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STABILITY OF RUNGE-KUTTA-POUZET METHODS FOR
VOLTERRA INTEGRAL AND INTEGRO-DIFFERENTIAL
EQUATIONS WITH DELAYS

CHENGMING HUANG AND STEFAN VANDEWALLE

ABSTRACT. This paper is concerned with the study of the delay-dependent
stability of Runge-Kutta-Pouzet methods for Volterra integral and integro-
differential equations with delays. We are interested in the comparison
between analytical and numerical stability regions. It is proved that
all Gauss-Pouzet methods can retain the asymptotic stability of both
delay integro-differential equations with real coefficients and delay inte-
gral equations of the second kind with complex coefficients. The Lobatto
ITIC-Pouzet methods violate this property.

1. INTRODUCTION

We study the asymptotic stability of Runge-Kutta methods for the Volterra
delay integro-differential equation
t

(L1) Y (8) = oy(t) + By(t — 1)+ / y(v)dv,

t—r
and the Volterra delay integral equation of the second kind
t

(1.2) y(t) = (o +iB) / y()dv,

t—T
with initial condition y(t) = 1(¢),t € [—7,0], where a, 8,7 € R and 7 is a
fixed positive number. We are mainly interested in the question whether
certain numerical methods can completely retain the asymptotic stability
of the analytical solution, i.e. whether the analytical stability region is a
subset of the numerical stability region.

A lot of work in this field has been done for differential equations with a
discrete delay (see, for example, [4, 5, 7, 8, 9, 10, 11, 18, 19]). In particular,
Guglielmi and Hairer [10] have recently developed a relationship between
stability analysis and order stars, which has led to a series of elegant results
on symmetric methods of high order. Relevant to the case of distributed
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delay (i.e., v # 0), however, only few results on numerical stability have
been published. Baker and Ford [2] investigated the analytical stability
region of (1.1) in the case of # = 0 and numerically showed that some linear
multistep methods combined with an appropriate quadrature rule are highly
stable (i.e. the stability region is unbounded and approximates the analytical
stability region). Koto [15] introduced Runge-Kutta methods of Pouzet type
for a system of equations of the form (1.1) and proved that every A-stable
natural Runge-Kutta method can preserve the delay-independent stability of
the underlying system. Luzyanina, Engelborghs and Roose [17] gave some
stability results of multistep methods for a variant of (1.1) with complex
coefficients under a sufficient condition for the stability of the analytical
solution. Huang and Vandewalle [14] studied the analytical stability region
of (1.1) as well as the numerical stability region of the repeated trapezium
rule. They proved that the scheme can completely retain the asymptotic
stability of (1.1).

In order to get insight into the stability of numerical methods for delay
integral equations of the second kind, Baker and Ford [1] introduced the
model equation (1.2). In that paper they derived the analytical stability
region. They proved that the repeated trapezium rule and repeated implicit
Euler rule completely retain the asymptotic stability of the analytical solu-
tion. We also mention the paper by Vermiglio [20], where the test equation
is

(1.3) y(t) =1+ a/o y(v)dv + b/o - y(v)dv.

She presented results on Runge-Kutta methods under the assumption that
|b| < —Re(a), which is a sufficient condition for the stability of the analytical
solution.

In this paper, we consider the delay-dependent stability of Runge-Kutta-
Pouzet methods of high order for (1.1) and (1.2) and pursue a theoretical
analysis. We prove that all Gauss-Pouzet methods retain the asymptotic
stability of both (1.1) and (1.2). We also show that the implicit Euler-
Pouzet rule does not retain the stability of (1.1). It is known that the
Lobatto ITIC methods do not retain the stability for (1.1). We now show a
similarly negative result for (1.2).

This paper is organized as follows. In section 2, we study the case of delay
integro-differential equations. In section 3, we investigate the numerical
stability of delay integral equations.

