More about cubature formulas and
densest lattice packings

Ronald Cools

Report TW 881, October 2001

Katholieke Universiteit Leuven
Department of Computer Science
Celestijnenlaan 200A — B-3001 Heverlee (Belgium)




More about cubature formulas and
densest lattice packings

Ronald Cools

Report TW 831, October 2001

Department of Computer Science, K.U.Leuven

Abstract

In this short note we improve the lower bounds of the density of
the densest lattice packing for a crosspolytope in 4 and 5 dimensions.
In the course of the calculations we are able to correct some errors
in the literature.

Keywords : lattices; packings; cubature; crosspolytope.



More about cubature formulas and densest
lattice packings

Ronald Cools

Dept. of Computer Science, Katholieke Universiteit Leuven, Celestijnenlaan 200A,
B-3001 Heverlee, Belgium

Abstract
In this short note we improve the lower bounds of the density of the densest lattice

packing for a crosspolytope in 4 and 5 dimensions. In the course of the calculations
we are able to correct some errors in the literature.

Key words: Lattices; Packings; Cubature; Crosspolytope.

1 Introduction

The search for the density of a densest lattice packing of a convex body is
still very active. A practical algorithm to compute the packing density for an
arbitrary polytope in R? was only recently published [1]. For higher dimensions
very little is known. In 1995, Klyuchnikov and Reztsov [5] used results on
numerical integration lattices to obtain a lower bound for the density of densest
lattice packing of a crosspolytope in 4 and 5 dimensions. Already in 1977,
Frolov [4] pointed our attention to the relation between the density of the
densest lattice packing of a octahedron and the minimal number of points of
a lattice rule for numerical integration. He considered only lattice rules in 3
dimensions and exploited a result of Minkowski [7]. A recent result of Cools
and Lyness [2] improves the lower bound of Klyuchnikov and Reztsov for the
4-dimensional case. Their result for 5 dimensions was based on an erroneous
lattice rule published by Noskov [8]. The errors in [8] will be corrected and
the results in [5] will be improved in this note.

In Section 2 we will briefly introduce some concepts and notations. Section
3 is devoted to the 4-dimensional case and Section 4 is devoted to the 5-
dimensional case. In the Appendix we describe how one can compute the
trigonometric degree of a lattice rule and we give a short Fortran program for
this.
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2 Underlying Theory

An s-dimensional cubature formula (or rule) Q[f] for [0,1)* is a weighted sum
of function values

N(Q)

QU] = D wif(xy),

=1

which approximates in some way the integral

We consider cubature rules of trigonometric degree d. Such a rule integrates
correctly all s-dimensional trigonometric polynomials of degree d. Specifically,
it integrates exp(2mih - x) correctly for all h := (hy, ho,..., hs) € Z° that
satisfy |h| := >;_; |hx| < d. For more information on cubature formulas of
trigonometric degree, we refer to [3] and its references.

In this theory it is conventional to refer to ZZ° as the s-dimensional unit lattice
denoted by Aj. An integration lattice A is a discrete subset of R® that is closed
under addition and subtraction and that contains Aj. An integration lattice
is thus a special kind of lattice that is suitable for numerical integration.

The lattice rule Q(A) is a cubature formula whose abscissas lie on the inter-
section of an integration lattice A and [0,1)%. It can always be written in a
form

Q= o 3 3 U /), )

t j1=1jo=1 Jt=1

with ¢t < s where, as is conventional, y = {x} is defined as the vector obtained
from the fractional parts of each component of x. For more about lattice rules
we refer to [9] and its references.

We now return to general lattices and define a lattice packing. Let €2 be a

centrally symmetric bounded convex subset of R® and let 7 > 0. Denote by
7Q(- — a) the shifted set

TQ(-—a)::{xERS:x;GGQ}. 2)



For an arbitrary lattice A C IR®, consider those 7 > 0 such that the shifted
sets satisfy the condition

Ve,y e Az #y : mes(tQ(- —z)N7Q(- —y)) =0. (3)

The collection of 2, 7 and A given by (2) and (3) is called a lattice packing of
2 and will be denoted by P := P(Q, 7, A).

Denote by V(A) the volume of the unit cell of the lattice A. Let Ps(2) be the
set of all lattice packings P (2,7, A) with every possible 7 > 0 and lattices
A C R’. The quantity

is called the density of the densest lattice packing of €2 .

We are now ready to combine what is known about lattice rules for numer-
ical integration and lattice packings. Frolov [4] already used the connection
between lattice rules and the density of the densest lattice packing for an
octahedron. Consider the s-dimensional octahedron (crosspolytope)

O, ={zeR": ) |o;| <1}

j=1

with mes(O;) = 2°/s!. One can show (worked out in detail in [5]) that the
number of points N of a lattice rule of trigonometric degree 7 satisfies

(14 1)

N>-—".
— s!0(0y)

From this follows that every lattice rule provides a constructive lower bound

for 0(Os):

2 4

This is particularly interesting because for s > 4, 6(O;) is not known. The
right-hand side of (4) is a quality measure for a lattice rule. In [2] it is called
the rho-index p(Q) of the lattice rule Q.



