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Abstract

The standard procedure to compute the singular value decom-
position of a dense matrix, first reduces it into a bidiagonal one by
means of orthogonal transformations. Once the bidiagonal matrix
has been computed, the Q R—method is applied to reduce the latter
matrix into a diagonal one.

In this paper we propose a new method for computing the sin-
gular value decomposition of a real matrix. In a first phase, an al-
gorithm for reducing the matrix A into an upper triangular semisep-
arable matrix by means of orthogonal transformations is described.
A remarkable feature of this phase is that, dependding on the dis-
tribution of the singular values, after few steps of the reduction, the
large singular values are already computed with a precision depend-
ing on the gaps between the singular values.

An efficient implementation of the implicit Q R—method for upper
triangular semiseparable matrices is derived and applied to the latter
matrix for computing its singular values.

The numerical tests show that the proposed method can com-
pete with the methods available in the literature for computing the
singular values of a matrix.
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Abstract

The standard procedure to compute the singular value decomposition of a
dense matrix, £rst reduces it into a bidiagonal one by means of orthogonal trans-
formations. Once the bidiagonal matrix has been computed, the QR-method is
applied to reduce the latter matrix into a diagonal one.

In this paper we propose a new method for computing the singular value de-
composition of a real matrix. In a £rst phase, an algorithm for reducing the matrix
A‘into an upper triangular semiseparable matrix by means of orthogonal transform-
ations is described. A remarkable feature of this phase is that, depending on the
distribution of the singular values, after few steps of the reduction, the large singu-
lar values are already computed with a precision depending on the gaps between
the singular values.

An effcient implementation of the implicit QR-method for upper triangular
semiseparable matrices is derived and applied to the latter matrix for computing its
singular values.

The numerical tests show that the proposed method can compete with the meth-
ods available in the literature for computing the singular values of a matrix.

Keywords: SVD decomposition, QR-likealgorithms, semisepar ablematrices,
bidiagonal matrices, singular values.

1 Introduction

The standard procedure to compute the singular value decomposition of a dense mat-
rix [4] £rst reduces it into a bidiagonal one by means of orthogonal transformations.
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Once the bidiagonal matrix has been computed, the QR—method is considered to reduce
the latter matrix into a diagonal one (see, for instance, [5, 9, 7, 3] and the references
therein).

In this paper we consider a new method for computing the singular value decom-
position of a real matrix A € R™". In a £rst phase, an algorithm for reducing the matrix
A into an upper triangular semiseparable matrix by means of orthogonal transforma-
tions is described, whose computational complexity is the same as for the standard
reduction of am x n matrix into a bidiagonal one by orthogonal transformations [5]. A
remarkable feature of this phase is that, after few steps of the reduction, the large sin-
gular values are already computed with a precision depending on the gaps between the
singular values and also depending on the spreading of the singular values. Indeed, it is
showed that the latter reduction can be considered as a kind of subspace—-like iteration
method, where the size of the subspace increases by one dimension at each step of the
reduction. Moreover it is also stated that the singular values have a very close connec-
tion to the Lanczos Ritz values, hereby interfering with the convergence behaviour of
the subspace iteration.

Therefore, it turns out that the proposed reduction of a dense matrix into an upper
triangular semiseparable (UTSS) one is an algorithm that can be efEciently used to
compute an approximation of the largest singular values and the associated subspaces
of the singular vectors. Such problems arise in many different areas, such as, prin-
cipal component analysis, data mining, magnetic resonance spectroscophy, microarray
data analysis, gene expression data, ... (see, for instance, [6, 14, 13, 17, 18] and the
references therein).

In a second phase, once a UTSS matrix has been computed, an iterative method is
derived and applied to the latter matrix in order to reduce it into a block diagonal one.
It is proven that each iteration of the method is equivalent to an implicit QR—iteration.
Hence, we derive an effcient implementation of the implicit QR—method for UTSS
matrices.

The paper is organized as follows. A short introduction to the standard procedure
for computing the singular values of a matrix is described in § 2. The de£nition and
basic concepts of semiseparable matrices are introduced in § 3. The algorithm for
reducing real matrices into UTSS ones is described in § 4 followed by the analysis
of its ““convergence” properties, discussed in § 5. In § 6, § 7 and § 8 the implicit
QR-method is described. Moreover, the equivalence of the proposed method with the
QR-method for semiseparable matrices is proven in § 8.

The implementation issues of the method are described in § 9.

The numerical experiments are shown in § 10 followed by the conclusions and
future work.

2 The standard QR-method

In this section a brief explanation of the standard QR—method [5, p. 448-460] for cal-
culating the singular values of an m by n matrix is given.

Let A € R™". Without loss of generality, one can assume that m > n. In a £rst
phase the matrix A is transformed into a bidiagonal one by using orthogonal transform-



ations Ug and Vg to the left and to the right, respectively, i.e.,

di f1 0 -~ 0
0 do Z

ugAvgz('g),withB: P
. T . ]
0o --- 0 dn

Computed B, the QR—method is applied to it. The latter method generates a sequence
of bidiagonal matrices converging to a block diagonal one.

Here a short description of one iteration of the QR method is considered. More
details can be found in [5, p. 452-456].

Let V1 be the Givens rotation

5 c1 S1 st d2—k \ [ x
V1_<_Sl Cl),suchthatvl< dify )_( 0 ),

where K is a shiftl. LetV; = diag(\?l, In—2), with I,k > 1, the identity matrix of order
k. The matrix B is multiplied to the right by Vy, introducing the bulge denoted by “+”
in the matrix BV,

X X 0
+ x x 0
BGi=| 0 0 x

x 0

The rest of the iteration is completed applying 2n — 3 Givens rotations, Uq,...,Un_1,
Va,...,Vh_1 in order to move the bulge downward the bidiagonal structure and eventu-
ally remove it,

U™BV = (U ;- -UJ)B(VaVa-- -V, 1) = X X

Hence, the bidiagonal structure is preserved after one iteration of the QR—method.
It can be proved that Ve; = Viej,where e; is the £rst vector of the canonical basis.
Moreover, if Q and R are the orthogonal factor and the upper triangular factor of the
QR factorization of BB — kI, , respectively, then Q and V are essentially the same,
ie.,

V = diag(+£1,...,+£1)Q. (@)
Furthermore, T = QTBTBQ is a symmetric tridiagonal matrix. Taking the following

theorem into account, it turns out that each iteration of the QR—method is essentially
uniquely determined by the £rst column of Q, i.e., by the the £rst column of V.

