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Abstract

This paper is concerned with the study of the stability of ordin-
ary and partial differential equations with both fixed and distributed
delays, and with the study of the stability of discretisations of such
differential equations. We start with a delay-dependent asymptotic
stability analysis of scalar ordinary differential equations with real
coefficients. We study the exact stability region of the continuous
problem as a function of the parameters of the model. Next, it
is proved that a time discretisation based on the trapezium rule
can preserve the asymptotic stability for the considered set of test
problems. In the second part of the paper, we study delay partial
differential equations. The stability region of the fully continuous
problem is analysed first. Then, a semi-discretisation in space is ap-
plied. It is shown that the spatial discretisation leads to a reduction
of the stability region when the standard second-order central dif-
ference operator is employed to approximate the diffusion operator.
Finally we consider the delay-dependent stability of the fully dis-
crete problem, where the partial differential equation is discretised
both in space and in time. Some numerical examples are given to
confirm the theoretical results.

Keywords : integro-differential equations, delay partial differential equations,
stability region, trapezium rule
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AN ANALYSIS OF DELAY-DEPENDENT STABILITY FOR
ORDINARY AND PARTIAL DIFFERENTIAL EQUATIONS WITH
FIXED AND DISTRIBUTED DELAYS
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Abstract. This paper is concerned with the study of the stability of ordinary and partial
differential equations with both fixed and distributed delays, and with the study of the stability of
discretisations of such differential equations. We start with a delay-dependent asymptotic stability
analysis of scalar ordinary differential equations with real coefficients. We study the exact stability
region of the continuous problem as a function of the parameters of the model. Next, it is proved
that a time discretisation based on the trapezium rule can preserve the asymptotic stability for the
considered set of test problems. In the second part of the paper, we study delay partial differential
equations. The stability region of the fully continuous problem is analysed first. Then, a semi-
discretisation in space is applied. It is shown that the spatial discretisation leads to a reduction
of the stability region when the standard second-order central difference operator is employed to
approximate the diffusion operator. Finally we consider the delay-dependent stability of the fully
discrete problem, where the partial differential equation is discretised both in space and in time.
Some numerical examples are given to confirm the theoretical results.

Key words. delay integro-differential equations, delay partial differential equations, stability
region, trapezium rule

AMS subject classifications. 65L20, 65M10, 65M20

1. Introduction. The stability of discretisation methods plays an important
role in the numerical solution of delay differential equations. In the last twenty years,
many papers have dealt with this topic and a significant number of important results
have been found. For a description of state-of-the-art, we refer the reader to the
papers by Baker [2, 3] and Zennaro [18] and to the extensive bibliography therein.

One of the interesting problems in stability analysis is the investigation of the
delay-dependent stability region of numerical methods. For ordinary differential equa-
tions (ODEs) with a fixed delay, this subject was first discussed by Cryer [7], Al Mutib
[1], Van der Houwen and Sommeijer [16] and Calvo and Grande [6]. More recently,
a series of results have been obtained by Guglielmi [9, 10, 11], Guglielmi and Hairer
[12, 13] and Maset [15]. For ODEs with a distributed delay, a numerical investigation
was given by Baker and Ford [4]. For ODEs with both fixed and distributed delays,
Koto [14] recently investigated the delay-independent stability of Runge-Kutta meth-
ods. We have not found any result on delay-dependent stability of such equations.
The numerical solution of partial differential equations (PDEs) with delays has only
recently attracted the attention of several authors. Zubik-Kowal and Vandewalle [20]
have studied a special class of iterative methods, i.e., waveform relaxation methods, for
solving semi-discrete delay PDEs. Their paper is not concerned with stability issues
of the discretisation, but rather with the convergence of the iterative ODE solution
method. Zubik-Kowal [19] has discussed the contractivity of §-methods under the as-
sumption that the semi-discretised system with a fixed delay is asymptotically stable
for every positive delay.

In the first part of this paper, we discuss the numerical stability of real coefficient
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scalar ODEs with both fixed and distributed delays. On the basis of the investigation
of the analytical stability region, the stability region of the trapezium rule is derived.
It is proved that the trapezium rule preserves many features of the analytical stability
region, including asymptotic stability. In the second part of this paper, we consider
the numerical delay-dependent stability of PDEs of parabolic type, with both fixed
and distributed delays. We derive the analytical stability region of the PDE and also
investigate the stability of the semi-discrete and fully discrete problems. To this end
we employ standard second-order central differences to discretise the spatial derivative
and the trapezium rule to discretise the time derivative. Our result shows that the
spatial discretisation leads to a reduction of the size of the stability region. This is
different from the case of PDEs without delays. Hence, also the corresponding full
discretisation based on the use of the trapezium rule cannot completely preserve the
asymptotic stability of the original PDE.

This paper is organised as follows. In §2, we study the scalar ODE case for
problems with fixed and distributed delays. In §3, we investigate the stability of a
class of linear PDE-problems, and the stability of the semi-discrete and fully discrete
cases. In §4, some numerical examples are given to support the theory. Finally, we
draw some conclusions in §5.

2. Stability of ordinary delay differential equations.
2.1. Stability region of the continuous problem.

2.1.1. Study of the imaginary roots of the characteristic equation. We
study the asymptotic stability of the solution to the equation

0
(2.1) Y (8) = ay(t) + By(t — 1)+ / y(t+s)ds, t>0,

—T

where a, 8,7 € R,7 € R" and y(t) = g(¢) on [-7,0]. The results obtained for this very
general equation will in §2.1.3 be specialised towards the cases of fixed delay problems
(v = 0), distributed delay problems (8 = 0) and pure delay problems (a = 0). By
looking at solutions of the form y(t) = exp(At) we are led to the characteristic equation

0
(2.2) A=a+ Bexp(—7A) + ’y/ exp(As)ds .

