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DISCRETIZED STABILITY AND ERROR GROWTH OF THE
NON-AUTONOMOUS PANTOGRAPH EQUATION
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Abstract. This paper is concerned with the stability properties of Runge-Kutta methods for
the pantograph equation, a functional differential equation with a proportional delay. The focus is
on non-autonomous equations. Both linear and nonlinear cases are considered. Sufficient and neces-
sary conditions for the asymptotic stability of the numerical solution of general neutral pantograph
equations are given. An upper bound for the error growth is also investigated for algebraically stable
methods applied to nonneutral equations.
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1. Introduction. Many real-world phenomena can be modelled by initial value
problems for functional differential equations of the form

(L.1) y'(t) = f(ty(),y(t —7(1), 4 (t — (1))

In recent years, the study of numerical solvers for this problem has attracted the
attention of many authors. The classical case where the term 7(t) is a constant, can
be regarded as a representative of finite time delay and has been widely studied in the
literature (see, for example, Baker [1], Zennaro [24] and the extensive bibliography
therein). Another interesting case, which can be viewed as a representative of infinite
time delay, is that of the pantograph equation, where

T(t) =qt, q€(0,1).

For applications of this type of equation, we refer to Iserles [13].
In order to get insight into the stability of numerical methods for the pantograph
equation, the scalar linear autonomous equation

(1.2) y'(t) = ay(t) + by(qt) + cy'(qt), t>0,

has been used as a test problem and many interesting results have been found (cf.
[2, 5, 6, 7, 8 14, 15, 19, 21, 22]). In the early work, a constant stepsize was con-
sidered. As pointed out in Liu [19, 21], however, this kind of stepsize precludes long
time integration due to computer memory restrictions. In order to overcome this
difficulty, Liu [19] transformed (1.2) into a differential equation with a constant delay
by a change of variable, suggested by Jackiewicz [17]. Later, Liu [21] and Bellen,
Guglielmi and Torelli [2] proposed non-constant stepsize strategies where the step-
sizes are geometrically increasing and they investigated the stability of §—methods.
Recently, Koto [18] further studied the stability of general Runge-Kutta methods for
the multidimensional system

(1.3) u'(t) = e Lu(t) + et Mu(t + logq) + Nu'(t +logq), t>0,
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2 C. HUANG AND S. VANDEWALLE

which is obtained from the equation
(1.4) y'(t) = Ly(t) + My(at) + ¢Ny'(qt), >0,

by a change of the independent variable u(t) = y(e'), where L, M and N are constant
complex d x d matrices. In an abstract sense the geometrically increasing mesh ap-
proach and the exponential transform method may be considered to be essentially the
same (cf. [18]). Relevant to the non-autonomous pantograph equation, however, only
few results on numerical stability have been published. Bellen, Guglielmi and Torelli
[2] discussed the asymptotic stability of §—methods for scalar non-neutral equations
with variable coefficients. Bellen, Maset and Torelli [4] studied the “first step” integra-
tion of linear systems of neutral type and investigated the contractivity of continuous
Runge-Kutta methods. Zhang and Sun [26, 27] recently obtained some stability res-
ults of Runge-Kutta methods for a class of nonlinear equations of non-neutral type
(see Theorem 6.1 of this paper).

In this paper, a new approach for proving numerical stability is introduced. Suf-
ficient and necessary conditions for asymptotic stability are derived for both linear
and nonlinear problems of neutral type. Also, upper bounds for the error growth are
studied for non-neutral systems and some sharper results than those published in the
literature are obtained.

This paper is organized as follows. In Section 2, the discrete schemes based
on Runge-Kutta methods are introduced. In Section 3, we focus on the asymptotic
stability of the schemes for linear systems of neutral type with variable coefficients. In
Section 4, an upper bound for the error growth is given for a class of linear problems.
In Section 5, we turn our attention to nonlinear equations and an asymptotic stability
result is derived. In Section 6, we further investigate the error growth bound for a
class of nonlinear problems. Finally, in Section 7, some conclusions are drawn.

2. Adaptation of Runge-Kutta methods to functional-differential equa-
tions of pantograph type. In this section, we consider the adaptation of Runge-
Kutta methods to the pantograph equation

y'(t) ft,y(t),y(qt),y'(qt), t>0,
@1 {ym) — 1,

where f : [0,+00) x C? x C¢ x C? — C?, is a given mapping and ¢ is a constant
satisfying ¢ € (0,1).
Let (4, b, ¢) denote a given Runge-Kutta method characterized by the s x s matrix
A = (a;;) and vectors b = (by,---,bs)T,¢ = (c1,---,¢5)T. In this paper we always
8
assume that ) b; = 1. Let ¢,,n =0,1,..., be grid points satisfying
i=1

O=ti<t1i <ty <...< 00, lim ¢, = oo,

n—oQ

and h,, = tp4+1 —ty, the corresponding stepsizes. Approximations y,+1 to y(tn+1) are
defined by the following equations

(2.2) Y;(n) =Yn+hn Z aijf(tn + th'na Y;(n)a Y,—j(n—m), ?;'(n_m))a i=1,--,s,
j=1

(2‘3) Ynt1 = Un + hn Z bjf(tn + thn, Yj(n)’ Yj(nfm)7 ?}(nfm))’

Jj=1



DISCRETIZED STABILITY OF THE PANTOGRAPH EQUATION 3

where each Yj(”) is an approximation to y(t, + c;h,), the arguments )734(”77”) and

}A’j("_m) denote approximations to y(q(t, + ¢jhy)) and y'(g(tn + cjhy)), respectively,
obtained by specific interpolation procedures at the point ¢t = g(t, + ¢jhy), and m is
a positive integer that will be defined later.