TUsually K is chosen as the eigenvalue of S(n—1:n,n—1: n) closest to S(n,n) (Wilkinson shift), where
S=B"B.



Theorem 1 [5, p. 416](Implicit Q Theorem) Suppose Q =[q1,...,qn] andV = [vi,...,Vy]
are orthogonal matrices with the property that both QTAQ =T and VTAV =S are tri-
diagonal where A € R™" is symmetric. Let k denote the small positive integer for
which t 1k = 0 with the convention that k = n if T is irreducible. If vi = gy, then

Vi = %qi and [tjj_1| = [sij—1| fori=2,... k. Moreover, if k < n, then sy, 1 = 0.

Summarizing, the QR—method for computing the SVD of a matrix A € R™" can
be divided into two phases.

Phase 1 Reduction of A into a bidiagonal matrix B by means of orthogonal transforma-
tions.

Phase 2 The QR-method is applied to B.

3 The new method via semiseparable matrices

Bidiagonal matrices play the main role in the standard procedure for computing the
SVD of a matrix described in the previous section. In the new method, this role is
played by upper triangular semiseparable matrices.

DeEnition 1.1 S is called a semiseparable matrix of semiseparability rank r if there
exist two matrices R1 and Ry both of rank r, such that

S =triu(Ry) +tril(Ro),

where triu(R1) and tril (R) denote respectively the upper triangular part of the matrix
R1 and the strictly lower triangular part of the matrix Ro. When r =1, R; and R, are
two rank one matrices. Hence they can both be written as the outer product of two
vectors, respectively u and v for R1 and s and t for R,. These vectors are also called
the generators of the semiseparable matrix S.

In the sequel a semiseparable matrix of semiseparability rank 1 will be referred to as a
semiseparable matrix.

Similarly to the QR—method described in § 1, the new method is divided into two
phases.

Phase 1 Reduction of A into an upper triangular semiseparable matrix (UTSS) Sy by
means of orthogonal transformations.

Phase 2 The new iterative method is applied to S, preserving the upper triangular semisep-
arable structure.

In the next section an algorithm to reduce matrices into UTSS ones is described.
An important feature of this algorithm is that the largest singular values are already
computed with enough precision after few steps of the reduction, when the distribution
of the singular values satisfy some mild conditions.



4 Reduction of a matrix to an upper triangular semisep-
arable one

The algorithm given here makes use of orthogonal transformations, i.e., Givens and
Householder transformations, to reduce the matrix A into a UTSS matrix. The al-
gorithm is based on the following result that can easily be adapted to transform arbit-
rary matrices into lower triangular semiseparable form.

Theorem 2 Let A€ R™" m > n. There exist two orthogonal matrices U and V such

that
_( Su
UAV_< 0 ),

where Sy is an upper triangular semiseparable matrix.

PROOF:
The proof given here is a constructive one. We prove the existence of such a transforma-
tion by reducing the matrix A to the appropriate form by using Givens and Householder
transformations.

The proof is given by induction. For an easy understanding and without loss of
generality, the proof is restricted to a matrix A € R™" with m = 6 and n = 5. The side

on which the operations are performed plays a very important role.
The following notation is introduced: A|(<I)J denotes the matrix A at step |. Moreover,
k denotes the number of operations performed to the left of the matrix Ag_%), and j

denotes the number of operations performed to the right of the matrix Agé. Agg will be

also denoted by A(). UIE” stands for the kth operation to the left at step I, and VJ-(I> for
the jth operation to the right in step I. These operations are Givens and Householder
transformations.

e Step 1. In this £rst step of the algorithm two orthogonal matrices U1<1> and V1<1)
are to be found, such that the matrix A® = UM AOVY | with AD = A, has
the following properties: the £rst two rows of the matrix A(@ satisfy already
the semiseparable structure and the £rst column of A is zero below the £rst
element. As mentioned before we prove the theorem considering a matrix of

size m =6 and n = 5. A Householder transformation Vl(1> is applied to the right

of AL = Aélg in order to annihilate all the elements in the £rst row except for
the £rst one. ® denote the elements to be annihilated, and X denote the part of
the matrix having already a semiseparable structure.

® & ®

B M -

X X X X X X
X X X X X

X X X X X

X X X X X

X X X X X ®
® R X X
X X X X X ©
X X X X X ©
X X X X X ©
X X X X X ©



A Householder transformation U{l) is now applied to the left of Aé,,li in order to
annihilate all the elements in the £rst column except the £rst two ones, Afﬂ =
Aélg,vl(l), followed by a Givens transformation U2<1) applied to the left of Aﬁ in

order to annihilate the second element in the £rst column. As a consequence, the

£rst two rows of A(zli have already a semiseparable structure.

x 0 0 0 O x X XK X X
® X X X X 0 X X X X
D) A() 0 x x x X WAL D) 0 x X X x
U A1 = 0 x X x X Up"Alr A= 0 x %X x x
0 x %X x X 0 x x x x
0 x x x x 0 x X X X
Then we put
2) _ A
A® = A7),

Step k > 1. By induction, the £rst k rows of A(K) have a semiseparable structure
and the £rst k — 1 columns are already in an upper triangular form. Without
loss of generality, let us assume k = 3. This means that A(® has the following
structure:

X X X X X

0 X X X KX

3) _ 0 0 X X K
AT = 0 0 x x x (2)

0 0 x x x

0 0 x x x

The aim of this step is to make the upper triangular semiseparable stucture in the
£rst 4 rows and the £rst 3 columns of the matrix. To this end, a Householder

transformation Vl<3> is applied to the right of A, chosen in order to annihilate
the last two elements of the £rst row of A(3). Note that because of the dependency

between the £rst three rows, Vf’) annihilates the last two entries of the second
and third row, too. Furthermore, a Householder transformation is performed to

the left of the matrix A(()‘Q’i to annihilate the last two elements in column 3.