-7

The asymptotic stability of the zero solution to (2.1) is equivalent to the condition
that all the roots of algebraic equation (2.2) have negative real parts. Below, we
analyse these roots, following the ideas in the work by Diekmann et al. [8, Ch.XI].
Writing A = p + iv with u,v € R, we find two real equations

0
(2.3) u=a+ fexp(—7u)cos(tv) + fy/ exp(us) cos(vs)ds ,

-7
0

(2.4) v = —fexp(—Tp) sin(rv) + 7/ exp(us) sin(vs)ds ,

—T

for the real and imaginary parts of the eigenvalue \. Now we concentrate on roots
which lie on the imaginary axis, the so-called critical roots, i.e., with u = 0. With also
v = 0, one finds that there exists a root A = 0 if the parameters a, 8 and v satisfy

(2.5) a+B+y1=0.
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Fia. 2.1. The curves Ci(B) in the (a,y)—plane for 7 = 1 (left: B = 1; right: B = 6). The
arrows along the curves refer to the direction of increasing 8. The numbers in the different regions
bordered by the curves indicate the number of roots in the right half-plane.

For a given value of § this set can be interpreted as a line in the (a,)-plane. This
line will be denoted by C.(f3). Setting & = v, we find that the following parameter
sets (a(6), 8,v(0)) with 6 # £2kw, k=1,2,..., lead to a purely imaginary root \:

6sin 6 _ —0(6 4 Brsinb)

(26) a(ﬁ) =0+ m and 7(9) - T2(]_ — COoS 6)

Since these functions have singularities for § = £2kn, we introduce intervals
(2.7) Jr = (2km,2(k + 1)7)

and denote by Ci(83) the curve in the (a,~)-plane for a fixed S-value, parameterised
by 6 for § € J,. We will adhere to the convention that Co(8) also contains the limit
point for § — 0 :

(2.8 (@), () = (8 + 2, 2L,
The functions in (2.6) are even functions in 8, which reflects the fact that the complex
roots appear in complex conjugate pairs. Hence, we may restrict further attention to
k>0, ie., v > 0. As an illustration, the curves Ci(3) are shown in Fig. 2.1 for two
different values of § and for 7 = 1.

We will now analyse some important properties of these curves, in a series of four
(rather technical) lemmas. Those will show that the configuration and features of the
curves in Fig. 2.1 are typical. We show that the curves Ci(8) do not intersect, and
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that they can be ordered according to k. We determine their limiting values, and
consider the location of curve C,(8) versus the Cy(8)-curve.

LEMMA 2.1. The curves Cx () do not intersect.
Proof. Suppose that there exist §; € J, and 62 € J; with k # [ such that
a(f1) = a(f2) and v(0;) = v(62), or

61 sin6; . 05 sin 64 and 0% + B70; sin 6, _ 03 + B70 sin 0

2.9 = =
(2.9) 1—cosb; 1 — cosfs 1 —cosb; 1 —cosfy

Substituting the first equality into the second one yields

1—cosf; 1—cosby
(2.10) i

Multiplying both sides by the corresponding sides of the left equality in (2.9), and
after squaring, one arrives at

.9 .2

sin“#; sin” 6,

2.11 —_— =
210 7B

Subtracting (2.11) from (2.10) yields

cosfy(cosfy —1)  cosfa(cosby —1)
07 B 03

(2.12)

Equations (2.10) and (2.12) lead to cos6; = cosf». Hence, (2.10) can only be satisfied
when 6; = 65, which contradicts our earlier assumption. O

LEMMA 2.2. The curve Cy(B) intersects the line a =  exactly once. The -
coordinate v of the intersection satisfies Yp+1 < Yk-

Proof. When 6 € Ji, the equality «(f) = 8 implies § = (2k + 1)m. Hence,

_ —(2k+1)%x?
Ye = 972 )

which satisfy yx4+1 < yx. This completes the proof. O
LEMMA 2.3.
lim «(f) - +oo, lim «f) = —oco, lim (@) —> —00, k=1,2,...

9—2k7+0 9—2kn—0 ’ 9sokmk0 |

LEMMA 2.4. The curve Cy(B) intersects Ci(8) at (a(0),~(0)). If BT > 2 it also
intersects at an other point, (a(6o),v(6o)), with 6o defined in (2.13).

Proof. For any given 81 > 2, there exists a unique 6 € (0, 27) such that

00(90 — sin 00)
2.1 = .
(2.13) pr 2 —2cosBy — 0ysin b,

A straightforward computation shows that the corresponding point (a(6p),v(6)) lies
on the line C,(8). O
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2.1.2. Number of roots in the right half-plane. Based on equations (2.3)
and (2.4) one easily verifies the following result which guarantees that the roots with
positive real parts are located in a compact region, with size depending on the problem
parameters.

LEMMA 2.5. Let A be a root of characteristic equation (2.2) with ReA > 0. Then

Red <a+ ||+ |yr| and Im) < |B]+ |y7|.

From the continuity of the roots as a fuction of the coefficients of the characteristic
equation (see, e.g., [8]), we may conclude that the number of roots in the right half-
plane is constant in the regions in the («,~)-plane bounded by Ci(3) and the line
C«(B). It is easy to verify that all roots of (2.2) are in the left half-plane when
a = —|B] — 1,7 = 0. Now we study the crossing of a pair of imaginary roots into the
right half-plane, and determine the direction of the corresponding trajectory in the
(a,v)-plane. To this end, we define two functions based on (2.3) and (2.4):

0
Gi(a, 7, 1,v) = —p+ o + Bexp(—Tp) cos(Tv) + / exp(pus) cos(vs)ds

-7

0
Ga(a,y, u,v) = —v — Bexp(—71p) sin(7v) + 7/ exp(us) sin(vs)ds .

-7
Calculating the Jacobian matrix M defined by
8G:1 3Gy
M = l da oy ]
pn=0

8G2  9Gs
da Oy

and computing its determinant, one finds

—1
det M =72 ¢
124

Now a result from [8] (Prop. 2.13, Chapter XI) can be applied.

LEMMA 2.6. The critical roots enter the right half-plane for parameters sets in the
(a,7y) parameter region to the left of the critical curve, when we follow this curve in
the direction of increasing 6, whenever det M < O and to the right when det M > 0.

Hence, the critical roots move into the right half-plane when moving away in
the parameter space to the left of Ci(8), with “left” as determined w.r.t. a counter
clock-wise tracking of Ci(8). In Fig. 2.1, the number of roots in the right half-plane is
indicated for each separate parameter region. As a consequence of the above analysis,
we are able to state the main result of this subsection.