In this paper, we consider a non-constant stepsize strategy where the stepsizes
are geometrically increasing. This kind of grid was proposed by Liu [21], and by
Bellen, Guglielmi and Torelli [2]. As pointed out in the above references, it has two
advantages. First, it can avoid the computer memory problems in the case of long-
time integration. Second, an interpolation procedure is not necessary if we choose the
grid such that every delayed point maps exactly onto a past grid point.

To formulate the grid, we partition the half-line [0, 4+00) into a union of bounded
intervals as follows:

[0,+00) = [0, /] | J(¢7*h,q* 1],
k=0

where h is an arbitrary but fixed positive number. Secondly, we further divide every
interval (¢~*h, g~ *~1h] into a fixed number m of subintervals whose length is propor-

tionally increasing with the factor p = q_ﬁl, ie.
m
(q_kh, q—k—lh] — U (q—kpz—lh, q—kpzh]‘
i=1

The first interval [0, h] is divided up as follows:
[0, ] = [0,¢h] | (0"~ b, qp'R].
i=1

Therefore, we obtain the global grid defined by

th=p" " th, n=1,2,...,
which gives

hp =tpi1 —tn=p" ™ '(p—1)h, n=1,2,...,

and hg = gh. Hence, forn=m+1,m+2,...,

qtn, = tp_m and qhy, = hy_pm,
which shows the delayed point is just on the past grid point and

q(tn + cjhn) = th—m + cjhn_m.
Therefore, we can set
Yj(n—m) _ Yj(n—m)’

V™ = fltnem + il Y Y gy
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which on substitution into (2.2)-(2.3) gives

(2.4) Y =g+ ha Y ai ¥V, i=1,.s,
j=1
(25) }A/"](n) = f(tn + C]‘hn, Y;(n)a Y;'(n_m)a ff](n_m))a .7 = ]-5 RELF
s
(2.6) Ynt1 = Yn+hn D 0; 7.
j=1
REMARK 2.1.  In Liu [21], this kind of stepsize was used in the numerical

examples although a slightly more general assumption on the grid was considered in
the theoretical analysis. In Bellen, Guglielmi and Torelli [2], the stepsize strategy
in the theoretical analysis is that every interval (g7*h,q *~'h] is divided into m
intervals of the same size. The strategy of proportionally increasing stepsizes was also
suggested in Remark 5.1 of their paper where it is pointed out that this choice can
simplify the implementation of the method considerably and leads to a more regular
behavior of the error.

REMARK 2.2. Because we are interested in the stability of the numerical
solution, we assume that the initial values Yj("_l), Yj("_l) and y,, are available for
n =1,2,...,m. For the integration of the first steps, i.e. the initializing methods, we

refer to the paper by Bellen, Maset and Torelli [4].

Now we recall some concepts which will be used later.

DEFINITION 2.1. (see [11]) The stability function of a Runge-Kutta method
(A,b,¢) is defined by

R(z) =1+ 20T (I, — zA) e,

where e = [1,---,1]T and I, stands for the s x s identity matriz.
DEFINITION 2.2. When A is nonsingular, the method is called strictly stable at

infinity if

|R(c0)| = |1 —bT A7 e| < 1.

DEFINITION 2.3. (see [9]) A Runge-Kutta method (A,b,c) is called algebraically
stable if the following matriz M = [M;;] is nonnegative definite:

M =BA+ ATB —vp?,

where B = diag(b1, be, ..., bs).

3. Linear stability. In this section, we discuss the stability of Runge-Kutta
methods for linear systems of the form

(3.1) y'(t) = L{t)y(t) + M(t)y(qt) + N()y'(qt), t>0,

where L(t), M (t) and N(t) are complex d x d matrices whose entries are continuous
functions. First, we recall some results on the stability of the analytical solution. For
the autonomous case (1.4) of (3.1), a result obtained by Liu [20] (see also [13]) implies
the following proposition.
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PROPOSITION 3.1. The zero solution of (1.4) is asymptotically stable if L, M
satisfy

(3.2) o[L]cC, p[L™'M] <1,

where C~ = {z € C : Rez < 0}, and o[-] and p[-] denote the spectrum and spectral
radius of a matriz, respectively.

For the asymptotic stability of the non-autonomous neutral system (3.1), a result
obtained by Iserles and Terjeki [16] implies the following proposition.

PROPOSITION 3.2. The zero solution of (3.1) is asymptotically stable if there
ezists a vector norm || - ||, on C?, with induced matriz norm and the corresponding
logarithmic norm p[-] such that for all t > 0 the following statements hold:

(3.3) WL®] <0, IN@)l. < & < 1, / " WLt = —oo,

(3:4) ymave |M(2) + N@)L(gz) | + kou[LE](1 &) < 0 for some ko € (0,1).