X X X 0 0 x XK X 0 0

0 X X 0 O 0 X X 0 O

®yed_| 0 0 X 0 0 3.3 3 | 0 0 ® 0 0
PV 0 0« o ox | Y AIT g 0w ko x
0 0 ® x X 0 0 0 x X

0 0 ® x x 0 0 0 x x



The Givens transformation Uz(s) is now applied d to the left of the matrix Af},
annihilating the element marked with a circle.

x X K 0 O x X XK 0 0

0 X X 0 O 0 X X 0 O

® | 0 0 X 0 O (3) A(3) ® | 0 0 X XK KX
AMi=| 0 0 & x x | Y2%1 M1 o 0 0 ® x
0 0 0 x x 0 0 0 x x

0 0 0 x x 0 0 0 x x

Dependency is now created between the fourth and the third row. Neverthe-
less, as it can be seen in the £gure above, the upper part does not satisfy the
semiseparable structure, yet. A chasing technique is used in order to chase the
non semiseparable structure upwards and away, by means of Givens transforma-

tions. Applying V2(3) to the right to annihilate the entry (2,3) of A(23i a nonzero
element is introduced in the third row on the second column. Because of the
semiseparable structure, this operation introduces two zeros in the third column,
too. Annihilating the element just created in the third row with a Givens trans-
formation to the left, the semiseparable structure holds between the second and
the third row.

3),,(3
A -

3) A(3 3
oA A

o oo oo X
coco® KK
coox oo
X X XX oo
X X Koo
o oo oo X
cocoocolXKX
cocoo XX o
X X KKK o
X X MK Ko

This upchasing of the semiseparable structure can be repeated to create a com-
plete upper semiseparable part starting from row 4 to row 1. This is shown in the
next £gure:

x 0 0 0 O X X X X X

x x K K K 0 ¥ X XK KX

ya_[ 0 0 X K X @3 3 [ 0 0 B B K
A3.,2\/3 = 0 0 0 N X U, A3$3 Ays= 0 0 0 ¥ X
0 0 0 x x 0 0 0 x x

0 0 0 x x 0 0 0 x x

Then we pose

This proves the induction step.

Step n+ 1. Finally, a Householder transformation has to be performed to the left
to have a complete upper triangular semiseparable structure. In fact, suppose,
the matrix has already the separable structure in the £rst n rows, then one single
Householder transformation is needed to annihilate all the elements in the n-th



column below the n—th row. (see the £gure).

X XX X X X X X X X X

0 X X X K 0 X X X K

m_| 0 0 X X X B8 r®_| 0 0 K XK X
A 0 0 0 X KX Ui A0 Aro 0 0 0 X X
0 0 0 0 KX 0 0 0 0 KX

0 0 0 0 x 0 0 0 0 O

After the latter Householder transformation, the desired upper triangular semisep-
arable structure is created and the theorem is proved.

|
The reduction just described is obtained applying Givens and Householder trans-
formations to A. The computational complexity of the algorithm is computed consid-
ering only the multiplications by Householder transformations, since the cost of the
multiplications by Givens rotations are negligible with respect to that one of the lat-
ter ones. Hence, it turns out that the computational complexity of the algorithm is
4mn? — 4/3n3, that is the same computational complexity of the standard procedure
that reduces matrices into bidiagonal form by Householder transformations [5].

5 Convergence properties of the reduction.

5.1 Subspace iteration

At each step of the algorithm introduced in Theorem 2, one more row (column) is
added to the set of the rows (columns) of the matrix already proportional to each other
by means of orthogonal transformations. In this section, using arguments similar to
those considered in [16, 15], we show that this algorithm can be interpreted as a kind of
nested subspace iteration method [5], where the size of the vector subspace is increased
by one and a change of coordinate system is made at each step of the algorithm. As
a consequence, the upper triangular blocks along the main diagonal in the part of the
matrix already semiseparable, give information on the largest singular values of the
matrix.

Given a matrix A and an initial subspace 5, the subspace iteration method [5]
can be described as follows

SO —As(-D j=123 .

Under weak assumptions on A and $(9), the sequence {$S} converges to an invariant
subspace, corresponding to the largest eigenvalues in modulus.

The reduction algorithm of a dense matrix to a UTSS matrix can be seen as such a
kind of subspace iteration, where the size of the subspace grows by one dimension at
each step of the algorithm.

Let A = A Let U{”,Uz(1> and Vl(l) be the orthogonal matrices, described in step
1 of the proof of Th. 2. Hence the matrix

A® —yPuMay® @3)



has the upper triangular semiseparable structure in the £rst two rows and in the £rst
column.

Degne UM =U{PU andlet UM =[al” 6", ..., ai7)]. Then, because AV () =
U@A® has the £rst row, except for the £rst element equal to zero (see Theorem 2) we
get:

>< >< P X
. . . 0 X - X .
ADADT _ GOARARTGOT GO S = 0OR. (4
0 x X

Letes,...,en be the standard basis vectors of R". From (4), because of the structure of
R4, it turns out that:

ADADT co) e at >,
where < Xx,Y,z,...> denotes the subspace spanned by the vectors x,y,z, . ... This means

that the £rst column of AWADT and at" span the same one—dimensional space. In
fact, one subspace iteration step is performed on the vector e;.