THEOREM 2.7. The zero solution of (2.1) is asymptotically stable, i.e., all the
roots of (2.2) have negative real parts, iff
2 6(0+B7sinf
(0) a<B+2 and (b) 7(a+p) < —yr? < UHBTsnG)

where 8 is the root of a =  + % such that 6 € (0, 27).

Proof. The stability region lies below C.(83) and above Co(8). Therefore, the
results immediately follow from (2.5), (2.6) and (2.8). O
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Fic. 2.2. Delay-dependent stability region for various T-values (left: 7 = 1 (solid) and T = 2
(dotted)) and delay-independent stability region (right) for § = 2.

Theorem 2.7 can be seen as a generalization of the delay-independent stability
condition derived in [14] by Koto for problem (2.1). We consider the case v # 0.
If condition (a) and the left inequality of condition (b) are to hold for every 7 > 0,
we must have that @ < 0 and v < 0. Squaring the equality a = 8 + 7(19?7:029)7 and
substitution into the right inequality of condition (b) leads to an equivalent inequality,

a® — %2  6%(2—2cosf —sin?h)
2 272(1 — cos 6)?

If this is to hold independent of 7 we must have that —y < # Hence, we have

derived a result, originally due to Koto, as a corollary of our stability theorem.
COROLLARY 2.8. Consider the case v # 0. The zero solution of (2.1) is asymp-
totically stable independent of the delay T, iff

a2_ﬂ2

Oé<0, 7<07 _’YS 9

Because we consider the delay-dependent stability in this paper, the stability regions
we obtain are larger than those in [14]. The difference between the delay-dependent
and the delay-independent stability regions for the case § = 2 is graphically illustrated
in Fig. 2.2.

Our analysis of the stability of delay PDEs in §3 will require some more detailed
information about the curves Ci(8). Accurate knowledge of the location of extremal
values will be important, and, in particular, also knowledge about the monotonicity.
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This will be investigated next. It is easily verified that a(0) is strictly decreasing with
respect to 0 in every Ji,k = 0,1,2,.... The v(d)-function on the other hand satisfies

6) = —0(2 — 2cosf — 0sinb) + B7(1 — cos ) (6 — sin h)
Y= 72(1 — cos 6)? ’

which shows that v(f) has exactly one extremum with respect to 6 along the curves
Cr(B) when k > 0. The more intricate and important case § € Jy is now considered
separately. When 7 < 1, the function () is strictly decreasing. When g7 > 1,
there exists a unique g € (0,27) such that ' (fy) = 0, namely the root of

Br = 0o(2 — 2 cosfy — By sin By)
(1 =cosBy) (6 —sinby)

Hence, () has one extremum 7 (). This value , satisfies

= 6o(2—2cosfy —sin” )

do) = 08 % 0) 5 0.
(%) 7(1 — cosbp) (o — sinbp) >

Define the constant ag as follows

a(0), if pr <1,
(214) g = _
a(fy), otherwise.

Therefore, for any given 8 € R, Co(8) is strictly monotonic in the (a,y)-plane when
a < ap. In particular, Cy(f) is strictly monotonic in the left half of the («,y)-plane.
This leads to the following results which will be used in §3.

THEOREM 2.9. Suppose all roots of (2.2) have negative real parts for given a,
B,y € R, with a < ag for o defined in (2.14). Then for any x < «, all roots of the
following equations have negative real parts too,

0
(2.15) A=z + Bexp(—7\) + 'y/ exp(As)ds .

-7

COROLLARY 2.10. Suppose all roots of (2.2) have negative real parts for given
a<0,8,7v€R. Then for any x < a, all roots of (2.15) have negative real parts too.

2.1.3. Some special cases. In the following, we consider some special cases
and we show that our framework enables to rederive some specialised results from the
delay equation literature. First we consider a differential equation with a distributed
delay,

(2.16) { y'(t) = ay(t) + [° y(t +s)ds, t>0,
y(t) = g(t),t € [-7,0].

This is the basic equation studied by Baker and Ford in [4]. A direct application of
Theorem 2.7 for f = 0 allows us to regain a result given in the above reference.

COROLLARY 2.11. The zero solution of (2.16) is asymptotically stable iff
(a) ar<2 and (b) Ta<-—yrt< L

1—cos @
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Fia. 2.3. Stability region of (2.16) (left) and stability region of (2.17) (right) for 7 = 1.

where 0 is the root of a = % such that 6 € (0,2m).

The stability region of equation (2.16) for 7 = 1 is shown in the left picture of
Fig. 2.3. Next we study the case of an equation with a fixed delay, i.e., with v = 0,

(2.17) {y'(t)=ay(t)+ﬂy(t—r), t>0,

y(t) = g(t)at € [_T7 0] .

This is a classical model equation in the delay equation literature. In this case,
condition (b) in Theorem 2.7 simplifies to

(2.18) a+ B <0 and 6+ Brsind >0,

where 6 is the root of

fsinf

(219) a = ,3 + m

such that 0 € (0,27). If o < 8, i.e. 6 € [m,27), from the left inequality in (2.18) and
(2.19) it follows that

fsind

26+ 7(1 — cosb)

which guarantees that the right inequality of (2.18) holds. Therefore, we have the
well known result (see, e.g., Diekmann et al. [8]).
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Fi1c. 2.4. Stability region of the analytical solution of (2.20) for T = 1.

COROLLARY 2.12. The zero solution of (2.17) is asymptotically stable iff
(a)ar <1 and (b) Ta<—-TB< L
where 8 is the root of 6 cosf = Tasin such that € (0,7).

The stability region of (2.17) for 7 = 1 is shown in the right picture of Fig. 2.3.
Finally, the case of a pure delay equation is considered, i.e., with a =0,

(2.20) { y'(6) =Byt —7)+ [ y(t+s)ds, >0,
y(

t) =g(t),t € [-7,0] .

For the case v = 0, a numerical stability analysis of this equation has first been given
by Cryer [7] and by van der Houwen and Sommeijer [16]. Equation (2.20) has a finite
region of asymptotic stability. An application of Theorem 2.7 leads to the corollary.

COROLLARY 2.13. The zero solution of (2.20) is asymptotically stable iff
(a) Br+2>0 and (b) PBr<—yr2< FLcost

T—cosf

where 0 is the root of B = % such that 8 € (0,27).