Now we analyze the conditions of Proposition 3.2 in order to motivate our as-
sumptions for the numerical stability analysis. We consider the nonneutral case, i.e.,
N(t) = 0. If limsup u[L(t)] = 0, from (3.4) it follows that M(t) = 0,¢ € [0,0),

t—

oo
which leads to a trivial case. Therefore we assume that, for sufficiently large ¢,
p[L(t)] < Lo < 0, which implies that the matrix L(¢) is nonsingular. Hence, from the
properties of the logarithmic norm (cf. [10]), it follows that

IO < Zway < 1y

In addition, for every u € C¢,

=Ll < ILE@)ulls,
which guarantees that, for every v € C¢,

—u[LANLT @M ()]l < 1M (Tl
Therefore, we have
—HILOWL OM @) < M @)l

which, combined with (3.4), implies

IL7 ()M ()|« < ko < 1.

Considering the analysis above, we will make use of the following assumption, which
can also cover condition (3.2) in the autonomous case, in our analysis of the asymptotic
stability of numerical methods:

Assumption A: There exist a vector norm || - || on C¢ and induced matriz norm
such that the matrices L(t), M (t) and N(t) satisfy for all t > 0

IL7} (@)l < Co, ILT ON@)Il« < Co, ILT OM@)]lx < ko <1,
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where Cy, C’O and ko are constants.
The application of method (2.4)-(2.5)-(2.6) to (3.1) leads to the following differ-
ence equation

(3.5) Yi(n) =Yn+hy Z ainAvj(n), i=1,---,s,
j=1
(3.6) Y = Lty + ¢jhn)V ™ + Mty + ¢ihn)V ™
+N(t, + cjhn)yj(nfm), j=1,---,s,
(3.7) Ynt1 = Yo+ hn 3 ;7.
j=1

Now we present a preliminary result that will be used further on. For the differ-
ence equation

(3.8) Un = AUn—m + A2V + A3Un—m,
(39) Un41 = Aqvp + )‘5un7

with \; € C, we have the asymptotic stability result stated in the following lemma.
LeEMMA 3.3. The difference equation (3.8) - (3.9) is asymptotically stable if

(3.10) Ml <1 Al <10 (Dol +[AsDIAs] < (1= [A))(1 = |Aa]).

Proof. Tt is easy to see that the characteristic equation of (3.8)-(3.9) is given by

1—2z7™ Ay — A3z~ ™

det s Y=

=0,

which gives

(3.11) As(A2 +A327™™) = 2(1 = Mgz7H) (1 = A\ 2™™).

Suppose |A1] < 1,|A4| < 1 and there exists z € C satisfying (3.11) with |z| > 1. Then
As|([A2] +[As]) = (1= [Ad]) (T = [Aa]),

which contradicts the third inequality of (3.10). This completes the proof. O

Now we state and prove the main result of this section.

THEOREM 3.4. Let assumption A hold and the matriz A be nonsingular. Then the
difference equation (3.5)-(3.6)-(3.7) is asymptotically stable if the underlying Runge-
Kutta method is strictly stable at infinity.

Proof. Tt follows from (3.6) that

L™ (tn + cihn)f/i(n) = Yz'(n) + L7 (tn + cihn) M (tn + cihn)Yi(n_m)
+L71(tn + czhn)N(tn =+ cihn)i};(n_m), ;= 17 cels,

which in combination with assumption (A) gives

(3.12) 1Y < ol V™ ™l + CollV™ Nl + Coll V"™
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On the other hand, (3.5) plus the nonsingularity of A implies
. s
(3.13) YV =t ST Dy — ),
7j=1
where D = [D;;] = A~'. Substituting (3.13) into (3.7) yields
(3'14) Ynt1 = R(Oo)yn + Z Z biDinj(n)'
i=1 j=1

Hence, there exists a constant Cy > 0 such that

(3.15) yns1lle < IR©0) lyalle + C1 3~ 1V

i=1

A combination of (3.12) and (3.13) leads to

SV < ko DIV
=1 =1

(3.16) +3° 31Dy CollY™ = yalle + Bt CollY ™™ = i),

i=1 j=1

which shows that there exists a constant C’l > 0 such that

STV < ko SV,
i=1 =1
+Cilhn ' OC Y M+ llynlls) + s O 1Y ™ 1+ lyn—mlls)]-
j=1 j=1

Considering h,, — oo, there exist positive numbers Ny, k1 <1 and Cz < (1 — k1)(1 —
|R(00)|)/(2C1) such that for every n > N,

8 8§
(3.17) ST <k STV + Colllynlls + 1Wn-mll)-

i=1 i=1

An application of Lemma 3.3 to (3.15) and (3.17) gives
— y )
. _ . n _
im [yl = 0 and nlggO; 1]l = 0.
=
Considering (3.13), we have

8
Tim > AoV = 0.

i=1

Therefore, the difference equation (3.5)-(3.6)-(3.7) is asymptotically stable. This com-
pletes the proof. O



8 C. HUANG AND S. VANDEWALLE

REMARK 3.1. In the case of constant coefficients, it is well known that the
condition p[L~'M] < 1is equivalent to the condition that there exists a norm ||-||, such
that ||[L='M||. < 1. Therefore, specializing Theorem 3.4 to the case of autonomous
equations, the obtained result is in accordance with that by Koto [18]. Here we have
given a new approach to the proof which allowed us to study the variable coefficient
case.

