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Abstract

Sophisticated high order time discretization methods, such as
implicit Runge-Kutta and boundary value methods, are often dis-
regarded when solving time dependent partial differential equations,
despite several appealing properties. This is mainly because it is con-
sidered hard to develop efficient methods for the more complex linear
systems involved. We show here that for implicit Runge—Kutta and
boundary value method discretizations of time dependent parabolic
problems, multigrid methods for the elliptic case can be extended
in a straightforward way. The key to this approach is the use of
a smoother that updates several unknowns at a spatial grid point
simultaneously. Combination of the multigrid principle with both
time stepping and waveform relaxation techniques are described, to-
gether with a convergence analysis. Numerical results are presented
for the isotropic heat equation and a general diffusion equation with
variable coefficients.
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Abstract. Sophisticated high order time discretization methods, such as implicit Runge-Kutta
and boundary value methods, are often disregarded when solving time dependent partial differential
equations, despite several appealing properties. This is mainly because it is considered hard to de-
velop efficient methods for the more complex linear systems involved. We show here that for implicit
Runge-Kutta and boundary value method discretizations of time dependent parabolic problems,
multigrid methods for the elliptic case can be extended in a straightforward way. The key to this
approach is the use of a smoother that updates several unknowns at a spatial grid point simultan-
eously. Combination of the multigrid principle with both time stepping and waveform relaxation
techniques are described, together with a convergence analysis. Numerical results are presented for
the isotropic heat equation and a general diffusion equation with variable coefficients.

Key words. parabolic partial differential equations, implicit Runge—Kutta methods, boundary
value methods, multigrid, time stepping, waveform relaxation
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1. Introduction. Large, stiff systems of ordinary differential equations are of-
ten solved using low order methods such as the implicit Euler method. This choice
is usually dictated by implementation and computational complexity issues. Sev-
eral more sophisticated time discretization schemes such as implicit Runge-Kutta
(IRK) methods [8] and more recently boundary value methods (BVM), block bound-
ary value methods (BBVM) [3, 10, 11] and general linear methods (GLM) [5] have
been developed. These methods offer high order together with favorable stability
properties, error estimators and other interesting features. Many researchers, how-
ever, consider these methods impractical because of the larger, more complex linear
systems involved. We illustrate this fact with a few quotes from standard textbooks
on numerical methods for ordinary differential equations.

e “ . .difficult to justify the additional work ...”
(C.W. Gear, Numerical Initial Value Problems in Ordinary Differential Equations,
1971, p.40)

e “... such a computational cost ...”

(J.D. Lambert, Computational Methods in Ordinary Differential Equations, 1973,

p.155)

“... a considerable proportion ... the solution of the linear system ...”

(J.C. Butcher, The Numerical Analysis of Ordinary Differential Equations, 1987,

p.214)

e “Compared to the expense of a multistep method, the amount of work per
step must be reduced significantly before IRK methods can be competitive.”
(K.E. Brenan, S.L. Campbell, L.R. Petzold, Numerical Solution of Initial-Value
Problems in Differential-Algebraic Equations, 1989, p.77)

e “... daunting computational problem ...”

(J.D. Lambert, Numerical Methods for Ordinary Differential Equations, 1991, p.150)
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e “Unless these factors can be improved, implicit Runge-Kutta methods are
not a feasible option for stiff problems.”

(K. Burrage, Parallel and Sequential Methods for Ordinary Differential Equations,
1995, p.48)

e “One of the challenges for implicit Runge—Kutta methods is the development
of efficient implementations. ... usually not competitive with multistep meth-
ods ... Thus, it is important to look for ways to make the iteration process
less expensive.”

(U.M. Asher, L.R. Petzold, Computer Methods for Ordinary Differential Equations
and Differential-Algebraic Equations, 1998, p.103)

e “Hence, its calculation faces us with an ordeal altogether of a different kind
than that for the explicit method.”

(A. Iserles, A First Course in the Numerical Analysis of Differential Equations,
1996, p.41)

e “An efficient solution of this system is the main problem in the implementa-
tion of an implicit Runge-Kutta method.”

(E. Hairer, G Wanner, Solving Ordinary Differential Equations II, 2002, p.118)

Many methods such as the Butcher transform, banded and sparse matrix solvers
and Krylov methods with highly specialized, e.g., circulant, preconditioners have been
suggested to handle the large linear systems in an efficient way. We will show here that
multigrid methods are very efficient for the stiff systems, arising from the discretization
of PDEs, the case many of the above textbooks suggest the implicit Runge-Kutta
methods to be especially well suited to.

Some of the results in our paper, especially with respect to multigrid for IRK
methods, have already been reported in the literature by other authors, see e.g., [18, 4].
Their results are considerably extended here and cast into the more general framework
of time stepping and block time stepping with GLMs. The use of multigrid for BVM
and BBVM discretizations is new. This approach enables efficient solution of the BVM
and BBVM linear systems, even for very large-scale semi-discrete PDE problems.

In §2 we describe several high order time discretization schemes as well as the
finite difference discretization used for the spatial domain. The multigrid iterative
method is introduced in §3 and we explain how it can be applied successfully for the
systems arising from time stepping and block time stepping schemes. Section 4 shows
how the convergence of the iterative methods for time stepping can be analyzed. The
main theoretical results of this article are presented in §5 where waveform relaxation
methods for block time stepping using GLMs and BBVMs are analyzed. Numerical
results for two model problems, an isotropic and an anisotropic diffusion equation, are
presented in §6. A number of different IRK and BVM schemes are considered. The
corresponding theoretical multigrid convergence rates are evaluated by means of a two-
grid Fourier mode analysis and verified by extensive numerical experiments. One of
the experiments involves the solution of an implicit linear system with over 23 million
unknowns, corresponding to a BVM discretization of the 2D diffusion equation on a
512 x 512 spatial mesh, with 360 time-steps computed simultaneously. One multigrid
iteration step, gaining approximately one extra digit of solution accuracy, takes about
5 minutes on a 1.7 GHz Intel® Pentium® 4 system with 1 GB internal memory.
Hence, the results clearly illustrate the effectiveness of the multigrid algorithm for use
with implicit time integration methods, even for extremely large systems.
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2. Time and Space Discretization Schemes. In this article we consider para-
bolic equations of the form

% =Lu+ f, (2.1)
where L is an elliptic operator. To allow theoretical analysis and to keep the nota-
tion concise we assume that £ is time independent. All algorithms presented here are,
however, applicable to the more general case where L is time dependent. We also only
consider discretization in time with a constant time step and finite difference discret-
izations in space on equidistant, rectangular grids with Dirichlet boundary conditions.
The methods presented here can, however, be extended to three-dimensional prob-
lems and finite element discretizations on regular or irregular grids with more general
boundary conditions.

2.1. Time Discretization. We consider methods for stiff initial value problems
of the form

y(t) = f(t,y(1)), (2.2)

where t € Q, y(t) € V and y(0) = yo € V is given. The time domain can be bounded
(Q¢ = [0,T]) or unbounded (2; = RT). The space V can be, for example, R, in the
case of a scalar ODE or R™ for a system of ODEs. Time dependent PDEs also fit
this setting with V a space of functions on some spatial domain €.