2. STABILITY OF DELAY INTEGRO-DIFFERENTIAL EQUATIONS

2.1. The analytical stability region. Without loss of generality, we fix
the delay 7 equal to 1 and consider the model equation

0

(2.1) y'(t) = ay(t) + By(t — 1) +7[1 ylt+v)dv, t>0,
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where o, 8,7 € R and y(t) = 1(¢) on [—1,0]. By looking at solutions of the
form y(t) = exp(At) we are led to the characteristic equation

0
(2.2) A=a+ fexp(—) + 'y/ exp(Av)dv
—1

In correspondence with the infinite-dimensional nature of equation (2.1),
(2.2) normally has an infinite number of roots A € C. Yet, the number
of roots in any right half plane ReA > 7, for n € R, is finite (cf. [13]).
The asymptotic stability of the zero solution to (2.1) is equivalent to the
condition that all the roots of algebraic equation (2.2) have negative real
part. The analytical stability region S, is given by

Sy = {(a, B,7) : all roots of (2.2) satisfy ReX < 0}.

We use the notation Si(83) to denote the stability region in the («,y)-plane
for a fixed 8. We proved in [14] that S.(8) is bounded above by the line

and bounded below by the curve
(2.3)

Co(B) = {(a,7) : () =B+ fsin 6

T cosg 0d7(0) = %W —a?(0)—6%), 6 € (0,2m)}.

As an illustration, we drew the stability regions in the («,v)-plane for two
different values of 3, see Fig. 1.

2.2. Runge-Kutta-Pouzet methods for delay integro-differential equa-
tions. Let (A4,b,c) denote a given Runge-Kutta method characterized by

the s x s matrix A = (a;;) and vectors b = (by,--- ,bs)T,c = (c1,+++ ,¢5)7T.
In this paper we assume that Zj’:l bj = 1. Sett, =nh,n € Z,withh =1/m
for m a positive integer. Approximating both differential and integral parts
n (2.1) with the Runge-Kutta method, we find the following scheme (cf.

[15])

E
24) Y =y + 8 ag(aY” + Y 494G, i=1,.s,
j=1

2.5) G\ = hZa Y(”)+hZZb yinh hza”Y(" ™i=1,..,s,

k=1 j=1
(2.6) Yni1 = yn + hzbj(ayj(n) + Byj(n—m) + ’YG;n))’
j=1

n)

where y,, and Y( are approximations to y(t,) and y(t, +c;h), respectively,

and the argument Gg ") denotes an approximation to the integral

0 tn+cih tn tn—m+cih
/ y(tn + cih +v)dv = / y(v)dv + / y(v)dv — / y(v)dv.
tn tn—m tn—m

-1
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FIGURE 1. Stability region of (2.1), bounded by the line
C«(B) and by the curve Cy(f) in the (o,7y)—plane (left:
B = 2; right: B = 8) together with the curves separating
regions with different numbers (as indicated) of roots in the
right half-plane.

Koto [15] has pointed out that this scheme has the same order as the under-
lying Runge-Kutta method for ordinary differential equations. This follows
from the Pouzet-type Runge-Kutta theory for Volterra integro-differential
equations by Brunner, Hairer and Norsett [3] and Lubich [16]. Note that,
here, we do not consider the computation of the needed initial values.

From the theory of difference equations, the characteristic equation of the
scheme is given by

(2.7 det M (m, &) =0,

where
(2.8)

- Lo+ BE™A- Byl -6 ™A = Ly 3 e ke —e
k=1

M( af) = 1
"I ek B A e S e 6o
k=1

)

where I stands for the s x s identity matrix and e = (1,...,1)T € R®. The
numerical stability region .S, of the scheme for any fixed m is given by

Sm = {(a, B,7) : all roots of (2.7) satisfy |£| < 1}.
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For any fixed 3, we will use the notation S,,(3) to denote the stability region
in the (a,)-plane.

2.3. Two examples. We first consider ©-methods, which can be repre-
sented by the Butcher tableau

(29) e

In this case, M(m, &) will be denoted by Mg(m, &) and satisfies
(2.10)

1= Lo+ e ™0 - hry(l-6 MO = oy S ek -1
k=1

Mo(m, ) = .
” ~Lat B - - - Ay E et e

It is known that all © —methods with © € [1/2, 1] can preserve the stabil-
ity of the analytical solution (7(0)-stability, cf. [8]) in the case of only fixed
delay (i.e., v = 0). Here we show that this does not necessarily hold when

v #0.

Proposition 2.1. If © > 5/6, then S, € So.

Proof. We fix 8 = 2 and prove S,(2) € S2(2). Tt is easy to see that S.(2) is
bounded to the right by the line Ci(2) : @+ v = —2 (@ < 4) and the curve

Cy(2), which intersect each other only at the point ((0),v(0)) = (4, —6)
(see Fig. 1). On the other hand, it is easy to verify that

det Mg(m,—1) =0
, )
20 -1)(a+(-1)"B+ %'y(l —(-1)™)(26 — 1)) =2m.

