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Abstract
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differential equations (DIDEs). We propose a numerical scheme
which involves a linear multistep method as time integration scheme
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the original equation. We derive and prove a sufficient condition for
stability of a DIDE (with a constant kernel) which we call RHP-
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stant and non-constant kernel functions are presented.
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1 Introduction

Differential equations with bounded and continuously distributed delay,

t—T1
G0 = fa). [ K- gla()de), (1)

—To

are usually called delay integro-differential equations (DIDEs) and, sometimes, functional
equations of Volterra type. These equations appear e.g. in modelling population dynamics,
the spread of infectious diseases and control theory (see, e.g. [1, 9, 10, 14, 16, 17]). In this
paper we restrict ourselves to scalar DIDEs, iie. 2 € R, f:RXxR —- R, g: R - R, and
to commensurate (rationally dependent) delays 71 and 7. Note that the latter is trivially
true when 71 = 0. In (1.1), the kernel (weight) function K is defined on the interval
[T1,72], T2 > 71 > 0.

The local (asymptotic) stability of a steady state solution of a DIDE is studied through
the linearization of the original equation around this solution,

t—71

() = Agy(t) + 4y / K(t — )y(€)de, (1.2)

dty t—T72

where Ay, A1 € R. To study the stability of the zero solution of (1.2) with a (general) kernel
function K (-), one needs to apply numerical methods. A desirable numerical scheme is one
that preserves the stability properties of the continuous problem to which it is applied.

Stability of time integration methods for differential equations with discrete delays
(DDEs) has been studied actively during the last decade. This research evolved from a
single delay to commensurate delays and further to arbitrary delays and has led to robust
numerical methods for stability analysis of DDEs. Numerical treatment of equations with
distributed delays is more complicated compared to the case of discrete delays due to the
integral terms. In particular, it is known that the kernel function not only affects the
stability of solutions but also stability properties of the numerical scheme used. A few
results in this direction have appeared.

In [3], the stability properties of a numerical scheme based on a linear multistep (LMS)
method and a Newton-Cotes formula approximating (1.2) with 77 =0 and K(§) =1, € €
[0, 72], are discussed. The authors compare the analytically obtained stability region in the
(Ao, A1)-plane with the one obtained numerically by employing the method of D-partitions
and the boundary locus technique (see, e.g. [2]). In [15], the stability of Runge-Kutta
methods is studied on the basis of a system of equations similar to (1.2) ( =0, K(§) =
1, £ € [0, 7], with an additional delay term, z(t — 72)). It is shown that every A-stable
Runge-Kutta method preserves the delay-independent stability of the original equation
whenever a step size h = 79/m is used, m € N.

The numerical scheme which we propose in this paper to approximate (1.2) involves
an LMS method as time integration scheme and a quadrature method based on Lagrange
interpolation and a Gauss-Legendre quadrature rule. The choice of these methods is mo-
tivated as follows. The use of LMS methods for stability analysis of systems of DDEs with
multiple delays was investigated in [7] and effectively used in [6, 5]. The use of Lagrange
interpolation to approximate the delayed variables within an LMS scheme has shown to
be efficient with respect to convergence and stability properties of the resulting numerical
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scheme (e.g., [11, 7]). Gaussian quadrature rules (“the only all-purpose formulas” [19])
are widely used in applications due to their convergence properties and applicability to
integrands having only low-order derivatives.

We derive and prove a sufficient condition for the stability of a DIDE with a constant
kernel function, which we call RHP-stability. We investigate stability properties of the
proposed numerical scheme with respect to preserving RHP-stability and compare with
corresponding results for Newton-Cotes formulas. We show that RHP-stability is preserved,
under certain conditions, by the proposed scheme, while it is not preserved when using
Newton-Cotes formulas. Even when these conditions are not fulfilled, the proposed scheme
remains preferable to Newton-Cotes formulas with respect to preserving stability, as we
show numerically. We present results of numerical experiments on computing stability of
(1.2) for both constant and non-constant kernel functions.

The paper is structured as follows. In Section 2 we obtain discretized equations approx-
imating (1.2). In Section 3 we consider the stability properties of (1.2) and corresponding
discretized versions. We introduce RHP-stability and formulate conditions under which
the discretized equation retains the RHP-stability of the original equation. The conditions
related to quadrature are further investigated for the proposed quadrature and for Newton-
Cotes formulas in Section 4. Results of numerical experiments on computing stability and
characteristic roots of (1.2) are given in Section 5. We conclude in Section 6. Appendix A
contains the proofs of our theorems.

2 Numerical approximation of equation (1.2)

2.1 Quadrature rules

To approximate the integral in (1.2), we propose a quadrature method based on Lagrange
interpolation and Gauss-Legendre quadrature rules. We also formulate Newton-Cotes for-
mulas which we use for comparison.

2.1.1 Proposed quadrature method

Assume that 7 and 79 are commensurate. Then, let h > 0 be a (constant) step size in the

discretization of (1.2) such that 71 = nih and 79 = ngh, n1 € N, ng € Ny. Set n := ny—mn;.

Let y; be the numerical approximation of y(t) at the mesh point t; = jh (assuming ¢y = 0).
The integral in (1.2) can be written in the form

tjf'rl n h
/t Kt — Ey()de =Y /0 K(gioh — E)y(tj—g, +€)dE, (2.1)
T2 r=1

where g, = ny —r+ 1. Using £ = €h, € € [0,1], we approximate the solution y(t;_, ., +&)
by the Lagrange interpolation polynomial,

5+
y(tj*th,r + €h) ~ Z P(e) Yj—qir+1l> (2.2)
l=—s_
through the points j —q1, —s—,...,7 — qi, + 54, where s_ respectively s, represent the

number of interpolation points taken to the left respectively to the right of ¢; 4, . The
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factors P;(e) are the Lagrange coefficients,