Linear multistep formulae (LMFe) use solutions at several previous time steps in
a formula of the form

0 0
D akiibing =AY Berif(tivs vits), (2.3)

j=—k j=—k

where y; = y(t;) € V, t; = iAt and «;, §;, j = 0,...,k are the parameters of the
method. There is an equation for every ¢ = k, ..., n. Since only yq is given, the values
Y1,...,Ye—1 have to be obtained by other methods. The index j ranges from —k to
0 to indicate the similarity with the boundary value methods formulated below and
to emphasize that the set of equations (2.3) for ¢ = k,...,n can be described by a
banded lower triangular matrix. An important class of methods for stiff initial value
problems are the so called backward difference formulae (BDFe) [8, 15]. The implicit
Euler method, mentioned in the introduction, is the BDF method of order 1 (k = 1).

Implicit Runge—Kutta (IRK) methods [8, 5, 4] use a number of intermediate quant-
ities to advance one time step. These stage values g; € V*® are calculated from

Gi = 1Ty 0 + AtAf (8, 5:) (2.4)

where #; = 1,t; 1 +cAt, 1, =[1 --- 1]T € R® and f indicates componentwise applic-
ation of f. The stage values y; are then used to calculate y; € V' using

Yi = yi1 + AT f (L, 5). (2.5)

The parameters of the methods are contained in the matrix A € R**¢ and the vectors
b, c € R*® where s denotes the number of stage values. Some well known methods are
the Gauss, Radau and Lobatto methods [8, 5, 4].
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Both LMFe and IRK methods are so called general linear methods (GLMs) [5, 8].
There are several ways to formulate this more general class of methods (see [5]). We
choose to use the equations

§i = Cyioy + AtAF (L, ), (2.6)
yi = Dyi—1 + AtBf (L, ), 2.7)

where A € R***, Be R"™5 C € R**" and D € R™*". Both ¢; € V*® and y; € V" are
vectors. This formulation highlights the analogy with IRK methods. In the rest of
the article we will only derive results for the more general class of GLMs. The results
for the subclass of IRK methods can be retrieved by taking » = 1, B = b7, C = 1,
and D = 1.

Another, more recent, type of methods are the boundary value methods (BVMs)
[3, 10, 11] which can be interpreted as a generalization of the LMFe. The discretization
is obtained by first assuming that the ODE is a boundary value problem and then
imposing extra initial and final conditions on the values at the boundaries that are in
fact unknown. A k-step BVM has for each i = kq,...,n — ko an equation of the form

kz k'2
Z ey +5Yi+j = At Z Bryvi f (it Yivs)- (2.8)

j:—kl j:_kl

The main difference with the traditional LMF is that j ranges from —k; to ko (k =
k1 + ko). The extra k1 — 1 initial and ks final equations are of the form

k k
Z agl)uj = Atz ﬁ;z)f(tj, u;), =1, k1 —1 (2.9)
=0 i=0
k ) k )
S0P up iy =AY B Fltnrig tn-rss),  imn—katlin (2.10)
j=0 =0

where the coefficients a;-i) and ﬁ](-i) are chosen such that the truncation errors for the
initial and final conditions are of the same order as for the basic method (2.8). The
matrices describing the systems involved are banded, as for LMFe, but no longer lower

triangular. The n equations (2.8)-(2.10) can be written as

Aeye = AtBef(te>ye)u

with t. € R"t', 4. € V"1 and A., B, € R"*(t1_ The e subscript indicates that
the known initial value is included. The matrix A, has the following structure

B a(l) Oé% . a]1€ T
ki1—1 ki1—1 k1—1
@ aq a,
a() ... ak
A, = . (2.11)
Qg ' (€75
an—k2+1 . aZ—kg—‘rl
n n
L &%) : ap i
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Replacing « by  yields the structure for B.. Using the partitions A. = [ag|A] and
B, = [bo|B], where we split off the first columns, we can rewrite this as a system for
the unknowns y € V. We get

Ay = AtBf(t,y) + go, (2.12)

where go = —agyo + Atbo f(to, yo) contains the initial condition.

We conclude this part on time discretization schemes with a method that can
form an extra step in the process of transforming the continuous problem (2.2) to a
discrete problem. Dividing the time interval into n subintervals leads the sequence of
subproblems

9:(t) = f(tyi), wi:ltic,ti] =V, i=l..m,
yi(to) = %o, Yi(tic1) =yi—1(tiz1), i=2....n,

where the final value of one subinterval is used as the initial condition on the next.
This procedure is called time windowing or block time stepping.

Applying time windowing and a k-step BVM using s time steps on each of the
subintervals yields a block boundary value method (BBVM) [3, 11]

Ay + Aoyi—1 = AtBf(ti,yi) + AtBo f(ti—1,Yi—1), (2.13)

where t; € R, y; € V®, Ay = apgel, By = bpel € R®** and e, = [0 --- 01]T € R®.
This approach allows matrices A and B € R**® of much lower dimension. When
s = k these matrices can no longer be considered banded and the Toeplitz character
is lost.

Remark 2.1. Tt is straightforward to formulate IRK methods as BBVMs and
GLMs as so called BBVMs with memory. The main difference in the latter case is
that the matrices Ag and By are general. Using, for example,

JGLM, i
YGLM,i

YBBVM,i = [

we get
I 0 0 -C A 0 0 0
S CR I e P B E
Remark 2.2. Tt is also possible to formulate BBVMs as GLMs. Using, for example,

YBBVM,i }

YGLM,i = YGLM,i =
YBBVM,i—1

we get

_ . A"'B AilBO N N —AilAQ 0
N PN S

Remark 2.3. It is important to note that At has a different interpretation in
GLMs and BBVMs. For boundary value methods it is the distance between stage
values, for GLMs it is the length of one time step, which contains s stage values.

For more information on BBVMs and GLMs we refer to [11, 3, 5].
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2.2. Space Discretization. We consider equations of the form
Lu = (aug)y + (buy)y + cu = f, (2.14)

where u, a, b, c and f are functions defined on a spatial domain. More specifically we
consider only the unit square € = [0,1]? and define the equidistant rectangular grid

x; = iAwx, 1=0,...,n4, Az =n_!
y; = jAy, J=0,...,ny, Ay=mn,".

Using central differences we can approximate equation (2.14) by

00, -10 . 10 | 0-1 01, _ e
Cplj Wi € i Wim1j G Wi € W1+ ¢ U = [
where i =1,...,n, —1,5=1,...,ny — 1, u; ; = u(z;,y;) and

i}V = Av alw £ Ax/2,y5), o = Ay 2b(wi,y; + Ay/2),
0,0 _ -1,0 10  0-1 _ 0,1
iy = (@i yp) — eyt — Gy Gy G
Packing the unknowns at the interior points of the grid into a vector of dimension
m = (ng — 1)(ny, — 1) using, for example, the following ordering

Uy = Us 5, k=(—-1)(ny—1)+7,
the discrete system can be represented in the matrix form
Lu = f, (2.15)

with u, f € R™ and L € R"™*™. The boundary conditions are incorporated in f. The
matrix L is sparse and has a block tridiagonal structure with tridiagonal subblocks.

