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Abstract

In this paper we construct parametrized controllers for the semi-
global and global asymptotic stabilization of a multiple integrator
with time-delay and constraints on the input variable. The stability
results are semi-global in the delay.
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1 Introduction

We study the global stabilization of linear systems with time-delay and constraints on the
input variable,
y= Ay + Bsat(u(t — 7)), y€R", uweR, (1)

by means of static state feedback, u = F(y).

When 7 = 0, it is well known that the system (1) can only be globally asymptotically
stabilized when the pair (A, B) is controllable and A has all its eigenvalues in the closed left
half plane, see [10] and the references therein. Moreover both in [10], where a saturation
design is used, and in [8], in the context of low-gain design, procedures were given for the
explicit construction of a globally stabilizing controller.

In the literature on delay equations the (robust) stabilization of the system

y= Ay + Aqy(t — 7) + B sat(u(t)), (2)

has been widely studied, see e.g. [5, 9, 11, 12]. At one hand the uncontrolled system
is more general than in (1), since it contains a delayed term. This leads to a lot of
technicalities in the analysis, but on the other hand the stabilizability problem itself is
facilitated by the fact that the control input is not delayed. Further, research up to now
has been focussed on the derivation of sufficient conditions for (robust) local or global
stabilization in a Lyapunov framework. Typically, such conditions are expressed by the
feasibility of an LMI or the solvability of an ARE, on which also the construction of a
controller relies. However in the context of global stabilization, few attention has been
paid to the structural requirements on the controller and to the study of the feasibility of
such LMIs or the solvability of such AREs in the important case where the uncontrolled
system has its rightmost eigenvalues on the imaginary axis. Note for instance that in that
case, nonlinear feedback is generally needed for global stabilization, even when 7 = 0, see
[10].

In this paper we assume that (1) has its rightmost eigenvalues on the imaginary axis
for u = 0. We restrict ourselves to the simple, yet practically important case where the
system (1) corresponds to the multiple integrator,

Y1 = Y2, Y2 = Y3y---sUn—1 = Yn, Yn = Sat(u(t - T))a (3)

and construct (semi)-globally stabilizing controllers..

The structure of the paper is as follows. First we study the local and semi-global
stabilization of (3) with linear low-gain feedback and briefly discuss an alternative. Then
we consider the global stabilization problem.

Preliminaries: The state of the delay equation

y=fly,y(t—7)), yeR*, f:R*"xR* > R" (4)



at time ¢ can be described as a vector y(t) € R* or as a function segment y; defined by
y(0) =yt +80), 6 €[, 0].

When the right hand side of (4) is continuous and Lipschitz in both of its arguments, a
solution is uniquely defined by specifying as initial condition a function segment ¥y, where
yo € C([—7, 0],R™), the Banach space of continuous functions mapping the delay-interval
[—7, 0] into R” and equipped with the supremum-norm ||.||s. Since also y; € C([—7, 0], R")
for all ¢ > 0, the delay equation can be considered as an evolutionary equation over this
space. Therefore delay equations form a special class of functional differential equations
6, 7].

Stability definitions are analogous to the ODE case, see for instance [6, Section V].
When f(0,0) = 0 in (4), the zero solution is asymptotically stable when the following
conditions hold simultaneously:

1. Stability: for all € > 0 there is a 6 > 0 such that |y(t)| < € for all t > 0 and
yo € C([-7, O, R™) with ||yolls < 4.

2. Attractivity: there is a A > 0 such that lim;_,o y(t) = 0 for all yo € C([—7, 0], R™)
with ||yolls < A.

The zero solution is globally asymptotically stable when A = oc. It is delay-independent
asymptotically stable when the asymptotic stability property holds for all 7 > 0. For a
linear delay equation § = Ay + Agqy(t — 7), (global) asymptotic stability is equivalent with
the fact that all eigenvalues, i.e. the roots of the characteristic equation,

det(A\[ — A — Age ) =0,
are in the open left half plane. When the delay equation is parametrized,
¥=fy,y(t—7)€), €>0, f(0,0,€) =0, (5)

its zero solution is semi-globally asymptotically stable in y (and semi-globally in the delay
T), iff for all R > 0 (and V7 > 0), there is a € > 0 such that for all € < € (and V7 < 7) it is
asymptotically stable with the attractivity property holding for ||yo||s < R. For functions
n,T: RY x C([-7, 0],R") x Rt — R" and a number p € N, we say that

n=0(), t>T (6)
w.r.t. the solutions of (5) when there exists constants € v > 0 such that

|77(T7 Yo, 6)' < ’Y'€p7 Vit > T(Ta Yo, 6)7 (7)
Ve <& Vyo € C([—7, 0],R").