The £rst step of the algorithm is completed when the following orthogonal trans-
formation is performed,

A® —WTAOYD 4 AR AT _ GOTAWADT GO

The latter transformation can be interpreted as a change of coordinate system: A(%)

and A represent the same linear transformation with respect to different coordinate
systems. Lety € R". Theny is represented in the new system by U(l)Ty. This means
that for the vector d"” we get U al") = e;. Summarizing, this means that one step
of subspace iteration on the subspace < e; > is performed, resulting in a new sub-
space 0(11), and then, by means of a coordinate transformation, it is transformed back
into the subspace < e; >. So, instead of working with a £xed matrix and changing
subspaces, we work with £xed subspaces and changing matrices. Therefore, let z() de-

note the singular vector corresponding to the largest singular value of A0, i=1,2, ...,
the sequence {z(i)} converges to e1, and, consequently, the entry A(”(l,l) converges
to the largest singular value of A. The second step can be interpreted in a completely
analogous way.
Let

A® = (Z)TA(Z)V1<2>’ (5)
where U@ and V,?) are orthogonal matrices such that A is a UTSS matrix in the
£rst three rows and the £rst two columns. Denote U (2 = [0(12>, 0(22), . 0513)]. From (5),

AP@ADT can be written as follows,

X X e XX
0 x X X

AQART _j@a@A0TGRT _g@| 0 0 x x | =0@R,.
0 0 x X



Considering the subspace < e1,e2 > and using the same notation as above, we have,
T ~A(2) A
APART < ey e >=< 0,05 >

This means that the second step of the algorithm is a step of subspace iteration per-
formed on a slightly grown subspace. For every new dependency that is created in the
matrix A(), the dimension of the subspace is increased by one.

This means that from step i, i = 1,...,n, (so there is dependency between the rows
1 upto i), all the consecutive steps perform subspace iterations on the subspace of di-
mension i. From [16], we know that these consecutive iterations on subspaces tend to
create block upper triangular matrices. Furthermore, the process works for all the nes-
ted subspaces at the same time, and so our semiseparable matrix will tend to become
more and more block upper triangular, where the blocks contain the singular values of
the same value. This explains why the upper-right block already gives a good estim-
ate of the largest singular values, as they are connected to a subspace on which were
performed the most subspace iterations.

This insight also opens a lot of new perspectives. In a lot of problems, only few
largest singular values need to be computed. In such cases, the proposed algorithm
gives the required information after only few steps, without running the algorithm to
the completion. Moreover, because the matrices generated at each step of the algorithm
converges to a block upper triangular matrix, the original problem can be divided into
smaller independent subproblems. Furthermore, if the UTSS reduction is “iterated”,
the sequence of UTSS matrices generated converges to a block upper triangular matrix.

We £nish this section with a theorem from [16] concerning the speed of conver-
gence of subspace iterations. (Theorem 5.4 [16])

Defnition 2.1 Denote with § and 7" two subspaces, then the distance d (S, 7') between
these two subspaces is defned in the following way:

d($,7)= sup inf [|s—t]|2

seslsl=1 €7

Using this de£nition, we can state the following convergence theorem:

Theorem 3 Let A € C™", and let p be a polynomial of degree < n. Let A1,...,An
denote the eigenvalues of A, ordered so that |p(A1)| > |p(A2)| > -+ > |p(An)]|. Suppose
k is a positive integer less than n for which |p(A)| > |p(Ak+1)]. Let (pi) be a sequence
of polynomials of degree < n such that p; — pasi— o and pj(Aj) #0for j=1,....k
and all i. Let p=|p(Ak)|/|p(Aks+1)|. Let T and U be the invariant subspaces of A
associated with Aq,...,Ax and Ayi1,...,An respectively. Consider the nonstationary
subspace iteration
Si=pi(A)Si-1

where Sy is a k-dimensional subspace of C" satisfying SN U = {0}. Then for every p
satisfying p < p < 1 there exists a constant C such that

d(_S],T) Séﬁia = 172733"'
In our case Theorem 3 can be applied with the polynomials pi(z) and p(z) chosen in
the following sense: pi(z) = p(z) =z.

10



5.2 The Lanczos-Ritz values

In an analogues way as in the previous subsection one can show that the intermediate

matrices A®) satisfy the following property. The matrices ADAD " have in the upper
left i x i block the eigenvalues equal to the Ritz Values, corresponding with the starting
vector e1. The proof of this statement is a combination of a proof given in [10] and the
proof of the subspace iteration above. It will not be given here, because it is easy to
reconstruct.

As mentioned before, the interaction between the Lanczos-Ritz value behaviour,
and the subspace iteration is the following. The subspace iteration, will start conver-
ging as soon as the Lanczos-Ritz values have converged close enough to the dominant
eigenvalues. We will not go into the details, because a thourough study of the in-
teraction between the two behaviours was already made in the Technical report [10].
The interested reader can £nd there answers to all the questions concerning the proofs,
theorems and interactions between these two convergence behaviours.

6 The new method

As described in § 2, a crucial point of one iteration of the QR—method applied to bid-
iagonal matrices is the knowledge of the £rst column of the orthogonal factor of the
QR-factorization of BTB — kI. Moreover, after each iteration of the QR-method the
bidiagonal structure of the involved matrices is preserved.

Similarly, in § 8 we will prove that one iteration of the implicit QR method applied
to an upper semiseparable matrix Sy is uniquely determined by the £rst column of the
orthogonal factor Q of the QR factorization of

SISy—kl, (6)

where K is a suitable shift. Expoiting the particular structure of matrix (6), we will
show how the £rst column of Q can be computed without explictly computing S S,

Moreover, in § 8, we will prove that an implicit Q-theorem similar to Th. 1 holds
also for semiseparable matrices. Hence we will show that each iteration of the new
method is actually an iteration of the implicit QR—-method applied to semiseparable
matrices.

In this section we describe how the £rst column of the orthogonal factor of the QR
factorization of (6) can be determined.

Denote by u and v the generators of the matrix Sy,

Uqvi Ugvy Ulvp -+ UpVi
0 UpVo U3Vy --- UpV2

Su= 0 uzva --- UpVs . (7)
0 0 upvy

11



Letti = szlvz, i=1,...,n. An easy calculation reveals that

UpUiT1 U2U1T3 U3U1Ty -+ UpUiTa
UaU1T1  U2U2T2  U3U2T2 UnUzT2

S= SISU = Uszu1T7 U3U2T2 U3U3T3 . (8)
UnU1T1  UpU2T2 s UnVnTn

is a symmetric semiseparable matrix.
Let us denote the generators for this symmetric S by (G and V,

L’j:

c

= (ug,u2,U3,---,Up)
= (U1Tq,U2T2,U3T3, -+ ,UnTh).

<>

Therefore S — kI is a diagonal plus semiseparable matrix.
The Q factor of the QR factorization of a diagonal plus semiseparable matrix of order
n, can be given by the product of 2n — 2 Givens rotations (see [11] for the details).