REMARK 3.2. In the proof we only use the fact that h, — oo. Hence, our
result is also valid for the other grid types proposed in [2, 21]. In addition, it is easily
seen from the proof that, if the condition ||L=1(¢)M (¢)||« < ko < 1 in assumption
(A) is replaced by lim IL71(t)M (t)||« < ko < 1, Theorem 3.4 still holds. In the

one-dimensional case, the latter has been assumed for the stability analysis of 6—
methods in [2]. Finally, specializing Theorem 3.4 to the nonneutral case, the induced
result is also new.

Next, we show that the assumption of strict stability at infinity is also necessary
for the asymptotic stability of the difference equation.

LEMMA 3.5. Suppose the matriz A is nonsingular. Then there exists a constant
N1 > 0 such that

(3.18) IR(2)| > |R(c0)| — 2|2~ Y||bT A 2¢|, |2| > M,z € C.

Proof. Considering the nonsingularity of A and the fact
(A-z'L) t=A 427t A A - 27 T) 7,

we have

R(z) = R(o0) — 27 WP A=Y (A — 2711, e,
which gives
(3.19) [R(2)| > |R(c0)| — [z H|[b" A7H(A — 27 L,) el
Considering

lim BT A7 (A = 2711,) e = [pT A 2e),
there exists a constant N such that for every z € C with |z| > A,

PP ATH(A - 2711,) el < 2bT A 2,

which, together with (3.19), implies the conclusion. O
The application of method (2.4)-(2.5)-(2.6) to the scalar equation

(3.20) y'(t) =Xdy(t), XeR,
leads to the difference equation
(3'21) Ynt+1 = R(hn)‘)yn

THEOREM 3.6. Suppose the matriz A is nonsingular and there exists a constant Mg
such that the difference equation (3.21) is asymptotically stable for every X\ satisfying
Ao > A2. Then the underlying Runge-Kutta method is strictly stable at infinity.
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Proof. Suppose |R(o0)| > 1. By the assumption we can choose A such that
Mo > A2, |hiA| > N; and |h)| > 4T A7 %], i=0,1,
which gives
|hnA| > N1 and |hpA| > 4pTA %], n=0,1,2,....
Considering Lemma 3.5, we have

|R(hnX)| 2 |R(00)] = 2/hn A7 BT A %e]
> |R(c0)| exp(—4|hn 7! [bT A€l /| R(o0)])
= |R(00)| exp(=4p™ " [ha A7 [bT A™%e| /|R(c0) ),

where we have used the fact that the function 1 — z — exp(—2z) is positive for = €
(0,1/2). Therefore,

[T 17A:2)| > [T 1R(o0)] exp(=4p™ [l |~ b7 A™%el /| R(o0)])

n 1—p™™ _ _
= |R(c0)[" exp(=7 p,14lh1)\| T A™%e|/|R(00)]),

which shows that the difference equation (3.21) is not asymptotically stable. This
completes the proof. O

COROLLARY 3.7. Suppose the matriz A is nonsingular and there exists a constant
Ao < 0 such that (3.21) is asymptotically stable for every A € (—o0,Ag]. Then the
underlying Runge-Kutta method is strictly stable at infinity.

4. An upper bound of error growth for linear problems. Asymptotic
stability implies that the initial error will eventually vanish for sufficiently large time
points. From the viewpoint of a practical computation, it is also important to give
an upper bound of error growth. This subject was studied in Koto [18] where the
nonneutral pantograph equation

y'(t) = Ly(t) + My(qt), t>0,
(4.1) { y(0) = yo,

was used as a test problem and algebraically stable methods were considered. In this
section we follow Koto’s practice and pursue a sharper result for (4.1), which can be
regarded as an error equation of a linear problem.

The application of method (2.4)-(2.5)-(2.6) to (4.1) yields

(4.2) v = (e® Ig)yn + hn(A® Id)ff(n);
(4.3) v = (I, L)Y™ 4 (I, @ M)Y ("™,
(4.4) Ynt1 = Yn + ha (07 @ I)V ™,

where ® denotes the Kronecker product and

Y(") = (Yl(n)Ta Y-Z(H)Ta LR Y-s(n)T)TJ }'}(n) = (ifl(n)TayAé(n)Ta Ty ?(H)T)T

The following notation is a generalization of that in [18]:

_[L*G+GL+E GM

(45) H(o) = i
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where G and E are Hermitian positive definite matrices and the superscript * stands
for the Hermitian adjoint. It is also seen that H(o2) is necessarily nonnegative definite
if H(o1) is nonnegative definite and o2 > o0;. In the scalar case, if the complex
numbers L, M satisfy

Vo(ReL) + [M| < 0,

then #H (o) is nonnegative definite.

Throughout this section, we assume that the notations are the same as those in
Section 3.

LEMMA 4.1. Suppose that the method (A,b,c) is algebraically stable and there
exist a constant o and matrices G and E such that H(o) is nonnegative definite.
Then the following inequality holds true:

(4.6) ¥5i1GYni1 < YiGyn — bYW (B® E)Y™ + oh,,Y("~™" (B @ E)Y (™).