3. Time Integration: Time Stepping and Waveform Relaxation.

3.1. Introduction: Classical Iterative Methods and Multigrid. It is well
known that for systems of equations involving large sparse matrices, such as the ones
derived from discretizing PDEs, direct methods are often inefficient. Many iterat-
ive methods, on the other hand, deal very well with this kind of problems. Two
very simple iterative schemes are the Jacobi and the Gauss—Seidel methods. Both
can be described using a splitting of the system matrix. Using L = L™ + L~ and
equation (2.15) the iteration scheme becomes

Lu®™ + LoD 4 f,

The matrix LT is chosen such that this system can be easily solved. For the Jac-
obi method it contains only the diagonal of L. For the Gauss—Seidel method it is
the lower triangular part of L. Unlike for the Jacobi method, the ordering of the
unknowns is relevant for the Gauss—Seidel method. Common orderings on 2D grids
are lexicographical and red-black. For more variations and other iterative methods of
this kind we refer to [25]. A description of methods appropriate for time dependent
parabolic equations with spatial anisotropy can be found in [26].

A Jacobi or Gauss—Seidel iteration step can be implemented very efficiently in
the case of sparse matrices. The implementation is even simpler when uniform grids
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mg(x, A b) — x cec(A,b) %
. )_((1) — smooth(x, A, b, u1) ex—A"'b
e b«— R(b_— _AX)
o X «— Cg(}(x&7 b) SmOOth(X(O), A’ b’ /1’) — X(l")
o x(?) — x4+ Px e forv=1,....4
o x(3) — smooth(x, A, b, ps) solve Atx(") = p - A—x¥—1

Algorithm 3.1: Two-grid iteration for Ax = b, using the splitting A = AT + A~.

Algorithm 3.2: Coarse grid correction for multigrid iteration. V-cycle: v = 1, W-
cycle: v = 2.

are used. Unfortunately these simple splitting methods converge very slowly. They
do, however, form the basis of the very efficient multigrid methods discussed next.
Figure 3.1 gives a schematic overview of a two-grid iteration for a linear system
of the form Ax = b. The quantities x and b are elements of a vector space approx-
imating functions on a spatial domain. The operator A is a discrete approximation
to an elliptic operator. The barred symbols indicate quantities and operators on a
coarse grid. Restriction R and prolongation P are the intergrid operators, transferring
quantities from the fine to the coarse level and vice versa. The whole iteration can be
written as x®) = Mx(9) +q or equivalently e(®) = Me(® for the errors e() = x() —x.
It is straightforward to derive the following form for the two-grid iteration operator

M = K"2(I - PA"'RA)K"
K=-At'A"

In the two-grid iteration the equation AX = b on the coarse grid is solved exactly.
We can, however, solve this equation using the same iterative algorithm. Figure 3.2
shows how this can be extended to a general multigrid iteration by applying this idea
recursively. Discretizations on a hierarchy of increasingly coarser grids are used. The
problem on the coarsest level can be solved exactly or approximately by applying a
few smoothing steps.

For clarity we consider only linear problems. Nonlinear problems can be solved
by embedding the multigrid algorithm as a linear solver in a Newton iteration or
by using a nonlinear multigrid scheme [25]. Here, we use the multigrid method as
a solver, not as a preconditioner for a Krylov subspace method [33]. Finally, we
will only consider the standard geometric multigrid procedure for discretizations on
regular, rectangular grids. For irregular grids and other multigrid techniques, such as
the algebraic multigrid method (AMG), we refer to [25].

The standard geometric multigrid method for discretization (2.15) of the elliptic
equation (2.14) fits the framework described here with

x=u, b=/f
A=L AT=L* A =L"

)
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where x,b € R™. For a given coarsest grid, the hierarchy of grids is built up by
successively doubling the number of intervals in both the x- and the y-direction.
R = Rand P = P are the standard full weighting restriction and bilinear interpolation
operators. For details we refer to [25].

By changing the order in which the discretization and solution methods are ap-
plied, a whole variety of multigrid based solution methods for time dependent prob-
lems can be derived. We now formulate the two families of methods we will focus on
in the remainder of this article.

3.2. Iterative Methods for Time Stepping Schemes. If we apply any of the
time discretization schemes discussed before, to a time dependent partial differential
equation, we get a so called time stepping method. In the case of a parabolic initial
value problem, the elliptic subproblems can be solved using a multigrid algorithm.
One smoothing step consists of a loop over all spatial grid points, updating all un-
knowns for the considered time step simultaneously. For LMF methods there is only
one unknown per grid point and only scalar computations are required. A dense, s-
dimensional system has to be solved at each grid point in the IRK, GLM and BBVM
cases. The BVM case cannot be considered a time stepping method since the values
at all time steps have to be obtained from a system of equations that is banded, but
not triangular or block triangular.

Applying to equation (2.1) first a time discretization from §2.1 and then the
space discretization and the splitting of the discretized elliptic operator introduced in
sections 2.2 and 3.1, we get the following iterative methods, which can all be used as
the smoother in a multigrid scheme.

Using a LMF (2.3) results in

0 0
S anpuly =AY By Lrul+
=k =k (3.1)

0 0
At Y7 B LG + AL YT B fies.
j=—k j=—k

Note that additional methods have to be provided to approximate the initial values
u; € R™ 4=1,...,k —1 to turn this into a practical method.

When we apply a BVM (2.8), we get

k?z k2
Z ALy +Ju£-yi-)j =At Z 6k1 +]L+u§-yl-)]+
j=—k1 j=—k1 (3.2)

kg k2
At Y B L ul )+ A Y Brarsfirs

Jj=—k1 Jj=—k1

The initial and final conditions can be derived in the same way from (2.9) and (2.10).
This type of method cannot really be called a time stepping method since the un-
knowns at all time steps have to be considered simultaneously.
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For a GLM described by (2.6) and (2.7), the smoother becomes

i) = (C® L)u +At(A ® LH)al (3.3)
FAHA® L7)i" ™ + AHA® I,) fi,
ul) = (D@ Lyul +AuB © LH)a” (3-4)

+AH B L)a" ™V + AUB ® I,) fi,

where “®” denotes the matrix Kronecker product.
Discretizing time using a BBVM (2.13) results in the iterative method

(ABLn)u” + (Ao ® )l =
At(B® LHu” + At(B® L )ul" ™" + AU B ® I,) fi+ (3.5)
At(Bo ® L*)ul”; + At(Bo @ L )ul" 7" + AU By ® L) fi1.

The BVM discretization corresponds to taking the number of subintervals n = 1.
When the dimension of the matrices A and B becomes large, it is again no longer
appropriate to call this type of discretization time stepping.

3.3. Waveform Relaxation Methods for Block Time Stepping Schemes.
An interesting modification of the time stepping schemes is to collect the equations
associated with a consecutive set of time steps together into one big system of equa-
tions [34, 24, 9]. Combining four BDF1 time steps, for example, results in a system
of equations of the form

(AR I)u=At(B® L)Yu+ At(B® In)f + go,
where u, f,go € R*, B =1, and

Information about the previous time step is incorporated in go as in (2.12). The
splitting L = L™ + L~ leads to an iteration of the form

(A® I)u™ = At(B® LM u™ + At(B® L) u" ™Y + At(B® I,,) f + go.

