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STABILITY CRITERIA FOR
EXACT AND DISCRETE SOLUTIONS OF NEUTRAL
MULTIDELAY-INTEGRO-DIFFERENTIAL EQUATIONS

CHENGJIAN ZHANG* AND STEFAN VANDEWALLE'

Abstract. This paper deals with the asymptotic stability of exact and discrete solutions of neu-
tral multidelay-integro-differential equations. First, sufficient conditions are derived that guarantee
the asymptotic stability of the continuous solutions. Then, adaptations of classical Runge-Kutta and
linear multistep methods are suggested for solving these systems. Stability criteria are constructed
for the asymptotic stability of these numerical methods and compared to the stability criteria derived
for the continuous problem. We find that, under suitable conditions, these two classes of numerical
methods retain the stability of the continuous systems, at least, for problems with commensurate
delays. Finally, some numerical examples are given that illustrate the theoretical results.

Key words. Asymptotic stability, multidelay-integro-differential equations, Runge-Kutta meth-
ods, linear multistep methods
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1. Introduction. Consider the following complex p-dimensional system of neu-
tral multidelay-integro-differential equations (NMIDEs) with constant delays 7, > 0,

t

d d d
%[y(t)—; Noplt=7)] = Lo+ S Mya(t=m) + >0, [ w0)ab, =10

q=1 q=1 =74
y(t) = ¢(t), tE€[to—7,to],
with matrices L, My, Ny, Qq € CP*P and 7 = maxi<4<a{7,}. Function ¢(¢) is a given
p-dimensional vector-valued function, and y(t) € CP is unknown for ¢ > ty3. Such
equations, or special cases of these equations, arise in practical applications, e.g., in
visco-elasticity, control theory, epidemiology, and population dynamics (cf. [8, 14]).
In the past, many researchers have studied the stability of special cases of (1.1).
These studies usually concentrated on non-distributed delay equations, i.e., the case
Q4 = 0, often with also N, =0, for ¢ =1,2,...,d. Their results have been presented,
among others, in the following papers [4, 5, 6, 10, 11, 12, 18, 19, 20]. As one of the early
papers, we wish to mention especially the paper by Hu and Mitsui [11], who considered
neutral non-distributed delay problems, and studied the asymptotic stability both of
exact and discrete solutions. More recently, we have noticed a growing interest in
the analysis of delay-integro-differential equations (DIDEs). Baker & Ford [1] studied
the asymptotic stability of a class of linear multistep (LM) methods for scalar linear
DIDEs; Koto [15] dealt with the linear stability of Runge-Kutta (RK) methods for
systems of DIDEs; Huang & Vandewalle [13] gave sufficient and necessary stability
conditions for exact and discrete solutions of linear scalar DIDEs, and Luzyanina,
Engelborghs & Roose [17] developed computational procedures for determining the
stability of DIDEs. Baker & Tang [2] and Zhang & Vandewalle [21, 22] considered
nonlinear systems of DIDEs.
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2 C. ZHANG AND S. VANDEWALLE

No results have been found in the literature that directly deal with systems as
general as (1.1). Indirectly, the linear stability theory for non-distributed neutral
multidelay systems of [12, 19] could be applied to (1.1). Under the assumption that
y(t) is continuous for ¢ > 0, a transformation can be introduced as follows:

xq(t) = /t y(0)dh, q=1,2,...,d. (1.2)

aq

This transformation converts (1.1) into a non-distributed system of the following form:

d 4 y 4
a[y(t) - p qu(t - Tq)] = LY(t) + ;qu(t - Tq)a t> t07 (13)
Y(t)=lp)" 1), 0a®)"], € [to — 7, t0).

v V)

Here, we have matrices Y (t) € Cl+Dr [ ¢ Cld+Dpx(d+p, M, € Cld+Dpx(d+1)p,
and N, € Cl@+DPx(d+Dp given by

y(t) L Q1 ... Qg
21 (t) § I, 0 ... 0
vy=| .|, =T . |
za(t) I, 0 0
M, 0 ... 0
0 0 ... 0
: N, 0 0
. 0 0 0 - 00 0
Mi=117, o o |+ M= . 7
0 0 0 0 0 0
0 0 ... 0

and @, (t) = ff_Tq ©(8)d6 for tog — 7 < t < to. The p x p identity matrix I,, in block

matrix M, is located at (block-)position (g+1,1). The symbol “0” is used to denote a
zero matrix or vector of the appropriate size. With the linear stability theory of [12, 19]
some delay-independent stability results can be obtained for (1.3). This approach is
indirect, however, and comes at the price of changing the inherent structure of the
system. Here, we prefer to take the more direct route of studying (1.1) immediately.
This approach will also enable us to obtain delay-dependent stability results.