Due to the structure of the matrix involved, the £rst n — 1 Givens rotations, G;,i =
1,...,n—1, applied from bottom to top (GI acts on the last two rows of the matrix,
annihilating all the elements in the last row of S below the main diagonal, G} acts
on the rows n—2 and n— 1 of GIS, annihilating all the elements in row n — 1 below
the main diagonal, G| ; acts on the £rst two rows of G| ,---GJS, annihilating the
element in position (2,1)) reduce the semiseparable matrix S into an upper triangular
one and the diagonal matrix kI into an upper Hessenberg one, respectively. Moreover
let O = G1Go---Gp_1, it can be easily checked that S = S,Q is a lower triangular
semiseparable matrix.

Let H = QT(S —KI). The QR—factorization of H can be computed by means of
n — 1 Givens rotations Gp,Gn,1,...,Gan_2 such that G! acts on the £rst two rows of
H, annihilating the entry (2,1), G, ; acts on the rows 2 and 3 of G| H, annihilating
the entry (3,2), ..., GJ,_, acts on the last two rows of G}, 5---GlH, annihilating the
entry (n,n—1).

Taking into account that S is a lower triangular matrix, QTe; = Gl_lel, and

H = Q'(S—«l)
— Q'slsy-kq”
= S/s,—«Q",
then
Hey =S(1,1)Su(1,1)e1 —KG! jes.
Moreover,

G1G2---Gn_1GnGny1---Gan—281 = G1Go---Gp_1Gpey

since Gjep = €1, i=n+1,...,2n— 2. This means that the £rst column of the Q factor
of the QR—factorization of S — kI depends only on the product G1G2- - - G,_1Gy. Fur-
thermore, let A

SI = SuG1G2- - Gp_1Gn = 5 Gp. ©)
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7 Chasing the bulge

The matrix (9) differs form a lower triangular semiseparable matrix for a bulge in posi-
tion (1,2). In order to retrieve the lower triangular semiseparable structure an algorithm
is presented in this section. At each step of the algorithm the bulge is chased down-
ward one position along the super diagonal, by applying orthogonal transformations
to S. Only orthogonal transformations with the £rst column equal to e are applied
to the right of §|. Indeed, imposing this constraint, the £rst column of G5 --- Gy, is not
modi£ed if multiplied to the right by one of the latter orthogonal matrices.
Before describing the algorithm, we consider the following theorem.

Theorem 4 Let
_ < (VRN a 0 ) (10)
UpVq1 UgVy UpV3
with uq,up,v1,Vo,v3 all different from zero. Then there exists a Givens transformation
G such that,
N 1 0
c=C < 0 G ) (11)

has a linear dependency between the £rst two columns of C.

PROOF:
The theorem is proven by explicitly constructing the Givens matrix G. Denote the
Givens transformation G in the following way,

1 t -1
GC=— . 12
Vitt? ( 1t ) (2
Taking (10) and (12) into account, (11) can be written in the following way,
U1V1 ta —a
_ \/ 1442 \/ 1+t2
- UpVy tupVo+Upvs —UpVp+tupvs

\/ 1+t2 \/ 1442

Dependency between the £rst two columns leads to the following condition on the
coefEcients of the previous matrix:

ta tuova + Upvs

Vittuvs  VIFtuv
Simpli£cation leads to:

ta  tupvatuavs

Uy uz

Extracting the factor t out of the previous equation proves the existence of the Givens
transformation G.



|
The next theorem yields the algorithm that transforms S, into a lower triangular
semiseparable matrix.

Theorem 5 Let §; be a matrix whose lower triangular part is semiseparable with gen-
erators u and v and the strictly upper triangular part is zero except for the entry (1,2).
Then there exist two orthogonal matrices U and V such that

§| =USVv
is a lower triangular semiseparable matrix and Ve, =e.

PROOF:

The theorem is proven by constructing an algorithm which transforms §; into a lower
triangular semiseparable matrix, in which the orthogonal transformations applied to the
right have the £rst column equal to e1. Without loss of generality we assume S; € R>*5.
Let

X ® 0 0 0
X X 0 0 0
§=| X ¥ ® 0 0 [,
XN X X X 0
N ¥ N N KX

where ® denotes the bulge to be chased. Moreover, the entries of the matrix satisfying
the semiseparable structure are denoted by X. At the £rst step a Givens transformation
Uy is applied to the left of S; in order to annihilate the bulge,

00 0 0
x 0 0 0
0.8 = (13)
N X K 0
N ¥ X K

XXX X X
X
X
o
o

Although U1S; is lower triangular, the semiseparable structure is lost in its £rst two
rows. In order to retrieve it, a Givens rotation V1, constructed according to Theorem 4,
and acting to the second and the third column of UiS; is applied to the right, in order
to make the £rst two columns, in the lower triangular part, proportional.

X 0 0 0 O X 0 0 0 0
x x 0 0 0 XK X x 0 0
USS=| ® X ® 0 0 |SVi| ® X ® 0 O
N ¥ X X 0| | XN XXX O
N ¥ X X KX X ¥ K X X

Hence, applying Uy and V4 to the right and to the left of S, respectively, the bulge is
moved one position downward the super diagonal (see £g. 1), retrieving the semisepar-
able structure in the lower triangular part. Recursively applying the latter procedure the
matrix Uy - - -Uy§\V1 - - - Vs is a lower triangular semiseparable matrix. Then the theorem
holds choosing U = U,---Uy andV =V -- V.

|
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Figure 1: Graphical representation of the chasing

8 One iteration of the new method applied to upper tri-
angular semiseparable matrices.

In this section we describe one iteration of the proposed algorithm for computing the
singular values of an upper triangular semiseparable matrix. Morever we prove the
equivalence between the latter iteration and one iteration of the implicit QR—method
applied to UTSS matrices. One iteration of the proposed method consists of the fol-
lowing 4 steps.

Step 1. n—1 Givens transformations Gy, ..., Gp_1 are performed to the right of S, swappping
it into a lower triangular semiseparable matrix S;.