For a constant 7 > 0, we have n = O(eP), 7 < 7, t > T, when (7) holds uniformly in
T € [0, 7], i.e. with € and ~ independent of 7.
The delay equations considered in this paper originate from a stabilization problem of

the form
:l):f(y,u(t—T)), uzg(y), (8)
and we analyse the stability of the closed-loop system,
y=f(y,9(y(t—7)), wo€C([-7, O, R"). (9)

However for (8) it is more natural to take as initial conditions u(t) = 0 for ¢t € [—7, 0] and
y(0) € R™. Then (8) is equivalent with
{y':f(y,O) y(0) eR* t €0, 7],
v =f(y,9(y(t—7))) t2r
However, due to the time-invariance of (9), stability of (10) is implied by the stability of

9).

(10)

2 Linear low-gain feedback

In this section we consider the stabilization of (3) with the parametrized family of linear
state feedback laws

u=K()y=—kie"y — kae" Lyy — ... — kpeyn, €>0, (11)

where we assume that the polynomial A" + >""  k;A"~! is hurwitz. Since ||K(€)|| — 0 as
€ — 0, the control laws (11) correspond to low-gain feedback.

Instrumental to the derivation of the stabilizability properties of (11) is the similarity
transformation z = T'(e)y, defined by

zi=€e"""Tly i=1...n, (12)
and the re-scaling of time
t(new) = €t(old)» (13)
which allow to transform the linearized closed loop system into
2= Az+ BKTz(t —er), (14)
where K = [—k; — ky... — k,]T. Because of the assumption on K(e) in (11), matrix

A2 A+ BKT is hurwitz. Hence for all Q > 0, there exists a P > 0 satisfying the Riccati
equation
ATP4+PA=-Q (15)
and
V =2"Pz=y"T(e)T PT(e)y £ y" P(e)y (16)

is a Lyapunov function for the closed loop system when 7 = 0.



2.1 Local stability and performance

Because A+ BKT is hurwitz, the system (14) is asymptotically stable for small values of
eT. Consequently we have

Theorem 2.1 The system (3) can be locally asymptotically stabilized, semi-globally in the
delay with the control law (11), as € — 0.

Note however that delay-independent stabilization is not possible, since A is not hurwitz
[6]. Intuitively the semi-gobal stabilizability in the delay is explained by the fact that,
whatever the value of the delay, it becomes negligible compared system’s dynamics as
e — 0.

Remark: In singular perturbation theory, the opposite phenomenon may occur: when for
instance the fast dynamics of a slow-fast system are described by ey = —y(t —7) instability
occurs for small values of ¢, see [4].

Despite of the good stabilizability properties of the controller (11), the input delay
puts severe restrictions on its performance, in contrast to the ODE-case, where e performs
a scaling of the closed-loop eigenvalues. From (14), it follows that for a fixed value of T,
increasing € ultimately leads to instability and hence there exists an optimal value of ¢,
maximizing the exponential decay rate of the solutions. As an illustration, the rightmost
eigenvalues of the system (3)-(11) are shown in Figure 1 forn = 2 and K = [-2 —2]7, in
function of € and 7. The numerical calculations were done using the publically available

software package DDE-BIFTOOL [2].

2.2 Semi-global stabilization

In this subsection we will show that the control law (11) also achieves semi-global stability
in y. Because of Theorem 2.1, it is sufficient to prove that for any bounded set of initial
conditions, the input does not saturate along the closed-loop solutions when ¢ is sufficiently
small. For this we first construct a compact subset of R™ containing these solutions, and
then we guarantee that inside a larger set, input saturation is not possible. This approach
is inspired by [8].