This can be seen as a collective update for all the unknowns on the set of time levels
considered and can be executed by solving a series of small systems of equations,
one 4 by 4 system at each grid point in this particular example. We call this type of
method a block time stepping scheme and the associated iteration a discrete waveform
relaxation method. As mentioned in the previous section, “block time stepping” is
the only option for BVMs. Similar extensions are possible for any other LMFe as
well as for GLMs and BBVMs. For LMFe the subsystems are lower triangular and
characterized by matrices A and B of the form

Ak

Qg ... Of
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For BVMs they are banded of the form (2.11) and in the case of of GLMs or BBVMs
they are block lower triangular. For all these cases, the systems that arise when using
a discrete waveform relaxation method, can easily be solved by direct methods.

Another way of deriving the methods in this section is by first transforming (2.1)
into the system of ODEs

i=Lu+f (3.6)

by discretizing only the spatial domain. This fits the framework outlined in §3.1 with
u, f: Qy — R™ and the operator A = % — L. The splitting At = % - Lt A™ =
— L~ gives us the smoother

W) = Lty + LD 4 f (3.7)

and thus a multigrid algorithm. This algorithm can be defined on a time interval that
is finite, Q; = [0,7] or infinite, Q; = [0,00). In this continuous waveform relaxation
method, one smoothing step consists of the solution of m scalar ODEs, one for each
grid point. Applying any of the time discretization schemes to solve these, brings us
back to the discrete waveform relaxation methods discussed before.

3.4. Remarks. The equations describing methods that update all time steps
simultaneously are exactly the same as those of the previous section. Only the order
in which the updates of the unknowns are performed is different. In the time stepping
case the ODE solver forms the outer loop and a multigrid solver is used within each
time step. In the waveform relaxation case, the multigrid solver forms the outer loop
and the ODE solver is used within its smoother. Summarizing we can say that a
time stepping method loops over time steps, then multigrid iterations, then multigrid
levels, then smoothing steps, and finally grid points. A waveform relaxation method
loops over multigrid iterations, then multigrid levels, then smoothing steps, then grid
points, and finally time steps.

The approach discussed here has to be contrasted with other approaches for the
solution of systems arising from the discretization of general ODEs. One approach
to solving systems with matrices of the form A ® I,,, — AtB ® L, obtained by using
BVMs, is to use circulant approximations for the matrices A and B to precondition a
Krylov subspace iteration (see for example [1, 6, 2, 12]). This essentially comes down
to splitting the matrices A and B, whereas we split the matrix L. The approaches are
of course not mutually exclusive, but for the subsystems that have to be solved at each
grid point in our multigrid smoothers, direct methods are hard to beat. Finally, we
note that smoothers derived by directly applying the Jacobi or Gauss-Seidel methods
to the system matrix, give very unsatisfactory results.

4. Convergence Analysis for the Time Stepping Case. In this section we
present a convergence analysis of the iterative methods for time stepping schemes
discussed in the previous sections. We use the asymptotic convergence factor, i.e.,
the spectral radius of the iteration operator, as a measure for convergence. In the
time stepping case the iterates are vectors and the iteration operator is a matrix. The
convergence factors can therefore be derived using only linear algebra manipulations.

4.1. Classical Iterative Methods. For the LMF case, we obtain from (4.1)
the error iteration

aplpmel”) = AtBLtel”) + AtB L el ™Y, (4.1)
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where the iteration errors are egy) = uz(-u) —u; € C™. Let Kat be the corresponding

iteration operator. The convergence factor we are looking for is

p(Kae) = p ((arlm — AtBLT) AtBL™)

1 ag N
”((EW‘L) L)’

where we assumed that G5 # 0 and A%g—z o(L*). Introducing the operator
K(z) = (2I,, — L*) 'L~ (4.2)

we can write this as

o (s (45))

We can now state the following theorem.
THEOREM 4.1. Let Ka; be the iteration operator of the iteration (3.1) used in

the LMF time stepping method and let ¥ = {%} If ﬁE No(L*) = ¢, then

p(Kar) = [P(K(Z))]Zeﬁz- (4.3)

Note that for the Gauss—Seidel and Jacobi methods, the operator K(z) is the
iteration matrix for the equivalent splitting method applied to

2u=Lu+ f (4.4)

which is the Laplace transform of the system of ODEs (3.6).
For block BVMs (with standard BVMs and LMFe as special cases), we get

(A® Iy)e") = At B® L)l + At(B® L)l ™Y, (4.5)

where e = 4" — u; € C*™. Let Ka; be the corresponding iteration operator.

i 4

Assuming that B~! exists and that 3;0(B~'4) No (L") = ¢, we get

p(Kat)=p((A® I, — AtB® L) 'At(B® L))

—1

pikan = (5 (5;574))

This leads us to the following theorem.
THEOREM 4.2. Let Kay be the iteration operator of the iteration (3.5) used in
the BBVM time stepping method and let ¥ = o(B™'A). If X No(L*) = ¢, then

which we can write as

pUCae) = max p(K(2)): (46)

ZEATE
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By choosing ¥ an appropriate subset of C, equation (4.6) will apply to all other
time discretization methods considered here (max is replaced by sup when ¥ is an
infinite set).

In the IRK/GLM time stepping case, the iterative method is used to find the
solutions of the equations for the stage values. The values u; are calculated directly
from w@; and do not take part in the iteration. The iteration for the errors &) =

o=
111(-'/) —u; € C*™ becomes

e = At(A® LY)e") + At(A® L)el" ™Y (4.7)
The convergence factor of the corresponding iteration operator Ka; can be written as

p(Ka)=p((Is ® Iy — AtA® L) " (AtA® L))

()

where we assume that A~! exists and 3;0(A™!) No(L*) = ¢.
THEOREM 4.3. Let Cay be the iteration operator of the iteration (3.3), used for
the stage values of the GLM time stepping method and let ¥ = o(A~Y). If ﬁz N
o(L*) = ¢, then
p(Kai) = max_p(K(2)). (4.8)

ZEATZ

4.2. Multigrid. A standard approach for the convergence analysis of geometric
multigrid methods is to consider a two-grid method applied to an equation with
constant coefficients and periodic boundary conditions for the spatial domain. These
simplifications make it possible to do a Fourier mode analysis. This so called two-grid
local Fourier mode analysis provides an indication of what convergence to expect for
the multigrid iteration. For more information on convergence analysis of multigrid
methods we refer to [29, 25, 33]. A three-grid analysis can be found in [32]. As an
example we show how the analysis for classical iterative methods can be extended to
a two-grid time stepping method using a BBVM time discretization. The results for
the other time stepping schemes are analogous.

We first derive the equivalent to the operator K(z) by applying the framework in

§3.1 to equation (4.4). Using A = zI,,, — L, AT =z2[,, —L*, A= = —-L-, R = R and
P = P we obtain the two-grid iteration matrix
M(z) = K(2)"2(I — P(zI,, — L) *R(z1,, — L)) K (2)"*, (4.9)

where K(z) is defined as before.