The paper is structured as follows. In §2 we give asymptotic stability criteria for
exact solutions of system (1.1). Some examples are given to illustrate the applicability
of the criteria. In §3 we suggest an adaptation of the classical Linear Multistep and
Runge-Kutta methods for solving (1.1). These adaptations are based on the use of
a linear compound quadrature rule to discretize the integrals in the system. In §4
and §5, we deal with the asymptotic stability of Runge-Kutta and Linear Multistep
methods, respectively. The stability criteria presented there can be considered discrete
versions of the stability criteria derived in §2. The theoretical results are illustrated
by some numerical examples.
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2. Stability criteria for the exact solution. Before starting the stability
analysis, we introduce a complex function

==, z € C\{0,1},
n(z) = 0, z2=0, (2.1)
-1, z=1,

which will appear in the characteristic equation of (1.1). It possesses the properties
given in the lemma below. The notation R stands for the set {z € R:z < 0}.

LEMMA 2.1. Function n(z) is continuous in C; it is analytic in C\Ry, and
satisfies |n(z)] <1 for |z| < 1.

Proof. The proof of continuity in C and analyticity in C\{Ry J{1}} is straight-
forward. To show analyticity in C\Rg, we only need to verify that n(1) exists. This
follows from I"Hospital’s rule:

e () 1
‘(1) = lim 28—~ —
n'(1) P 3
It remains to prove the bound on |n(z)|. Since n(z) is continuous on the unit disc D
and analytic on the open set D\B with B = [—1,0](J{z : |z| = 1}, we can apply the
Maximum Modulus Theorem. This theorem implies

max{[n(z)|} = max{[n()[}.

For —1 < z < 0, setting z = —z, we find

n(2)] 14z 1+2 <2<1
n(z)| = = < = .
In(—2) Vinlz 472 T

For z € {z: |z| = 1}\{1}, setting z = exp(if) with 0 € [—m, 7]\{0}, we have

210
2Ll
10| 16| |6

1 — exp(:0) ’ B \/(1 — cos#)? + sin® ¢  2[sin§

Also, by (2.1) we have |n(0)] = 0 and |n(1)] = 1. Hence, ma]é{{|17(z)|} =1.0
K4S

Specializing Corollary 3.1 in Hale & Verduyn [8, Ch.9] to the case of system (1.1)
immediately yields the following lemma.

LEMMA 2.2. Assume
sup{R(\) : P(\) =0} <0, (2.2)
where
d d
P\)i=det[M, =Y e Ny = L= e MM+ Y n(e M )7,Q] =0 (2.3)
q=1 q=1 q=1

is the characteristic equation of (1.1). Then, system (1.1) is asymptotically stable.
In the following, we denote the determinant, the [—th eigenvalue and the spectrum
of a square matrix A by det(A), \;(A) and o(A), respectively, and introduce the sets
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of the real and imaginary parts R[o(A)] = {R(A) : A € o(A)}, resp. So(A)] = {S(N) :
A€ o(A)}, and the set C~ ={z€ C:R(z) <0}.

THEOREM 2.3. System (1.1) is asymptotically stable if, for ¢ =1,2,...,d:
d
(a) det[l, Z:{ N #0  for |&] <1
(b) 8%[0—( ( }g fOT 52(6175277§d)T with |£q‘ <1

where G(&) Z &Ny ML + Z EqeMy — Z n(€q)74Qq)-

Proof. The proof is based on the 1deab in paper [19] in which a neutral multidelay
system without distributed delays is considered. Here, the proof in that paper is
extended towards distributed delays.

When |¢,| <1for¢g=1,2,...,d and R(A\) > 0, conditions (a) and (b) lead to

d d
13(/\751752»--~7fd = det[A qu L‘quMq‘an(fq)Tqu}

q=1 q=1

= det]], qu | det[A, — G(€)]

d d
= det[l, — Y &N [N = M(G(€)] # .
q=1 =1
This implies P(\) = P(A\,e ™, e A2 ... e"*a) £ (0 for R(\) > 0. This means

that the set {\: P(\) =0} C C~. Next, we show that the strict inequality in (2.2)
holds. Otherwise, there is a sequence {A,,} C {A € C~: P(X) = 0} such that

lim R(A,) = 0. (2.4)

n—oo

In view of continuity of the eigenvalues \;(G(§)), together with condition (a) and
Lemma 2.1, we conclude that the functions G;(§) := R[N(G(E))] (1 <1 < p) are
continuous on the compact set E := {¢ € C?: || <1 (¢=1,2,...,d)}. Hence,
they attain their respective maxima on E. Thus, it follows from condition (b) that
there exists a constant § > 0 such that

I?géi{gl(ﬁ)} < —¢ forall .