The stability region of (2.20) for 7 =1 is drawn in Fig. 2.4.
2.2. Stability region of the trapezium rule discretization.

2.2.1. Study of the unit modulus roots of the characteristic equation.
We apply the trapezium rule with constant and consistent stepsize h = 7/m to (2.1),
with m a positive integer. We denote by y, ., the approximation to y(t, — 7) and
use the repeated trapezium rule to approximate the integral term. This leads to

m— m
Ynt1 — [ayn+1 + BYnt1-m + Z Ynt1—j + Z Ynt1j)]
i=1
vh — =
(2'21) +3 [ayn + Byn m+T 5 2 Yn—j + Zynfj)]

=0
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The characteristic equation of the above difference equation is given by
h h m—1 )
(2.22) 1-2 = S(1+2)a+pz ™+ 77(1 +25 ).
=0

The numerical solution of (2.21) is asymptotically stable for any initial values if and
only if all roots z of the characteristic equation (2.22) satisfy |z| < 1. Since z in (2.22)
depends continuously on «, 8 and v, we apply the so-called boundary locus technique
(cf. [4, 5]) to analyse the roots of (2.22). This technique has been successfully used to
analyse the numerical delay-dependent stability region for ODEs with a fixed delay
(cf. ]9, 10, 11, 12, 13, 15]), and for ODEs with distributed delay (cf. [4]).

Similar to the case of the continuous system in §2.1, we fix # and consider the
stability region in the (a,~)-plane. To distinguish from the continuous case, we will
use “barred” notation to denote any quantities or functions related to the discrete case.
For example, we use @ and ¥ as parameters for the curves on which the characteristic
equation (2.22) has at least one root z on the unit circle. Let 2~ = exp(iy). Because
a, and v are real, we can restrict our analysis to ¢ € [0,7]. The value z = 1, i.e.
@ = 0, gives the line C, () with equation & + 8 + 47 = 0, which is identical to the
line C,(f3) in the case of the continuous problem. Obviously, z = —1, i.e. ¢ = 7, is
not a root of (2.22). It is easily verified that, except for z = 1, any other z satisfying
2™ =1 is not a root of (2.22). For other (p-values, we have

—ising  h

— [o‘z + B(cosmy + isinmeyp) +

Fh i(1 + cos )
14+cosp 2

5 Sing (1 — cosmp — isin mgo)] .

Separating real and imaginary parts yields

Fh (1 + cos ) sinmep

0=a+ Bcosmy +

)

2 sin @
1—+sir;;p(p _ g [ﬂ sinme + "y_Qh (1 + cos cps)i(nl(p— cos mcp)] .
Solving for & and ¥, one obtains
2m sin ¢ sin myp

(2.23) a(p) =B+ (1 + cos @) (1 — cosmyp) ’

_ —2msin@(2m sin ¢ + B sinme(1 + cos ))
72(1 + cos p)2(1 — cos mp)

Define the intervals

s 2km 2(k+1U)m. . m
Jk - (WvT)ak_07177l_§J _]-7
where the |z | stands for the integer part of z. When m is odd, we additionally define
= (m-1)r
Jig1=(C— =)

For every fixed 8, we denote by Cy () the curve in the (a,~)-plane parameterized by
p for ¢ € Ji, with the convention that Co(8) also contains the limit point for ¢ — 0:

(2:25) @O0 = (8 + 2, 203 ED)

T
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FiG. 2.5. The curves Ci(B) in the (a,y)—plane for B = 1,7 =1 and m = 12.

Note that this limit point is identical to the point (a(0),~(0)) derived earlier in (2.8).
For illustration purposes, some curves C(8) are shown in Fig. 2.5 for 8 = 1,7 =1
and m = 12. Now we prove some results similar to the ones derived earlier in §2.1.

LEMMA 2.14. The curves Cy(B) do not intersect.

Proof. Suppose that there exist ¢; € J; and o € J; with k # [ such that a(p;) =
a(p2) and F(p1) = F(p2). These equalities lead to the following two identities

(2.26) sin ¢ sin mey; _ sin 9 sin mea
' (14 cosp1)(1 —cosmepr) (14 cosps)(1 — cosmeps)
(2 27) sin? Y1 _ sin? P2

(14+cosp1)2(1 —cosmpr) (14 cospz)?(1 — cosmps)
Squaring (2.26) and dividing the result by (2.27) yields

sin? mp1 sin? mps
1—cosmyp; 1—cosmyps ’

which leads to cosmg; = cosmes. Then, from (2.27) it follows that

sin? p1 _ sin? ©2
(1+cosp1)?  (1+cosps)?

As the positive function 11%% is strictly monotonically increasing when ¢ € (0, ),

one finds 1 = 2, which contradicts the initial assumption. O

One can further prove very similar lemmata to those that have been proven in
§2.1. We consider, e.g., the intersection of the curves C(5) and the line @ = § when
m > 1. The equality a(py) = f for o) € Ji,k=0,1,..., || — 1, implies

(2k+ 1)

—_ 7 d ~ = -
vh m and (k) 72(1 4 cos i )?

—2m?sin” gy,
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FiG. 2.6. Curve Co(B) (solid) and Co(B)-curves for different values of m (dotted), for B = 0.

Therefore, ¥(¢r11) < ¥(¢r), which shows the curves Cx(8),k = 0, L...,[3]-1,can
be ordered in a natural way. If m is odd, it is easily verified that C| = | (8) does not
intersect the line @ = S, since

lim a(p) = f+2m?/r and lim F(p) = —o0 .

p—7 p—T

2.2.2. Stability region of the discrete scheme. Based on the continuity of
the roots, one may state that the number of roots outside the unit disk is constant
inside the regions of the (,y)-space separated by the Cj()-curves and the line C,(3).
It is easy to verify that all roots of (2.22) are in the unit disk when oo = —|8|—1,v = 0.
Hence, we have the stability result given below. It states that the difference equation
is asymptotically stable for the sets of parameters («, ) inside the region bounded by
the line C,(B) and the curve Cy(f) for the particular value of m. This is illustrated
in Fig. 2.6 where the boundary curves Co(3) are drawn for 8 = 0 and for different m.