Doing the same for A = A®1I,, ~AtBQ L, AT =A® 1, —-AtBRQ Lt, A~ =
—AtBR L, R=1,® Rand P = I, ® P, we derive that the iteration operator for
the two-grid method using (3.5) as smoother can be written as

1
Mar =M <E31A)

The results from the previous section therefore hold for the two-grid iteration if we
replace K(z) by M(z) and extend the condition on the set ¥ to

1 + 7)) —
EE N(c(LT)Uao(L)) = ¢.
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5. Convergence Analysis for the Block Time Stepping Case. Waveform
relaxation schemes were first introduced and analyzed in a qualitative way in the
electrical engineering literature [16, 31, 30]. Here we follow the more quantitative
convergence analysis introduced in [20, 21]. This analysis was extended to multigrid
waveform relaxation [18, 27], IRK time discretizations [18, 4], time periodic prob-
lems [27] and space discretizations using finite elements [13, 14]. In this section we
present an analysis for GLMs and BBVMs. Notation and presentation are mainly
taken from the last two references, except that for clarity we will not consider finite
element discretizations here. As usual we consider methods defined on infinite time
intervals since this provides results that correspond better to numerically observed
behavior. For further motivation of this approach we refer to [20, 27, 13]. Weighted
norms or pseudospectra can also be used to obtain meaningful information about
convergence. In [19] the convergence analysis on infinite time intervals is shown to be
a limiting case of the pseudospectral analysis.

5.1. Preliminaries: The Stability Domain and Its Complement. Stabil-
ity domains of time discretization schemes play an important part in the convergence
analysis of discrete waveform relaxation methods. We recall the definitions of the
stability domains of the methods considered here. For each method we also introduce
a set ¥ C C that we will later encounter in the convergence analysis. For the case
of LMFe a close relation exists between ¥ and the stability domain. We show that
the same relation holds for GLMs (and therefore also for IRK methods), BVMs and
BBVMs. As a bonus, this relation provides us with a convenient way to calculate
points on a curve containing the boundary of the stability region.

The linear stability of a time discretization scheme is studied using the Dahlquist
test equation [8]

¥ =Xy, y(0)=yo. (5.1)

The stability domain S consists of all z = At € C for which the discrete solution is
bounded. The following condition will be used to define the stability regions.
DEFINITION 5.1. A polynomial satisfies the root condition if all of its zeros lie in
the closed unit disc and all of its multiple zeros lie in the open unit disc [8, 5].
For a LMF (2.3) we define the polynomials

k k

a(w) = Zajwj and b(w) = Zﬁjwj, (5.2)

Jj=0 Jj=0

and make the common assumptions of irreducibility, consistency and zero stability [7,
5]. Furthermore, we only consider implicit methods (8 # 0). We can use the same
definitions for BVMs [3]. Again, the methods are assumed to be irreducible, consistent
and zero stable. BVMs are implicit by nature.

By applying each of the schemes in section 2.1 to the test equation (5.1), we
obtain the following definitions.

DEFINITION 5.2. The stability domain S of a LMF or BVM consists of all z € C
for which the polynomial a(w) — zb(w) satisfies the root condition.

DEFINITION 5.3. The stability domain S of a GLM consists of all z € C for
which the characteristic polynomial of the matriz D + B(z~ I, — A)~1C satisfies the
root condition [8, 5].
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DEFINITION 5.4. The stability domain S of a BBVM consists of all z € C for
which the characteristic polynomial of the matriz —(A — 2B)~1(Ag — 2By) satisfies
the root condition [11, 3].

In the convergence analysis of LMFe and BVMs we encounter the set

zz{zec:zz%(w),\w|z1}. (5.3)
It is clear that the set X is the complement in C of the interior of .S, i.e.,
Y =C\intS. (5.4)

We now introduce the sets ¥ that we encounter in the convergence analysis of
GLMs and BBVMs and show that (5.4) still holds.

LEMMA 5.5. Let S be the stability domain of a GLM as defined by Definition 5.3
and let the set ¥ be defined as

Y={2€C:ztco(A+C(wl, — D)™'B),|w| > 1}, (5.5)

then relation (5.4) is satisfied.
Proof. We first prove the following lemma.
LEMMA 5.6. For all matrices A € C**%, B € C™*, C € C**", D € C"™" and
scalars p,q € C the following statements are equivalent
1. g€ o(A+C(pl, — D)™ 'B)
2. peoa(D+ B(ql; — A)~'C)
assuming that the inverses exist (p ¢ o(D), q ¢ o(4)).
Proof. Because of symmetry, it is enough to prove that the first statement implies
the second. Using the definition of an eigenvalue, the first statement results in the
following sequence of implications.

3z #0:C(pl, — D) 'Bx + Az = qz AN Bx#0
3z #0:C(pl, — D) 'Bx = (¢l — A)x A Bz #0
3z #0: (¢, — A)'C(pl, — D) 'Bx ==z A Bx#0
3o #0:B(ql, — A)'C(pl, — D) 'Bx=Bx A Bx#0
Jy #0: B(ql, — A)"'Cy = (pI, — D)y AN Cy#0
Jy#0:B(qgl, — A)~'Cy+ Dy = py AN Cy#0
By the definition of an eigenvalue, this yields the second statement. O

Using Lemma 5.6 we see that z € ¥ if and only if there exists a w such that
weo(D+B(z'I,—A)~'C) and |w|>1

or equivalently z ¢ int S. O
Remark 5.7. Lemma 5.6 can also be proven by applying the identity

My Mo B 3
det ([ My Moo ]) = det(M1) det( Moy — Moy My M)

= det(Mll - M12M231M21) det(Mgz)

to the matrix

qu - A *O
-B pl,—D
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LEMMA 5.8. Let S be the stability domain of a BBVM as defined by Definition 5.4
and let the set ¥ be defined as

S={z€C:ze€0((B+w 'By) "(A+w "4)),|w| > 1}, (5.6)

then relation (5.4) is satisfied.
Proof. We first prove the following lemma.
LEMMA 5.9. For all matrices A, B, Ag, By € C*° and scalars p,q € C the
following statements are equivalent
1. g€ O’((Bo +pB)_1(A0 -|—pA))
2. peo(—(A—gB) (A —qBo))
assuming that the inverses exist.
Proof. Because of symmetry, it is enough to prove that the first statement implies
the second. Using the definition of an eigenvalue the first statement results in the
following sequence of implications

32 #0: (By+pB) ' (A + pA)z = qx
dx#0: (Ao + pA)z = q(Bo + pB)z
Jx #0: (Ao — ¢Bo)r = —p(A — gb)z
Jz #0: —(A—qb)"*(Ag — ¢By)x = px

By the definition of an eigenvalue, this yields the second statement. O
Using Lemma 5.9 we see that z € ¥ if and only if there exists a w such that

weo(—(A—2B)"(Ag—2By)) and |w|>1

or equivalently z ¢ int S. O

Remark 5.10. Taking w = et% with € > 0 in the definition of ¥ provides a con-
venient way to calculate points outside of S. If ¥ is used in a formula of the form (4.6)
and if all poles of K(z) lie in the interior of S, then the maximum (supremum) can
be taken over the curve defined by € = 0 instead of over the whole set X.