Also, because the functions G;(£) are continuous except on the set

d
J:={¢eC: det[l, - > &N, =0}

q=1

and J is closed, there exist positive constants x and J, small enough such that

det][I,, —qu ]#0 on E,:={6eC?: |&| <14k (¢g=1,2,...,d)} (2.5)

and

?é%):{gl(ﬁ)} < -9, forall 1. (2.6)
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Moreover, (2.4) implies that there is a positive integer ng such that when n > nyg,
|67Am'q| <l+k, ¢g=1,2,...,d,

where A,, satisfies P(A,) = 0. This, together with (2.5) and (2.6), infers that

d
det[I, — Ze’A"”Nq} #0 for n>ng (2.7)
q=1
and
RN (G(e A7) < =6, forall | and n > ny. (2.8)

Hence, by (2.7) and the equalities

d p
P(Ay) = det[T, = Y e TN T [{An = M[G(e ™))} =0, n > no,

q=1 =1

we have

P
H{A" — N[G(e AT} =0 for n > ng.
1=1

Combining this with (2.8), leads us to conclude that there is an [ such that
R(A,) = R{N[G(e™2™)]} < =6, for all n > ny.

This contradicts (2.4), and, hence, completes the proof. O

In order to be able to derive our next stability criteria, we need to introduce some
notations and propositions. Throughout this paper, p(-) will denote the spectral
radius of a matrix; p(-) is the logarithmic norm subject to a given matrix norm || - ||;
matrix |M| satisfies |[M| = (|my;]) when M = (my;), and M < M means m;; < 1m;;
for M = (m;;) and M = (1) € C™*™.

PROPOSITION 2.4. (cf. [16]) Assume matrices G, H € C™*™. Then,
(1) p(G) < p(H) whenever |G| < H;

(2) matriz I,, — G is invertible and (I,, — G)™! = I, + > G* whenever there ezists a
i=1

(2

matriz norm || - || such that ||G|| < 1.
PROPOSITION 2.5. (cf. [3]) Assume matrices G, H € C"*™. Then, for an any
given matriz norm || - ||, the following inequalities hold:

(1) RXN(G)) < (@) <G| for all l;
(1) (G +H) < (@) + p(H);
(111)  p(aG) = au(g)), for a=0.

By statement (1) in Prop. 2.4 and by using classical spectral radius and norm
properties, we can prove for any matrix norm || || that the following inequalities hold:

d

d d d
P(quNq) < P(Z |Ng|) and  p() &Ng) < Z [Ngl|  for |&| < 1.
q=1 q=1 q=1 q=1
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With this information we can now reformulate Theorem 2.3.

THEOREM 2.6. System (1.1) is asymptotically stable whenever condition (b) from
Theorem 2.3 holds and whenever there exists a matriz norm || - || such that

d d
min{p(Y_ [Ng[), Y INg[l} < 1. (2.9)
q=1 q=1

For example, for a scalar multidelay problem, we have the following corollary.

COROLLARY 2.7. System (1.1) with p =1 is asymptotically stable whenever

d d
L+ §qMy — > n(fq)Tqu
q=1 q=1

d
Z|Nq|<1 and R

v <0 for |&|<1.
=1 1= 3" &Ny
q=1

For the p-dimensional one-delay system, i.e., with d = 1,

t

%[y(t)fNy(th)] = Ly(t)+My(t — 7)+Q - y(0)do, t > to, (2.10)
y(t) = ¢(t), € [to—T:to],

condition (2.9) can be weakened into p(N) < 1. Hence we have the following corollary.

COROLLARY 2.8. System (2.10) is asymptotically stable whenever
p(N) <1 and R[o(GE))]SC™ for [§ <1, (2.11)

with G(§) = (I, = EN) 7L + €M — n(§)7Q).
EXAMPLE 2.1. Consider system (2.10) with 7 = 1/10, and with

10 2 2 2 4 1
L= 2 s 3|, wmM=[o0 1 —2],
1 5 -9 0 -1 -4
L[ 512 10 2
N=—[ 6 0o -3 |, o=1[41 0|,
0\ g 3 o 2 0 1

and any initial function ¢(¢). A direct calculation yields p(N) = 0.4767 < 1. Also,
using a MATLAB code, we numerically computed that

max(R(\) : A € o[GQ)]} = ~4.7104 < 0.

This implies that R[o(G(£))] € C~ for || < 1. Thus, by Corollary 2.8 we may
conclude that this system is asymptotically stable.
Another corollary deals with non-neutral equations, i.e., N =0, of the form (2.10).

COROLLARY 2.9. System (2.10) with N = 0 is asymptotically stable whenever

Rlo(L+ &M —n(§)7Q)] € C for [§| < 1.
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Obviously, it is quite difficult in the multidelay case to check the conditions of
Theorem 2.3. To deal with this problem, we derive some sufficient conditions that
are more easily verified. For this, we employ a reasoning technique used in Hu and
Cahlon [12] for multidelay systems without distributed delays.

THEOREM 2.10. System (1.1) is asymptotically stable if there exists a matriz
norm || - || such that

d
(@) Zl [Ngll <1,
iz

d d
d d > [ING LI + Zl(l\NqM@H + 74/ NgQqll)]
. 0= =
() L)+ IMll + D 7llQqll+ —
=1 =1 1= [INgll
q=1
Proof. By Theorem 2.6 and condition (a), it suffices to show that condition (b)

from Theorem 2.3 holds. In fact, with Props. 2.4, 2.5, Lemma 2.1 and condition
(@), one can infer the bound given below for all [ and [£,] < 1. Using the notation

H = ZZ:I &gy, we have

(=N

< 0.