In the ODE-case, bounds on the solutions can be derived based on the fact that a level
set of an appropriate Lyapunov function forms the boundary of a positively invariant set.
For the delay equation (14) however, the set

S={zeR": V(z)= 2TPz < c}, (17)

with ¢ an arbitrary constant, is not positively invariant since A is not hurwitz. Therefore
it is always possible to construct an initial condition zg C S with 2(0) € 95 such that
along the solution,

lim V(t) = 2(0)T (AT P + PA)z(0) 4+ 22(0)' PBK " 2(—er) > 0.

t—o+
indefinite
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Figure 1: Rightmost eigenvalues of the double integrator controlled with (11) as a function
of e and 7. K = [~2 — 2|7 The maximal achievable exponential decay of the closed loop
solutions, ~ e 0-38/7_is obtained for er &~ 0.27.

Note that when er — 0, such initial condition necessarily has arbitrarily large time-
derivatives, which cannot occur for ¢ € [0, er], since in that time-interval the derivative
is bounded by sup,, , s (JA||z1] + |BKT||2|). This motivates us to extend the definition
of a positively invariant set to

Definition 2.1 For the delay equation equation z = Az + Aygz(t — 1) a set D C R" is
1-positively invariant iff zo € C([—7, 0], R") and 2(t) € D, Vt € [—7, 7| implies z(t) €
D, Vt>0.

Alternative a Lipschitz condition could be required on the initial conditions, as in [1,
Subsection V.6].

We now give conditions on € under which the set (17) is 1-positively invariant for
the system (14) or equivalently the set S(e) = {y eR: yTP(e)y < c} is 1-positively
invariant for the closed loop system (3)-(11). Therefore we first rewrite (14) as

= Az+ BKT(2(t — er) — 2(1)),

where the second term can be interpreted as a perturbation of the asymptotically stable
ODE % = Az. When a solution would leave the set S for the first time at ¢ > e7 we have,

V(t) <—2TQz+2|z||PBK"||2(t — eT) — 2(t)|
—2T'Qz + 2|2||PBKT |e|2(0)|, 0 € [t — T, 1]
—21Qz + 2|2||PBKT |er(|A2(0)| + |BKT2(6 — e7)|)

~Amin(Q)|2[2 + 2| PBK [er(|A| + |BKT|) 5222 |2(2) 2.

IA N IA



The set (17) is 1-positively invariant when V() < 0. This is satisfied when

)\min(Q) )\min(P)
T < PBETI(A] + [BET]) (D)’ (18)

In order to check the input constraints, we calculate the critical level set of (16), i.e.
the minimal level set on which © = K(€)Ty reaches the value 41, by solving

min 4y P(e)y = min 27 Pz. (19)
KTT(e)y=1 KTz=1

Denote the minimum by «. Then the critical level set is given by
yITP(e)y = a,

and since lim,_,o P(€) = 0, any compact set in the state space lies inside the critical level
set when ¢ is sufficiently small.

We now return to the semi-global stabilization of (3). For an arbitrary delay value
and any compact set of initial conditions yg, there exists a compact set €29 such that
y(t) € Qq, Vt € [—7, 7]. By taking e sufficiently small, the critical level set contains €5,
its interior is 1-positively invariant because of (18), and the linearized system, describing
the closed-loop dynamics inside the critical level set, is asymptotically stable because of
Theorem 2.1. Hence we have proven the following result:

Theorem 2.2 The system (38) can be semi-globally asymptotically stabilized in both y and
the delay with a feedback of the form (11), as € — 0.

2.3 Alternatives

From the above analysis, it follows that a small value of € guarantees large regions of
attraction of the zero solution, while larger values lead to improved (local) performance.
However, as shown in the previous section, the maximal achievable exponential decay rate
of the solutions is limited. This restriction of (delayed) state feedback could at first sight
be removed by first compensating the delay with a static prediction. With the low-gain
distributed delay feedback law,

u:K&fﬁ@t+ﬂ:JﬂQTQﬁ@@%+£dﬁﬁﬁﬁm@+9—fﬂo, (20)

~

where y(t,t + 7) is the prediction of the state y over one delay interval, the characteristic
equation of the closed loop system is given by

det (\ — A— BK(e)T) = 0.
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Figure 2: Rightmost eigenvalues of the double integrator controlled with the distributed
delay feedback law(20) with K = [~2 — 2|7, in function of ¢ and 7. The assigned
eigenvalues are (—1 & j)e. The other eigenvalues are caused by an approximation of the
integral term in with a finite sum. The maximal achievable exponential decay of the closed

loop solutions is approx. e 0-69/7.

