢-07 11 212 ~ Te+04
5.4985e-06 11 213 ~ 3e+05
8.57205e-05 12 214 ~ 1le+06
1.27038e-03 13 219 ~ 4e+06
2.78462¢-02 13 216 ~ 2e+07
The Classical Newton Iteration
4.41563e-10 10 27 7.7852e+401
8.31367e-11 12 28 2.8664e+02
3.73467e-11 14 29 1.1010e+03
2.48426¢-11 16 210 4.3169e+03
1.89551e-11 18 21 1.7097e+04
3.09097e-11 20 212 ~ Te+04
6.57986e-11 22 213 ~ 3e+05
3.74132¢e-05 23 214 ~ le+06
7.46543e-05 25 215 ~ 4e+06
1.51784e-04 27 216 ~ 2e+07

the cubic iteration method outperforms the scaled Newton iteration which
is superior when no compression is involved. This superior behaviour is due
to the autocorrection of the compression of the cubic iteration (which was
observed earlier for modified Newton’s iteration), i.e., even when in some
iteration step the residual norm exceeds one, some additional iteration steps
with compression bring it down below one, and the method converges. A
theoretical explanation of this phenomenon is under investigation.
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