Hence, when m = 2, the line @ = 55 — 2 lies outside S2(2). From the
assumption © > 5/6 it follows that this line lies in the left half plane a < 4,
i.e. this line will cross the analytical stability region S,(2). Hence, S,(2) €
S2(2), which further gives S, ¢ Sy. This completes the proof.

Remark 2.1. In fact, our numerical investigation shows that S« C (or_; Sm
possibly only for ©® = 1/2 although S.(0) C (>_; Smn(0) possibly for all
O €[1/2,1] (see, for example, Fig. 2).

Next, we provide an example of an A—stable method which violates
S«(0) CNy-_; Sm(0). Consider the 2-stage Lobatto IIIC method

(2.11)

Using the boundary locus technique (cf. [1, 2]), which will be explained in
detail in the following subsection, we draw a part of the boundary of the
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5.7

-2F < 2-2) 1

4.5 -2 0 2 4

FI1GURE 2. Local boundaries of analytical stability region
and numerical stability region of the §—method with 8 = 0.6
for m = 8. Left picture: case f = 2; the analytical stabil-
ity region is the area between the two solid lines, starting at
(4,—6). The numerical boundary locus (dotted line), start-
ing near (4.15,—6.15), crosses the analytical region. Right
picture: case 8 = 0; the numerical boundary locus, starting
near (2.1, —2.1), lies below Cy(0) starting at (2, —2).

stability region in the («,)-plane for 8 = 0 in Fig. 3 (left picture). One
observes that the boundary of the stability region of the method intersects
the boundary of the analytical stability region.

We remark that, for the case of fixed delay (i.e. v = 0), it is known
that the Lobatto IIIC methods can not completely preserve the asymptotic
stability of the analytical solution (cf. [7, 10]).

2.4. Gauss methods. In this section, we derive a positive result on the
stability of Runge-Kutta-Pouzet methods of Gauss type. Since the root & of
(2.7) depends continuously on the parameters «, 8 and v, we conclude that
Ss € Noo_y Sm if, for every m > 1, all the values (e, 3,7) satisfying (2.7)
with |£] = 1 lie outside the analytical stability region S.. This property is
central to the so-called boundary locus or root locus technique (cf. [1, 2]).
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0 0
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F1GURE 3. Local boundaries of analytical stability region
(solid) and numerical stability region (dotted) for g = 0.
Left: the 2-stage Lobatto IIIC method for m = 2, right: the
3-stage Gauss method for m = 1.

For our analysis, we introduce the notations
Un = {(a,8,7): (2.7) has at least a root ¢ with |{| =1 },
UL {(a, B,7) : (2.7) has at least a root £ with & =1},
U2 = {(a,B,7): (2.7) has at least a root ¢ with |¢] =1 but & #1 }.

The notations U,,(8), UL (8) and U2 (B) stand for the corresponding sets in
the (a,~y)—plane for any fixed 3. Note that 8S,, C U, = UL |JUZ. We
remark that it is possible that U, \ U}, # U2,

Lemma 2.2. For any Runge-Kutta method (2.4)-(2.5)-(2.6) and m > 1,
C.CU} CUy.

Proof. A straightforward computation shows
1 1 T

I- E(la +B)A — -yAeb’ —e
—L(a+B+7)b" 0

Therefore, det M (m,1) =0 if « + 8+ v = 0. This completes the proof. O

(2.12) M(m,1) =

In general, we do not necessarily have C, = U},. For example, U}, also
contains the line oo + 8 = 2m for the 2-stage Lobatto IIIC method (2.11).
By the way, we obtain S,(2) € S1(2) for this method.