RN(G()] < plG ()]

o d d
= pl(Ip + z HY)(L + quMq - Z N(§q)74Qq)]
i=1 q=1 q=1

d d s
= plL + Z §qMy — Z n(€q)7¢Qq + (Ip + Z HY):
i=1

q=1 q=1

d d
(HL+H Z §gMy — HZ 1(§q)7aQq)]

q=1 qg=1
d d e d
< L)+ Y IMll+ Dl Qall 4+ [L4+ DD NI
q=1 q=1 i=1 g=1
d d d d d
DO INGLI+ D> INGMgl -+ Y0 > 74l NyQll] (2.12)
q=1 q=1 g=1 q=1 g=1

Hence condition (b) guarantees R[\;(G(£))] < 0, and condition (b) in Th. 2.3 holds. O

EXAMPLE 2.2. Consider a system of the form (1.1) with

68 0 2 1 2 3 2 —1 1
L= 1 -9 =3 )|, mMm=[2 —2 2|, =1 -1 3|,

1 -4 g2 3 2 5 0 2 1

L[ 1 30 L1 11 1 2 4
NM=—1{ 2 o0 2|, m=—[2 1 -1 ],00= 2 -1 3 |,

B\ 1 3 2 2003 o o 1 0 -2
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2 0 1
1 1
Q= -1 -3 1|, == mn=—.
I 20 10
With the 2-norm [|All2 = /p(AAT) and its induced logarithmic norm ps(A) =
maX{a(A+2AT)}, a simple computation yields 2(21:1 [[Ngll2 = 03769 < 1, Q

i,

—5.6623 < 0, with © denoting the left-hand side of the inequality in condition (
Hence, this system is asymptotically stable.
Theorem 2.10 can be simplified for the p-dimensional non-neutral system

d d
Y0 = Ly + X Myy(t—79) + 3 Q, o y(0)do, t > to,
=

1 (2.13)
y(t) = ¢(t), te€lto—7,t), 7= max 7.

COROLLARY 2.11. System (2.13) is asymptotically stable whenever there exists a
matriz norm || - || such that

d d
(L) + DMl + D 7llQqll < 0. (2.14)

q=1 q=1

When d = 1, this result is consistent with a corresponding conclusion in paper [21].
For scalar NMIDEs, a slight modification to the proof of Theorem 2.10, consisting of
substituting $(-) for p(-) in (2.12), leads to the final corollary of this section.

COROLLARY 2.12. System (1.1) with p =1 is asymptotically stable whenever

d
d 21(|Mq|+‘NqL‘+Tq‘Qq|)
D NG| <1 and R(L) + = y <0. (2.15)
=1 1= 3> |Ng|
q=1

3. Runge-Kutta and linear multistep methods for NMIDEs. In this sec-
tion, we will confine our discussion to systems of NMIDEs with commensurate delays,
i.e., systems of the form (1.1) with 7, = ¢7:

d d d t
%[y(t)—qzll\fqy(t—qf)]—Ly(t)+qZIqu(t—q7)+qzl qung)d97 2t (g
y(t) = p(t), telto—dr,tol,

where 7 > 0 is a constant and L, My, Ny, Q, € CP*P. Before constructing discrete
schemes for this system, we review classical Runge-Kutta (RK) methods, Linear Mul-
tistep (LM) methods and related concepts. This is done mainly for setting some
notation and for future reference. For solving ODEs systems of the form

{ y'(t) = f(t,y(t), t > to, 62)
y(to) = Yo,
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there are two classes of classical methods. RK methods are of the form

y™ =y, +h Z ai f(tn +cihoy™), i=1,2,.s,
(3.3)
yn+1 = yn + h Z b]f(t’ﬂ + th7 yj )7 n 2 07
j=1

where the abscissae c;, the weights b; and the coefficients a;; are characteristics of
the method; h denotes the stepsize; ¢, = tg +nh, and y, ™) and Y, are approximations
to y(tn + ¢;h) and y(t,), respectively. The other class of methods are LM methods,
compactly denoted as

P(E)yn = hQ(E) fn, (3.4)
where E is the shift operator, P(£) and Q(&) are irreducible polynomials of degree k,

k k
=D ¢ and Q&) =) B¢,
7=0 j=0

and y,, and f,, are approximations to y(t,) and f(t,,y(tn)), respectively. The stability
regions (cf. [7]) of these methods are given by the following sets:

Sex :={C€C: |1+ T (I, —CA) el <1}

Sim:={CeC: P(z) =(O(z) = |2| < 1},
where b = (b1, ba,...,b5)T, A = (a;;) and e = (1,1,...,1)T € R®. If there ex-
ists an a € (0, %] such that the stability region contains the sector S, := {¢ €
C: |arg(—()| < a}, the method is called A(«)-stable. In particular, an A(%)-stable

method is called A-stable.
Adapting (3.3) to (3.1), for a stepsize h = o, With m a positive integer, yields