54

€E—V
pe):=]] — (2.3)
v=—s_, V#l

Then, we substitute (2.2) in (2.1) and apply the m—point Gauss-Legendre quadrature
formula (see, e.g. [19]). The result reads

ti—T1 n.m S+
/t K(t; — &y(©)de = > " BuK(qich —exh) > Piler)yj—qu,+1; (2.4)

j_T2 r=1 k:l l:—s,

where €;h and By are respectively the zeros of the mth-degree Legendre polynomial
(Gaussian points) and the weights of the Gauss-Legendre quadrature rule on [0, h]. Note
that the Gauss-Legendre quadrature rule is exact for the polynomials used whenever
s_+s4+ < 2m—1. Below we always assume that the latter holds. For K(¢) =1, £ € [y, 2],
we will use a compact form of (2.4),

ti—T1 n S+ m
/t yOdE =SS wigigr @i= Y BPi(e). (2.5)
k=1

JTT2 r=1l=—s_

We avoid the use of future mesh points in (2.4) and in (2.5) if sy —q1, <0, Le. 7y >
(S+ — 1)h
If 11 < (s+ — 1)h, we split the integral (2.1) as

tj—T1 ti—(sy—1)h t;—71
/t K(t;—&)y(§)d = K(tj—ﬁ)y(f)d§+/ K(tj—&)y(§)de. (2.6)

j—T2 tj—T2 ti—(sy—1)h
Consider the second integral in the right hand side of (2.6),

sy—1-ng

t;—71 h
/ Kty =©d = Y [ Kleah =00ty +93 @7
r=1

j—(s+—1)h

where go, = s — 7. Since g2, < sy, we approximate the solution y(t;_g,, + §), using
& = eh, € €10,1], by the following Lagrange interpolation polynomial of degree s_ + s,

s(r)+
Uiognt ) > S P Yoamrts ()= s 1 sy =5y — 7 (28)
I=—s(r)—

through the points j — g2, —s(r)—,...,j—¢2,+5(r)+. The factors P, (e) are the Lagrange
coeflicients,
s(r)+ c— v
Pl,r(e) = H — (2.9)
v=—s(r)_, v#l

Note the difference in interpolation formulas (2.2) and (2.8): in the latter case the inter-
polation has a rather “one side” nature. For example, when 71 = 0, the solution y(t;_; +&)
is approximated using the solution at points 7 —s_ —s4,...,J.
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After substitution of (2.8) in (2.7) and applying the m-point Gauss-Legendre quadrature
rule (also with 2m —1 > s_ + sy ), the result reads

ti—m sy—1-n1 m S(T)+
/ K(t;—Oy©)dé~ Y Y BeK(geeh—exh) > Pr(er)yjgo,+is
tj—(3+—1)h r=1 k=1 l:_s(r)*
(2.10)
and, for K(¢) =1, £ € [, 7],

s+—1-n1  s(r)+

ti—71
/ = % 3 wn._zmek .11

tj—(8+—1)h r—1 I=—s(r

2.1.2 Newton-Cotes formulas

Let m (m > 2) and w; (I = 1,...,m) be the number of points, respectively weights used in a
Newton-Cotes formula (see, e.g. [12]). For a fixed m, let h, the step size of discretization of
(1.2), be such that we could use the m-point repeated Newton-Cotes rule on the interval of
integration, i.e. 79 — 71 = ny(m — 1)k, 71 = N1 pmh, T2 =n2mh, N1 EN, Ny, oy, €Ny
Set Ay, := (m — 1)h. The m—point Newton-Cotes formula applied to the integral in (1.2)
then leads to

D Kty — Oy(€)dé = X0y [ K (grh — €)y(t; — arh + €)dé
(2.12)

= ngl eri]_ le((qT -1 + 1)h’)yj*61r+l*1’
where ¢, = ngym, — (r — 1)(m — 1) and the weights w;, | = 1,...,m, are defined on the
interval [0, hyy].
Note that for the trapezoidal rule m = 2 and w1 = we = h/2. For a constant kernel

function, this rule is equivalent to the 2—point Gauss-Legendre quadrature rule (2.5) with
_=0,s54=1 since P()(Gl) + P()(GQ) = Pl(el) + P1(62) =1land B; = By = h/2

2.2 Quadrature within an LMS scheme

For time integration of (1.2), we apply a linear k-step (consistent and irreducible) formula
(see, e.g. [8]) coupled with the proposed quadrature. The result reads

S bty =Y 5o Bi(Aoyus;
+AI (v Yk BiK (qurh — €ih) Y12 Pil€i)Yutj—gu, 41 (2.13)

:Lil 2211 BiK((D rh — €;h) Zl s(r) Pl,r(fi)yu+j—q2,r+l))a

where «;, f; are the coefficients of the LMS method, n, =n, ny =0if 7y > (s; —1)h and
ne =n9 — S+ + 1, ng = s — 1 — n; otherwise.

Similarly, the use of the m-point Newton-Cotes formula within an LMS scheme leads
to

Nm M

k k
> eyt =hY Bi(Aoyusrs + Ai Z Z — I+ Dh)Yurj—g+1-1))-  (2.14)
=0 =0
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All notations in (2.13) and (2.14) are defined as in sections 2.1.1 respectively 2.1.2. Note
that during time integration the discretized equation is solved for vy, based on the pre-
viously computed y,;, j < k, and an initial condition.

3 Asymptotic stability of equation (1.2) and its numerical
approximations

For the definition of asymptotic stability of a DIDE of the form (1.2) and its numerical
approximation we refer to [3]. The following results give conditions for stability.

Equation (1.2) is asymptotically stable (equivalently, the zero solution of (1.2) is asymp-
totically stable) if and only if all the zeros (characteristic roots) of the characteristic equa-
tion

A= Ao+ Ay / ® K(e)eae (3.1)

have negative real part (see, e.g. [9, 3]). There exist an infinite number of roots A € C of
(3.1) and the number of roots in any right half plane ®(\) > 7, n € R, is finite [9]. Hence,
the stability is always defined by a finite number of roots, as in the case of differential
equations with discrete delays.

The discretized equation (2.13) is strictly stable (equivalently, its zero solution is strictly
stable) if and only if the characteristic equation

ko ,
F(ER) = Aot (S, S0 B (ah — 6h) S, Rleu )
- (3.2)

+ 30 ST BiK (g20h — €ih) 0% ) Prg(ei)p@e0)

has all its roots y in the open disk |u| < 1 (see, e.g. [3]).
To compare the roots u of (3.2) with the solutions A of the characteristic equation (3.1),
we use the relation g = exp(Ah) and we set

k oV
2 j—oQj€

LMS(Ah) := =921
Zj:O /Bje)‘h]

Then (3.2) is equivalent to

FLMS(AR) = Ag + Ay (3ore, S BiK (queh — €h) 35 Py(ei)e M@l
(3.3)
+>rsy Yimy BiK(ga,0h — €ih) legi(r)_ Pl,r(ez‘)ef)‘h(%” ).