Lemma 2.3. For any Gauss method (2.4)-(2.5)-(2.6) and m > 1, C, = U},.
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Proof. Our proof is based on the so-called W-transformation. According
to Theorem 5.6 in [12, Chapter IV], there exists for each Gauss method a
matrix W such that

/2 =&
& 0 =&
W_lAW: 52 .'. .'- = XG,
0 _gs—l
és—l 0

with & = 1/(2/4k? —1). This matrix also satisfies W/ B = W~! and
W7Tb = ey, where B = diag(bi,...,bs),e1 = (1,0,...,0)". Hence,

w0 W 0 I- P xe— IXgere] —e
[ 0 1:|M(m51)|: 0 1:|:|: m_wmeT ! 0
m

Expanding the determinant of the right-hand side matrix along the last
column, we find

1 &2(a+p)
m
_ &2(atp)
det M (m,1) = _atB+y det m
m §s—1(a+B)
1 Es—1(atf)
€ 1(atB) 1

Therefore, det M(m,1) = 0 <= a + 8+ = 0, which gives UL, = C,. O

In order to determine U2

o, We present some preliminary results first.

Lemma 2.4. For £ # 1, the characteristic equation (2.7) is equivalent to
(2.13)

det[T — %(amg*M)(AJr ebT)?] = 0.

o1 . 1
)~ (1= €A e

Proof. The conclusion follows from the relation

6 7 mom -

I— L(a+BE™)(A+ yeb”) — oy(1 —€7)(A + gged”)? 0
— (e BET™OT — oy(1— € ™)bT (A + yeb”) ¢—1
O

Remark 2.2. The proof actually implies
det M (m, &) =

(6=1) detll (a6 ™) A+ yeb”) — 59 (1—€ ™) (A+ zgeb")]
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¢ =1 is a removable singularity of the right-hand side because the matrix
entries of det M (m, £) are continuous function of &, hence also det M (m, &)
is continuous w.r.t. .

Let R(z) = 1+bT2(I — Az)~'e be the stability function of a Runge-Kutta
method (cf. [12]). Considering

€ —Z ze T
(2.14) R() = S t(ciet(lf—:A)b !

we have the following result.

Lemma 2.5. The following equality holds:

1
(2.15) (§—1)det([—z(A+£ — 1ebT)) = ¢det(I—2zA) —det(I —zA+zeb ),
where the left-hand side is interpreted as the limit for € — 1 when & = 1.
Furthermore, if and only if the polynomials det(I—zA) and det(I—zA+zeb!)
have mo common root, the following two equations are equivalent to each

other:

(2.16) (€ — 1) det[] — (A +

Fore =0,

(2.17) £ = R(z).

Proof. The conclusion follows from (2.14) and the equality
[I —gi—le][l—z(A—i-j{llebT) 0 ]

0 1 —zb E—1
[I-24 0 I —(I—zA)""e
[ el T

|

Remark 2.3. Lemma 2.5 shows a relation between the eigenvalues of matrix
A+ éebT and the boundary of the stability region of the method for ODEs
if we set |£| = 1. For reducible methods, however, this equivalence no longer
holds. For example, consider the following method

where ¢, is a pending constant. It is easy to verify that ¢, € U(A—kéebT) for
all £ # 1. On the other hand, the method can reduce to the implicit midpoint
rule, which has the whole imaginary axis as its boundary of stability region.
So (2.16) is not equivalent to (2.17) if we set ¢, as a non-zero constant.

Using order stars, Guglielmi and Hairer [10] proved the following result
which will play an important role in our stability analysis.
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Lemma 2.6. Let R(z) be symmetric and assume the order star A has the
whole imaginary azis as boundary with A lying to the left. Let the function
©(y) be the argument of R(iy),

(2.18) R(iy) = exp(ip(y)),

in such a way that p(0) = 0 and p(y) is continuous. Then, the function o(y)
is strictly monotonically increasing and it satisfies the following properties:

p(=y) = —¢(y), w(y) <yfory>0, and lim o(y) = sm,
where s is the number of poles of R(z).

Let £ = exp(ip), € # 1. From Lemma 2.5, we conclude that, for the Gauss
methods, all the eigenvalues of A + 5_LlebT lie on the imaginary axis. We
denote them as 1/iy, and using also (2.18), we find that the characteristic
equation (2.13) is equivalent to

1+ miy(oz + Bexp(—imey)) + m+y2(1 — exp(—imey)) = 0.

Separating real and imaginary parts yields

1+ miyﬂsinmgo + m+w(1 — cosmyp) =0,

miy(a + B cosmp) + —F sinme = 0.

m2y?