Now there are only n closed loop eigenvalues which can be assigned arbitrarily in the
complex plane. However in order to implement the control law (20), a numerical approx-
imation of the integral is needed (e.g. using a quadrature rule), and in [3, 14] it is shown
that even an arbitrarily small approximation error introduces an essential spectrum which
may affect both stability and performance. In [3] it is also explained how this essential
spectrum can be numerically calculated. As we now illustrate with an example, the prac-
tical limitations on stability and performance are qualitatively the same as for pure state
feedback. In Figure 2, the rightmost eigenvalues of the system (3)-(20) with n = 2 and
K =[-2 — 2|7 are shown in function of € and 7. Theoretically only the assigned eigen-
values (—1 £ j)e occur. The other eigenvalues are caused by the approximation of the
integral with a finite sum. They limit the maximal achievable exponential decay rate and
lead to instability for large values of €, a situation qualitatively comparable to the state
feedback case.



3 Global stabilization

In order to achieve global stability in y, nonlinear feedback is necessary. A first possibility
consists of gain scheduling, i.e. by using the control law (11) where € depends on y and is
thus continuously adapted along the solutions. This approach is not further worked out
in this paper.

Alternatively an adaptation to the time-delay case can be made of the so-called satur-
ation design, initiated by the famous paper of Teel [13], which motivated many researchers
to consider the explicit construction of globally asymptotically stable feedback laws. In
saturation design the control law typically consists of a (non)linear combination of satur-
ated linear functions.

For the multiple integrator with time-delay, we have the following result:

Theorem 3.1 The feedback

Tn—1 Tn—2 T
— esat 5 — e —€sat—, (21)
€ € €

2
u = —e satx,, — €“sat

where
- - n—k
mkzzkenj(n_j>yj, k=1...n,
J:

stabilizes the system (3) globally in y and semi-globally in the delay T, as € — 0.

Despite of some technicalities, the structure of the proof is analogous to the proof of
Theorem 2.1 of [13]. For an arbitrary solution of the closed loop system, first the existence
is proven of a finite time 1" > 0 such that for V¢ > T, all saturation functions operate in
their linear region and hence the closed loop system is linear. Asymptotic stability of the
linearized system follows from an application of Theorem 2.1. Typical for the time-delay
case considered in this paper is that the control law (21) is constructed in such a way that
its linearization still depends on €, which is necessary for achieving semi-global asymptotic
stability in the delay.

Proof. With the change of coordinates,

n
i n—k
mk:ZG"J(n_j>yj k=1...n, (22)
j=k
whose inverse is characterized by

]. i i—k ’fl—k
ykzen—kz(_l)] (n_j>mj k=1...n, (23)
J

P

10



the system (3) and the control law (21) are transformed into

T1=€rg+ -+ ex, +ult—7)
To =€x3+ -+ exy, +ult—71)

(24)
Tp—1 = €xp +u(t —7)
Ty =u(t —7)
and . . .
— 2 n—1 3 n—2
u = —esatx,, — €”sat ¢ sat Z T €"sat T (25)

For an arbitrary constant 7 > 0, we now show that the closed-loop system (24)-(25) is
globally asymptotically stable, V7 € [0, 7|, when € is small. Thereby we make use of the
lemmas in the appendix, which describe the dependence of the solutions of (24)-(25) on e.

Obviously there exists a finite time 7,,41(7, o, €) such that, along the solutions of
(24)-(25),

iy = —esatzn(t —7) + O(?), T < 7, t > Tpyy. (26)
By an application of Lemma A.1 and Lemma A.2, 37T,,(7, zg, €) such that for ¢ > T,,, the
saturation function in (26) operates in its linear region and z, = O(e). Consequently
u = O(e?). By applying Lemma A.3 n — 1 times, the existence is guaranteed of a finite
time T; such that zp = O(¢"), 7 < 7, t > T} for k = 1,n. Hence when ¢ is sufficiently
small, the saturation functions in (24)-(25) always operate in their linear region after a
finite time.