Step 2. One more Givens transformation G, is computed in order to introduce the shift.
As seen in § 7, the application of this Givens transformation to the right of the
lower triangular semiseparable matrix creates a bulge.

Step 3. The bulge is chased by n— 2 Givens transformations, Gn.1,...,Gan_2 retrieving
the lower triangular semiseparable structure.

Step 4. The latter matrix is swapped back to upper triangular form. This is done by
applying n — 1 more Givens transformations to the left, without destroying the
semiseparable structure.

Remark 1 Actually, the Givens rotations of Step 1 and Step 4 are not explicitely ap-
plied to the matrix, the semiseparable structure allows us to calculate the resulting
semiseparable matrix (the representation of this matrix) in a very cheap way with O(n)
Qops.

Remark 2 The Givens rotations involved in Step 1, Step 2 and Step 3, are those de-
scribed in § 6, needed to compute the Q factor of the QR factorization of STS, —KI.

15



Remark 3 If the shift is not considered, only step 1 and step 4 are performed at each
iteration of the method.

It remains to prove that one iteration of the latter method is equivalent to one iteration
of the implicit QR—method applied to an upper triangular semiseparable matrix Sy, i.e.,
if Q1 is the orthogonal factor of the QR factorization of SIS, — kI =S — kI, and Q3 is
the matrix of the product of the orthogonal matrices applied to the right of Sy during
one iteration of the proposed method, then Q1 and Q- are essentially the same, i.e.,

Q1 = Qodiag(#+1,...,41).

Assume an implicit QR—iteration is performed on the matrix S. This can be written in
the following form:
QISQ1 =S1. (14)

Now we show how one iteration of the new method performed on the matrix S, can
also be rewritten in terms of the matrix S = S|S,. This is achieved in the following
way. (All the steps mentioned in the beginning of the section are now applied to the
matrix Sy.) First the n —1 Givens transformations are performed on the matrix S,
transforming the matrix into lower triangular semiseparable form. In the following
equations, all the transformations performed on the matrix S, are £tted in the equation
S = S/ Sy to see what happens to the matrix S.

G ;--GISGy---Gp1= (GLl'“GISE) (SuG1-+-Gn_1) = (575,

One more Givens transformation Gy, is now applied, introducing a bulge in the matrix
S.
GIGI—:L T G-:IL-SG‘l +++Gn-1Gp = G-rl; (SI (0))TS| (O)Gn.

Taking Theorem 4 into account, there exist two orthogonal matrices U and V, with
Vey = ey, such that US;(9'GV is again a lower triangular semiseparable matrix. This
leads to the equation:

VIGIG! |---G]SGy---Gn_1GnV =V TGl (5?)TuTus OG,V.

The £nal step consists of swapping the lower triangular matrix US;© G,V T back into
upper triangular semiseparable form. This is accomplished by applying n — 1 more
Givens rotations to the left of US;(©G,V. Thus, denoted by Q, = G1---Gp_1GnV and
taking (8) into account, we have

QISISuQ2=52 (15)

with Q2 orthogonal and Sy a semiseparable matrix.

We observe that Q1e; = Q2e3. This holds because the £rst n Givens transformations
are the same Givens transformations as performed in a QR step on S, and the fact that
Ve; =e;.

To prove that the orthogonal matrices Q1 and Q3 are essentially the same we need
the following results
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Proposition 1 Suppose Sy is an upper triangular semiseparable matrix, with nonzero
elements on the diagonal. Then the matrix S = S]|'S, is nonsingular.

PROOF:
Obvious. |
In case rank(A) =1 < n <m, the last m — | rows and the last n — I columns of the
UTSS matrix, computed by the proposed reduction algorithm, are zero. Hence, the
problem is reduced to apply the method to a UTSS matrix of order n—1.

Proposition 2 Suppose S is a nonsingular symmetric semiseparable matrix. Then S
can be written as the sum of a rank 1 matrix and a strictly upper triangular matrix,
where the supdiagonal elements of this matrix are different from zero.

PROOF:
This fact will be proven by contradiction. Assuming that there exist supdiagonal ele-
ments equal to zero. It will be proven that the matrix S has to be singular.

Assume the symmetric semiseparable matrix S has generators u = [uy, ..., un]" and
V=[v1,...,Vn]T. One can write S as the sum of a rank 1 matrix and a strictly upper
triangular matrix >R =triu(vu" —uv',1).

S=uv' +R.

Assume that there exists a certain k € N such that viuk_1 — ugvk_1 = 0, this will
lead to a contradiction.

e Assume Ug,Ux_1,Vk,Vk_1 to be different from zero. Rows k and k — 1 of the
semiseparable matrix S will look like:

Uk—1V1  Uk—1V2 -+ Uk—1Vk-2 Uk—1Vk-1 UkVk—1 Uk+1Vk—-1 - UnVk-1
UkV1 Uvo e U2 UkVk—1 Uk Vk Uc+iVk -+ UnVk

Because of the semiseparable structure of S, row k and k — 1 are dependent from
element 1 up to element k — 1, and both rows have dependency from element k
up to element n. Because now ViUx_1 = UkVk_1, the following equation holds
(these are the columns k — 1 and k):

Uk-1Vk-1  UkVk-1 | _ [ Uk-1Vk-1 UkVk-1
UkVk—-1 UkVk Uk—1Vk UkVk
This means that row k — 1 and row k in the semiseparable matrix S are dependent.
This is in conaict with the nonsingularity of the matrix S.

e Assume ux = 0 ( the other cases can be dealt with in the same way). This means
that either vy or ux_1 has to be zero. Substituting these values in the rows k —
1 and k immediately reveals the dependency between these rows which is in
contradiction with the nonsingularity of the semiseparable matrix S.

2We denote the strictly upper triangular part using Matlab-style notation: triu(-,1)).
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|
Now we are able to prove that an analogue of the Q-implicit theorem for symmetric
tridiagonal matrices holds also for symmetric semiseparable matrices.

Theorem 6 (Q-implicit theorem for semiseparable matrices) Suppose A is a nonsin-
gular symmetric matrix and we have the following two equations:

QIAQ1 = S1 (16)
QAQ, = S 17)

with Q161 = Q2e1, where S; and S, are two semiseparable matrices and Q1 and Q2
are orthogonal matrices. Then the matrices S; and S, are essentially the same (see
equation 1). Moreover, Q1 and Q, are essentially the same.