These two equalities determine the parameter sets (o, 3,) for which the
characteristic equation has roots of modulus one. For a given [, this leads
to a set of curves in the («,y) plane, parameterized by ¢ for ¢ € [0, sw]. We
will denote the curves by @(y) and 7(p), in order to avoid confusion with
the curves a(f) and (#) defined in (2.3). The set U2 () is given by

|52

un®= U C8),
k=0

where |z] stands for the integer part of z, and
- 2km 2(k+ D7

Cu(f) = {(ale), 29+ pe (B, Ty,
() = B+ T () = (67 — a%(e) — my?),

where y and ¢ satisfy (2.18), and, if s is odd, we specifically define

C s, (B) = {(ale). 7)) : 0 € ).
All the curves Ci(B) lie in the area v < (82 — a?)/2. Co(B) starts at

(B+2,-2(8+1)) and approximates Co(3). The other curves Ci (/) start at
oo and end at oo if ms is even. More precisely, we have the following result.

(ms— D7
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Lemma 2.7.

lim «a(f) - 400, lim «a(f) = —oco, lim () = -0, k=1,2,...
me—2kmt40 me—2kT—0 me—2kT

These curves are very similar to the ones of the continuous case in Fig. 1.
So we do not plot them here any more. The only case left, that of ¢ — s

and ms is odd, is more complicated because lim (1 — cosmyp) = 2 and we
p—sT
have to determine the limit lim y sinmep.
y—00

It is well known that, for the s-stage Gauss method, the stability function
R(z) is the s-stage diagonal Padé-approximation (see [12]), i.e. Rgs(2) =
Ps(2)/Qss(2), where

s s(s—1) 22 e
P e ]_ —_ _— “en S ——
ws(2) =1+ -2+ s@s—D2 Tt sr) s
and Qss(z) = Pss(—2). We have the following result.
Lemma 2.8. For the s-stage diagonal Padé-approrimation, it holds that
lim ysinp(y) = (—1)*"'2s(s + 1),
Yy—00
where y, ¢ are defined by (2.18).
Proof. A straightforward but technical computation shows that

lim 4R}, (iy)/ Ras (iy) = 25(s + 1),
Yy—0o0

which, combined with li_)m p(y) = sm (Lemma 2.6), gives
y—00

s /
lim S0PW) _ o, PW)cosely) “fs‘p(y) = (—1)*"'2s(s + 1).

This completes the proof. |

Using the above lemma, we get the following limits for ms odd:

L B . . msinmeyp _ 9
(2.19) wlgglr alp) =0+ wlgglr(y sin ¢) R ——— B+ s(s+1)m?*,
and
(2.20) lim ¥(p) = —o0.

QST
Now we give some further properties of the curves Cy(3).
Lemma 2.9. The curves Cx(8) do not intersect.

Proof. Suppose that there exist ¢1,p2 € (0,sm) and corresponding y1, y2
defined by (2.18), such that &(p1) = @(p2) and ¥(¢1) = ¥(p2). These
equalities immediately lead to y; = ys, which, combined with Lemma 2.6,
gives 1 = pg. This completes the proof. |

Lemma 2.10. The curves Ci(3) are ordered according to k.
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Proof. We consider the intersection of the curves Ci(8) and the line o = 3.
The equality a(px) = 8, mex € (2km,2(k+ 1)),k =0,..., L%_lj, implies

2k + )7 —m?y% (o
or = ZEEDT g Yipr) = L (),
m 2
where y(py) is determined by (2.18) corresponding to ¢g. From the mono-

ms—1J
b

tonicity of y(¢) by Lemma 2.6, we see that the curves Cy,k = 0,..., ™5

are ordered in a natural way if ms is even. When ms is odd, considering

Lemma 2.9, (2.19) and (2.20), we conclude that C|ms=1) is the lowest curve.
2

This completes the proof. O
Theorem 2.11. For all Gauss methods, we have Sy C [\°_| Sm.-

Proof. For any fixed 3, we consider the reference point (o, ) = (—|8|—1,0).
It is easy to verify by Lemma 2.5 that, for the reference point, no £ with
|€] > 1 is a solution to (2.13). By continuity arguments, the whole connected
region containing the reference point belongs to the stability region of the
method (In the next theorem we will show that the connected region actually
is the stability region).

