Subdivision for Powell-Sabin
Spline Surfaces

Evelyne Vanraes
Joris Windmolders
Adhemar Bultheel
Paul Dierckx

Report TW 845, September 2002

Katholieke Universiteit Leuven
Department of Computer Science
Celestijnenlaan 200A — B-3001 Heverlee (Belgium)




Subdivision for Powell-Sabin
Spline Surfaces

FEvelyne Vanraes
Joris Windmolders
Adhemar Bultheel
Paul Dierckx

Report TW 845, September 2002

Department of Computer Science, K.U.Leuven

Abstract

In this paper we present an algorithm for calculating the B-
spline representation of a Powell-Sabin spline surface on a refinement
of the given triangulation. The resulting subdivision scheme is a
triadic scheme; every original edge is split into three new edges. The
presented rules are derived using the fact that triadic subdivision can
be seen as two steps of v/3-subdivision. The scheme is numerically
stable and generally applicable, there are no restrictions on the initial
triangulation.

Keywords : Powell-Sabin splines, subdivision, normalised B—splines, CAGD.
AMS(MOS) Classification : 65D07, 65D17, 68U07.



Subdivision for Powell-Sabin Spline Surfaces

Evelyne Vanraes, Joris Windmolders
Adhemar Bultheel, Paul Dierckx

September 2002

Abstract

In this paper we present an algorithm for calculating the B—spline representation of a Powell-Sabin
spline surface on a refinement of the given triangulation. The resulting subdivision scheme is a
triadic scheme; every original edge is split into three new edges. The presented rules are derived
using the fact that triadic subdivision can be seen as two steps of v/3-subdivision. The scheme is
numerically stable and generally applicable, there are no restrictions on the initial triangulation.

Keywords: Powell-Sabin splines, subdivision, normalised B—splines, CAGD

AMS(MOS) classification: 65D07, 65D17, 68U07

1 Introduction

Geometric modelling of complex shapes heavily relies on the use of powerful mathematical represent-
ations of surfaces. Widely used now in CAGD packages is the tensor product B—spline representation,
which is, however, restricted to rectangular domains, and therefore is not well suited for designing
surfaces with an arbitrary number of edges. Farins Bézier triangles [2] are a worthwhile alternat-
ive to represent piecewise polynomials on polygonal domains, but imposing smoothness conditions
between the patches requires a great number of nontrivial relations between the coefficients to be
satisfied. Another approach is a B—spline representation for Powell-Sabin (PS)-splines by Shi et al.
[6], but their construction method has some serious drawbacks from the numerical point of view.
Dierckx [1] presented an improved algorithm to construct a normalised B—spline basis for PS—splines,
which guarantees global C* smoothness for any choice of the coefficients, and resolves the numerical
problems. This representation also has a nice geometric interpretation involving tangent control
triangles for manipulating the PS—surfaces.

For the graphical display of a surface we need a denser set of points that represent the surface,
or in other words, we need a representation of the surface on a refinement of the triangulation on
which it is defined. This procedure is called subdivision. Because after subdivision the new basis
functions have smaller support, it also gives the designer more local control when manipulating
surfaces. Windmolders and Dierckx [8] solved the subdivision problem for uniform Powell-Sabin
splines, that is on triangulations with all equilateral triangles. In this paper we solve the subdivision
problem for general Powell-Sabin splines.

Section 2 recalls some general concepts of polynomials on triangulations and gives the definition
of the space of Powell-Sabin splines. It also covers the relevant aspects of the construction of a
normalised B—spline basis. Section 3 first gives an overview of possible subdivision schemes. Then
the subdivision rules are developed for the case of triadic subdivision. The boundaries are treated
separately. Finally we conclude with some remarks and suggestions for further research in section
5.
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2 Powell-Sabin splines

2.1 Polynomials on triangles

Let A = (A1, A2, A3), [\ =AM+ A2+ A3 =d, A\; € {0,1,...,d} using standard multi index nota-
tion. Consider a non degenerate triangle 7 (77,7%,T3) in a plane with its vertices having Cartesian
coordinates T;(z;,v:),i = 1,2,3. Any point P(z,y) in that plane can be expressed in terms of
barycentric coordinates T = (71,72, 73) with respect to 7: P = Zle 7;T; where |r| = 1. These
barycentric coordinates are the unique solution to the system

Ty T2 I3 T1 T

Y1 Y2 ys| [T2| = (¥ (2.1)
1 1 1| |n 1

A Bézier polynomial [2] of degree d over the triangle T is defined by
bH(P) = b3(1) = Y bABi(7), (2.2)
IAl=d
in which by are called Bézier ordinates, and

Bi(r) = LT/\lTAgT/\s (2.3)

AT Al 28 '

are the Bernstein—Bézier polynomials on the triangle.
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Figure 1. (a) Positions of Bézier ordinates for d = 2. (b) The de Casteljau algorithm
for evaluating a polynomial at a point P gives the Bézier ordinates of that polynomial
on the triangles (11,75, P), (T1, P,T3) and (P, T5, T3).