By the requirement of irreducibility and the fact that solutions 4 = 0 do not influence
stability, it follows that the stability of the discretized equation is now determined by the
real parts of the (finite number of) solutions A of (3.3) just as for the characteristic equation

(3.1).
In the next section we investigate properties of quadrature rules in case of a constant
kernel function. Therefore, we now assume K({) = 1, £ € [r,72]. The stability of

equation (1.2) with non-constant kernel functions is considered in section 5.
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We consider the characteristic equations

T2
A=A+ A / e M de, (3.4)
T1
and
) ne s(r)+
el —Ah(ga,»—1
FLMS(AR) = Ao + A ( Z”; wye A, M;l*;@ wype M=y (3.5)

Let (Cg' , CT denote the open respectively closed right half plane,
Cy={AeC|R(N) >0} and C" ={A € C | R()) >0},

and Cj, C denote the open respectively closed left half plane (with corresponding defin-
itions). We define the set-valued functions ¥.(-) and ¥.4(-) as

T2
5:(0) = | (4o + 4 / e Xde), CcC, (3.62)
AeC 1
Sen(C) = [ J (Ao + 410D Z wye”Mar =) +Z Z wy e~ M@2r=0)) - (3.6Db)
xeC r=1l=—s_ r=11=—s(r)_

In the context of stability analysis, the mapping of C* under ¥, and X4, i.e. the sets
¥.(C") and .4 (C"), is of interest. Note that these sets are bounded subsets of C because

A ET(CH) = [N = Ag| < |Ay(e™ —e M) /A < |Ay|(r2 — 1), AeCH,

7 . 3.7
%€ SA(CH) = 13 — Ao < |A1|(neh +mgh) = |Av|(ms — 11). (3)

The latter holds because ¢1, — sy >0, r=1,...,n, le;:s_ wy =h and g — s(r)4 =
0, ES(T)‘L _wyy =h, r=1,...,n, It follows from (3.7) that the mapping of C* under

l=—s(r)
Y. and X, is inside a circle centered at Ay with radius |A1|(m2 — 71).

The condition
T(CH) C G (3.8)
is a sufficient condition for stability of (3.4). Indeed, it implies that the right hand side of
(3.4) maps the right half plane (RHP) R(\) > 0 into the left half plane. Hence (3.4) cannot
have solutions with positive real part. We will refer to (3.8) as RHP-stability. Obviously,

the condition
A0+|A1|(TQ—T1) <0 (39)

is a sufficient condition for RHP-stability.
We will call the region C\ LMS(C') the stability region of the corresponding LMS
method [8]. It is the region into which LMS(:) does not map any unstable A, () > 0. If

5,(CH) ¢ %((C\LMS((C*)) (3.10a)

and
Sen(Ch) C Be(C), (3.10b)
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then the RHP-stability is recovered by the numerical scheme.
If C\ LMS(C") contains a semicircle of radius prs, then one can assure condition
(3.10a) by an appropriate choice of the step size h,

PLMS
|Ao| + |A1](T2 — 71)

Note that such a semicircle exists, for instance, for all backward differentiation methods.
Condition (3.10b) is equivalent to the condition

Sn(71,72;CF) C B(11, 795 CF), (3.12)
which we study in the next section. Here the set-valued function (-, -;-) is defined as

S 0)= ([ e, ccc

reC

h < (3.11)

and Xp(-,-;-) is its discrete analogue. The equivalence of (3.10b) and (3.12) is because Ay
and A; represent a translation respectively scaling of the mapping. To distinguish between
quadratures, we will replace the notation ¥ by ¥, g1, for the proposed quadrature and by
Yp,ne for Newton Cotes formulas. So,

Ehar(t,m2;C) U i Z wle_)‘h a1, =) —I—Z Z wyre” q“_l)), (3.13)

AeC r=1ll=—s_ r=1 l——s 7')7
Mm M
Shnve(r,mC) = [ O ) we Moy ccc. (3.14)
AeC r=11=1

Note that £ yc(71,72;CT) was obtained by using a similar analysis for the discretized
equation (2.14) with K = 1. Clearly, £(71,72;C"), Zp qr(1,72; C") and Ep yo(71, 72; CT)
are bounded subsets of C.

We need the following results related to (3.12).

Theorem 3.1 The region defined by X(11,79; CT) is located inside the curve
(11, 725 Uper 16)-

Due to this theorem, RHP-stability (3.8) is equivalent to the condition
e—in@ _ e—i7'29
i0
which implies that for analyzing stability it is sufficient to examine the mapping of the
imaginary axis under X.. Obviously, if (3.15) holds for certain values of Ay, A1, 71 and 7o,
then it also holds for Ay, A1/p, T1p, T2p, with p > 0. Hence RHP-stability is independent

of the factor p.
The next two theorems are analogous to theorem 3.1.

§R(A() + A; ) <0 forall @ eR, (315)

Theorem 3.2 The region defined by Lp (1, 72; CT) is located inside the curve
Zh,arn(T1, 725 Uger 10)-

Theorem 3.3 The region defined by Xy no(71,72; Ch) is located inside the curve
Shne (T, 123 Uper 10)-

In the next section we investigate whether condition (3.12) is fulfilled for the proposed
quadrature scheme and for Newton-Cotes formulas.
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4 Properties of quadrature rules for a constant kernel

4.1 Proposed quadrature method

Our study has shown that Lagrange interpolation which we use when 71 > (sy — 1)h and
71 < (84 —1)h, cf. (2.2) respectively (2.8), affects the properties of the proposed quadrature
scheme. Therefore, we consider these two cases separately.

e Case 71 > (s+ — 1)h.
Note that 71 = 0 implies s; < 1. It follows from (3.13), using n. = n and ns = 0
(i.e. 71 > (s — 1)h), that

Shao(m, m2;C) = U( _)‘“Z —AR(r-1) Z w1y, (4.1)

AeC r=1 l=—s_

To determine the location of Xp, ¢r1,(71, 72; CT) w.r.t. X(7i, 72; CT), we first obtain some
preliminary results. Let

9%(0,h) := (0, h; U i) and 0%L(0,h) == Sher(0,h; ] i0).
9e[—27/h,2w/h] oe[—n/h,m/h]

Lemma 4.1 %(0, h; peg i0) is bounded by the closed curve 05(0,h). Bp,ar(0,h; Uper i6)
is equivalent to the closed curve 0%y, gr,(0,h).

Theorem 4.1 If s, = s_ + 1, then the curve 05, g.(0, ) is inside the curve 0X(0,h).

Corollary 4.1 If 1y > (s — 1)h and s, = s_ + 1, then the curve Lp,gr(71,T2; Uger i0)
is inside the curve 5(71,72; Uger 16)-

Note that the conditions of the corollary are equivalent to the following conditions on the
Lagrange interpolation: s_ < 71/h, sy = s_ + 1. Obviously, when 71 = 0, the conditions
are only satisfied if s =0 and s; = 1.