First note that both regions are bounded above by C.(8) = U}, (8). We
prove that the curve Cy() lies below or to the right of Cy(3) for any 3 and
m. To this end, we first prove Cy(3) intersects Cy() only at (a(0),~(0)).
Suppose there exist 8, me € (0,27) such that a(f) = a(yp) and v(8) = F().
Then we have 8 = my, which gives my € (0,27). From the monotonicity of
function ;522 and the fact that ¢(y) <y (Lemma 2.6), it follows that

l—coszx

my sinmy my sinmep

a(f) =6+ a(p),

1 — cosmy 1 —cosmep

which contradicts the earlier assumption a(6) = a(p).

Next we prove that Cp(3) lies below Co(3) (in the case ms > 1) or to the
right of Cy(B) (in the case ms = 1). In the case of ms > 1, it is easy to
verify that a(n) = &(m/m) = 8 and ~y(7) = —7?/2 > J(n/m). In the case
of ms = 1, for any v(8) = J(y), one has () < B+2 = &(¢p) because Cy(3)
is the line {(8 + 2,7);7 € (—o0, —2(8 + 1))} (cf. [14]). This completes the
proof. O

Theorem 2.12. For all Gauss methods, the stability region Sy, (8) is bounded
above by the line C and below by the curve Cy(B).

Proof. At each point of a curve Cy(f), there exists a pair of critical roots
exp(+ie) exactly on the unit disk. Now we study to which side of the curves
the critical roots move outside the unit disk. Let & = exp(p + ip) and let
1/(z + iy) be an eigenvalue of matrix A + gfllebT. Then the characteristic
equation (2.13) is equivalent to

| _atBexp(-mptip)) (1 —exp(-m(p+ig)))

m(z + iy) m(z + 1y)2
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We denote the left-hand side by F(a, 7, g + i¢). Define
Fi(a,v,1,0) = ReF(a, v, 1 + i),

Fa(a,v,1,0) = ImF(a,7, p +ip),

Calculating the determinant det M, where

OF,  OF:
— Oa 0
M=1 o8 of ;

o oy 4=0

and noting p = 0 implies z = 0, we find

det s = L
where y and ¢ satisfy (2.18). For y > 0, we have that det M < 0, and for
y < 0, we have det M > 0. We now apply Proposition 2.13 in Diekmann
et al. [6, Chapter XI]. If we cross a curve Ci(f) to the left with “left”
defined w.r.t. the direction of increasing ¢-coordinate for ¢ > 0, the critical
roots +ip enter the right half plane, i.e. the number of roots & with || > 1
increases by 2. On the other hand, from a result in [10], one has that the
scheme is not asymptotically stable for any o > —f3, v = 0. By continuity
arguments, we may conclude that the area o+ 8 + 7 > 0 does not belong
to the stability region. This completes the proof. d

Remark 2.4. Specializing Theorems 2.11 and 2.12 to the case v = 0, one
regains the stability result for Gauss methods as obtained by Guglielmi and
Hairer in [10].

Remark 2.5. Set z(t) = ftt_T y(v)dv. Then, (2.1) can be transformed into
a system of delay differential equations

/!

y@) | _ e 7v|]|y@® B 0| [yt-1)
(2.21) [z’(t) ] = [ 1 on(t) o] - |
This equation is unstable in our sense because the characteristic equation
given by

A—a—Bexp(-N) —y ] _
det[ —(I—exp(=}) A ]—0’

always has a root A = 0. In addition, we are not aware of any positive
results on delay dependent stability of numerical methods for general multi-
dimensional systems of delay equations that would cover equation (2.21).
Some negative results, i.e., showing instability, have been obtained (cf. [9,
19]).
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3. DELAY INTEGRAL EQUATIONS

In this section, we study the stability of Runge-Kutta methods for Volterra
delay integral equations of the second kind

(3.1) y() = (@ +iB) /t YW, £>0,

where o, 8 € R and y(t) = 9(t),t € [-1,0]. The characteristic equation is

given by
0

1—(a+ zﬂ)/ exp(Av)dv = 0.

-1
Baker and Ford [1] have studied the analytical stability region Sy of this
integral equation:

Sr={(a,8) :a < fcotp,8 € (—m,m)},
Hence,
3Sr ={(a,B) :a=Beot B, € (—m,m)}.
In Fig. 4 we have drawn the boundary 0S; together with the curves sepa-
rating regions with different numbers of roots in the right half plane.
Applying a Runge-Kutta method (A4, b,¢) of Pouzet type with constant
stepsize h = 1/m to (3.1), we find

" = (a+z5>[2amY<" s Eb Y S gy ),
j=1

(3'2) k=1j=
1=1,...,s,
m—1 s
(3.3) yur1=hla+if) Y 3 b,y P,
k=0 j=1

where t, = nh,y, and Y( ") are approximations to y(t,) and y(t, + c;h),
respectively. Since (3.2) 1s independent of y,1, the characteristic equation
is given by

a+ip
(3.4) det(I — —

(A=) +eb” Y 7)) =
k=1
Hence, the stability region S/, of (3.2)-(3.3) for any fixed m is given by
SI ={(a,B) : all roots of (3.4) satisfy |¢| < 1}.