The points (4,bx) are the control points for the surface z = b%(7) and the piecewise linear
interpolant to these points is the Bézier net or control net. This is displayed schematically in figure
1(a) for the case d = 2. The points %, marked with dots on the figure, are called Bézier triangle
points.



2 POWELL-SABIN SPLINES 3

Polynomials in their Bernstein—Bézier representation (2.2) can be evaluated efficiently using the
de Casteljau algorithm

bF(T) = bloe(7) (2.4)
with
b5 (T) = bijk,

ik (T) = lea_ll)jk(T) + sz:(;il)k(T) + T3b:]?;+1)(7'), r=1,...,d, i+j+k+r=d.

(2.5)

The de Casteljau algorithm has several interesting properties and consequences.

(1) Subdivision
It gives directly the Bézier ordinates of the given polynomial with respect to the triangles
(Ty,T», P), (Th, P,T3) and (P,T»,T3) where P is the point in which the polynomial is evalu-
ated. This is illustrated in figure 1(b) for the case d = 2.

(2) Continuity
Continuity conditions between triangles can be expressed as relations between the Bézier
ordinates. Let b%(7) a polynomial with Bézier ordinates b;j; on the triangle 7 (T}, T»,T3), and
¢, (7) a polynomial with Bézier ordinates c;;, on the triangle 7*(T}, T, T3) where T} has
barycentric coordinates A with respect to 7 (T1,T2,T3). A necessary and sufficient condition
for b4-(7) and c4. (1) to be C™ continuous across the common boundary is

Cijk :béjk()‘)7 1=0,1,...,r, i+j+k=d. (26)
In the case of C! continuity this becomes

C°: coj = boj, (2.7)

C": cajn = Mabijk + A2bo(it1yk + Asboj(kt1)-

(3) Tangent property
The control net mimics the shape of the surface and is tangent to the polynomial surface at
the three vertices of the triangle.

Representing complex shapes, however, requires to use patch complexes with a great number
of Bézier triangles. Keeping up continuity conditions between all the neighbouring patches then
results, in general, in nontrivial relations between their Bézier ordinates. The use of split triangles
can overcome this problem.

2.2 PS-splines

Consider a simply connected subset @ C R? with polygonal boundary §9Q. Suppose we have a
conforming triangulation A of (2, being constituted of triangles p;, j =1,... ,t, and having vertices
Vi with Cartesian coordinates (g, yx), k¥ = 1,... ,n. Let A* be a Powell-Sabin refinement of A,
which divides each triangle p; into six smaller triangles with a common vertex Z; as follows (figure
2) :

(1) Choose an interior point Z; in each triangle p;, so that if two triangles p; and p; have a common
edge, then the line joining these interior points Z; and Z; intersects the common edge at a
point R;; between its vertices. Choosing Z; as the incentre of each triangle p; ensures the
existence of the points R;;. Other choices may be more appropriate from the practical point
of view.
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Figure 2. PS-refinement. Each triangle p; is split into six smaller triangles with a
common vertex Z;.

(2) Join each point Z; to the vertices of p;.

(3) For each edge of the triangle p;
e which belongs to the boundary 6(2, join Z; to an arbitrary point of the edge.
e which is common to a triangle p;, join Z; to R;;.

Now we consider the space of piecewise C* continuous quadratic polynomials on A*, the Powell-
Sabin splines. It is denoted by Si(A*). Each of the 6t triangles resulting from the PS-refinement
becomes the domain triangle of a quadratic Bernstein—Bézier polynomial, i.e. we choose d = 2 in
equation (2.2) and (2.3), as indicated for one subtriangle in figure 2. Powell and Sabin [5] proved
that the dimension of the space Si(A*) equals 3n: there exists a unique solution s(z,y) € S3(A*)
for the interpolation problem

SR = fer o) = o go(R) = funs k= Leein. (29)

So given the function and derivative values at each vertex Vj, the Bézier ordinates on the domain
subtriangles are uniquely defined and the continuity conditions between subtriangles are automat-
ically fulfilled.