The following theorem follows from theorems 3.1, 3.2, corollary 4.1 and gives conditions
under which (3.12) is fulfilled.

Theorem 4.2 If s_ < 71/h and s; = s_ + 1, then Zp gr(11,72;CT) C B(71,72;CT).

The results of theorem 4.1 and corollary 4.1 (and hence theorem 4.2) are illustrated in
fig. 1. Note that in all figures we use notations 9%(:,-) and 0% gr(-,-) for the boundaries

of B(:,+;Uper i0) respectively 3y qr(-, s Uper i0)-

e Case 71 < (s4 — 1)h.
We will assume that sy = s + 1 (hence 71 < s_h) and that s > n; (since s_ < n; =
71 > s_h). It follows from (3.13), using n. = no — s_ and ny = s_ — n1, that

Eh’GL('Tl,TQ; C) — U)\Ec(e—)\hs— Z:«lils_ —Ah(r—1) Zl——s wle)\h(l—l)
(4.2)
+ Zs_—m —Ah(s4—1) Z;’(r)+

Ahl
—s(r)- )

Wi €
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0.8 : ‘ ‘ 2
93(2,4)

o
B
Imaginary axis
o

| Imaginary axis
o

o
+

084 0 0.4 0.8 K -1 0 1 2
Real axis Real axis
Figure 1: Solid and dashed lines denote the boundary curves 9% respectively 0%, gr. Left:
0%X(0,h) and 0% ¢r(0,h). Right: 0%(m,m) and 0%, gr(m,72). h=1, 1 =2, » =4, s_ =
]., Sy = 2.

Numerical experiments have shown that whether or not X, ¢1.(71, 72; C") is a subset of
¥ (71, 72; Ct) depends on the values 7, T2, s_ (assuming s; = s_ + 1) and h and that in
most cases Lp, g (11, 72; CT) ¢ X(11, 72; CT). Below we give some analysis.

When 79 = s_h (i.e. ng = s_), the first of the two terms in (4.2) is absent and we
consider sets (71, s_h;Ct) and ¥j, g1 (11,5 h; CT). Figure 2, where boundaries of these
sets are shown for 7y # 0 and 71 = 0, suggests that the boundary of ¥ qr (1, 72; C")
can closely approximate the boundary of ¥(7q,79; C") when 71 # 0. The corresponding
results are shown in fig. 3 for 79 > s_h and 71 # 0. Here an enlargement of the left parts
(i.e. the most illustrative parts) of the boundaries of ¥, 1, and ¥ is depicted for different
values of 71, 75 and s_. If 71 = 0, then ), ¢1(0,72;C") ¢ £(0,72;C") for any values of
79, cf. fig. 4. Note that the size of the external part of Xp 1,(0,72; C") with respect to
%(0, 79; C*) decreases with h.

0.8 : 0.8
05(1,2)

2 0.4f o 0.4
& 3
2 >
g of s of
5 =
E0.4f E 04

|
o
[or]
I
'
)
|
\

08 -04 0 04 08 08 -04 0 04 08

Real axis Real axis
Figure 2: Boundaries of X(71,s_h;C") and X4 ¢r(71,_h; CT) are denoted by solid respectively
dashed lines. Left: h=1, 4 =1, s_ =2. Right: h=1, 7, =0, s_ = 1.

We conclude that the proposed quadrature method assures the condition (3.12) for
any h (satisfying 71 = mih, 7o = mgh) under the following conditions on the Lagrange
interpolation: s_ < 71/h and s; = s— + 1. If 7y # 0, the first condition can be satisfied
by choosing h < 71/s_ for a given s_. If 71 = 0, then (3.12) is only satisfied by using the
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Imaginary axis
0

Real axis Real axis Real axis

Figure 3: Parts of the boundaries of X (71, 72; C") (solid line) and X ¢ (71, 72; CT) (dashed line).
Left: h =1, m =1, » =3, s = 2. Middle: h =1, i, =1, » = 4, s_ = 2. Right:
h:]., 7'1:2, 7'2:4, s_=3.

Imaginary axis
Imaginary axis
o

21 o 1 2 3 a4 21 o 1
Real axis Real axis
Figure 4: 0%(0,72) and Zp 61 (0,72; Uycr if) are denoted by solid respectively dotted (h = 1) and
dashed (h = 0.5) lines. 75 = 4. Left: s_ = 1. Right: s_ = 2.

Lagrange polynomial of degree 1, i.e. s_ =0, s; = 1 (equivalently, using the trapezoidal
rule).

It is interesting to note that in an LMS-approximation of DDEs coupled with Lagrange
interpolation for delayed solution terms, the condition s_ < s; < s_ + 2 is used to retain
the stability of the original equation (see, e.g. [11, 7]). Our numerical experiments showed
that theorem 4.1 holds for s, = s_ 4+ 2. However, theorem 4.2 does not hold both for
s+ =s_and for s =s_ + 2.

4.2 Newton-Cotes formulas

For m-point Newton-Cotes formulas with m > 3, numerical experiments showed that
YhNe(T, T2;CT) ¢ (7, 72;CT) for any values of 71 and 7o, see figs. 5 and 6. Moreover,
when 71 = 0, the size of the external part of X yc(0, 72; CT) with respect to £(0, 72; C)
does not decrease significantly with A in contrast to the situation with the proposed quad-
rature scheme (compare figs. 4 and 6). The latter is due to the following property of
Newton-Cotes formulas.
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Figure 5: Solid and dashed lines denote 0% (71, 72) respectively 0Xp no(T1,72), m =1, 7 =
4, h =1, m = 4. Here 0%, nc(-,-) denotes the boundary of Xy nc (-, ;s Ugerif)-

m=3 m=5
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R
x >
© 7
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Figure 6: 9%(0, k) and 4 no (0, him; Uper i) are denoted by solid respectively dotted (h = 1)
and dashed (h = 0.5) lines. h,, = (m — 1)h, m = 3,4,5. Points M,, are denoted by o.