In order to determine SI | we use the boundary locus technique again. We
introduce the notation

UL = {(a, 8) : (3.4) has at least a root & with |¢| =1 }.

When & = 1, (3.4) implies @ = 1 and 8 = 0. In the case £ # 1, (3.4) is
equivalent to

(3.5) det(1 — 2 :ﬂ

o 1 B
(1—¢ )(A+£_1ebT)) =0.
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Let £ = exp(ip) and let 1/(z + 4y) be an eigenvalue of matrix A + %ebT.
Then

(a+iB8)(1 — cosme + i sinmyp) = m(z + 3y).
Separating real and imaginary parts, we find two real equations
a(l — cosmyp) — Bsinmp = mz,
asinmy + B(1 — cosmp) = my.

Solving them for «, 8, we have

my sin mep 1

(36) a(e) 2(1 — cosmep) tma
_ 1 in
(3.7) BO) = 3= 30 s

Here, we also use (&, 8) to denote the numerical boundary locus. We remark
that a(y) is even and ((yp) is odd.

Baker and Ford [1] have proved that the implicit Euler rule and the trapez-
ium rule preserve the asymptotic stability of (3.1). It is natural to wonder
whether all A-stable methods possess this character. Similarly to the ideas
in [10], we study the necessary condition for Sy C SI' close to the point
(o, 8) = (1,0), which corresponds to (z,y) = (0,0) and ¢ = 0. From
Lemma 2.5, it follows that

(3.8) exp(ip) = R(z + iy).
Assume that R(z) satisfies
R(z) = exp(2)(1 — C2PTL — DPT2 — ),

where C' # 0 is the error constant of the approximation. Guglielmi and
Hairer [10] parametrized the local trajectory defined by (3.8) close to (z,y) =
(0,0) and ¢ = 0 as a function of y (assume p > 1). We recall this result:

(=) Dy?*+2 4 || if p =2k is even
(=DkCy? + ... if p=2k —1is odd,
(1)1 Cy2k+1 1 if p = 2k is even

(3.10)  o(y) —y=
(=1)FHIDy2k+1 4 if p =2k —1is odd.

Theorem 3.1. Assumep > 1. If, close to (o, B) = (1,0), we have Sy C SI,
for every m > 1, then it holds
(-D)*C >0 ifp=2k

(=1)*C >0 and (-1)F'D < (=1)*C/6 ifp=2k—1
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FIGURE 4. Analytical stability region (solid) vs numerical
stability region (dotted).
method for m = 2, right: the 3-stage Gauss method for
m = 1. The analytical stability region is the white area. The
gray regions are regions with different numbers of roots in the
right half plane. The numerical stability region is bounded
to the right by the dotted line.

Left: the 2-stage Lobatto ITIC

Proof. Using a Taylor expansion, it follows from (3.6) and (3.7) that

& = Beotf+ ymly )

2

1 1 1 1
cot —mp + [imcp cot —mp — [ cot f] + g™Mae

2

= oot B+ (y— @g 1+ 0(6) + yma

1 1 1
_ 8In 371 €O 1M — MY

21

sin® 5mep

1 _
(B — 5mep) + O(p* 2 + ¢~ 21?)