2,9 7

(n) ), o (n—qm) | & (n—qm) | <& ()
£ =Ly + Y Myy," S N Qe i =1,2, s,
q=1 q=1 q=1
() _ o T (n—rt1) (n=r)y . _ o
yzq hZ[vy +(1_U)y L 7/*1727"'757 q*1727"‘7d7

3

y" =y, +h Z afM, i=1,2,...,

Yt :yn+hz bif", n>0
j=1

where, v is a parameter on the interval [0, 1], and yy,,y (n e ") and y are approxi-
mations to y(tn), y(tn + cih),y' (tn + cih) and

tnteih tnry1tcih

Yq(tn + cih) = / 0)do = Z/ (6)d6,
tn+cih—qr

tn—rtecih

respectively. For the discretization of yq(t, + ¢;h), a linear compound quadrature
formula has been used. Similarly, applying the LM method (3.4) gives, for n > 0,

k k
Z AjYntj—qm = h Z ﬁjfn+ijma q= 1727 cee 7da
Jj=0

Jj=0

qm
?Jn+7'.q =h Z [vynJri*?”rl + (1 - U)y’rH»]'*TL ] = 1’ ey k; q= 17 27 R d7 (36)

Z QjYntj=h Z B3 [ Lynts+ Z Mqyntj—gm+ ZlN Fntjqm+ Zquyn-H,q]

q=1
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where y, fr, and y,, 4 are approximations to y(¢,),y’(t,) and
tn qm tn—r41
Yq(tn) ::/ y(0)do = Z/ y(0)do.
tn—qT r=1"tn—r

In the subsequent sections we will study the asymptotic stability of schemes (3.5)
and (3.6), i.e., we investigate the conditions under which

4. Stability criteria of the adapted RK methods. In the analysis, the
following properties of Kronecker products will come in handy, see, e.g., [9].

PROPOSITION 4.1. Let A € C1*%2 B e C1*J2 C e Ch*k2 D e Chr*t2. Then
(A® B)(C®D) = (AC) ® (BD). (4.1)
When A € C**% | and B € CI %91, then
det(A® B) = det(B® A). (4.2)
When, additionally, they are nonsingular, then so is A® B, and

(AoB)t=A"1eB " (4.3)

T T
T T T T (T T
Lew P = (0740707 ) v = (0"l
Then method (3.5) can be written more compactly as
d d
FW = (I, @ L)Y™ + 3 (I, ® M,)Y =9 4 3™ (I, @ N,)F(r=am)
q=1 qg=1

qm

d
+h 3 (1@ Qg) - [pY ("7 4 (1 — o)y (1],
g=1 r=1

Y™ = (e® I,)y, + h(A® I,)F™,

Yn+1 = Yn + h(bT ® IP)F(n)'

Substituting the second equality into the first one in order to eliminate the stage
values and using properties from Proposition 4.1 gives

d
FW=(e® L)yn+h(A® L)F™ 43 [(e ® My)yn—gm+h(A® My)Fn=am)]
q=1
d d gqm
+ Zl(ls & Nq)F(niqm) +h 21 Zl[(e ® Qq)(VYn—r+1+ (1 = V)Yn—r) (4.5)
9= g=1r=

HH(A® Q) (WP 4 (1) Fo=r)]
Yni1 = Yn + RV @ IP)F(n)'

Define

T T _ _ =
Your = (FOUyl,)  D=hL, M, =hMy, Qu=hQ, and Q,=h*Q,.
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Then, equations (4.5) can be transformed into the following difference equation:
I,®l,—A®L 0 [0 e®L e®M
(St 5 )= (558 ) re g (305 e

d gqm

AQM,+I,®N, 0 (1-v)(e®Q
+Z< (10 4 0) nqm+l+zz< (0 q))ynfr

q=1 q=1r=1

q

+i2m( (=048 Q) (e Q) ) - +sz( g>y

g=1r=1 qg=1r=1

Its characteristic equation is given by

Tl(Z) TQ(Z)
det =0, z€C (4.6)
T3(2) Tu(2)

with my = md, with T} (z) given by the expression

d gqm
m0+1 I ® Zz_qu A® L+Zz‘qu +ZZ U)Z_T)éq)}’
g=1r=1
and with
d gqm
Ty(z) = —2™[e ® L+Z TIM Y (vz 1-v)277)Qy));
g=1r=1

Ts(z) = —2™ T W @ 1,),  Tu(z) = 2" (2 — 1)I,.

It follows from the theory on difference equations (cf. [16]) that lim Y, = 0 if and

only if all the zeros of equation (4.6) satisfy |z| < 1. Hence, we can formulate the
following lemma.

LEMMA 4.2. Numerical method (4.5) satisfies lim y, = 0 whenever all the zeros
of equation (4.6) satisfy |z| < 1.