2.3 A normalised B-spline representation

Dierckx [1] showed that each piecewise polynomial s(z,y) € Si(A*) has a unique representation

n 3
s(@y) =YY cBl(z,y), (z,y) €, (2.10)

i=1 j=1

where the basis functions satisfy

Bl(z,y) >0 (2.11)
n 3
> By =1, (2.12)

and have local support: B{ (z,y) is nonzero only on the so—called molecule M; of V;, being the set of
triangles p; that have V; as a vertex. The number of triangles in M; is called the molecule number m;.
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Figure 3: PS—points and PS—triangle.

To construct the basis functions BY(z,y) we use the algorithm from [1].

(1)

(2)

(4)

For each vertex V; € A, identify its PS-points. This is a number of particular surrounding
Bézier triangle points and the vertex V; itself. Figure 3 shows the PS—points 5,5, S' and V}
for the vertex V; in the triangle p(Vy, V3, V3).

For each vertex V;, find a triangle ¢;(Q;1, Qi2,@;3) containing all the PS—points of V; (from
all the triangles p; in the molecule M;). Denote its vertices Q;;(X;;,Yi;). The triangles
t;, i = 1,...,n are called PS—triangles. Figure 3 also shows such a PS—triangle t;.

We denote the barycentric coordinates of the PS-points S;,S; and S; with respect to the
triangle t;(Qi1, Qiz, Qi3) with (Li1, Liz, Li3), (Li1, Li2, Liz) and (L;;, Ly, Ly3).

Given the PS—triangle t; of a vertex V;, three linearly independent triplets of real numbers
can be found as follows:

a; = (@41, 42, a3) are the barycentric coordinates of V; with respect to t;, (2.13)
Yio—Yis Yis—Ya Yi —Y;
/Bi = (ﬂil:ﬂi%ﬂii‘}) = ( : : ) . . ) . . ) (214)
e e e
Xiz — Xio Xi1 — Xiz Xz — Xi
Vi = (7’i177i277i3) = ( @ ‘ ) : 137 2 ll) ) (215)
e e e
where
Xa Ya 1
e=| X Y 1. (2.16)
Xiz Y3 1

We have |o;| =1 and |3;| = || = 0.

The basis function Bf (z,y) is the unique solution of the interpolation problem (2.9) with all
(fis fz,k5 fy.k) = (0,0,0) except for (fi, fa,is fy,i) = (aj, Bijs Vij)-

We define the control points as

Cij = (Qijacij) =( ij:Yij;Cz'j) (2.17)
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and the control triangles as
Ti(Ci1, Ciz, Ci3). (2.18)

The projection of the control triangles T; in the (z,y) plane are the PS—triangles ¢;. One can
prove that the control triangle T; is tangent to the surface z = s(x,y) at V;. The tangent point is
(w’ia Yi, 8(‘/;))

The fact that the PS—triangle t; contains the PS—points of the vertex V; guarantees property
(2.11). For design purposes we prefer the control points of the corresponding control triangle to be
close to the surface. In [1] the PS—triangle with the smallest area is computed, but other choices are
possible.

2.4 Bézier representation of a PS—spline

Figure 4. (a) PS-refinement of a triangle p(V;,V}, V). (b) Schematic representation
of Bézier ordinates.

The Bézier representation of a PS—spline surface can be calculated from the B—spline represent-
ation. Consider a domain triangle p(V;, V;, Vi) € A with its PS-refinement on figure 4(a), where

Rij = XjVi+ (1= X))V

Rjr = XV + (1= XAjn)Va
Rii = MeiVie + (1= ki) Vi

Zijk = aijk Vi + biji Vi + Ciji Vi

(2.19)

Denote the Bézier ordinates as on figure 4(b). They can be written as the following unique convex
barycentric combinations of the B—spline coefficients:
8i = Qi1Ci1 + QG2 + Q4363
u; = Lijicit + Liacia + Lizcis
Liyci + Ligcia + Lizcis

w; = Ljcy + Ligcia + Lizcis.