5.2. Convergence Analysis of Discrete Waveform Relaxation. We first
state without proof two lemma’s regarding the convergence of convolution operators.
In what follows Ha; is a discrete linear convolution operator with a matrix-valued
kernel hay, i.e.,

(Hate); = Z hi—je;,
=0

where e; € C% and h; € C4x4,

A first lemma relates the convergence factor of a discrete convolution operator
acting on finite sequences to the convergence factor of the first term of the discrete
Laplace transform of its kernel (see [21, 14]).

LEMMA 5.11. Consider Ha; as an operator in l,(n +1;C%), with 1 < p < oo
and n finite. Then, Hay 1s bounded and

p(Hat) = p(ho) = p(Hai(0)), (5.7)
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where Ha(w) = Z?:o hiw™" denotes the discrete Laplace transform of has;.  For
discrete convolution operators acting on infinite sequences we get the following lemma
(see [21, 14]).

LEMMA 5.12. Consider Has as an operator in lp(oo;(Cd) with 1 < p < oo, and
suppose hay € 11(00; C*9). Then, Has is bounded and

p(Hat) = sup p(Hae(w)) = sup p(Hat(w)), (5.8)

jw|>1 Jw]=1

where Ha(w) = Zfio hiw™" denotes the discrete Laplace transform of has.

We will now use Lemma 5.12 to derive convergence factors for the discrete wave-
form relaxation method on infinite time intervals using the LMF, BVM, GLM and
BBVM time discretization schemes. By taking |w| — oo, we can then see that the
results for finite time intervals are the same as for time stepping.

To apply Lemma 5.12 we will have to prove the boundedness of the convolution
kernels involved. To this end we will use a matrix version of Wiener’s inversion
theorem.

THEOREM 5.13 (Wiener’s inversion theorem). Given a matriz valued sequence
Apg such that Apay € 11 (00; C¥*9) | and assume that

det i Aw " #£0
i=0

for |w| > 1. Setting > ;oo Biw™" = (Y roq Aiw™) 7L, we have Bay € Iy (o0; C*9).
For a proof we refer to [17] or [21].

5.2.1. LMF and BVM. From equation (3.2) we find the error iteration

ko ko ko
v v - (v—1
> anpely = At Y B Lrel) + A > By Loel Y.
Jj=—Fk1 Jj=—k1 Jj=—k1

By discrete Laplace transforming these equations and assuming that eg = - -+ = e, =
0 we get

(a(w)I, — Atb(w)L*)e(”)(w) = Atb(w)L™ eV (w),

where e®)(w) = Yoto egy)w_i and a and b are the stability polynomials as defined
by (5.2). The discrete Laplace transform of the operator Ka¢, described by (3.1) is
therefore

Kar(w) = (a(w) Iy, — Atb(w) L")~ Atb(w)L~ (
1 a 5.9)

The following lemma is proven in [21, 14]. We omit the proof since it is very
similar to the ones given below for GLMs and BBVMs. The stability domain S is the
one defined by Definition 5.2.

LEMMA 5.14. If o(AtL*) C int S, then Kay is bounded in l,(c0; C™).

Combining lemmas 5.12 and 5.14 with equations (5.9) and (5.3) results in the
following theorem.
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THEOREM 5.15. Consider Ka; as an operator in 1,(c0; C™) with 1 < p, and
assume o(AtL*) Cint S. Then,
p(Kat) = sup p(K(z)) = sup p(K(2)), (5.10)
2€ 247 % 2€ 34705
For LMFe we can take |w| — oo and retrieve the results for time stepping and discrete

waveform relaxation on finite intervals. This is not possible for general BVMs, but
taking |w| — oo in the definition of ¥ for BBVMs does provide the expected results.

5.2.2. IRK and GLM. From equations (3.3) and (3.4) we derive that the error
iteration for the discrete waveform relaxation method using a GLM can be described
by

eV = (C @ I,)e) + At(A® L)) + At(Ae L-)e" ™Y 5.11
i v/ i—1 7 i )
e = (D@ Ly)e", + At(B® LM)e™) + At(Be L)&" V. (5.12)

3

Applying the discrete Laplace transform to these equations results in
P(w)e™) (w) = Q(w)e ™ (w) (5.13)
with
ew) = [ d(w) ew) ",
Plw) = { IS®Im—§tA®L: —ij@Im ’
—“AtBQ LT L, —w 'D® I,
ow=| Msor o)

By eliminating e) (w) from (5.13) we get the following iteration for &) (w).
(I @ Ln—(AtA +w ' O(I, — w™ D)L AtB) @ L+]e™) (w)
= [(AtA+ w'C(I, —w 'D)'AtB) ® L*]é(’/—l)(w)

If we denote by Ka; the operator mapping 1 to é*), then its discrete Laplace
transform is

Ka(w) = K (Ait(fwwlcur —wlD)lB)1> (5.14)

The following lemma provides a sufficient condition for Ka; to be bounded. The
stability domain S is the one defined by Definition 5.3.

LEMMA 5.16. If o(AtL*Y) C int S, then Kay is bounded in l,(c0; C*™).

Proof. Tt is sufficient to prove that P(w)~1Q(w) is the discrete Laplace transform
of an l; sequence. It is clear that both P(w) and Q(w) are discrete Laplace transforms
of I1-sequences. By Wiener’s Theorem we have that P(w)~! is the Laplace transform
of an [;-sequence if

det(P(w)) £ 0 for jw| > 1. (5.15)

If this is true then P(w)~'Q(w) is the discrete Laplace transform of the convolution
of two l;-sequences and therefore the operator corresponding to (5.11) and (5.12) is
bounded. Condition (5.15) can only hold if the condition

I, —zA —w™1C
([ F7L) o o
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holds for all z € o(AtL*) and all |w| > 1. By considering the LU factorization of the
matrix we see that condition (5.16) is equivalent to the conditions

det(I; — zA) # 0, (5.17)
det(I, —w™'D — 2B(I, — z2A)'w™'C) #0 (5.18)

For z to be in int S, the matrix D + B(27'I; — A)7'C has to be well defined and
therefore condition (5.17) is satisfied. Suppose equality holds for some z € o(AtL™")
in (5.18). This would mean that

w € o(D+ zB(I, — 2A)7'0)

with |w| > 1 and therefore z ¢ int S. This contradicts the assumption of the lemma.
Hence, (5.18) is satisfied. O

Combining Lemmas 5.12 and 5.16 with equations (5.14) and (5.5) results in the
following theorem.

THEOREM 5.17. Consider KCa¢ as an operator in 1,(00; C°™) with 1 < p < oo,
and assume o(AtL*) Cint S. Then,

p(Kat) = sup p(K(z)) = sup p(K(z)), (5.19)

€247 % 2€ 34705

5.2.3. BBVM. Using equation (3.5) and ¢!} = u{") — u; € C*™ we find the
error iteration

(A®Im)el(vu) + (A ® Im)ez('i)l =
AH(B® L)l + At(B@ L )el" ™"
AH(Bo ® L)l + At(By @ L )el" ;Y.