3 The 4-dimensional case

At the time of writing of [5] the best lower bound for (O,) known to us was
128/159 = 0.80504... Cools and Lyness [2] obtained the following lattice rule
of trigonometric degree 15:

1656 2

5 Zf({ Ji 9195, 11617 1431j1+j_2})
1656 1656 1656 ' 1656 2 )/

Jj1=172=1

1
3312
From this result follows 6(04) > 22 = 0.82447....

4 The 5-dimensional case

The results of Klyuchnikov and Reztsov [5] are based on the lattice rule

1 %Z%f({ j 115 615 4435 722]'}) %)
2686 = 2686’ 2686° 2686 2686 2686/

These authors followed Noskov [8] in believing that this lattice rule has trigo-
nometric degree 10. In fact this is wrong. It is straightforward to verify that it
is only of degree 9. The effect of this is that the result in [5] has no justification.

In the Appendix we give a straightforward Fortran program that computes
the trigonometric degree of any lattice rule given in the form (1).

The bound for #(Os) that corresponds to the lattice rule (5) is

6(0s) > 0.31025...

which is lower than the 0.49965 mentioned in [5].

This rule can be modified into a rule of degree 10 if one uses d; = 3036 (instead
of 2686) in (5). The corresponding bound is

0(05) > 0.442...

Actually another error appeared in [8]. In that paper the following lattice rule
is presented to have degree 12:

1 62 ({ j 135 85 488j 1726}>

— 6
6522 j; / 6522’ 6522’ 6522 6522’ 6522 (6)



In fact, this rule only has degree 10. This rule can be modified into a rule of
degree 12 if one uses d; = 7859 (instead of 6522) in (6). The corresponding
bound is

6(05) > 0.3937...

The highest lower bound for 6(Os) we know at the moment comes from the
following lattice rule of degree 9:

1 Bff<{ j 415 515 3215 389j}> )
1306 = 1306’ 1306’ 1306’ 1306° 1306/

The corresponding bound is

1250
9 > 22— 0.63808...
(05) 1959

This improves the highest accepted (but incorrectly calculated) lower bound
significantly. The lattice rule (7) is not yet accepted to be published elsewhere.
The fact that a rule of degree 9 with 1306 points exists, was first established in
the GRISK project [10]. There the method described in [2] for 3 and 4 dimen-
sions, is applied to 5 dimensions, which is significantly more time consuming.
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A Computing the trigonometric degree of a lattice rule

A lattice rule has trigonometric degree d if it integrates exp(27ih-x) correctly
for all h := (hy, ho, ..., hs) € Z° that satisfy |h|:= Y;_; |hx| < d. This means
that

1] = I[1] =1
Qlexp(2mih - x)] = Iexp(2nih - x)] =0 Vh : 0 < |h| < d.

The first equation above is trivially satisfied. The second equation can be
rewritten as

0= Q[exp(?m’h - x)]
di d

d1d2 Z 2 - Z exp(2mih - ({3 jizi/d;}))

t j1=1j2=1 Jjt=1

d1 do d 2 2 . .
Z 2 Z mjlh-zl)---exp( m]th-zt)
d1d2 t j1=1j2=1 Jt=1 dt
d1 dt
<~ 0= Z exp(2mijih -z /dy) . Z exp(2mijsh - zy/dy).
J1=1 Jt=1

Consequently, the lattice rule has degree d if

dg,
Vh:0< |h| <d,3k: ) exp(2mijih - z;/dy) =

Je=1

or equivalently

Vh:0 < |h| <d,3k: h-z, modd, #0.

The Fortran 90 program below checks this condition for increasing values of
d until it fails.



program trigdegree

Verify a given rank t rule for s dimensions.
The rule must be entered in D-Z form.

implicit none

integer, dimension(:), allocatable :: alfa, tmp, d
integer, dimension(:,:), allocatable :: a
integer :: i, j, s, t, sfac, trydeg

print *,’Give dimension.’

read *,s

print *,’Give rank.’

read *,t
allocate(a(s,t),alfa(s),tmp(t),d(t))

print *,’Give d(j), j=1..rank.’

read *,(d(i),i=1,t)

print *,’Give generators (rows of Z).’
read *,((a(i,j),i=1,s),j=1,t)

trydeg = 1
alfa(l) = -trydeg
alfa(2:8) =0
out: do
do j=1,t
tmp(j) = dot_product(a(:,j),alfa)
end do
if ( all(mod(tmp,d) == 0) ) then
print *,’Lattice rule has degree ’,trydeg-1
sfac = product( (/ (i,i=1,s) /) )
print *,’rho-index = ’,(real(trydeg)**s)/(sfac*product(d))
stop
endif
do i = s-1,1,-1
if (trydeg - sum(abs(alfa(l1:i-1))) > alfa(i) ) then
alfa(i) = alfa(i) + 1
alfa(i+l) = -trydeg + sum(abs(alfa(1:1)))
alfa(i+2:s) = 0
cycle out
end if
end do
trydeg = trydeg + 1
alfa(l) = -trydeg
alfa(2:s) = 0
end do out
end program trigdegree
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