LEMMA 4.3. Assume that condition (a) from Theorem 2.3 holds and assume that
matrices I, — \(r(2))A (1 <1< p) are invertible for |z| > 1, where

d d gqm B
r(z) = (I,—Y 2 " N,) L+Zz M+ Y (vz 1-v)27")Qy). (4.7)
q=1 q=1r=1
Then, det[T(z)] # 0.
Proof. Condition (a) in Theorem 2.3 implies that matrix I, — 23:1 279N, is
invertible for |z| > 1. It follows from a simple computation and Proposition 4.1 that
d
Ti(2) = 2™ I, @ (I, — szquq)][Is ®I,—A®r(z)] for |z|>1.
q=1
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With this, we have for |z| > 1 that

det[Ty(2)] = (z™t1)*P[det(I, — Z 27N )P det[I ® I, — A® r(2)]
d p s
= () aen(n, — Y0 =N T T - M)A (A (49
g=1 1=1j=1

Also, the invertibility of matrices Is — A\;(r(z))A means that A\;(r(2))\;(A) # 1 for all
l,j. Hence, det[Ty(2)] #0 for [z| > 1. O

THEOREM 4.4. Method (3.5) is asymptotically stable if condition (a) in Theorem
2.3 holds and o[r(z)] C Sgk for |z| > 1.

Proof. By Lemma 4.2, we need to prove that all the zeros of equation (4.6) satisfy
|z| < 1. If this were untrue, there would exist a zg € C : |z9| > 1 such that

T1 (2’0) T2 (Zo)
det =0. (4.9)
T3 (Z()) T4(Z())

Since by Lemma 4.3 one has that det[T}(z0)] # 0, equality (4.9) is equivalent to
det[Ty(z0) — T3(20) Ty *(20)T2(20)] = 0. (4.10)
Using Proposition 4.1 and the Jordan canonical form J(zg) of 7(zp), we find that
det[Ty(z0) — Ts(20)T7 ' (20)T2(20)]
= 2" det{zoL, — [, + (b" @ ,)(I; ® I, = A®1(20)) " (e ® 1(20))]}
= 20"P det{z0I, — [I, + (I, @ bT) (I, ® I, — r(20) @ A) " (r(20) ® )]}

= 20"P det{z01, — [I, + (I, @ b7 ) (I, ® I, — J(20) ® A) "1 (J(20) @ €)]}

= 2% [ [{z0 — [1 + M(r(20))b" (Is = Mi(r(20))A) €]} (4.11)

=1
Combining (4.11) with (4.10) shows that there is an [ such that
1+ Ni(r(20))b" (Ls = Au(r(20))A) ~"e| = |zo] > 1.

This implies A\;(r(z20)) ¢ Srk, which contradicts the earlier assumption o[r(z)] C Sgx
for |z| > 1. Hence, the theorem is proven. O

THEOREM 4.5. Assume that the classical RK method (3.3) is A(a)-stable and
system (3.1) satisfies (2.9), and assume that o[r(z)] C S, for |z| > 1. Then, the
induced method (3.5) is asymptotically stable.

Moreover, with Theorem 4.5 and a similar derivation as the one in the proof of
Theorem 2.10, we can show the correctness of the following theorem.

THEOREM 4.6. Assume that the classical RK method (3.3) is A-stable and that

system (3.1) satisfies conditions (@) and (b) from Theorem 2.10. Then, the induced
method (3.5) is asymptotically stable.
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Theorem 4.5 and Theorem 4.6 can be viewed as the discrete counterparts of
Theorem 2.6 and Theorem 2.10. For some special cases of system (3.1), such as
non-neutral multidelay systems, neutral one-delay systems and scalar systems, the
stability conditions can again be simplified, similar to what was done in §2 for the
continuous problem.

It is well-known that the classical Radau IA, Radau ITA, Gauss, Lobatto ITTA,
Lobatto IIIB and Lobatto IIIC methods are all A-stable (cf. [7]). Combining this with
Theorem 4.5 and with Theorem 4.6 yields the next two corollaries.

COROLLARY 4.7. Assume that system (3.1) satisfies (2.9) and assume that
o[r(z)] € C~ for |z| > 1. Then, method (3.5) based on a Radau IA, Radau IIA,
Gauss, Lobatto IIIA, Lobatto IIIB or Lobatto IIIC method is asymptotically stable.

COROLLARY 4.8. Assume that system (3.1) satisfies conditions (a)-(b) from The-
orem 2.10. Then, method (3.5) based on a Radau IA, Radau ITA, Gauss, Lobatto I1IA,
Lobatto IIIB or Lobatto IIIC method is asymptotically stable.