Let
Nm M Nom m
Sh('rl; T9;6) = Z Z we —i0h(gr—14+1) _ 1671 Z e—lﬂh(r—l)(m—l) Z wlelﬂh(l—m)’ fcR.
r=1[=1 r=1 =1

(4.3)
Obviously, [Jpegr Sh(T1,72;0) = Zp, ne(T1, 725 Uper 10), where Xy, ye is defined by (3.14).
Let M, := maxg« |[R(Sk(0, hyy; 6%))|, where 6* is such that R(Sy(0, hy;6%)) < 0 and
S(Sh(0, hpm; 0%)) = 0, see fig. 6. We will show that M,, does not depend on h. Let
= |%]. Since w; = wy—i41, | =1,...,m, we obtain

=~

Sh(0, i 0) = 072" (S 0y (070="57) 4 e 0h0="5)) | ki s)
(4.4)

N 2 Q, Q:= Zzﬁi1 2wy cos(Bh(l — (m +1)/2)) + kwmt1 € R,
where k = 0 if m is even and k = 1 otherwise. Hence I(Si(0,hm;07)) = 0 for 67 =

2rj/(1 —=m)h, j =1,2,.... We halve the stepsize h and define h:= h/2, By, 1= hm/2 and
@ = wy/2. Using (4.3) and n,, = hy, /by, = 2, we have

Sh(0, hn; 0) = (1 + €7 Hm=D) G, (0, T 0), (4.5)

where S’h(p h 10) is defined similar to (4.4) using @ and h instead of w; respectively h.
Hence (S5 (0, hm;205)) = 0 and R(Sk(0, hm;207)) = R(Sk(0, hm;05))/2. It follows from
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(4.5) that R(Sk(0, hn; 267)) = 2R (S (0, Fupn; 207)). As a consequence, My, remains constant
when changing h. Some examples (M3 = —2/3, My = —3/8, M5 = —76/45) are depicted
in fig. 6.

5 Numerical experiments

In this section we presents results of numerical experiments on computing the stability of
the zero solution of equation (1.2) with constant and non-constant kernel functions K(-).
We select such functions K (¢) that, combined with the exponential function e*¢, allow
analytical integration and hence allow to obtain “exact” characteristic roots of (3.1) which
can be compared with their numerical approximations.

In order to compute roots of the characteristic equation (3.3), we compute the eigenval-
ues 4 of the (linear) map between [yy_r Yu—r+1" - Yutk—1] a0d [Yu_L41 YuL42" " - Yutk]
using the numerical scheme (2.13) for y, 1 and a shift for all other variables (here L :=
ng + s_). Since (2.13) defines an approximation of the time integration operator over
the time step h, the eigenvalues u approximate the eigenvalues of this operator which are
exponential transform of the roots A of the characteristic equation (3.1). Let A" denote
the characteristic roots of (3.3), to avoid confusing with roots A of (3.1). Hence, once p is
computed, A" can be extracted using p = e*"? [7):

arcsin( M)

R = w I = Tﬂl (mod %).

5.1 Constant kernel function

First we illustrate how violation of condition (3.12), i.e. Xp(71,72;CT) ¢ X(71y,70;Ch),
may influence the preservation of the RHP-stability of (1.2) by a numerical scheme. Then,
using the proposed quadrature method, we present results on the convergence orders of
the numerical approximations to the rightmost roots of the characteristic equation (3.4).

For the first purpose, we use the trapezium rule as an LMS method. It is an A-stable
rule and hence condition (3.10a) is fulfilled for all h. Hence, if £.,(Ct) C 3.(C") (equi-
valently, 3y, (11, 79; CT) C (71, 72; Ct)) then RHP-stability is recovered by the discretized
equation. We choose Ag, Ai, 71 and 75 in (1.2) such that ¥.(C") C Cy, cf. fig. 7, and
hence the zero solution of (1.2) is stable. The use of Simpson’s rule with h = 71 for the
example shown in this figure gives a false unstable root, A ~ 0.396 £ 49.737i, although
the outside part of the region ., (Ct) w.r.t. X.(C") is relatively small. Decreasing h,
the boundary of ., approaches the boundary of ¥, and the numerical solution becomes
stable. Note that the use of the proposed quadrature scheme gives stable roots for any
h=r/n, n=12,...

In our tests on the convergence orders for the characteristic root approximations, we
use the implicit backward differentiation (BDF) method with different number of steps,
k = 3,4,5,6, and m-point Gauss-Legendre quadrature rule with m = s_ 4+ 1, s_ = 1,2,
i.e. the quadrature has degree of precision, ¢ :=2m —1 =2s_ 4+ 1 = s_ + sy, equal to the
degree of the Lagrange polynomial that we use (always assuming sy = s_ + 1).

The rightmost roots of the characteristic equation (3.4) for Ag = —4, A; = -3, i, =4
are depicted in fig. 8 (left) for ;1 = 1 and 73 = 0. For 71 = 1, the convergence towards the
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Figure 7: Left: Regions ¥.(C") and ¥.,(Ct) are bounded by a solid respectively dashed line.
Ap = —186, A1 = —4905, 1 = 0.0285 and m» = 0.0855. X.p corresponds to Simpson’s rule. Right:
a blow up of the left figure.

rightmost root A; ~ 0.069—1.176i (computed with accuracy 10~!? using a Newton iteration
on the characteristic equation) by the corresponding root, )\’f, of the characteristic equation
(3.5) is shown in fig. 8 (right) for varying h, h = 1/L, L = 10,...,100, and various BDF
methods. Table 1 gives the numerical approximation of the convergence order based on a
least squares approximation of the results for L = 10,...,100 using BDF methods with
k = 3,4,5,6 steps and Gauss-Legendre quadrature rule with degree of precision ¢ = 3, 5.
The O(h™n(*k:4+1)) convergence is clearly apparent. This is in agreement with proven
results on the convergence order for solutions of numerical schemes for DIDEs obtained by
applying an LMS method combined with a quadrature rule [4]. For the case 11 = 0 we
have obtained similar results. The rates of convergence of all roots are similar but have
different error constants.

30

20r

10y

0

ey

_10,

_20,

-30

10"

1 0.5 >
O(A) 10 h

Figure 8: Left: The rightmost roots of the characteristic equation (3.4) for n =1 (x), 71 =0 (o).
Right: Convergence of the rightmost characteristic root of (3.5), A, to the root A; in the case
7 = 1 for varying h = 1/L, L = 10,...,100, and different number of steps ¥ of BDF methods,
k=3 (x), k=4 (o), k=5 (+) and k =6 (x). Ag = —4, Ay = -3, 7o = 4. Here Gauss-Legendre
quadrature was used with m = 3 (i.e. s = 2).