- 1
= Beot B+ (y— @)™ + gmz+ O™ + o7,

which, combined with (3.9) and (3.10), gives the conclusion of the theorem.

|

Using the knowledge of Padé-approximations, one can see that the Gauss
and Radau methods satisfy the necessary condition given by Theorem 3.1,
but the Lobatto ITIC methods do not (cf. [10]). To illustrate the latter,
we plot the boundary of the stability region of the 2-stage Lobatto ITIC
method in Fig.4 (left picture). One can see that the analytical stability is
not a subset of the numerical stability region.
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In the following, we consider the Gauss methods. Because all the eigen-
values of matrix A + E_LlebT lie on the imaginary axis, we have £ = (0. For
the numerical stability region, we find the following expression:

|_ 7ns2— 1 J

un= U alUlaoy,

h=—| 755
where okr 2k +1)
_ _ - T + 1)
Ci ={(ale),B(¥): p€ (Wa T)}’
_ _ mysinmey 20\ _ MY
Ol((p) - 2(1 — oS m(p)a ﬁ(‘)o) 9 I
y, o satisfy (2.18), and if ms is odd, we define
~ _ = ms — 1)w
Clusr, = {(6le). Blo); o € (T2 iy,
(ms — 1)

Ol mszr) = {(8l), Bl@)); € (—sm, — 2T,

C! and C!, start at (1,0) and approximate 3S7. The other curves separate
regions with different numbers of roots outside the unit disk. As an illus-
tration, we draw the boundary of the stability region of the 3-stage Gauss
method in Fig.4 (right picture). When m > 1, the other curves are very
similar to the ones of the continuous case in Fig. 4.

Theorem 3.2. For all Gauss methods, the stability region SI is bounded
above by the curve C¢ and below by the curve C' .

Proof. By Lemma 2.6, ¢(y) is strictly monotonically increasing. Hence, the
curves C} do not intersect. C§ and CI, are joined at the following limit
point:

lim (a(), B(¢)) = (1,0).

p—>

Also, the curves C_'}g are ordered according to k. By continuity arguments,
the number of roots outside the unit disk is constant in each region separated
by the curves. Next we prove that the critical root lying on the unit disk
will move outside the unit disk if we cross a curve C,g to the right in the
parameter space. To this end, we consider the characteristic equation (3.5)
again. Let £ = exp(p + ip) and let 1/(z + iy) be an eigenvalue of matrix
A+ gyeb”. This yields

a+if '

— ——— (I —exp(~ = 0.

o oy (L (= + i)

We denote the left-hand side by F'(a, 3, 1 + ip). Define
FlI(av B, Hy ‘P) = ReFI(Ol, B, n+ ’i(p),

FQI(aalﬁaﬂ'a (P) = ImFI(aa,B,M + Z(p)



18 C. HUANG AND S. VANDEWALLE

Calculating the determinant det My, where

orl  orl

da 5 1=
and noting p = 0 implies z = 0, we have

(1 — cosme)

2
det M = 5 >0,

m2y
where y and @ satisfy (2.18). Applying again Proposition 2.13 in Diekmann
et al. [6, Chapter XI], we conclude that the critical root moves outside the
unit disk for parameter sets in the («, 3) parameter region to the right of
the curve C} when we follow this curve in the direction of increasing ¢. On
the other hand, consider the reference point (o, 3) = (—1,0). It is easily
verified by Lemma 2.5 that, for this reference point, any £ € C with |£] > 1
is not a solution to (3.5). This completes the proof. O

Theorem 3.3. All Gauss methods satisfy Sp C (\oo_, SL,.

Proof. By the symmetry of C{ vs C,, it is sufficient to prove that the curve
C! lies above 0S;. In fact, for any B = B(p), we have 8 = my/2, which
gives

my sin my my sinmep

a(f) = 2(1 — cosmy) < 2(1 — cosmep) = aly),

where we have also used the monotonicity of function 1fié‘0 ~— and the fact

that ¢(y) < y (Lemma 2.6). This completes the proof. O

Remark 3.1. By differentiation, (3.1) reduces to a delay differential equa-
tion with a discrete delay

(3.11) y'(t) = (a+if)(y(t) —y(t —1)).
This equation is unstable in our sense because the characteristic equation
given by

A= (a+if)(1 —exp(=A)) =0,
always has a root A = 0. In addition, it is known that any symmetric
method (including the Gauss methods) is not 7-stable, i.e. the method can
not completely retain the asymptotic stability of delay differential equations
with complex coefficients (cf. [11]). Hence, Theorem 3.3 is not covered by
the known results.

Remark 3.2. For the case of a multi-dimensional system of the form

¢
w(t) = Ao [ ywra,
t—1
where Ay € C#¢, the sufficient and necessary condition on asymptotic sta-
bility of the equation is given by o(A4g) C Sr. Under this condition, the
corresponding numerical solution based on the Gauss methods is asymptot-
ically stable too.
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