PROOF:
Denoting W = Q] Q; and using the equations (16) and (17) the following equality
holds:

W =WS; (18)

According to Proposition 2 we can write the matrices S1 and Sy in the following form:
S, = u@y®TLRM
s, = ud@'LR@

with R(W and R strictly upper triangular matrices with nonzero elements on the sup-

diagonals. The vectors uY,v(» u®@ and v(? are the generators of the semiseparable

matrices Sy and S, respectively. They are normalized in such a way that v<11> = V(12) =1

Together with equation (18) one gets:
(VT +R®)w —w (w227 +RE). (19)

Denoting the columns of W as (w1, W, ..., wp), the fact that Q1e; = Qe leads to the
fact that w1 = e1. Multiplying (19) to the right by e1, gives

u® =wu®@, (20)
Using this equation, we prove now by induction that
W = diag(+1,+1,...,41) (21)
VOlw = @7, 22)
1 _ 2

k=1. This is a trivial step, because v;” =v;” = 1and wy = ey.

k > 1. Suppose the equations (21) and (22) hold up to the (k — 1)th element of v(*) and
v(? and (k — 1)—th column of W. Taking (20) into account, (19) becomes

u® (v<1>TW —v<2>T) - (WR<2> . R<1>W) . (23)
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Multiplying (23) to the right by ey, we have
w”(wnnNngW)ew:ONRQW—M”W>eK (24)

Because of the special structure of W,R(M) and R(@ the element in the £nal po-
sition in the vector on the right-hand-side of (24) is equal to zero. Because
u,ﬂl) is different from zero, (otherwise A would have been singular) the following
equation holds:

ul (v<1>TW - v<2)T) ex=0 (25)

This means that

v T —v® =0 (26)

holds. Therefore equation (22) is already satisfed up to element k:

2 2 ()

.
DY (w,wa,. .. W) = (v1 RV ST ) (27)

W

Using equation (27) together with equation (24) leads to the fact that the com-

plete right-hand-side of equation (24) has to be zero. This gives the following
equation:

RMwe, =WR®@ gy (28)

leading to
k—1
RDwe, =W Zam> (29)
=1

with the a; as nonzero factors apearing in R(?). Because of the structure of W and
the fact that R is strictly upper triangular with nonzero supdiagonal elements,
wg can only have his £rst k elements different from zero. This together with the
fact that W is orthogonal means that wy = +-e.

Using the equations (20), (21) and (22), states the fact that S; and Sy, and Q1 and Q2
are essentially the same. |
As a consequence, one iteration of the proposed method is equivalent to one itera-
tion of the implicit QR-method applied to UTSS matrices.
Moreover, we have “implicitly” proven that the semiseparable structure is pre-
served by the QR—-method. In fact, the following theorem holds.

Theorem 7 Let S( be a symmetric semiseparable matrix. Consider the QR—-method

[Q(D’R(i)] - qr(S(i) —kil) . 12
50 = ROQM) 41 =152

“ey

where K;, i = 1,2,..., are suitable shifts. Then {S!)} is a sequence of symmetric
semiseparable matrices.

PRrRoOF:The proof follows directy form Th. 6. |
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9 The numerical method

Only a brief description of the numerical method is given.
Suppose we have an m by n matrix A, whose singular values we would like to
compute ( with m > n).

e step 1: The £rst step consists of transforming the matrix A into the UTSS form
for applying the implicit QR—method to UTSS matrices. This means that A is
transformed, via orthogonal transformations to the left and the right, into a UTSS
matrix. It turns out that if rank(A) =1 <n < m, then the last m — I rows and
the last n — I columns of the computed UTSS matrix are zero. In this case the
problem is reduced to apply the method to compute the singular value of a UTSS
matrix of order n —1.

e step 2: In this step an implicit QR-iteration is performed to an upper triangular
semiseparable matrix. A complete explanation of this step can be found in the
previous sections.

e step 3: Check if the output from step 2 has converged to a singular value. If
so, cut off this singular value and go back to step 2, keep doing so until all
the singular values are found. For details on the cutting criterion, we refer the
interested reader to [12].

A little more has to be said about the implementation, the complete paper is written
in terms of the generators u and v of the semiseparable matrix. Although the repres-
entation of a semiseparable matrix in terms of its generators u and v is usefull from a
theoretical point of view, it is unstable. Especially when applying the QR algorithm,
the vectors u and v tend to loose very quick a lot of digits. Therefore we choose to
use another way to represent the semiseparable matrices, by means of sequence of
Givens transformations and a vector. More information about this representation can
for example be found in [10].

10 Numerical experiments

10.1  Approximating the singular values via the UTSS reduction

As mentioned in § 2, the proposed algorithm for reducing real matrices into UTSS
ones gives good approximations of the largest singular values after few steps. In these
£rst experiments we show that the proposed reduction can be used as a Rank-revealing
factorization [1, 8, 2], too. In particular, it is compared with the QLP decomposition [8]
in the next three examples. In the pictures, the solid lines indicate the singular values
and the dashed lines indicate the absolute value of the entries in the main diagonal of
Lqip (left) and UTSS (right), respectively. LoLp denotes the lower triangular factor of
the QLP factorization [8].

Example 1 In this example we reconstruct the matrix considered in [8, p. 1341]. A
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square matrix A € R100x100 j5 considered, whose £rst j = 50 singular values are

6, =10790-D/G-1 " j=1, ... j
{ G6i=0 i=j+1,...,100. (30)
where a = 1.5. The matrix A is obtained perturbing A,
A=A+8;0°Pr, (31)

where B =2.5and I' € R190x190_jth random entries, chosen from a normal distribu-
tion with mean zero and variance one.