It is interesting to note that formula (3.11) for the steplength h applied to the example
illustrated in fig. 8 with 7 = 0 gives, e.g. h ~ 0.036 using the 4-step BDF method. We
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| k=3 k=4 k=5 k=6
m=2|2990 3.978 4.083 4.005
m=3|2997 3996 5007 5997

Table 1: Numerically observed orders of convergence while approximating the rightmost root A;
of (3.4) with Ag = —4, Ay = -3, 1 =1, 5 =4, using BDF methods with k = 3,4, 5,6 steps and
Gauss-Legendre quadratures with m = 2,3 (i.e. s_ =1,2).

know (cf. section 4) that Xj ¢1(0,72;CT) ¢ 3(0,72;C") when the proposed quadrature
scheme is used with s_ > 1 in the Lagrange interpolation. Fig. 9 illustrates a significant
difference in the size of the outside part of the regions £, ¢,(0, 72; C*) and Zp, nc (0, 72; CH)
compared to the region (0, 72; CT) when using the proposed quadrature and Simpson’s
rule with 2 = 0.1/3. In both cases, the boundary of ¥, ¢, and ), x¢ approximates well the
boundary of ¥ (located slightly outside X) except for the parts depicted in grey. Despite
this difference, the use of Simpson’s rule leads to a correct approximation of the rightmost
characteristic roots.

3 1073 3
N 95(0,4) - 05(0,4)
0 %) (%2}
& K s
fel > el
g0 £0 g0
j= =] =2}
© ]
E £ E
-3 -1072 -3
0 Real axis 2 4 -0.03 Real axis 0 0 Real axis 2 4

Figure 9: The outside part of £ ¢1,(0,72; CT) and p (0, 72; CH) w.r.t. (0, 72; CT) is depicted
in grey. Left: Gauss-Legendre quadrature rule with m = 2 (i.e. s— = 1). Middle: a blow up of the
left figure. Right: Simpson’s rule. » =4, h=0.1/3.

5.2 Non-constant kernel function

Our analysis of the proposed quadrature applied to the integral of (1.2) with a constant ker-
nel function gives insight into the properties of the quadrature when using a non-constant
kernel. In particular, the analysis suggests to distinguish two cases: 71 # 0 and 71 = 0.
Note that results similar to theorems 3.1, 3.2 and 3.3 can be proven for the considered
(bounded and analytic) kernel functions. So, in our numerical experiments we are also
interested whether condition (3.12) is fulfilled by the proposed quadrature.

e Case 11 # 0.

In this case, all our tests with non-constant kernel functions (combinations of trigonometric
and polynomial functions) showed that X g1, (71,72;CT) C (71, 72; CT). However there
is no guarantee that this property holds in general. Nevertheless, we expect that when the
property is violated, the approximation of the boundary of 3(7;, 72; C) by the boundary of
Yh,cr (1, 72; CT) should be good enough to allow a correct approximation of the rightmost
characteristic roots.
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As an illustrative example, we use the kernel function K (¢) = (5 —&) cos(6£) +2.5, € €
[2,5]. We computed the rightmost roots of the characteristic equation (3.1), see fig. 10
(left). Results on the convergence orders for the characteristic root approximations are
similar to the ones obtained in case of a constant kernel function, cf. tables 2 and 1.

5 X 3 ] [ — 2
w0l % | | opE
L% ! S
20 ’&x%xxx O ~3
g 0 ,,,,,,,},,,,,fi,,,}é,,] ,,,,,,,, % - -1 £r<
O x % x X7 -~
><><><>§2< : 3 D
-20 0 3 -4
_2,('3' T
-40 { .
; 5
-60
-1 -0.5 0 0.5 32 25 3 351 4 45 5 2 1 2004
oM 2 2

Figure 10: Left: The rightmost roots of the characteristic equation (3.1) for m = 2, 7» = 5. Middle:
Evolution of 20 rightmost roots A\* as 75 — 71. Right: A blow up of the middle figure. For clarity,
evolution of the same root is depicted by a solid line. The 6-step BDF method and 3-point Gauss-
Legendre quadrature rule were used. 4g = —3, A; =2, K(§) = (5 — £) cos(6€) + 2.5, £ € [2,5].

| k=3 k=4 k=5 k=6
3.010 4.024 3.825 3.979
3.000 4.000 5.002 6.004

m=2
m=3

Table 2: Numerically observed orders of convergence while approximating the second rightmost
root (Mg ~ —0.021—1.649i) of (3.1) with A4g = =3, A1 =2, 11 =2, » =5, K(§) = (5—&) cos(6£) +
2.5, £ € [2,5], using BDF methods with k£ = 3,4, 5,6 steps and Gauss-Legendre quadratures with
m=2,3 (le.s_ =1,2).

Using the same kernel function, we performed the following experiment. Equation (1.2)
is an ordinary differential equation with a single characteristic root A = —Ag when 71 = 9.
The evolution of the 21 rightmost roots A" (one real and others complex-conjugated) as
T9 — 71 is depicted in fig. 10 (middle, right) for the example shown in the left figure. These
computations were done for a number of values of 7 approaching 7;. We observe that as
T2 — 71, the stability of the zero solution changes, \? — —3 (\? ~ —2.85 at 75 = 2.00005)
and all other roots rapidly decrease.

e Case 71 = 0.

Our experiments with 71 = 0 have suggested to distinguish between two types of kernel
functions: in a neighborhood of £ = 0, as £ — 0, (a) K(¢) is a decreasing function and
(b) K(¢) is not a decreasing function. In applications these types of K(£) can correspond
to situations when: (a) the effect of a certain moment in the past, e.g. at time ¢ — 7, is
smoothed over a finite interval [t — 79, ] such that K(§) peaks at £ = 7, 0 < 7 < 79, and
is small elsewhere, and (b) an infinite distributed delay is approximated by a finite one,
cutting a decaying (as & — o0) kernel function.
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Some results of numerical experiments corresponding to the first case are given in table 3
for K(€¢) = sin(§) + a. Numerically obtained estimates of h (satisfying h = 7o/n, n =
1,2,...) presented in this table, guarantee that X5 ¢1(0, 72; CT) C £(0,79; CT). It follows
that the higher accuracy of the quadrature rule, the smaller A has to be to preserve this
property. Also, the behaviour of K (&) far away from the point £ = 0 influences the
properties of the numerical schemes (cf. results for 75 = 1.5 and 75 = 3).

T = 1.5 T =3
a=0 a=1 a=5|a=0 a=1 a=5
s.=0|h<1m h<m h<m |h<mn h<mn h<n

s.=1|h<2Z2 Ah<Z2Z Ah<Z | h<L<ZZ h<Z2 Hh<<I2

— 2 — 3 — 6 — 3 4 — 10
_ T T T T T T
s-=2|h<Z h<Z h<Z|h<Z h<Z A<

Table 3: Numerically obtained estimates for the step size h (h = 72/n, n = 1,2,...) which
guarantee that X ¢1.(0,72;CT) C X(0,72; CT). Here K(&) =sin(§) + a, £ € [0, 7).