(2.20)

Ui

The coefficients in these formulae depend on the geometry of the PS—refinement, and on the choice
of the PS—triangles. Similar expressions hold for (s;,u;,v;,w;) and (sg, Uk, Uk, wx). The other Bézier
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ordinates can be found from the C' continuity conditions (2.7) and (2.8), e.g.,

e = Aiui + (1= Aij)v;
O = Aijwi + (1 — Xij)w; (2.21)
W = G jpw; + bz'jk’ll)j + CijrWk-

TV3

Consider the triangle ik formed by the Bézier control points corresponding to the Bézier or-

dinates w;, w; and wy. The specific notation with the superscript V3 will be clarified later. From
the tangent property of the Bézier control net for each of the Bézier triangles in the PS-refinement
follows that Tz.‘j/g is tangent to the surface at (Z;;x, w = s(Z;;1)). Notice that also the Bézier control

V3

points corresponding to 8;, §; and 6y, lie in TZ‘J/E The projection of TY3 in the (x,y) plane, t} o will

ijk
also be used in the next sections and is shaded in figure 4(a).

3 Subdivision

The goal of subdivision is to calculate the B—spline representation (2.10) of a PS—spline surface
on a refinement A! of the given triangulation A°. The new basis functions after subdivision have
smaller support and give the designer more local control when manipulating surfaces. Adjusting one
coeflicient c;; of a control point of a subdivided PS—spline surface, influences a smaller neighbour-
hood of the involved vertex. The control triangles are tangent to the surface and in case of repeated
subdivision, the linear interpolant of the tangent points converges to the surface itself. Therefore
subdivision is a common technique for displaying surfaces graphically.

In section 3.1 we consider different possibilities for the refinement A! of the original triangulation
AP, This answers the question where to place the new vertices. Then, in section 3.2, we derive the
subdivision rules for the triadic case. For each new vertex we first determine a valid PS—triangle by
requesting that it contains all its PS—points. Then we find the control points of the corresponding
control triangle in terms of the old control points.

3.1 Choosing a suitable refinement A! of A°
3.1.1 Dyadic subdivision

The most obvious possibility is dyadic subdivision. In this scheme a new vertex is inserted on every
edge between two old vertices and every original triangle is split into four new triangles.

(1) In the first step we choose the positions of the new vertices. The lines of the PS-refinement A%*
of the initial triangulation A® must be maintained in the PS-refinement A'* of the refined
triangulation A' because the aim is to represent exactly the same surface. To ensure this,
the new vertices have to be placed on the intersections R;; of the lines of the PS-refinement
ZijxRi; with the edges V;V;. This step is illustrated in figure 5.

(2) In the second step we determine the PS-refinement A!* for each of the four new triangles.
For the triangle (V;;, Vji, Vi) the PS-refinement is already fixed, the point Z;j, is the interior
point for this triangle. The interior points for the three remaining triangles have to lie on the
line of the old PS-refinement A% that crosses the new triangle. This step is illustrated in
figure 6.

The dyadic scheme was used by Windmolders and Dierckx for uniform Powell-Sabin splines, this
is on a triangulation with all equilateral triangles. The subdivision rules for this special case can
be found in [8]. In the general case the idea of dyadic subdivision can only be used under certain
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Figure 5. Principle of dyadic subdivision. In the first step we place the new vertices
on the intersection of the lines of the PS—refinement with the edges.

Figure 6. Principle of dyadic subdivision. In the second step we determine a PS-
refinement for each of the four new triangles.

conditions. For example, the point Z;;; of the PS-refinement of a triangle, must lie inside the middle
triangle (V;;V;k Vi:). This leads to conditions on the initial triangulation A® and its PS-refinement
A% ie. on the placement of the interior points Z;j; and the resulting positions of the R;;: the
dyadic scheme is not generally applicable.

3.1.2 Triadic subdivision

Another possibility is triadic subdivision. In this scheme every edge is split in 3 instead of 2 and
every original triangle is split into nine new triangles.

(1) In the first step we choose the positions of the new vertices. Two new vertices are inserted on
every edge and one new vertex is added inside each triangle. Because of the same reasoning
as in the dyadic case, the new vertex inside the triangle must coincide with the interior point
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3.2

Zijk, and the new vertices on the edges must lie each at one side of the points R;;:

Vij = wiiVi+ (1 — wij)R;
Vii = w;iVj + (1 - wji) Ry; (3.1)
Vijk = Zijk-

In these formulas w;; and w;; have a value between 0 and 1
0< Wij, wWji < 1. (3.2)

This step is illustrated in figure 7.

Vi

Figure 7. Principle of triadic subdivision. In the first step we place a new vertex at
the position of the interior point Z;;; and two new vertices on the edges each at one
side of the R;;.

For the resulting refinement to exist, the interior point Z;;; has to lie inside the hexagon
formed by the new vertices (Vij, Vji, Vjk, Vij, Vii, Vir) as shown in figure 8. It is always pos-
sible to place these new vertices, i.e. choose a value for the w in equation (3.1), such that
this condition is fulfilled: there are no conditions on the initial triangulation A° or its PS—
refinement A% . Therefore we prefer to use the triadic scheme instead of the dyadic scheme to
develop subdivision rules for general Powell-Sabin splines.