As a numerical illustration, we applied methods (3.5) with m = 10 and v = 1/2,
and based respectively on the classical 2-stage Radau IA, Radau ITA, Gauss, Lobatto
IITA, Lobatto IIIB and Lobatto IIIC methods, to the system of Example 2.1 with
initial condition p(t) = (—2,2,4)T for t € [-1/10,0]). We numerically verified that

lmlzg{%(/\) i A€ o[r(z)]} =2 —0.0471 < 0,

fﬁi’i{‘ arg(—\)|: A € olr(z)]} = 54.90°.
The first equality shows that o[r(z)] € C~ for |z| > 1. (The second equality will be
used in the next section.) By Corollary 4.7 this will produce asymptotically stable
numerical solutions for each of the methods mentioned above. The numerical solution
obtained with the adapted 2-stage Radau IA methods is shown in Figure 4.1. The
numerical results obtained with the other methods are visually identical.

For a numerical illustration of Corollary 4.8, we consider the methods with m = 50
and v = % induced respectively by the classical 3-stage Radau TA, Radau ITA, Gauss,
Lobatto IIIA, Lobatto IIIB and Lobatto IIIC methods, to the system in Example
2.2, with initial condition ¢(t) = (—1,0.5,1)T for t € [~1/10,0]. We have shown
in Example 2.2 that this system satisfies conditions (a)-(b) of Theorem 2.10 with
Tg = ¢/20 (¢ = 1,2). Thus, it follows from Corollary 4.8 that the numerical solutions
are asymptotically stable. The solution obtained by the method based on 3-stage
Radau ITA is shown in Figure 4.2. The other numerical results are visually identical.

5. Stability criteria of the adapted LM methods. This section will deal
with the asymptotic stability of the adapted LM methods (3.6). In the following anal-
ysis, the symbols L, M, @ and Q, introduced in §4, will be used again. Substituting
the first and the second equality into the third one of (3.6) leads to

k d
Zaj [Yn+j — Z Ng¥n+j—qm]
7=0 q=1
k B d B d _ qm
= Billynrs + D Mgyntjmgm + D _Qa ) (0nrj—rar+(1=0)gnsj—r)]. (5.1)
j=0

q=1 q=1 r=1



14 C. ZHANG AND S. VANDEWALLE

Yoy
-
T

Fic. 4.1. The numerical solution y = (yI,y”,yI”)T obtained with the adapted two-stage
Radau IA method with m = 10 and v = % for the system in Ezample 2.1 with initial condition
o(t) = (=2,2,4)7 for t € [-15,0].

1p

08f

=t L L L L L L L ,
0 0.05 0.1 0.15 0.2 0.25 03 0.35 0.4

t

Fic. 4.2. The numerical solution y = (yI,yH,yI”)T obtained with the adapted three-stage
Radau ITA method with m = 50 and v = % for the system in Example 2.2 with the initial condition

() = (=1,05,1)T for t € [~15,0].

The characteristic equation of this difference equation for z € C is given by

d d d qm B
det[P(2)(I,=y 2 "™ Ng)}-Q(2)(L+Y_z ™ M+Y Y (02" "H1-0)27")Q,)]=0. (5.2)

From the theory on difference equations (cf. [16]), one has the following result.
LEMMA 5.1. Numerical method (5.1) satisfies lim y, = 0 whenever all the zeros
of equation (5.2) satisfy |z| < 1.

THEOREM 5.2. The method (3.6) is asymptotically stable if condition (a) in
Theorem 2.8 holds and o[r(z)] C Spm for |z| > 1, where r(z) is given by (4.7).
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Proof. By Lemma 5.1, we need to prove that all the zeros of (5.2) satisfy |z| < 1.
Assume that there exists a zg with |zg| > 1 such that (5.2) holds with z = z. Since

matrix I, — e

g=1 70 """Ng is assumed to be invertible, (5.2) is then equivalent to

det[P(z0)I, — Q(z0)r(20)] = 0,
which implies that there exists an [ such that
P(z0) = Mi(r(20)) Q(20)-

Since |zg| > 1 one has A\(r(z0)) ¢ Sum. This contradicts the earlier assumption
o[r(z)] € Sum for |z| > 1. Hence, the theorem holds. O

Combining Theorem 5.2 with the definition of A(«)-stability and condition (2.9),
we obtain the following results.

THEOREM 5.3. Assume that the LM method (3.4) is A(«)-stable and system (3.1)
satisfies (2.9), and assume that o[r(z)] C Sy for |z| > 1. Then, the induced method
(3.6) is asymptotically stable.

THEOREM 5.4. Assume that the LM method (3.4) is A-stable and system (3.1)

satisfies conditions (a)-(b) in Theorem 2.10. Then, the induced method (3.6) is asymp-
totically stable.

We may regard Theorem 5.3 and Theorem 5.4 as discrete versions of Theorem
2.6 and Theorem 2.10, respectively. Again, the stability conditions can be simplified
for non-neutral multidelay systems, neutral one-delay systems and scalar systems.