THEOREM 2.15. Difference equation (2.21) is asymptotically stable for m =1 iff
(a) a<fB+2 and (b) a+p<—97.
The equation is asymptotically stable for m > 1 iff
(c) a< B+ % and
(d) (a+pB)T < —y1<

—2msin -2 (2msin 2 487 sin ¢(14cos ;2 ))
(14cos Z)2(1—cos @)

such that ¢ € (0,2m).

2msin £ sin @
7(14cos Z)(1—cos )

where ¢ is the root of a = 8 +

Some more detailed features of the curve Cy () for the case m > 1 will be required
in our study of fully discrete delay PDE problems. The following analyses are similar
to the ones in §2.1.2, but technically somewhat more complicated. One can show that
a(yp) is strictly decreasing with respect to ¢ € Jy. The function J(p) on the other
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hand, for ¢ € Jy, satisfies

2mpBr(msinp —sinmep)  4m?sin (2 — 2 cosmp — m sin @ sinme)

—/ —
V(p) = 72(1 4 cosp)(1 — cosmyp) 72(1 + cosp)?(1 — cos mp)?

From this, one can derive that ¥(y) is strictly decreasing when 7 < Zfo When

Br > ME2 there exists a unique @o € (0,27 /m) such that

m2—1"

P 2m sin @o (2 — 2 cos m@o — m sin Go sin m@o)
T = ,
(1 — cosm@o)(1 + cos @o) (m sin go — sin meo)

which gives

2m sin @y (2 — 2 cosm@o — sin® mq) >0

a(%0) = 7(1 4 cos @g)(1 — cosm@q) (m sin gy — sin m@g)

Therefore, Cy(3) has exactly one extremum in the right half-plane. Let
B+2 ifm=1,

(2.28) ag =14 a(0) if fr<™A2 andm > 1,

m

a(@o) otherwise .

Then, for any given 3 € Randm > 1, Co(B) is strictly monotonic in (a,v)-space when
a < &g In particular, Cy(f) is strictly monotonic in the left half of the («,~)-plane.
This leads to the following results which will be used in the next section.

THEOREM 2.16. Suppose all roots z of (2.22) lie inside the unit disk for given

a, B,y € R, with a < ag for &g defined in (2.28). Then for any x < «, all roots z of
the following equation lie in the unit disk too,

1 _h -1 —m , Yh -1 = —j

(2.29) 1-2 :5(1+z e+ 827"+ —(1+=2 )sz]

2 ‘
Jj=0

COROLLARY 2.17. Suppose all roots z of (2.22) lie in the unit disk for given
a<0,8,7v € R. Then for any x < a, all roots z of (2.29) lie in the unit disk too.

2.2.3. Relation between the curves Cj(3) and Ci(8). We are now in a
position to derive some relations between the boundary locus curves Cj(3) of the
continuous problem and the curves Ci(B) of the discrete problem. These relations
will lead immediately to the central result of the present section, which states that
the stability region of the continuous problem is contained in the stability region of
the discrete problem.

LEMMA 2.18. Co(B) and Co(B) intersect only at the point (8 + 2, LW)

T

Proof. If m = 1, then a(p) = B + 2. Considering the fact that

fsin @

m<2 for 06(0,27!’),

we have for a(f) from (2.6) that «(f) < 8+ 2 for 6 € (0,2m).
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Next, we deal with the case m > 1. Suppose there exist mep, 8 € (0,27) such that
a(p) = a(f) and ¥(p) = 7(0), ie.,

2m sin @ sin my fsind
(2.30) =
(14 cosyp)(1—cosmy) 1—cosb

4 2 i 02
(2.31) m? sin® _ ‘
(1 +cosp)?(1 —cosmyp) 1—cosb

Squaring (2.30) and dividing the result by (2.31), we obtain

sin? me sin? 6

1—cosmyp 1—cosf’
which gives cosmy = cosf. From (2.31) it follows then that

4m? sin® ©

> = —— T
(14 cosg)?

> (mgp)?,

where we have used that m > 2 such that ¢ € (0, 7). Thus, cosmp = cosf implies
0+me=21,0¢€ (n,2m), mpe (0,7) .
Hence, the left side of (2.30) is positive and the right side is negative, which is im-
possible. This completes the proof. O
LEMMA 2.19. Curve Co(B) lies above curve Co(B) in the (a,)-plane for m > 1.
Proof. The lemma follows from Lemma 2.18 combined with, for m > 1,

2 _ 2 inl ™
-7 2msmm T

=% .d
272 >7'2(1+(:os%)2 7()

a(m)=a(=)=f and A(r)= -

THEOREM 2.20. The trapezium rule (2.21) preserves the asymptotic stability of
problem (2.1) if a, 8, satisfy the conditions of Theorem 2.7.

Proof. Suppose a, f and + satisfy the conditions in Theorem 2.7. Then difference
equation (2.21) is asymptotically stable. This follows immediately from Lemma 2.19

and from the fact that C.(8) = C.(8). O

Specialising Theorem 2.20 to the case v = 0, one regains the stability result for
the trapezium rule as obtained by Guglielmi in [10]. A further algebraic investigation
reveals that for any fixed 6 € J;, with k£ > 0,

lim (@(8/m) — a()) = O(m™?) and lim (7(8/m) —~(0)) = O(m™?) .

m— o0 m—»0o0

With O(m~?) = O(h?), the above result can be formulated as follows.
THEOREM 2.21. Curve Ci(B) is an O(h?) approzimation to curve Ci(B).
Fig. 2.7 shows the approximation of Cy(0) to Cx(0) for m = 12 and 7 = 1.

3. Stability of delay partial differential equations.
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FiG. 2.7. The curves Cy(B) and Cx(B) for 8 =0, 7 =1 and m = 12. Co and Co almost overlap.

3.1. Stability of the continuous problem. Consider the two-dimensional
parabolic functional-differential equation with both fixed and distributed delays,

2 2 0
au_ 6u+%)+bu(t—’r,.’1},y)+0/ u(t+s,x,y)d8,

-7

defined on the square domain (z,y) € Q = [0, L] x [0, L], for ¢t > 0, and supplemented
with initial and boundary conditions,

u(tamay) :g(tamay) , t€ [_7_70] ) (:L‘,y) €
u(t,z,y) =0, t>0, (z,y) €00 .