In the second step we determine the PS-refinement A'* for each of the nine new triangles.
Each new interior point has to lie on the line of the old PS-refinement A%* that crosses the
new triangle. This step is illustrated in figure 9.

Calculating the refined B—spline representation

3.2.1 /3-subdivision
Triadic subdivision can also be seen as two steps of the so called v/3-subdivision scheme. This
kind of scheme was first introduced by Kobbelt [3] and Labsik and Greiner[4] and used for uniform

Powell-Sabin splines by Vanraes et al. [7]. The new triangulation AV3 is constructed by inserting a
new vertex V;;;, at the position of the interior point Z;;; of each triangle. Except at the boundaries,
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Figure 8. (a) Z;j; does not lie inside the hexagon formed by (Vi;, Vii, Vi, Vij, Vi, Vik):
the refinement is not valid. (b) A valid placement for the new vertices in triadic subdi-
vision always exists. There are no conditions on the initial triangulation.

Figure 9. Principle of triadic subdivision. In the second step we determine a PS-
refinement for each of the nine new triangles.

the old edges are not preserved in the new triangulation. Instead new edges are introduced connect-
ing every new vertex Vjj; with the vertices of the old triangle it lies in, and connecting every two
new vertices that lie in neighbouring old triangles. Figure 10(b) shows the result of v/3-subdivision
on the triangulation A° of figure 10(a). In this figures the PS-refinement is not shown, but remark
that the new edges in AY3 must coincide with the lines of the PS—refinement A% and that the
original edges of A® are now part of the new PS-refinement AV3*,

In the new triangles new interior points must be chosen on the one line of the new PS-refinement
AV3* that is already fixed, that is, the original edge that crosses the triangle. Applying the v/3—
subdivision operator a second time, again results in new vertices that coincide with the interior
points that in this case lie on the edges of the initial triangulation. As can be seen in figure 10(c),
this causes a refinement with tri-section of every original edge and splitting of each original triangle
into nine subtriangles. Hence one single refinement step of this scheme can be considered as the
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Figure 10. Principle of v/3-subdivision. Applying v/3-subdivision twice results in tri-
adic subdivision. The PS-refinements are not shown.

A

square root of one step of the triadic scheme. If we look back at figure 9 with this knowledge of
V/3-subdivision, we can see that the vertex Vijr was added in the first step of v/3-subdivision, and
the vertices V;; were added in the second step of v/3-subdivision. The lines ViVijr and Vi R;; that
are part of the PS-refinement of the initial triangulation, were edges after the first v/3-subdivision
step and are now again part of the PS-refinement.

3.2.2  The triangles t;ﬁ and Tz.\j/,?

We now show that, after one v/3-subdivision step, the triangles Ti}./,f, introduced in the last paragraph
of section 2.4, can act as control triangles for the new vertices V;;; at the position of the Z;;;. Recall
that this triangle is defined by three particular Bézier control points as shown in figure 4(a). We

denote these new control points with Ci\]/g,l’ Ci‘j/,j2 and C;]/E’g. The corners of the corresponding

PS-triangle t;]/.g are then Q;ﬁ,p Qgﬁm and Qﬁﬁ' From (2.20) we know that

C,-‘,/;Z_’,l =LiCit + Li2Cio + LisCi3

Ci\j/liz =LjiCj1 + Lj»C2 + Lj3Cjs (3.3)
Ci\j/]gg = Eklckl + ik20k2 + Ek3ck3.

V3

The same convex combinations also apply for @; e

To prove that Ti}./,;q_’ is indeed a valid control triangle, we first need to prove that t;ﬁ is a valid

PS—triangle, or in other words, that t;ﬁ contains all the involved PS—points after one step of v/3—
subdivision.

Figure 11 shows one triangle p(V;, V;,V}) of the initial triangulation A° after one step of /3—
subdivision. In this triangle there is one new vertex V;;; at the position of the interior point Z;jy
and the vertices V;; and V}; (that are introduced after a second v/3-subdivision step, but that are
interior points for AV3 at this stage) are already marked on the figure. The molecule number Mijk

of V;ji is always six and there are twelve PS—points, shown as gray dots, plus the vertex Vj;; it-

V3

self, that have to be contained in the new PS-triangle. The proposed PS-triangle ik 18 marked in

gray. On this figure we can see that the corners Q;ﬁ of this triangle are PS—points of the original

PS-refinement A%* that lie on the new edges of AV3 between Vijr and the old vertices, or in other
words, in the middle between V;;; and the old vertices. We now zoom in on the left bottom corner

and check that the PS—points A, B and C of AV3* are contained in the proposed PS—triangle tz‘ﬁ
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Figure 11. tl‘]/; is a valid PS-triangle for Vi (= Z;;1) after one step of v/3-subdivision.