2

Applying the discrete Laplace transform to these equations results in

[(A +w Ay ® Im] e(”)(w) = [At(B +w 'By) ® L*] e(")(w)+

5.20
[At(B+w™'By) ® L] e~V (w). (5.20)
The discrete Laplace transform of the operator Ca; described by equations (3.5) is
therefore

1
Kai(w) = K (E(B +w ' By) TN (A+ w_le)) :

In order to apply Lemma 5.12 the operator Ka; must be bounded. A sufficient
condition is provided by the following lemma. The stability domain S is the one
defined by Definition 5.4.

LEMMA 5.18. If o(AtL*) Cint S, then Ky is bounded in l,(co0; C*™).

Proof. Tt is sufficient to prove that Ka:(w) is the discrete Laplace transform of
an [1-sequence. Following the same reasoning as for Lemma 5.16 we arrive at the
condition

det (A+w ' A4) ® I, — AH(B+w ' By) ® L*) # 0, (5.21)
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for |w| > 1. This condition can only hold if
det (A+w ' A4g) — 2(B+w 'By)) #0 (5.22)
for z € o(AtL"). If we assume that equality holds then using Lemma 5.9 we get
w € o(—(A—2B) ' (Ay — 2By))

Because |w| > 1 this would mean that z ¢ int S which contradicts the assumption of
the lemma and therefore (5.22) is true. |

Combining Lemmas 5.12 and 5.18 with equations (5.20) and (5.6) results in the
following theorem.

THEOREM 5.19. Consider KCa¢ as an operator in 1,(c0; C°™) with 1 < p < oo,
and assume o(AtL*) Cint S. Then,

p(Kat) = sup p(K(z)) = sup p(K(z)), (5.23)

z€24; % 2€ 34705

5.3. Multigrid Convergence Analysis. As in the time stepping case the res-
ults for the two-grid iteration can be found by substituting M(z) for K(z). The

condition on the set ¥ becomes (o(AtL*) U o(L)) C intS. For proofs we refer
to [18, 27, 13, 14].

5.4. Relation to a Continuous in Time Method. The asymptotic conver-
gence factor for the continuous multigrid waveform relaxation method on infinite
intervals using (3.7) as smoother, is given by

p = sup p(M(z)) = sup p(M(z)),
2eC+ z€iR

assuming that (o(L*) U a(L)) € C~ [18, 27, 13]. For LMFe, GLMs and BBVMs
that are A-stable and for Ay, j,-stable BVMs, i.e., when ¥ C C* (C~ C int S), the
convergence factor of discrete waveform relaxation is therefore bounded by that of
continuous waveform relaxation.

5.5. Summary. The asymptotic convergence factor of the multigrid methods
for time dependent problems described before, can be found from

p= sup p(M(z)). (5.24)

zEﬁBZ

The appropriate sets X for different time discretization schemes are listed in Table 5.1.
The first row refers to time stepping and discrete waveform relation on finite intervals,
the second row refers to discrete waveform relation on infinite intervals. Note that
except for the BVM case the first row can be derived by taking |w| — oo. The function
p(M(z)) can be estimated by a local mode Fourier analysis of the two-grid iteration
applied to the elliptic equation

zu = Lu+ f.
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LMF | GLM | BVM | BBVM
‘;—: a(A~T o(B~TA) a(B~TA)
ggg; o ((A+C(wl, — D)~'B)~1) Z((Zj)) o ((Bo + wB)~1(Ag + wA))
TABLE 5.1
The sets ¥ to be mazimized over in equation (4.6).
le+04 : L
8e+03 4 -
6e+03 - r —— BDF1
——- GBDF5
4e+03 7 | —-— BGBDF5
2e+03 + L ~—— RAD3
= — — GAM4
E 0] - --- BDF5
rrrrrrrrrr BGAM4
-2e+03 r
-4e+03 r
-6e+03 r
-8e+03 r
-le+04 T T T
Re(z)
F1G. 6.1. Contour lines of the convergence rate R(z) = —logg p(M(2)) and boundaries of the

sets 3 for discrete waveform relaxation on infinite time domains. The boundary for the BGAM)
discretization coincides with the imaginary axis.

6. Numerical Results. The time discretization schemes used for the numerical
experiments are implicit Euler (=BDF1=GBDF1=RadaullA1l), the backward differ-
ence formula with 5 steps (BDF5), the Radau ITA implicit Runge-Kutta method with
3 stages (RAD3), the generalized Adams methods with 4 steps (GAM4) and the gen-
eralized backward difference formula with 5 steps (GBDF5). All but the implicit Euler
method are fifth order methods. The GAM4 and GBDF5 boundary value methods
were also used as block BVMs. The coefficients for the discretization schemes used,
can be found in the Appendix.

We prefer to report convergence rates instead of convergence factors. The con-
vergence rate R is defined by

R = —logyy(p)

and can be interpreted as the average number of additional correct digits obtained
per iteration. The asymptotic convergence rate can be estimated using

m = llen oo ’ R = _M7 (6.1)
||en7m||oo m

where e; is the error after the i-th iteration. We used the average of R} for i =
10,...,20 for all numerical experiments reported here. This corresponds to taking
the geometric mean of p} or taking n = 20, m = 10 in (6.1).

6.1. Heat Equation. As a first example we consider the heat equation
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| BDF1 | BDF5 | GBDF5 | GAM4 | RAD3 | BGBDF5 | BGAM4
TS ‘ 1.29 ‘ 1.32 ‘ - - ‘ 1.16 ‘ 0.92 ‘ 1.08
WR 1.13 0.06 0.90 0.86 0.89 0.85 0.79
TABLE 6.1
Convergence rates obtained by a two-grid local Fourier analysis (heat equation).

| BDF1 | BDF5 | GBDF5 | GAM4 | RAD3 | BGBDF5 | BGAM4
TS 1,1 1,5 - 1,3 1,5 14
WR } 1020,1 | 1020,1 1020,1 ‘ ‘ 204,5 ‘
TABLE 6.2
Number of time steps and number of unknowns per time step for the time discretizations used
in the numerical experiments.

360,3 255,4

1020,1

on the unit square. The problem is discretized on a grid with Az = Ay = 275. The
two-grid analysis was conducted for full weighting restriction, bilinear interpolation
and 1 pre- and 1 postsmoothing red-black Gauss—Seidel step. Time integration is
over ; = [0,1], i.e., At = 3-1073 for the RAD3 discretization and At = 1073 for
all others. Figure 6.1 shows contour lines of the predicted convergence rate R(z)
together with the boundaries of the regions ¥ of the discretization schemes used in
waveform relaxation on infinite time domains. We expect convergence for the BDF5
discretization to be slow since the boundary of the corresponding set 3 nearly touches
the line R = 0. If these lines were to touch or intersect, convergence would no longer
be guaranteed. Note that all but the BDF5 and BGBDF5 method are A-stable. The
BGBDF5 method is, however, very close to being A-stable and we expect very good
convergence. The results are presented in Table 6.1. The first row contains the results
for time stepping or discrete waveform relaxation on a finite domain. These results
are obtained by maximizing R(z) over X, which, in this case, is a discrete set of
points. The BVMs (GAM4 and GBDF5) cannot be used in a time stepping sense.
The second row of Table 6.1 contains the results for discrete waveform relaxation
on infinite time domains. The results were obtained by maximizing over a number
of points on the curves depicted in Figure 6.1. The points were found by taking
w = exp(%), k=0,....,n—1,n = 200 in the definitions of the sets X. Since
¥ = CT for the BGAM4 discretization the last result in the table provides a good
approximation to the convergence rate for continuous waveform relaxation. From
these results we expect good convergence for all methods except waveform relaxation
with BDF5 time discretization.