In the second case, all our experiments have shown that £, ¢1,(0,72; CT) ¢ (0, 72;C")
for any h. This case includes a constant kernel function. Hence, results shown in fig. 4 are
rather illustrative for non-constant kernels of this type: the boundary of ¥} g7, approaches
the boundary of ¥ as h — 0.

Note that in the case 71 = 0, results on the convergence orders for the characteristic
root approximations are similar to the ones presented in tables 1 and 2.

6 Conclusion

Numerical stability analysis of delay integro-differential equations (DIDEs) is still an open
area. In practical computations, one should use numerical schemes that retain the stability
properties of the original equation. The analysis presented in this paper addresses this
problem for scalar DIDEs and commensurate delays.

We have proposed a quadrature method based on Lagrange interpolation and a Gauss-
Legendre quadrature rule in combination with a linear multistep (LMS) method for time
integration. Aiming at the analysis of stability properties of the proposed scheme, we
derived and proved a sufficient condition for the stability of a DIDE with a constant
kernel which we term RHP-stability. We obtained conditions under which the stability
is preserved by the proposed scheme. When these conditions are not fulfilled, we showed
that the proposed scheme remains preferable to Newton-Cotes formulas which do not retain
RHP-stability.

Using the proposed scheme, we present results on the convergence orders of numerical
approximations to the rightmost (stability determining) roots of the characteristic equation
associated with the original equation. These results are in agreement with proven results on
the convergence order for solutions of numerical schemes for DIDEs obtained by applying
an LMS method combined with a quadrature rule [4].

One of the most important issues in the stability analysis of DIDEs is the effect of the
kernel function on the stability of the applied numerical scheme. Our analytical results
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for a constant kernel and numerical experiments for non-constant kernels suggest that the
proposed scheme can retain RHP-stability of the original equation with a rather general
kernel if the effect of the past is distributed over the interval [t — 79,t — 1] with 70 > 71 >
O, ie. T 1 75 0.

Future research can be directed towards systems of DIDEs with non-commensurate
delays and when the delay 71 equals or approaches zero.
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A Appendix. Proofs of theorems

A.1 Necessary results

To prove theorems 3.1, 3.2 and 3.3, we need the following lemma.

Lemma A.1 If f(z) is analytic and lim, o, f(2) = 200 € C uniformly then Uirt(z)>0 f(2)
is inside the curve g f(i6). -

Proof. Let M > 0 be such that |f(i0)| < M, VO € R. Let a point ¢ € C be outside the
region bounded by (Jgycg f(if). Then there exists a curve Cy starting at ¢ and ending at a
point b with |b] > M which does not intersect (Jyr f(i6).

Consider the contour Cg which consists of the imaginary axis up to {if||0| < R} and
the semicircle {z|R(z) > 0, |z| = R}. Let ro denote the smallest distance of the curve
Cy to the point z,,. We choose R big enough such that |f(2) — 2| < 79 for |z| > R.
Let closed contours Jr and Qg define the images of the contour Cr under the mappings
J = f(z) respectively Q = f,(2), fq(2) := f(z) —¢. It follows from the above that the
curve Cy and the contour Jg (equivalently, curves Cy — g and Q) do not intersect. As a
consequence, ¢ lies outside Jg, and, equivalently, the origin lies outside Qg.

This implies that the curve Qg does not encircles the origin, and, due to the argument
principle applied to f,(z) and contour Cg, the number of zeros of f,(z) equals the number
of poles of f,(z) in the interior of Cr. Since f,(z) has no poles, it can have no zeros and
hence f(z) # ¢q within Cg. As the latter holds for R arbitrarily large, it is clear that
f(2) # q for all z, R(z) > 0 which proves the lemma. O

To prove theorem 4.1, we need certain properties of coefficients w; of the quadrature
(2.5),

wi=Y BpPe), | =—5_,...,54. (A.1.1)
k=1



1. Luzyanina, fAA. Lngeiborgns & L. [oose

Recall that exh and By, are the zeros of the mth-degree Legendre polynomial respectively
weights of the Gauss-Legendre quadrature on [0, k] and P;(ex) are the Lagrange coefficients,

S+
€ — UV
P = ]] zk—y’ e €[0,1), I=—s_,...,5. (A.1.2)
v=—s_, V#l

Let v(e) := (e+s_)(e+s——1)---(e+1)e(e—1)--- (e — s4) and v/(j) = (dv(e)/d€)e=;-
Then (A.1.2) reads
v(ex)
P, = —. Al13
l(ek) (ek: — l)’l)’(l) ( )
Assume that s; = s + 1. Points ¢ and €, 41, & = 1,..., %] ([r] denotes the
smallest integer less than or equal to r € R), are symmetric with respect to 1/2, i.e. ¢ =
1—é€m_k+1- Note also that v(ex) = v(1—¢€x) and v7(l) = —v/(1—1), | = —s_,...,0. Hence,
using (A.1.3), we obtain
m

Py(ex) = Pi_i(1 — ¢x), P(0.5) = P_;(0.5), k=1,..., bJ Jl=—s_,...,0. (A.1.4)

Using (A.1.4) and that By = By,—g41, k= 1,..., %], [19], we obtain

wi =Y ey BePi(er) = Y jey BePioi(1 —ex) = > py BePi—i(1 — €m—k+1)
(A.15)

=Y pe1 BrPro(er) =wiqy 1=—s-,...,0.

A.2 Proof of theorem 3.1
Let F(\) := f? e Md¢. F()) is analytic and F(\) — 0 uniformly as |A\| — co. Hence, due

T

to lemma A.1, Ugy)> £'(}) is inside the curve (Jycg F(i6). O

A.3 Proof of theorem 3.2
Let F(A) :==>1¢, fi_s_ wpe AMlaLr—l) 4 Yoy lsgl’;(r)_ wl,re*)‘h(q%r*l).
If 71 > (s4 — 1)h, then n, = n and ns = 0. Hence

n S+

F()\) — Z Z wlef)\h(nzfrJrlfl)

r=1[l=—s_

and limjy o F'(A) = w,, uniformly if 71 = (s — 1)h, and lim|y|_,o F(A) = 0 uniformly
otherwise.
If 1 < (s4+ —1)h, then n, = ngo — s+ +1 and ngy = sy — 1 —n;. Hence

F(\) = Z:}Z&FH lei—s, we Mln2—r+1=0) 4 Zigl—m fgzj;—(r)_ wl’re—)\h(ﬂ——r—l)

and lim)y o F(A) = Zizzlfm Ws(r),,r uniformly if 75 = (s — 1)h, and limy o F(A) =

st—1—n . .
Wsy + 2,57 We(r),,r uniformly otherwise.