Referring to (2.19) and (3.1) it immediately follows that

A= /\lJQz]k 1 ( U)Qz]k 2 (34)

and
B = UJUQ;]/-E,I + (1 — wz-j)A
= (wij + )\” w” U)Qz]k 1 =+ (]. — )\ w” +w” U)Qz]k 9- (35)

Denote with E the intersection of V;;Vj, and Vi1 V;. This is a point of the PS—refinement AV3* We
can determine 0 < r < 1 such that

E =7V, + (1 —7)Vijk, (3.6)
1
= 1QUZ1 + (1= 1)V,
= (1= gt +1)QY 1 + (1= MbijeQY 3, + (1= 1)eije QY s- (3.7)

From (3.4), (3.5) and (3.7) we see that the barycentric coordinates of A, B and C with respect to
t:J/; are all positive, which means that they lie inside or on the boundary of the triangle tz‘;; This
is independent of the value for w;; that was used in equation (3.1) to determine the position of the
new vertex V;;, which in this faze takes the role of interior point. The same reasoning can be used
for the remaining PS—points of V;;; and we conclude that tf is a valid PS—triangle for the vertex

Vijr after one v/3-subdivision step.

For the corresponding triangle T‘[ to be a valid control triangle, it needs to be tangent to the
surface at Vijx. This follows from the tangent property of the Bézier control net as already men-
tioned in section 2.4.
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3.2.3  Two steps of \/3-subdivision
We now use this knowledge of v/3-subdivision to develop subdivision rules for triadic subdivision.
In the first v/3-step the vertex Vijr is added. For this vertex we can use the PS-triangle t;ﬁ For

the old vertices V; we can reuse their PS—triangles ¢;. The PS—points in AV3* are now closer to Vi
compared to the PS-points in A%* and are therefor again inside this triangle.

The formulas (3.3) for this step, use only convex combinations of the old data. The barycentric
coordinates L have values between 0 and 1. This means that this step is numerically stable.

In the second v/3-step the vertices V;; and V}; are added. To find valid PS-triangles for these
vertices, we use exactly the same idea as in the first v/3-step. The corners of the new PS-triangle
t;; for V;; are now the PS—points in AV3* that lie in the middle between Vi; and its surrounding
old vertices. For the old vertices, so both the V; and the Vj; introduced in the first step, we can
reuse their PS-triangles.

Because we use the same principle as in the first step, we again use only convex combinations
of the previous level, which in this case is AV3. Therefor the second V/3-step is also numerically
stable. In the next subsection we take a closer look at the convex combinations used in the second
step.

3.2.4 New vertices V;; and Vy;

Figure 12 shows the old PS-triangles ¢; and ¢; in V; and V}, the intermediate PS—triangles ¢ ].2 and

+V3

i and the resulting new PS—triangle ¢;; for V;.

The corners @;; of t;; coincide with the PS—points of the intermediate triangulation AV3 that
lie in the middle between V;; and the surrounding vertices. This means that the first corner @;;1
coincides with the intermediate PS-point B between V;; and Vjj; in figure 12. Referring to (3.5)
and from the properties of the Bézier control net it follows that

Cija = (w,-j + Xij — w,-j)\ij)C.‘]/gl +(1- wij — Aij + wij’\ij)cﬁ,w (3.8)

1, 2

We can easily check that again this is a convex combination of data on the previous level since

wij + /\,’j — wij/\ij = w,'j(l — )\ij) + /\ij >0

1 — (w1 Ay) < L (39)

This conclusion can also be drawn directly from the geometry because @;;,1 lies inside the triangle

t;ﬁ on the line between QﬁJ and Q;ﬁ,r

For Cjj» we find analogously

Cijr = (wij + Aij — wij)\ij)ci}/gf,l + (1 —wi — Ay + wij)‘z'j)ci\j/g’z' (3.10)

The third corner @;; 3 of the new PS—triangle ¢;; for V;; coincides with the intermediate PS—point
of AV3* that lies in the middle of Vi and Vj;. Let