Here a,b,c € R; L and 7 are positive constants. The characteristic equations of the
above problem are given for k,l =1,2,..., by

km
L

V+(Tyy+me—mq+c/ exp(As)ds |

(3.2) A = —al( =

-7

see, e.g., [17, Ch. IIT]. The asymptotic stability of (3.1) is equivalent to the condition
that all the roots of each of the equations (3.2) have negative real parts. This condition
can be studied using the theory from §2, setting the parameters o, 3,y as :

a= a2+ (T, s=b, v=c.

The conditions of Theorem 2.7 can be reformulated for the present problem as

kr,  Jm, 2 _
(33) —a[(f) + (f) ] <b+ p for k,01=1,2,...,
k l
(3.4) —a[(%r)2 + (%)2] +b< —cr for k,1=1,2,...,

(3.5) et DOt brsinbu)
1 — cosfy;
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where 8y, is the root of

kno  lm, O sin Oy
(3.6) al(7)" + (7 )] 0 = cosb)

such that 8y; € (0,27). By using the corollary to Theorem 2.9 one verifies the following
result.

THEOREM 3.1. The zero solution of (3.1) is asymptotically stable iff
(a) a>0,
(b)) —2an?/L? <b+2/7, and
(C) (—2a772/L2 +b)7’ < —cr? < 6(6+b7 sin ) ,

1—cos @
where 6 is the root of —2an?/L? = b+ % such that 6 € (0,2m).

Proof. The “only if” part follows from (3.3) - (3.5) and the fact that (3.3) implies
a > 0. The “if” part follows from Corollary 2.10 which implies that the stability
is determined by the equation corresponding to the largest value of «, i.e., the one
corresponding to k=1 =1. 0

Next we consider some special cases. First, we deal with the case of a parabolic
partial differential equation with a distributed delay, i.e., the case b = 0,

Ou u  0%u 0
(3.7 5 _G(W+6—gﬂ)+c/ u(t + s,z,y)ds .

A direct application of Theorem 3.1 to (3.7) yields the following result.

COROLLARY 3.2. The zero solution of (3.7) is asymptotically stable iff
(a) a>0 and (b) —2n%ra/L? < —cr? < s

1—cos

where 6 is the root of sin @ = —27an?(1 — cos9)/L? such that 7 < 0 < 2.

For L = w and 7 = 1, the stability region of (3.7) in the (a, ¢)-plane is shown in
the left picture of Fig. 3.1. The right picture of that figure shows the stability region
for a =1/2 and ¢ = —1, in the (7, L)-plane.

The next example is a parabolic PDE with a fixed delay, i.e., with ¢ = 0,

2 2
% = a(6 4 @) +bhu(t—T7,z,y) .

(3:8) a2+ oy

A similar application of the general theorem leads to the following corollary.

COROLLARY 3.3. The zero solution of Equation (3.8) is asymptotically stable iff
(a) a>0 and (b) —2rm%a/Ll?< —b< -2

Tsin 6

where 6 is the root of 6 cos® = —2ran?sin@/L? such that /2 < 6§ < =.

For L = 7 and 7 = 1, the stability region of the zero solution to (3.8) is shown in
the (a, b)-plane in the left picture of Fig. 3.2. The right picture of that figure shows
the stability region in the (7, L)-plane for fixed a =1/2 and b = —1.



STABILITY FOR ORDINARY AND PARTIAL DELAY DIFFERENTIAL EQUATIONS 17

10 S 20—
8t 4 18 B
6l | 16 E
14+ B
al i
12 E
2t |
10F B
0 a
8 - —
_2 - -
stability region 61 ]
_4 - 4
4l B
_6 . 4 2 | i
stability region T
_8 - B O
_10 ‘ s s s - s s
-1 0 1 2 3 4 5 0 5 10 15

Fic. 3.1. Stability region of distributed delay PDE (3.7). Left: (a,c)-plane with L = w and
7 = 1. Right: (7,L)-plane with a = 1/2 and ¢ = —1.
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Fia. 3.2. Stability region of fized delay PDE (3.8). Left: (a,b)-plane with L = w and 7 = 1.
Right: (1, L)-plane with a =1/2 and b= —1.
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3.2. Stability of the semi-discrete PDE problem. We discretize the spatial
variables (z,y) into (N +2) x (N +2) discrete values (N > 0) with a constant stepsize
Az = Ay = L/(N + 1), so that z; = iAz, y; = jAy fori,j =0,1,2,...,N + 1.
Using the standard central difference operator to approximate the Laplacian we obtain
a system of delay ODEs of the form

ul~(t) —u (ui+1,j (t) +ui1,; (t) + UZ;; (t) + ui,j_l(t) — 4uij (t))

2]

0
(3.9) +bUij(t—T)+C/ wij(t+s)ds, i,j=1,...,N,

-7

where u;;(t) denotes an approximation to u(t, z;,y;). Let

U(t) = (uri(t), ..., uin(t),u21(t),. .., uan(t),...... ,unt (), .- ,UNN(t))T.
Considering the homogeneous Dirichlet conditions and the fact that Az = Ay, one
can write the semi-discrete system compactly as

N +1)2 0
o L—t ) (AQIN+IN®A)U@R) +bU(t —7)+¢ U(t+ s)ds ,

-7

(3.10)U'(t) =

where Iy stands for the N x N identity matrix and

-2 1 1
1 -2

L 1 _2—N><N

The asymptotic stability of the zero solution to (3.10) is equivalent to the condition
that all the roots of the characteristic equation

det (((/\ _ bexp(=Ar) — ¢ /_ OT exp(As)ds) Ine — "(NL%W(A © Iy + Iy @ A)) -

have negative real parts. The eigenvalues of A are given by

X

A s 2 .
4 =4 e =1,...,N.
A sin AN +1) i ey
Therefore, the eigenvalues of the matrix
N +1)?
(3.11) (1172)(A®IN+IN®A)
are given by
—4(N+1)?,  , iw .9 gm .
12 = — =1,...,N.