In £9. 2 the performance of the QLP and the upper triangular semiseparable de-
compositions (UTSS) are compared. It can be seen that the curve of the approximation
of the singular values given by UTSS decomposition tracks the singular values with
remarkable £delity. In Table 1 we report the maxima of the absolute and relative errors

QP uTSS

Figure 2: QLP (left) and UTSS (right) decompositions compared. Top: log scale,
bottom: real scale

of the approximations of the £rst 50 singular values obtained by the two considered
decompositions.
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M maxic1soloi — |diag(M(i,))[] maxiey, s @AM

QLP 1.6006e — 001 1.7175e — 001
UTSS 1.2094e — 06 3.3261e — 05

Table 1: Absolute and relative errors of the singular value approximation by QLP and
UTSS

In the next two examples the matrices are constructed in a way similar to the one
considered in Example 1, with different values of j,a and 3.

Example 2 In this second example the parameters j,a and (3 in (30) and (31) are
chosen equal to 2,0.5 and 2.0, with a clear gap between the second and the third
singular value (see £g. 3). Also in this case the UTSS decomposition behaves better
than QLP. As mentioned before, information on the largest singular values can be

QP uTSS
T T T

Figure 3: QLP (left) and UTSS (right) decompositions compared. (log scale)

gained after few steps of the UTSS reduction. In Table 2 the two largest singular
values of the matrix together with the values |[SSU)((k,k))|, k=1,2, i=1,...,7, i.e,
the absolute values of the £rst two entries in the main diagonal of the matrix obtained
after i steps of the UTSS reduction. Moreover, the two £rst entries in the main diagonal
of the triangular factor Lg_p of the QLP decompsition are reported. It can be seen that
after few steps of the URSS reduction the two largest singular values are accurately
computed.

Example 3 In this third example the parameters j,a and 3 in (30) and (31) are chosen
equal to 3,1.5 and 4.0, There is a large gap between the third and the fourth singular
value (see £g. 4). In table 3 the three largest singular values of the matrix together
with the values [SS")((k,k))|, k=1,2,3, i=1,...,8, i.e., the absolute values of the
£rst three entries in the main diagonal of the matrix obtained after i steps of the UTSS
reduction.
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01
1.004007749617077e + 00

02
3.171647946462712e — 01

CO~NO O WN P —

[SSU((L, 1)
9.003431675028809¢e — 01
1.002984885934289¢ + 00
1.003997546826368e + 00
1.004007648011370e + 00
1.004007748605242¢e + 00
1.004007749607001e + 00
1.004007749616977e + 00
1.004007749617077e + 00

[SST((2,2)
6.923270811147938e — 03
2.858623233957385¢e — 01
3.171502340311552e — 01
3.171648133219319% — 01
3.171647949543492¢ — 01
3.171647946494437e — 01
3.171647946463032e — 01
3.171647946462718e — 01

ILap(1,1)]

ILaLp(2,2)]

9.871546358974473e — 01

3.087229505180081e — 01

Table 2: Approximation of the two largest singular values after i steps of the UTSS
reduction

10.2 Accuracy and effciency of the implicit QR-method

Numerical tests are performed comparing the behavior of the classical and the proposed
algorithm for computing the singular values of several matrices. Special attention is
paid to the accuracy of both the algorithms for different sets of the singular values and
to the number of QR steps needed to compute all the singular values of the matrices.
The £rst £gure shows a comparison in number of implicit QR iterations performed. It
shows that the semiseparable approach needs less steps in order to £nd the singular
values but one should not forget that a semiseparable implicit QR step costs a little
more than a corresponding step on the bidiagonal.

Figure 6 and Figure 7 show comparisons in accuracy of the two approaches. In
the £rst £gure the singular values were chosen equal spaced, in the second approach
the singular values ranged from 1 to n. Both £gures show that the two approaches are
equally accurate.

11 Conclusion and future work.

In this paper an iterative method to compute the singular values of a real matrix is
presented. The matrix is £rst reduced into an upper triangular semiseparable one by
means of orthogonal transformations. We have proved that the latter reduction can
be considered as a kind of nested subspace iteration, where the size of the subspace
is increased by one dimension at each step of the reduction. As a consequence the
largest singular values, are already computed with high precision after few steps of
the algorithm. Hence this algorithm can be used for solving problems where only
the knowledge of the largest singular values, and the corresponding vectors, is needed
[6, 14, 13, 17, 18].

Once the upper triangular semiseparable matrix has been computed, its singular val-
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uTSS
T

Figure 4: Rank determination: low rank. QLP decomposition (left), UTSS decompos-
ition (right)

ues can be computed reapplying the proposed algorithm to the semiseparable matrix in
an iterative fashion (in this case the sequence of the generated semiseparable matrices
converges to a block upper triangular semiseparable matrix, where the singular values
of each block are equal).

However, to compute the singular value of an upper triangular semiseparable matrix
we have developed an iterative method. We have proved that each iteration of the latter
method is equivalent to an iteration of the implicit QR—method applied to an upper
triangular semiseparable matrix.

Future work will be concerned with a detailed study on an accurate criterion of
splitting the semiseparable matrix generated by the algorithm into a block diagonal
matrix, whose blocks are upper triangular semiseparable matrices, i.e. a criterion that
allows to divide when a nondiagonal block of the matrix can be considered ““negli-
gible™.
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01
1.000004042684463¢e + 00

02
1.778201642674659¢e — 01

03
3.161972544018923e — 02

~No ok~ WN PR -

SSU((L.1))|
9.967626749215344e — 01
1.000000999222685e + 00
1.000004039641782¢ + 00
1.000004042681421e +00
1.000004042684460e + 00
1.000004042684463¢e + 00
1.000004042684463e + 00

SST((2,2)
1.035601411890967e — 03
1.718996786146044e — 01
1.778139224768302e — 01
1.778201580266497e — 01
1.778201642612264e — 01
1.778201642674597e — 01
1.778201642674659% — 01

SST((3,3))
2.608369559115160e — 04
5.201067496428890e — 04
3.161900862253057e — 02
3.161972655001837e — 02
3.161972544129883e — 02
3.161972544019034e — 02
3.161972544018923e — 02

ILqrp(1,1)]
9.968820908796829¢ — 01

ILqLp(2,2)]
1.782046218248874¢ — 01

ILqLp(3,3)]
3.164898941938965¢ — 02

Table 3: Approximation of the three largest singular values after i steps of the UTSS
reduction
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