Si = %(V; + Rij) (3.11)
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Q2
Q1
Figure 12: The PS-triangle for V;; is found using two steps of v/3-subdivision.
a PS-point of A%, then according to (3.1) we have
1
Qij3 = §(Vi + Vij)

=wy; Vi + (1 — wij)Si

= wij(@i1 Qi1 + apQiz + @i3Qi3) + (1 — wij) (Lin Qir + Li2Qi2 + Li3Qi3)

= (L + wijai —wijLin)Qa + (Liz + wijee — wijLiz)Qin (3.12)

+ (Liz + wijass — wij Lig) Qis.
The coeflicients in this combination are the barycentric coordinates of ;5,3 with respect to ¢;. Since

S; is inside t;, the same is true for (;;3. Therefor (3.12) is also a convex combination of data on
the previous level.

Again the same reasoning is valid for the corresponding control point

Cij3 = (Lin +wijoin — wijLin)Cin + (Lin + wijas — wijLio)Cy (3.13)
+ (L2 + wijaus — wijLis)Cis.
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Remark that these formulas are independent of the placement of the interior points in the nine

T3 can be

new triangles after triadic subdivision. This was already mentioned in the proof that T; i

used as a control triangle after one step of v/3-subdivision. Now we have used this idea twice to
come to the formulas for triadic subdivision.

3.2.5 Boundaries
If the triangle (V;,V;, Vi) has no neighbouring triangle (V;,V;, Vi), i.e. the edge V;V; is a boundary
edge, some of the subdivision rules found in the previous sections cannot be used. The formulas to

find t;ﬁ remain valid. Only the equations to find the PS—triangles of the vertices V;; and Vj; on the
boundary use the data of the neighbouring triangle.

Q2

Qu

Qs

Figure 13. For vertices V;; on a boundary edge we choose a different control triangle
that only uses information of the triangle (V;V;V;).

More specific, equation (3.10) uses the points Q” r 1 and QZ % 2 Which do not exist when V;V
is a boundary edge. In this case we propose a different PS trlangle t;; that uses only 1nformat10n
of the triangle (V;,V;, Vi). This is shown in figure 13.

Q;j,2» now coincides with the point in the middle of V;; and R;;. Let

1
Sj = 5 (Vi + Rij) (3.14)
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and S; as in (3.11), then because of (2.19) and (3.1) we have

Qij2 = wijSi + (1 — wij) Ry

= wijSi + (1 — wi5) (A Si + (1 = Aij)S;)

= (wij + /\z'j — wij)\ij)Si + (1 — Wi — )\z’j + wij/\ij)Sj

= (wij + Aij — wijAij)(Lin Qi1 + LinQi2 + Li3Qi3) (3.15)

+ (1 —wij = Xij + wighig) (LinQin + Lj2Qj2 + LjzQjs)- '

In this equation L; and L; are the barycentric coordinates of S; and S; with respect to ¢; and ¢;. The
formulas for Q;j,1 and @;;2 remain unchanged, and again the same applies for the corresponding
control points

Cijo = (wij + Aij — wijAij) (L Cit + LiaCia + LizCs) (3.16)

+(1- wij — Aij + wij)\ij)(lele + L;jCj0 + Lj3Cj3). '
Remark that because of (3.9) this is a convex combination of the data on the previous level: the
algorithm is also numerically stable at the boundaries.

4 Further optimisation

In the previous section we have solved the subdivision problem for general Powell-Sabin splines
using the idea of v/3-subdivision. For the original vertices V; we reused their PS-triangles. Also for
the vertex V;;r we reused the PS-triangle in the second v/3—step. This is a valid choice because
after subdivision the PS—points are closer to the involved vertex and are therefor contained in the
PS—triangle. In this section we suggest an optimisation for these vertices.

4.1 New vertices Vj;;

V3
ijk

Figure 14. Rescaling the intermediate PS—triangle ¢
for Vvijk.

gives a valid PS—triangle #;;;
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We already know that t;ﬁ is a valid PS-triangle for Vj;,. It is however possible to choose a
smaller PS-triangle, because after the second 1/3-subdivision step the PS—points in A'* are closer

V3 and denote the new PS-triangle with #;;y.

to Vjji- Therefor we rescale tz ik

To find the appropriate scaling factor, we need to know the positions of the interior points of
the PS-refinement A'*. For example for the new triangle (Vi;, Vj;, Vijx) in figure 14, we choose the
interior point Z; on the line of the original PS-refinement A%* that crosses that triangle, that is
between R;; and Vi,

71 = wijsz'jk + (1 - wijk)Rij, 0< Wik < 1 (4.1)

and we suggest to choose the same value w;j; for the interior points of all six triangles that have

Vijr as a vertex. It is this value w;;; that we use to rescale t;/;, i.e.