Proof. As in Burrage and Butcher [9] where it is proved that algebraic stability
implies B-stability, we can obtain

Yn11GUni1 = YpGyn — YW (B2 Q)Y ™ — b, Y™ (B ® G)Y™

— RO (M @),
By using the algebraic stability of the method, we have
Yni1GYnt1 < YrGyn + bYW (B G)Y™ 4+ 1, YW (B G)Y ™
=y Gyn — bYW (B E)Y™ 4 0h, Y ("™ (B @ E)Y("—™)
Y WO Y o) (v
i=1

which by the nonnegative definiteness of H (o) gives (4.6). O

THEOREM 4.2. Suppose that the method (A,b,c) is algebraically stable and there
exist matrices G and E such that H(q) is nonnegative definite. Then we have that,
for every n > m,

n n—1
A7) yh1Gynpn+ D> YO (BE)Y® <yrGya+ Y hYD (BRE)YY.
i=n—m-+1 i=n—m

Proof. (4.7) immediately follows from Lemma 4.1 and the fact gh,, = hp—p,. O
REMARK 4.1. By the same argument as in Sect. 5 of Koto [18], it is seen that
the functional

t
V(u(®) = 3t Gy(t) + | (@) Py(a)ds
q
is a Liapunov functional for equation (4.1) if #(g) is nonnegative definite. Inequality
(4.7) can be regarded as a discrete analogue.
REMARK 4.2. The proof of Lemma 4.1 is closely related to its counterpart in
[18]. There, (4.1) was studied through an investigation of the corresponding constant
delay system transformed by a change of independent variable.
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In the following, we derive a result which can be applied to the more general case
where (o) is nonnegative definite for some o € [¢,1). Except for certain special
statements, the following results remain valid for o > 1 although they may not result
in stability when o > 1.

LEMMA 4.3. Suppose that the method (A,b,c) is algebraically stable and there
exist a constant o > q and matrices G and E such that H(o) is nonnegative definite.
Then we have that for every k > 0,

(48) Zp—iy((k-l-Q)m—i)* (B ® E)y((k+2)m—z') < q20k5‘
i=1
where
m—1
(4.9) 8 =phy 'y Gym +q 0 Y_ p YD (B E)YW.
=0

Proof. Tt follows from Lemma 4.1 that

Yrr1Gyni1 < YaGyn — p" 'Y (B E)Y ™
+0_q—1h1pn—m—ly(n—m)* (B ® E)y(n—m) .

By induction, one arrives at

Yn+1GYnt1 <Y Gym — y Z P YO (B E)Y®)

i=n—m-+1
n—m
+H-1+0g ) Y pTYO (Be B)Y®
i=m
m—1
+oq'h Y p YO (B E)YW.
=0

Therefore,

n n—m
Y PYDBEYYD <5+ (-1+0¢ ") ) pYI (BoE)YY.

i=n—m+41 i=m

Let n = (k + 2)m — 1 for £ > 0. We have

p(k+2)m Zp—iy((k—‘,-Q)m—i)* (B ® E)Y((k+2)m—'i)
i=1
k-1 m
< 6+ (_1 + aq_l) Zp(l+2)m Zp—iy((l—‘,-Z)m—i)* (B ® E)Y((l-g-2)m—i)7
=0 =1

which gives

Zp—’iy((k-‘rZ)m—i)* (B ® E)y((k-i—Q)m—'i)
i=1
k m
< qk+25 + (_1 + a_q—l) qu Zp—iy((k+2—l)m—i)*(B ® E)Y((k+2—l)m—i)_

=1 i=1
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We prove (4.8) by induction. When k£ = 0, (4.8) follows directly from the above

inequality. Now we assume that (4.8) holds for every k < j, and show that it then
also holds for k = j. It follows from the above inequality that

Zp—iy((j-l-?)m—i)* (B @ B)Y (7+2)m=19)

i=1
J m
< @4 (~140¢7Y) Z q Zp—iy((j-i-?—l)m—i)* (B® E)y((]’+2—l)m—i)
=1 =1
J
< @25+ (-1+0q7h) qu+20j_l(5

=1
= ¢%076.

Therefore, (4.8) holds for every k > 0. This completes the proof. O
COROLLARY 4.4. Under the assumptions of Lemma 4.3, (4.8) implies that,

(4.10) YW (Be E)YY™ < o™™§,  for every n > m.

Proof. Tt follows from (4.8) that for every k > 0,7 € {1,...,m},
(411) Y((k+2)m—i)* (B ® E)y((k—i—Z)m—i) < piq20k5 — q2—i/mo.k5 < 0'k+2_i/m(5,
which gives (4.10). O

THEOREM 4.5. Suppose that the method (A,b,c) with a nonsingular matriz A is
algebraically stable, b; > 0 for all i and there exist a constant o > q and matrices G

and E such that H (o) is nonnegative definite. Then there erists a constant C' such
that for every n > m,

(412) [lynsll- < [RO0) ™™ lymll. + Co /28241 m(|R(c0)], 0*/2™),

where || - ||. denotes a norm on C?, and

’”;:3"7 T #y,
(4.13) Yn(2,y) =

Proof. Since b; > 0 for all i, it follows from Corollary 4.4 that there exists a
constant C; such that for every n > m

Z ”Yj(")”* < Cyo™/2mgLse,
7j=1

Considering (3.14)_ and the assumptions from the statement of the theorem, there
exists a constant Cs such that

[ynralls < 1RO lyalle + Ca 1Y

=1
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By induction, we have

yniille < |R(00)||[Ynll« + C1Coo™?m5 /2
n—m
< |R(00) " [ymll« + C1Ca0' /2612 3 |R(00)[fo(n=m=0/2m,
=0

This implies inequality (4.12). O

Using the fact that R(oo) = 0 for the Radau IA, Radau ITA and Lobatto IIIC
methods, and the fact that |[R(oo)| = 1 for the Gauss methods, we can state the
following corollaries.