It is well-known that the classical BDF methods of order 1 and 2 are A-stable,
those of order 3 and 4 are A(86.03°)- and A(73.35°)-stable, respectively. For the
system in Example 2.1, we have obtained that p(N) = 0.4767 < 1 and we already
verified for m = 1/10 and v = 1/2 that this system satisfies the conditions in Theorem
5.3. Hence, method (3.6) will produce asymptotically stable numerical solution when
based on the classical BDF methods of order 1,2, 3 or 4. As an illustration of Theorem
5.4, we consider method (3.6) (with m = 50 and v = 1/2) induced by the classical
first or second order BDF method. Both methods are A-stable and the system in
Example 2.2 has been proven to satisfy conditions (a)-(b) for 7, = ¢/20 (¢=1,2).
Hence, when applying the adapted BDF methods, we will obtain numerical solutions
with asymptotic stability.

REFERENCES

[1] C. T. H. Baker and N. J. Ford, Stability properties of a scheme for the approximate solution
of a delay integro-differential equation, Appl. Numer. Math., 9 (1992), pp. 357-370.

[2] C.T. H. Baker and A. Tang, Stability analysis of continuous implicit Runge-Kutta methods for
Volterra integro-differential equations systems with unbound delays, Appl. Numer. Math.,
24 (1997), pp. 153-173.

[3] H. Brunner and P. J. van der Houwen, The Numerical Solution of Volterra Equations, CWI
Monographs 3, North-Holland, Amsterdam, 1986.

[4] K. Engelborghs and D. Roose, On stability of LMS methods and chracteristic roots of delay
differential equations, STAM J. Numer. Anal., 40 (2002), pp. 629-650.

[5] N. Guglielmi, On asymptotic stability properties of Runge-Kutta methods for delay differential
equations, Numer. Math., 77 (1997), pp. 467-485.

[6] N. Guglielmi and E. Hairer, Geometric proof of numerical stability for delay differential equa-
tions, IMA J. Numer. Math., 21 (2001), pp. 439-450.

[7] E. Hairer and G. Wanner, Solving Ordinary Differential Equations II: Stiff and Differential-
Algebraic Problems, Springer-Verlag, Berlin, 1991.



(14]
(15]
[16]
(17]
(18]

(19]

20]

(21]

(22]

=

=

a0 o ® @

C. ZHANG AND S. VANDEWALLE

K. Hale and S. M. Verduyn Lunel, Introduction to Functional Differential Equations,
Springer-Verlag, Berlin, 1993.

. A. Horn and C.R. Johnson, Topics in Matriz Analysis, Cambridge University Press, Cam-

bridge, 1991.

. J. In’t Hout, Stability analysis of Runge-Kutta methods for systems of delay differential

equations, IMA J. Numer. Anal., 17 (1997), pp. 17-27.

Hu and T. Mitsui, Stability analysis of numerical methods for systems of neutral delay-
differential equations, BIT, 35 (1995), pp. 504-515.

Hu and B. Cahlon, Estimation on numerically stable step-size for neutral delay differential
systems with multiple delays, J. Comput. Appl. Math., 102 (1999), pp. 221-234.

. Huang and S. Vandewalle, An analysis of delay-dependent stability for ordinary and par-
tial differential equations with fixed and distribulated delays, Tech. Rept. TW 341, Dept.
Comput. Sci., Katholieke Universiteit Leuven, Leuven, Belgium, June 2002.

. J. Jerri, Introduction to Integral Equations with Applications, Wiley-Interscience, New York,
1999.

. Koto, Stability of Runge-Kutta methods for delay integro-differential equations, J. Comput.
Appl. Math., 145 (2002), pp. 483-492.

. Lancaster and M. Tismenetsky, The Theory of Matrices, Academic Press, Orlando, 1985.

. Luzyanina, K. Engelborghs and D. Roose, Computing stability of differential equations with
bounded and distributed delays, Tech. Rept. TW 340, Dept. Comput. Sci., Katholieke
Universiteit Leuven, Leuven, Belgium, May 2002.

. Qiu, B. Yang and J. X. Kuang, The NGP-stability of Runge-Kutta methods for systems of

neutral delay differential equations, Numer. Math., 81 (1999), pp. 451-459.

. Zhang and Z. Zhou, The asymptotic stability of theoretical and numerical solutions for
systems of neutral multidelay-differential equations, Sci. China (Ser. A), 41 (1998), pp.
1153-1157.

. Zhang and S. Zhou, Stability analysis of LMMs for systems of neutral multidelay-differential
equations, Comput. Math. Appl., 38 (1999), pp. 113-117.

. Zhang and S. Vandewalle, Stability analysis of delay-integro-differential equations and their
backward differentiation time-discretization, Tech. Rept. TW 344, Dept. Comput. Sci.,
Katholieke Universiteit Leuven, Leuven, Belgium, August 2002 (to appear in J. Comp.
Appl. Math, December 2003).

. Zhang and S. Vandewalle, Stability Analysis of Runge-Kutta Methods for Nonlinear Volterra
Delay-integro-differential Equations, Tech. Rept. TW 348, Dept. Comput. Sci., Katholieke
Universiteit Leuven, Leuven, Belgium, October 2002.