Due to lemma A.1, Ug(y)>o F(A) is inside the curve Uycg F(i6). O
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A.4 Proof of theorem 3.3

Let F(A) .— Z?ml l ) wle—)\h(qr I+1) — =71 an —Ah(r—1)(m—1) Z wle)\h(l—m). If
71 = 0, then limy o, F(A) = wp, uniformly and lim o F(A) = 0 umformly otherwise.
Hence, due to lemma A.1, Ug(y)>o F(A) is inside the curve Uy F(i6). O

A.5 Proof of lemma 4.1

Let
ho sin(0h) + i(cos(0h) — 1) e
S(0) ;:/ e*195d§: 7 . Sp(0) := Z wleleh(l—n_
0 l=—s_
Obviously,
20,0 Ji0)= (] S0, o=(0,n)= |J S0
gcR gcR 96[727" 2%]
and
Sh,ae(0,h; | J10) = | S1(0), 0Znar(0,m) = |J  Su(0).
9cR #eR fe[— =,
Let

So(0) == 5(0), 0 € [-7, 3],

SF(0) := 8(0), 0 €[22, 2] 5-(9) == 5(0), 9 € [ 20, U] j—12, ...
Hence the curve |y S(0) can be considered as an union of branches Sy(#) and S;E(O), j=
1,2,.... All these branches are closed curves since S(6) is symmetric w.r.t. the real axis
and 3(S(0)) = I(S(£2mj/h)) = R(S(£27j/h)) = 0, j = 1,2,.... Considering S(0) as
a 27 /h periodic function in € divided by 6, it follows that |S+| < |Sol, arg(Sj+ 0) =
arg(So(0)), 0 € [2mj/h,2x(j + 1)/h], 6 € [0,2n/h], and similar for S, 7 =12...

Therefore Sj-c, j=1,2,..., are located inside Sy and hence inside 9%..
The second part of the lemma is due to: Sp(6) is 27/h periodic, symmetric w.r.t. the
real axis and I(S,(0)) = I(Sp(£w/h)) = 0. O

A.6 Proof of theorem 4.1 and corollary 4.1
A.6.1 Proof of theorem 4.1
Let

S(e) .— fh —10£d§ hfl iOh(e— 1)d — sin(@h)+i(;os(0h)71)’ = [O, 1]’

= h [} P(i0h,¢)de = we =D P(i0h,€) == S7F | Pye)elh-D).
(A.6.1)
Due to lemma 4.1, 0¥ and 0%, g1, are closed curves, 0% = S(0), 0 € [-27/h,27/h] and
BZh,GL = Sh(e), 0 € [—7r/h,7r/h].
The statement of the theorem, 0% gy, is inside 03, follows from the following results
which we will prove successively below,

l——s
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1) if sy = s_ + 1, then arg(Sy(0)) = arg(S(0)), 6 € [—n/h,n/h];
2) if s, =s_ +1, then |Sx(0)| < |S(0)|, 0 € [-7/h,n/h].

Step 1. Using the assumption s; = s_ + 1 and (A.1.5), we obtain
Sp(6) = Z?:—s_ wl(eieh(l—l) + eiah(—z)) — o i Z?:—s_ wl(eieh(lf%) + efiah(lfé))

=i Z?:_S_ 2wy cos(Oh(l — 3)) = e_i%hQ, QeER, Oe[-7,7]
(A.6.2)
Hence arg(Sp(0)) = —6h/2. It follows from (A.6.1) that

. _q1(cos(0h) -1\ ;[ —sin(6h/2)\  6h T
(500 = (25005 = (o) ~ 3 0

Step 2. Consider functions P(ifh, €) and e?(¢=1) ie. integrands in the definition of Sy (6)
and S(6), cf. (A.6.1). Let z := e?. Then P(ifh,€) can be considered as a polynomial in
z. Since |z| =1, s; = s_ + 1 and [e??=D| = 1, it follows [18, 13] for any € € [0,1] that

54
|P(i0h,€)| = |z~ ! Z Py(€)z!t-| < 1, and hence |P(ifh,¢)| < |¢P(V]. (A.6.3)

l=—s_

Now consider P(ifh, €) and e?(¢-1) as functions in € (cf. fig. 11). For any 6 € (0,7 /h)
we have:
(i) P(i0h, €)|c=o = €M D| g =e 0 P(i0h, €)=y = D = 1.
(i) S(e?c=1) < 0 and S(P(i6h,€)) < 0, € € (0,1).
The latter follows from the following. For s_ = 0 we have P(i0h,€) = Py(e)e % + P;(¢) =
(1 — €)e7% 4 ¢ and hence I(P(ifh,€)) < 0. For a fixed s_, let Q; and Qo denote Py(e)
associated with s_ — 1 and s_, respectively. Then Q2/Q1 = (e + s-)(s4 —€)/(s—s4) >~ 1.
Hence P;(e) does not depend on s_ significantly and similar holds for P, [ = —s_,...,s4.
Since Y ;% . Py(e) = 1, it follows that coefficients Py(e) and P;(€) are dominant ones. As
a result, S(P(ifh,¢€)) < 0, Vs_.

0

—
e=1
-0.2 P@ohe) .
%) -
5 1 \ -
S04 o
s / -
-0.6---
E
-0.8
1 s 0 05 1

Real axis

i0h(c=1) (

Figure 11: In the complex plane, P(ifh,€) (dashed curve) and e solid curve) as functions

ine, e€[0,1. h=1,60=25,s =1, sy =2.
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Note that property (ii) implies that P(i@h,€) does not cross the real axis whenever

e € (0,1) and 6 € (0,7/h). Due to (A.6.3), (i) and (ii), we conclude that |S,(8)| < |S(8)]
for § € (0,7/h). Taking into account that |Sy(0)| = |S(0)| = h, |Sp(w/h)] = 0 and
|S(m/h)| = 2h/m, it follows that |S,(0)| < |S(8)], € € [0, /h].

Due to the symmetry of S;(0) and S(0) w.r.t. the real axis, |Sy(0)| < |S(0)|, 0 €

[~ /h,0). 0

A.6.2 Proof of corollary 4.1

The corollary is due to

; T2 o—i —i —if(r— h i
(11,725 Uper 16) = UaeR(fo e %de) = Userl(e o dor=1€ fr=1)h fo e 1%a¢)
= Uper(Q(0) fy' e7%d¢), Q(6) :=e 0 307 e 0Dl e C,
h,ar(T1, 723 Uee]R i0) = UeeR((W1 2:}21 e 10(r=Lh lei_s wlewh(l*l))

= Uper(Q(O) X7F , wel®h=1),

and theorem 4.1. O
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