(3 ) )‘U L2 (SIH 2(N+ 1) + sin 2(N+ 1)) sy b)) ’ )

As a consequence, the asymptotic stability of system (3.10) is equivalent to the con-
dition that all the roots of each of the following equations have negative real parts

0
(3.13) A —aX;; —bexp(—A7) — c/ exp(As)ds =0, 4,7=1,...,N.

-7
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A direct application of Corollary 2.10 reveals the conditions for stability.

THEOREM 3.4. Assume a > 0. Then the zero solution of the semi-discrete delay
PDE (3.9) is asymptotically stable iff

(a) ady1 <b+2/r and (b) (ady +b)T < —cr? < Yotbrsing)

1—cosf

where § is the root of ad1 = b+ =2588 _ 9 € (0,27) and A1y is defined in (3.12).

7(l—cos )’
Proof. Based on Corollary 2.10, one can see that the stability is determined by
the equation corresponding to the largest value of a, i.e., the eigenvalue Ay;. O

The semi-discretization of delay PDE (3.8) leads to a set of delay ODEs

Uig1,j + Uim1,j + Ui 41 + Usj—1 — duy;
(3.14) u;j:a( - ”)-{-buij(t—r),

for 4,7 =1,..., N. Analysis of this set of equations yields the next result.

COROLLARY 3.5. Assume a > 0. Then the zero solution of the semi-discrete
delay PDE (3.14) is asymptotically stable iff
0

Tsin6

where 6 is the root of 6cos® = al;;7sin8 such that 7/2 < 0 < 7 and A1y is defined
in (3.12).

al; < -b<

The semi-discretisation of the distributed delay PDE (3.7) gives

0

o s A
(3.15)uj; = a (qu’J i1y +Z;2+1 T Yig u”) + c/ uij(t + 8)ds

—T
fori,j=1,...,N. A direct application of Theorem 3.4 leads to the next corollary.

COROLLARY 3.6. Assume a > 0. Then the zero solution of the semi-discrete
delay PDE (3.15) is asymptotically stable iff

92

AT < —eTr < ———
H 1—cos@

where 0 is the root of 0sin@ = aX;17(1 — cosf) such that 7 < 0 < 27,

It is interesting to compare the stability region of the original PDE with that of
the semi-discretized set of ODEs. The following theorem shows that, when a > 0,
the stability region of the latter is smaller than the stability region of the former.
This is different from the case of PDEs without delays. Here we do not draw the
pictures of these stability regions because they can hardly be distinguished from their
counterparts in the continuous case. Besides, both regions converge to each other
when Az — 0.

THEOREM 3.7. Assume a > 0. Then the asymptotic stability region of (3.9) is a
subset of the asymptotic stability region of (3.1).

Proof. Based on Corollary 2.10, one can see that the stability of (3.9) is determ-
ined by equation (3.13) with 4 = j = 1 and the stability of (3.1) is determined by
equation (3.2) with k = [ = 1. A repeated application of Corollary 2.10 combined
with —272/L? < A\1; < 0 and a > 0 leads to the conclusion. O
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3.3. Stability of the fully discrete PDE problem. An application of the
trapezium rule to (3.9) leads to the scheme

n+l _  n n+1 n+1 n+1 n+1 n+1
U — Ui _a (“z’+1,j B R I )

ij
At Ax?

[\

b n+l—m cAt = n+1—k S n+l1—k
+5u + —(Z u + Zu )

o Yij 4 ij ij
k=0 k=1
a (Ui Huilg g Fudig tuilog —dul
2 Az?
b .- cAt = h NS ek
(3.16) toul ™ (o ul D ),
k=0 k=1
for i,5 = 1,2,...,N; the time stepsize is given by At = 7/m, each ug; denotes

an approximation to u(nAt,iAz,jAy). An analysis similar to the one leading to
Theorem 3.4 in combination with Theorem 2.15 and Corollary 2.17 leads to the next
theorem.

THEOREM 3.8. Assume a > 0. Let A11 be defined by (3.12). When m = 1, the
difference equation (3.16) is asymptotically stable iff
(a) ari1 <b+ % and (b) ai; +b< —cr.
When m > 1, the difference equation (3.16) is asymptotically stable iff
(c) ad1 <b+ % and

9 —2msin £ (2m sin £ 4b7 sin p(14-cos £))
(d) (a1 +b)T < —cr? < (1+cos Z)2(1—cos p)

s
2m sin .- sin

where ¢ is the root of ad;1 = b+ (T Fcos i)(lfcﬁs 2

such that ¢ € (0,27).

This scheme fully preserves the stability of ODE system (3.9). It is easily seen,
however, that the fully discrete scheme (3.16) cannot completely preserve the asymp-
totic stability of the underlying PDE system (3.1). In fact, we have the following
general result.

THEOREM 3.9. Any consistent time discretization scheme applied to the spatial
discretization (3.9) cannot completely preserve the asymptotic stability of (3.1).

Proof. We will prove the result by constructing a counterexample. To this end
we consider parameters a,b,c € R such that

(3.17) ar1+b+cr =0,

and show that there always exist such parameters that are outside the fully discrete
stability region, yet inside the fully continuous stability region.

Let V € RY be the eigenvector corresponding to the eigenvalue A1; of the matrix
(3.11). Consider the initial value problem (3.10) with the initial value condition
U(t) = V,t € [-7,0]. Then, with any a,b, and c satisfying (3.17), the exact solution
of (3.9) on interval [0,+00) is U(¢t) = V. Therefore, the numerical solution of any
consistent scheme is always V too. Hence, every (a,b,c) determined by (3.17) is
always out of the asymptotic stability region of the fully discrete scheme.

On the other hand,

—272

(3.18) 0>\ > —5—,
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which implies that there exists a part of the sets of parameters (a, b, ¢) determined by
(3.17) which belongs to the stability region of (3.1). In fact, the limiting values

lim (6 +brsinf) =60 >0 and lim _ Osinb __ =—00,
9—2m—0 9—27—0 7(1 — cos )
imply that there exists 6 € (m,2m) such that
) . A 2,79 fsin
(3.19) 6+brsin >0 and —2ar’/L*=b4+———-,
7(1 — cosb)
where a > |b|+1 > 0. We further choose ¢ = —(aA11 + b)/7, such that ¢ > 0 and a,b

and ¢ satlsfy (13 17). With (3.18), it is then possible to verify
—2an?/L? < —(|b| +1) <b+2/7 and (—2aw?/L*+b)T < (aA1 + b)T = —cT>.