COROLLARY 4.6. Suppose that there exist a constant o > q and matrices G and
E such that H(o) is nonnegative definite. Then for any Radau IA, Radau ITA or
Lobatto IIIC method, there exists a constant C such that for every n > m,

(4.14) ynsalle < Co™/>m51/2,

COROLLARY 4.7. Suppose that there exist a constant o € [q,1) and matrices G
and E such that H(o) is nonnegative definite. Then for any Gauss method, there
exists a constant C' such that for every n > m,

Col/251/2
(4.15) lyntills < llymll + 1— gl/2m’

REMARK 4.3. The assumption (L) in Koto [18] is equivalent to the condition
that there exist matrices G and E such that 7(q) is nonnegative definite. Our result
can be applied to the more general case o > q.

5. Nonlinear stability. In this section, we derive conditions which guarantee
the asymptotic stability of the numerical solution of nonlinear equations. First, we
recall a result on the asymptotic stability of the analytical solution. Consider a system
defined by the same function f as in (2.1) but with a different initial value:

2'(t) = f(t, 2(t), 2(qt), 2'(qt)), ¢>0,
(5.1)
2(0) = 2.
Let (-,-) be an inner product on C¢, let || - || be the corresponding norm and let the

function f satisfy the conditions

R‘e<u1 - U2,f(t,’LL1,'U,V) - f(tJ UQ,'U,V)) < a(t)”ul - U2||2,

(5-2) for t > 0,uy,us,v,v € C?,

(5.3) | f(t,u,v1,v1) — f(t,u,va,v2)|| < B(t)||lvr — v2|| + 7 (t)||vr — v2]|,
: for t > 0,u,vq,ve, 1,19 € C2,

where a(t), 8(t) and 7(¢t) are continuous functions. An application of Theorem 2.1 in
Zennaro [25] gives the following proposition.
PROPOSITION 5.1. Suppose v(t) = 0 and the functions a(t) and B(t) satisfy

(5.4) a(t) <ap <0, t>0,
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and, for some nonnegative real number ko < 1,
(5.5) koa(t) + B(t) <0, ¢t>0.

Then, for the solutions y(t) and z(t) of the equations (2.1) and (5.1), it holds that

(5.6) Jin ly (@) = 2(t)]] = 0.
REMARK 5.1.  In the literature, we have not found any stability results on

general nonlinear neutral equations. Some results on equations of special form, such
as separable systems and equations of Hale’s form, can be found in [3, 16, 23]. We
do not give the details of those results because they can not directly be applied to
equations of the form (2.1). Here, we will only use conditions (5.4) and (5.5) plus
the boundedness of v(t) to analyze the asymptotic stability of numerical methods for
nonlinear neutral equations of the form (2.1). Our results are new even in the case of
nonneutral equations.

The Runge-Kutta method (A, b, ¢) applied to problem (5.1) leads to the following
process

(5.7) z™ :zn+hniaij2§”), i=1,---,s,
j=1
(5.8) 2 = f(tn + cjhn, 2V, 2™, 200 =1, s,
(5.9) Zna1 = Zn + by i bj ZJ(").
j=1
Let

Wy = Yn — Zn, Wj(”) zy}(n) —Z](."), j=1,---s.

It follows from (2.4)-(2.5)-(2.6) and (5.7)-(5.8)-(5.9) that

s
j=1
i A A
(5.11) Wny1 = Wy + Ay Z b; (Yj(n) _ Zj(n))_
j=1

Now we are in the position to state and prove the main result of this section.
THEOREM 5.2. Suppose that the method (A,b,c) with a nonsingular matriz A
is strictly stable at infinity and that there exist positive constants C3,Cy and ko such

that
(5.12)  0<—a'(t) <Cs, [|a T (t)y(t)| < Cy |aH(B)B(E)] < k2 < 1.

Then, the following results hold:

E
; _ : (n) _
(5.13) dim [lwn[| =0,  lim_ Z;”Wj | =0,
J:
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8
(5.14) Tim oy 17" — ZM)| = 0.
j=1

Proof. ;From (5.10) and the nonsingularity of A it follows that
. R s
(5.15) VW =20 =t ST Dy W —w,), =1,
7j=1
where D = [D;;] = A~'. Substituting (5.15) into (5.11) yields
s s
(5.16) Wpt1 = R(oo)wn + Z Z bz'Dijo(n).
i=1 j=1
Hence, there exists a constant Cs > 0 such that
S
(5.17) sl < [R(o0)llwnll + Cs5 D 1.
i=1

On the other hand, conditions (5.2) and (5.3) imply that Re(Wj("),}A’j(") -7 J(")) can
be rewritten and bounded as follows

Re(W, "™, f(tn +cihn, Y™ Y™ V) = f(tn + b, 27, Y™, 0 ™)) 4
Re(Wj(n)af(tn + cjhn’ZJ(n)’)/}(n—m)’l}}(n—m)) — f(tn + cjhn’Zj(n)’ZJ(n—m)’ZJ(n—m))>
< altn + ciha) WP N? + Blta + ciha) W NIWS™
< a(tn + cjhn)|l j I* + B(tn + ciha)ll j Il j I