Decreasing At corresponds to a proportional increase in the size of the sets 3 in
Figure 6.1. Similarly when Az and Ay are decreased simultaneously the contour lines
of p(M(z)) have approximately the same shape, but on a larger scale (the dependency
is quadratic in this case). This can be explained by observing that scaling L, L*
and L~ in the formulas for K(z) and M(z) is equivalent to the inverse scaling of z.
Decreasing Az and Ay will of course also increase the size of all the matrices involved,
but this can be neglected for fine discretizations (large matrices). Figure 6.1 can thus
be used to estimate the convergence for other discretization resolutions by changing
the relative size of the curves depicted.

For the numerical experiments the initial conditions, the Dirichlet boundary con-
ditions and the source term f are chosen such that the exact solution is v = 0. We
use a standard W-cycle geometric multigrid algorithm with 5 levels, full weighting
restriction, bilinear interpolation and 1 pre- and 1 postsmoothing red-black Gauss—
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| BDF1 | BDF5 | GBDF5 | GAM4 | RAD3 | BGBDF5 | BGAM4

TS ‘ 1.18 ‘ 1.11 ‘ - - ‘ 1.33 ‘ 1.11 ‘ 1.10

WR 0.92 0.03 0.87 0.87 0.87 0.87 0.88
TABLE 6.3

Convergence rates obtained from numerical experiments (heat equation).

| BDF1 | BDF5 | GBDF5 | GAM4 | RAD3 | BGBDF5 | BGAM4
TS ‘ 1.50 ‘ 1.34 ‘ - - ‘ 1.91 ‘ 1.3 ‘ 147

WR 1.22 0.69 1.22 1.22 1.22 1.22 1.22
TABLE 6.4
Convergence rates for the MGS iteration (diffusion equation with variable coefficients).

Seidel step. The spatial domain is discretized using finite differences. The grid sizes
are Az = Ay = 27! on the coarsest grid and Az = Ay = 275 on the finest grid. Asin
the analysis the time steps are At = 3-1073 for RAD3 and At = 10~ otherwise. The
number of time steps for each method was chosen such that the number of unknowns
per spatial grid point was minimal in the time stepping case and the same for all
methods in the waveform relaxation case. Table 6.2 shows the number of time steps
and the number of unknowns per time step for each method. All unknowns were set
to 1 for the initial approximation.

The results are presented in Table 6.3. It is clear that they correspond very well
to the results obtained from the theoretical analysis. The theoretical convergence
rates are not strictly lower bounds (upper bounds on the convergence factors), since
they are asymptotic convergence rates obtained using a local Fourier mode two-grid
approximation. Similar results with poor convergence for the BDF5 method and con-
vergence rates close to 1 for the other methods were obtained for waveform relaxation
on grids of dimensions 2° x 25 x 104, 28 x 28 x 360 and 2° x 2% x 60. We can conclude
that, for this problem, multigrid methods are very efficient even when using high order
time discretization schemes.

6.2. Diffusion Equation with variable coefficients. The next example is a
more general diffusion equation of the form

up = (aug), + (buy)y + f,
a(z,y,t) = exp(10(z — y)),
b(x,y,t) = exp(—10(x — y)).

This is a so called anisotropic problem since the diffusion coefficients in a certain point
can be very different depending on the direction of diffusion. Standard multigrid
methods do not handle this type of problems well and yield very slow convergence
(R = 0.1). However, just like we did with the original multigrid algorithm, we can
extend multigrid methods developed for time independent anisotropic problems to
time dependent ones. We used here the “multigrid as smoother” (MGS) method
which uses the same simple smoothers as before, together with an extended hierarchy
of coarse grids. For more information on multigrid for anisotropic problems we refer
to [25, 26, 23, 28, 22].

The same discretizations, initial and boundary conditions and initial approx-
imation were used as for the previous example. The multigrid algorithm uses full
weighting restriction, bilinear and linear interpolation, 1 pre- and 1 postsmoothing
step. The smoothing consists of a multigrid semicoarsening step in the z-direction
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norm error

BDF1 WR

10718 ; -
[ - BDF5 WR
-m- GBDF5 WR
~+- GAM4 WR
10-20 | -+~ RAD3 WR i
| -% BGBDF5 WR
~e- BGAM4 WR
L N
0 5 10 15 20

iterations

F1G. 6.2. Convergence of MGS method (diffusion equation with variable coefficients).

followed by one in the y-direction both using only 1 presmoothing red-black Gauss—
Seidel step. A hierarchy of 5 x 5 grids is used. The results are presented in Table 6.4.
The convergence history of the MGS waveform relaxation method is visualized in
Figure 6.2 for different time discretization schemes. Except for the BDF5 method,
the convergence histories are indistinguishable. We see once more that it is possible
to obtain very efficient multigrid methods even when high order time discretization
schemes are used.

Appendix A. Coefficient Matrices.

A.1. Implicit Runge—-Kutta methods. We only considered the RadaullA
method with 3 stages.

RAD3.
88—7/6 296-169v6  —2+36 16—/6 4—+/6
360 1800 225 36 10
A= | 296+169v6 884716 —2-3v6 b= 16+v6 c= | 4+v6
1800 360 225 ’ 36 ’ 10
16—6 164+v6 1 1 1
36 36 9 9

A.2. Boundary Value Methods. The coefficient matrices A, and B, for the
LMFe and BBVMs we used are given below. The boldface rows correspond to the
coefficients a; and 3; of the basic method (2.8). The rows above correspond to the
initial conditions and the rows below to the final conditions. The coefficient matrices
for s > k are obtained by repeating the boldface rows as in (2.11).

BDF1.

Ae=[-1[1], Be=[0]1]
GAMA4.
—1] 1 251 | 646 —264 106 —19
4 -1 1 _ 1 | -19|346 456 -74 11
°= -1 1 T PeT 790 11| —74 456 346 —19

-1 1 —19 | 106 —264 646 251



24 J. VAN LENT AND S. VANDEWALLE

GBDF'5.
12| =65 120 —60 20 -3 011
L 3] -3 —20 60 —15 2 0 1
Ac=—| -2| 15 -60 20 30 -3 |, B.=|o0 1
60 3| —20 60 —120 65 12 0 1
—12 | 75 —200 300 —300 137 0 1

BDF5. The last rows of the previous matrices contain the coefficients of the
BDF5 method.
RAD3. The RadaullA methods can easily be formulated as a BBVM. It is

important to note that the points within a time step are not equidistant as in the
previous BVMs and that the time step At has a different interpretation.

0 88—7v6 296—169v6 —24+3v6
1|1 360 1800 225
A = | —1 1 B. = | 0| 296+169v6 88+7v6 —2-3v6
€ ’ ¢ 1800, 360 225
-1 1 0 16—6 16+v6 1
36 36 9

Acknowledgements. Some of the results were verified using a version of the
Fourier analysis code LFAOO_2D_scalar [32] extended to complex numbers in collab-
oration with its author.
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