Considering ¢ > 0 and (3.19), we conclude that a,b and ¢ satisfy the conditions of
Theorem 3.1: they belong to the stability region of (3.1). This completes the proof. O

REMARK 3.1. The above proof shows that a reduction of the time stepsize
cannot improve the stability of the scheme. No matter how small At, one can always
find a set of parameters for which the PDE is asymptotically stable, while the fully
discrete system is not asymptotically stable.

4. Numerical examples. In this section we present some numerical examples
illustrating the difference between the stability regions of the continuous and the
discretised systems. For simplicity, we consider the one-dimensional equation on = €
[0,7], and we set the delay 7 =1,

2 0

(4.1) gu(t z) = aa—u(t z)+bu(t—1,z) + c/ u(t + s,z)ds

ot ox? 1

with u(t,z) = g(z),t <0,z € (0,7) and wu(t,z) =0,t>0,z € {0,7} .
The problem is discretised with central differences in space with space stepsize
Az =x/(N +1) and With the trapezium rule in time, with time stepsize At = 1/m.
We set the initial values u¥ =1,i =1,2,...,N,k=—m,-m +1,...,0. We consider
the norm of the numerlcal solut1on at t1me point 7" = 1000 as a function of At and

Az. Here we use the weighted discrete Ly-norm to measure the numerical solution:

N
Z(uj)2Aa:, u = (ug,us,...,uy)’ € RV,

First we consider a fixed delay PDE problem with parameters a = 8,b = —8.4772,
and ¢ = 0. From Theorem 3.1 it follows that the analytical solution is asymptotically
stable. The norm of the numerical solution is given in Table 4.1. The column of
values for Az = «/17, i.e., N = 16 will be explained by means of Fig. 4.1 (left).
The row of values for At = 1/8, i.e., m = 8, will be explained by means of Fig. 4.1
(right). Next, we also consider a distributed delay PDE problem with parameters
a=10,b =0,c = 9.999. From Theorem 3.1 it follows that the analytical solution is
asymptotically stable too. The norm of the numerical solution is given in Table 4.2.

These numerical examples confirm our theoretical findings. In the case of delay
PDEs, the trapezium rule can only preserve the stability region of the semi-discrete
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TABLE 4.1

The norm of the numerical solution of (4.1) at T = 1000 as a function of At and Az for

a=8,b=—-84772,c=0.

Az =7n/9 | Az =7/17 | Az =n/33 | Az =7/65
At=1/2 1.4739E-04 | 8.4839E-07 | 3.2096E-04 0.0157
At=1/4 15.1095 0.4321 0.0540 0.0279
At=1/8 573.3108 7.9030 1.2107 0.6878
At =1/16 | 5.1889E+03 10.2455 2.7399 1.8089
TABLE 4.2

The norm of the numerical solution of (4.1) at T = 1000 as a function of At and Az for

a=10,b=0,c=9.999.

Az=7/9 | Az=n/17 | Az =x/33 | Az =7/65
At =1/8 | 2.9882E4+07 | 154.2481 4.7490 1.8679
At =1/16 | 2.9867E+07 | 154.2417 4.7490 1.8679
-8.47 -8.47
b b
-8.471} ODE - 1 -8.4711 1
-8.472} B -8.472- ODE(3 b
-8.473} m=16 Stab.i"tx -8.473- ODE(64) Stat.)"ityf
region region
-8.474 B -8.474r TR(32)- 1
-8.4751 m=8 R -8.475[ TR(64) - 1
-8.476 1 -8.476 1
-8.477} . (8.-8.4772) -8.477[ _\@.-8.4172)
-8.478 | 1 -8.478 1
-8.479F m=4 - 1 -8.479 1
PDE - PDE -
-g.48— s * a -g.4gl— * a
7.98 8 8.02 8.04 7.98 8 8.02 8.04

F1G. 4.1. Local boundaries of the stability regions of (3.1) and the discrete systems with ¢ = 0.
The left is for N = 16 and for different m (dotted). The right is for m = 8 and for different N
(solid: semi-discrete systems; dotted: fully-discrete systems).

system which is smaller than that of the original PDE. The reduction of the time
stepsize leads to a better approximation to the stability region of the semi-discrete
system such that the stability region of the fully discrete scheme is further reduced.
This is illustrated in Fig. 4.1 where the local boundary curves of the stability regions
of the scheme for ¢ = 0 and N = 16 and for different m are drawn in the left picture.
Obviously, the point (8,-8.4772) is located in the stability region of PDE. When m = 4
(i.e. At =1/4), it is also in the stability region of the fully discrete scheme. When
m = 8 or 16, however, it is out of the stability region of the scheme. From the picture
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it is obvious to see that a smaller time stepsize leads to a smaller stability region.
This is in accordance with the numerical results in Table 4.1. However, the reduction
of the spatial stepsize is apparently useful to improve the stability; it leads to a better
approximation to the stability region of the original PDE. This is shown in the right
picture where the local boundary curves of the stability regions of the semi-discrete
and fully-discrete (m = 8) systems for different N are drawn.

The results of Table 4.2 are different from the ones in Table 4.1. This is because
we selected a point (a,c¢) near the boundary curve C., which depends only on the
spatial stepsize but which is independent of the time stepsize. The changes of the
time stepsize do not affect the stability. A spatial stepsize reduction, however, leads
to a bigger stability region of the scheme, as is illustrated in the table.

5. Concluding remarks. In this work a novel stability property of numerical
methods for differential equations with both fixed and distributed delays has been
introduced. A complete stability analysis has been accomplished for the trapezium
rule with respect to the real coefficient test problems of both ordinary and partial
differential equations. A positive result is that the time discretization based on the
trapezium rule can preserve the asymptotic stability of underlying ODE test problems.
A negative result is that the spatial discretization based on standard central difference
unavoidably leads to a reduction of the asymptotic stability region of the correponding
PDE problem. Any consistent full discretization based on central difference cannot
completely preserve the asymptotic stability of the original delay PDE.
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