(b + i) [W IV = 25"
Considering the inequality
Re(W,™, ¥ — 2" > WV - 2],
we have that
(5.18)  [[W < ke[ W™ ||+ Call ¥ = 27T+ GallY ™ - 257,
where we have used assumption (5.12). Using (5.15), we further obtain

SN <k S I+ 7t Ca S STIDGIW ™ — wnml|
=1 =1

i=1 j=1
(5.19) +h;105 33T Dy [IW = wall.
i=1 j=1

Considering h, — 00, there exist positive numbers N2, k3 < 1 and Cg < (1 — k3)(1 —
|R(c0)|)/(2C5) such that for every n > N3,

(5.20) SN < ks S IWS™ | + Co(llwall + lwn—ml)).

i=1 i=1
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An application of Lemma 3.3 to (5.17) and (5.20) gives (5.13). Then (5.14) follows
from (5.15). This completes the proof. O

REMARK 5.2. In the proof, we only use h,, — co. Hence, the result is also valid
for the other grid types proposed in [2, 21]. From Corollary 3.7 we can see that the
assumption of strict stability at infinity is also necessary to the result.

REMARK 5.3. Theorem 5.2 is different from the asymptotic stability result ob-
tained by Zhang and Sun [26] (see Theorem 6.1 of this paper). Therefore, specializing
Theorem 5.2 to the case of nonneutral equations, our result is also new. In addition,
our proof is completely different from that in [26].

REMARK 5.4. It should be pointed out that Theorem 5.2 can not cover the
asymptotic stability results of Section 3. In fact, specializing the assumption (5.12)
in Theorem 5.2 to the case of (3.1), the induced assumptions are stronger than as-
sumption A.

6. An upper bound of error growth for nonlinear problems. In this
section, we investigate error growth bounds of numerical methods for nonneutral,
nonlinear problems of the form

y'(t) = f(t,y(t),y(qt)), t>0,
(6.1) { y(0) = yo,

where the function f satisfies the conditions

(6.2) Re{us — ua, f(t,u1,v) — f(t,u,v)) < allug —us||?, t>0,u1,us,v € C?,

(6.3) If(t,u,v1) — ft,u,v2)|| < Bllvr —wal|, t>0,u,v1,v2 € C?,

where a and ( are constants. Throughout this section, we assume that the other
notations are the same as those in Section 5.

For problem (6.1)-(6.2)-(6.3), Zhang and Sun (cf. [26] ) have considered a stepsize
strategy where every interval (g~*h, g~*~1h] is divided into m subintervals of the same
size, and obtained the following global and asymptotic stability results for (k,I)—
algebraically stable Runge-Kutta methods.

THEOREM 6.1. (see [26]) Suppose that the method (A, b, c) is (k,1)— algebraically
stable for a nonnegative diagonal matriz D = diag(di,da,...,ds), where 0 < k <1
and the following condition holds:

(6.4) ga+ <0, (1-q)(ga+B)h<mg’l,

then
65)  llwasill < [1+ V(g = DA max{[lwall, Y (vb; _max_[[W,™*7|])}.
=1 -

If it is further assumed that k < 1, then

lim ||y, — zn|| = 0.
n—o0o

Here we obtain the following results.
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THEOREM 6.2. Suppose that the method (A,b,c) is algebraically stable and that
the following condition holds:

(6.6) a+qg 28 <0.
Then we have that, for every n > 2m — 1,
wnsall? = b (2a+q72728) S 3 b w1
i=n—m+1 j=1
m—1 s )
(6.7) < Nwmll? +hag 28 3 S bYW 2.

i=0 j=1

Proof. Tt is known (see [9]) that

w2 = [[wnl2 = 2k S biRe(w ™, ¥ — Z(m)

j=1
s s
=—h2 3" S M - 2 v -z,
i=1 j=1

By means of the algebraic stability of the method and by (6.2) and (6.3), we have

a2 < fwall® + 2k, S byRe(w ™, ¥ — Z(m)

j=1

= [lwnl®+2hn 3 bRe(W ™, f(tn+cihn, Y™, V" ™) = f(tatcihn, 27, Y ™))

Jj=1

+2h,, Z bjRe<W].("),f(tn + cjhn, ZJ(,H))YJ,(n—m)) — ftn + b, Zj(n)7 Z](n—m)))

j=1

< Nwall® + b 3 b[2a+ g 2B) W™ + ¢/28IW ™),
j=1

where we have used
(6.8) AW NIW™ < ¢ VW2 + 2 w2,

By induction, one arrives at

n

lwnst[” < lwml” + b Z b;[ Z P20 + q71/2ﬂ)||Wj(i) 112

j=1 i=n—m+1

n—m m—1
(6.9) +2 3 pi N a+ g PRIWII+ S P e 2BIw
i=m =0
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which, combined with (6.6), gives (6.7). This completes the proof. O
COROLLARY 6.3. Under the assumptions of Theorem 6.2, we have that, for every
n>2m-1,

(6.10)  [fwnta|l? < [lwml? + hp~ g™ V2(1 - ¢)B max w2,

0<i<m-1
1<j<s

Proof. The conclusion follows from the fact that

2p||W'||2 ‘1 o (WY,

a

REMARK 6.1. The above proof procedure is closely related to its counterpart in
the case of a constant delay (cf. [12]) and in the case of a proportional delay (cf. [26]).
Compared to Theorem 6.1 in the case of algebraically stable methods, our result is
slightly sharper because assumption (6.4) is stronger than (6.6).