Qijrk,1 = wuk(aka”k 1+ bz]kak 2t CZJkQ’L]k 3) +(1- wijk)Q;]/g,l- (4.2)

Rescaling A and C' with w;j; with respect to Vjj, results in the PS—points A’ and C'. It is
obvious that these lie inside ¢;;;. Because B’ lies on the line between A’ and C” this PS—point also
lies inside ¢;jz. The same reasoning can be used for the remaining PS-points, and this proves that
all the PS—points lie inside the new triangle #;;5. Therefor ¢;;; is a valid PS-triangle for V;;; after
two steps of v/3-subdivision or one step of triadic subdivision.

Because Ti}'/g is tangent to the surface at V;;; this is also the case for the rescaled version Tjjx
and this is a valid control triangle for V;;;. We can immediately write down the formulas for the
new control points

_ V3
Cijk1 = (1 — wijk + wijkaijr) Oy 1 + wz’jkbukcjk 2+ wwkcwkcz]k 3
— V3 V3
Cijka = wijkaijeCYp | + (1 — wijk + wijrbije)Cp 5 + wz’jkcz'jkcijk,s (4.3)

— V3 V3
Cijhs = wigraigk O 1+ Wigkbige Ol 5 + (1 — wigk + wignCije) Cip 5.

4.2 New control triangles for old vertices V;

Also for the old vertices V; we can choose a smaller PS—triangle, though the old PS-triangle is still
valid. The molecule number of these vertices is not necessarily six, but depends on the initial tri-
angulation A°. After subdivision the molecule number remains the same in Al. In the surrounding
new triangles we have not yet chosen a new interior point, which is necessary to find the scaling
factor.

For example in figure 14 we choose the interior point Z, in triangle (V;V;;Vix) as
Zy = wiVi + (1 — wi) Viji (4.4)
with
0<r<w; <l (4.5)

The parameter r was used in (3.6) to define the point E in figure 11. This last requirement is to
ensure that Z, lies in the triangle (V;V;; Vi) and not in the triangle (V;; Vix Viji).
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For the other new triangles that have V; as a vertex that are not shown in the figure, we chose
the same value w;, so that we can rescale the original control triangle with a factor w; with respect
to V;. The formulas for the new control points become

Cii = (wian + 1 — w;) Ci1 + wian Cio + wiauiz Cis
Ciy = wici Cia + (wiaiz + 1 — wi) Ciz + wiauz Ci (4.6)
Cis = wii1 Ci1 + wiays Cip + (wicuiz + 1 — w;) Cs.

5 Concluding remarks

In this paper we have proposed an algorithm for computing the B—spline representation of a Powell—
Sabin surface on a refinement of the given triangulation. We haven chosen a triadic subdivision
scheme because there are no restrictions on the initial triangulation, as opposed to a dyadic scheme.
Triadic subdivision can be seen as two subsequent steps of v/3-subdivision. We developed the sub-
division rules using the knowledge of control triangles on the intermediate level. For new vertices on
the boundaries of the initial triangulation special rules apply. Since the algorithm uses only convex
combinations it is numerically stable.

How to choose the parameters w when placing the new vertices on the edges of the initial triangu-
lation and the new interior points for the PS-refinement, is an open question. In most of the figures
we have chosen w = %, because this leads to the expected refinement in case of equilateral triangles.
However, this is not always possible, because V;;; must be contained in the hexagon formed by
(Vi ViiVik VijViiVik) and the new PS-refinement must exist.

For a triangulation with a certain PS—refinement, there are different possibilities for the control
and PS—triangles. The only requirement is that a PS—triangle must contain all its PS—points. In
[1] the control triangle with the smallest area is chosen, because then the control points are close
to the surface. This leads to a quadratic programming problem. The control triangles of the new
vertices V;; and Vj; on the edges of the original triangulation are optimal in this sense. The scaling
operation on the control triangles of the old vertices V; also results in optimal triangles if the old
control triangles were optimal, but the scaling on the intermediate control triangle for the interior
vertices V;;, results in control triangles that are not optimal. We are, however, sure that the control
triangle shrinks in each step.

Wavelets can be developed with the technique of the lifting scheme with the subdivision scheme
as the prediction step and an extra update step. This was already done for uniform Powell-Sabin
splines in [9], but was not yet possible in the general case.
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