REMARK 6.2. In the case of time-dependent Lipschitz constants, if (6.6) is
replaced by

(6.11) 2a(t) + ¢~ *(B(t) + B(t/q)) <0
we can similarly obtain that, for every n > 2m — 1,

wngt||> = I Z Zb,p (2a(ti + ¢jhi) + ¢ 2 B(t: + ciha)) W2

i=n—m+1 j=1

(6.12) < flwml®+hp7 ¢ 2(1—q)  max  Bltim + cihivm) W2
0<i<m-1
1<j<s

Next, we derive some results which can be applied to the more general case
a+ 8 < 0. We define the following two constants

(6.13) 0, when 2a + (1+¢71)3 <0,
| T HemY. when2a+ (14478 >0,
s m—1 i
lomlPp/h+a7'5 52 b 3 2 IWIP
(614) A= J= 1=

—(2a+B)

THEOREM 6.4. Suppose that the method (A,b,c) is algebraically stable and that
the following condition holds:

(6.15) a+pB<0.
Then we have that for every k > 0,

(6.16) S b ST WO < g2(q + gr)FA.

j=1 =1
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Proof. If we replace (6.8) by the inequality
2 W< W+ R
we obtain
wns1]l? < Nlwnl® + b ib,-[(za + AWM + plIw ™21,
j=1
By induction, one arrives at

n

[wns1 2 < Nlwml® +hip 23 b | 30 pi2a+B) W2

j=1 i=n—m-+1
n—m ) . m—1 ) .
+3 P+ A +g HBRIWD IR+ pig BIwW 1R
i=m i=0
Therefore,
8 n ) . El n—m ) .
Sobi S PIWPIR <Y b Y HIWP + A
j=1 i=n—m+1 j=1 i=m

Let n = (k +2)m — 1 for k > 0. We then have

s m k s m
SUD SR TFASEa (SS90 917 S L (R
j=1 =1 =1 j=1 =1

By induction we can prove from the above inequality that (6.16) holds for every k > 0.
This completes the proof. O
REMARK 6.3. It is easy to verify the following inequality,

0<q+qr§max<q,ﬁ)

Hence, ¢ + gr < 1if a + 8 < 0 and the right hand side of (6.16) goes to zero for
increasing k.
REMARK 6.4. If condition (6.15) is replaced by the weaker condition

(6.17) 20+ <0,

then Theorem 6.4 is still valid. Then, however, it is not guaranteed that ¢ + qr < 1.
COROLLARY 6.5. Under the assumptions of Theorem 6.4, inequality (6.16) im-
plies that for every n > m

(6.18) STuIWIE < (g + gr)" /™A
j=1

Proof. Tt follows from (6.16) that for every k > 0,i € {1,...,m},

ST oW T2 < pig (g 4 qr)F A = 7™ (g + qr)E A < (g + qr)FHETUmA,
=1
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which gives (6.18). O

THEOREM 6.6. Suppose that the method (A,b,c) with a nonsingular matriz A is
algebraically stable, b; > 0 for all i and (6.15) holds. Then, there exists a constant
Cr, depending only on the coefficients of the method, such that for every n > m,

lwntall < |R(00)|™ =™ lwml| + Cr(g + qr)/2 A2y 11 _m(|R(00)], (g + qr)*/*™),

where the function vV, (x,y) is defined by (4.13)
Proof. Considering (5.16) and the assumptions of the theorem, there exists a
constant Cr, depending only on the coefficients, such that

1/2
w1l < |R(0)||lwall + Cr [ S0 iW M|,
j=1

which in combination with (6.18) gives

lwmsa | < 1R [wnl + Cr (g + gr)™/mA12

< |R(00) " [wi || + Cr(g + gr) /> AY? Y " |R(00)| (g + gr) 2
i=0

This implies the result of the theorem. O

COROLLARY 6.7. Suppose (6.15) holds. Then for any Radau IA, Radau ITA or
Lobatto IIIC method, there ezists a constant C7, depending only on the coefficients of
the method, such that for every n > m,

|wnt1ll < Crg+ qr)"/2mA1/2_

COROLLARY 6.8. Suppose (6.15) holds. Then for any Gauss method, there exists
a constant C7, depending only on the coefficients of the method, such that for every
n>m,

Crlq +qr)'/2A/?
1= (g+gqr)t/2m -~

lwn1]l < [lwml| +

REMARK 6.5. It is easy to extend the results of this section to the case of
(k,1)-algebraically stable methods if we impose some restrictions on stepsize similar
to those in [12].

7. Concluding remarks. In this work the stability of Runge-Kutta methods for
both linear and nonlinear non-autonomous pantograph equations has been analyzed.
A new approach has been introduced to derive the asymptotic stability of numerical
methods and some sufficient and necessary conditions have been found. By further
exploiting the special structure of the stepsize, we have also obtained some upper
bounds for the error growth.

The techniques of this paper can be applied to investigate the stability of numer-
ical methods for the constant delay system derived from the pantograph equation.
They could also possess a potential applicability to integro-differential equations with
proportional delays.
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