For t > T, the control law is simplified to

u=—e(x1+ -+ xp),
or using transformation (23),
- n
_ n—k+1
u= kl(k_l)e o (27)

i.e. a control law of the form (11). With K(e)Ty equal to (27), all eigenvalues of the
closed-loop system (3)-(11) lie for 7 = 0 at A = —e or equivalently, all eigenvalues of (14)
at —1. By Theorem 2.1, this results in asymptotic stability for 7 < 7, when € is small. [J

4 Conclusions

In this paper we constructed parametrized state feedback controllers for the semi-global
and global stabilization of a multiple integrator with time-delay and input constraints.

11



Remarkably all results were semi-global in the delay. This is due to the fact that when
the controller gain tends to zero, the time-delay becomes negligible compared to system’s
dynamics. Mathematically this is exploited is in the transformation (12)-(13), the so-called
small peaking dilatation, which was the basis for the analysis of linear low-gain controllers,
and in transformation (22), which was used in the construction of the globally stabilizing
controllers.

Although simple static state feedback controllers are robust and retain their good sta-
bilizability properties, the time-delay introduces limitations on their performance. How-
ever we have illustrated with an example that for complicated distributed-delay controllers,
which compensate the effect of the input delay with a prediction, the limitations on the
closed-loop performance may be qualitatively the same when small implementation errors
are taken into account.

Further research concerns the global stabilization of (1) when matrix A has pure ima-
ginary eigenvalues, and the extension to the case where the uncontrolled system is de-
scribed by delay differential equations.
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A Technical Lemmas

We state and prove some technical lemma’s on the behavior of the solutions of (24)-(25)
as a function of e.

Lemma A.1 Assume that the j-th component (j = 1,n) of the solutions of the system
(24)-(25) satisfies
. g xi(t—T)
R A 28
z; €'sa U +n, ( )

where
n=0(), <7, t>T) withp>Fk>1.

Then there exists a constant € > 0 with the following property:
Vr < 7, Vzg € C([—7, 0],R?), Ve < €, there is a finite time T5(7,xo,€) such that the
saturation function in (28) is in its linear region for t > Ty.

Proof. 3v > 0 such that, along an arbitrary solution, |n| < veP for ¢ > T} provided 7 < 7.
As long as |zj(t —7)| > veP~!, we have z;(t — 7)2;(t) < 0. As a consequence, there always

12



exists a finite time T3 > 0 such that |z;(T3)| < ve?~!. Using || < 2¢*. t > Ty, we obtain
that for t > Ty, |z;(t)| < ve?~! + 26k < veP~1 4 26k7 < k1, because z;(t — 7);(t) <0
whenever z;(t) > 4P~ for a time-interval larger than 7. Consequently the saturation
function operates in its linear region for ¢ > 7,. Note that this is only valid when ¢
is sufficiently small, but a threshold € can be chosen independently of 7 and the initial
condition. 0

Lemma A.2 Assume that the j-th component (j = 1,n) of the solutions of the system
(24)-(25) satisfies
&j = —exj(t —7) 4+,
where
n=0(), T <7, t>T,
z; =O0(eP2), 7 <7, t>T, with p > 2.

Then there ezists a finite time Ty(7,xo,€) such that x; = O(eP™ 1), 7 <7, t > Ty.

Proof. Jyi,72 > 0 such that along any solution, |z;(t)| < y1€?2, |n| < yaeP for t > T}
and hence |&;| < 2v1eP~L. Since zj(t —7)&;(t) < 0 when |z;(t —7)| > v2€P~! there exists
a finite time T% such that |z;(Ty)| < v2eP™! and |zj(t)| < 12~ + 2v1P™ 17, Vit > Ty,
provided e is sufficiently small. A threshold € can be determined independently of the
delay and the initial condition. O

Lemma A.3 Assume that for the system (24)-(25), there exists a function Ty(T,xzg,€)
such that
xp = O(" k1)

) ’T'Sf, tZTk)

with 2 < k < n. Then 3Ty (7,0, €) such that
Tp_ 1= O(€n7k+2)
) T S T, t Z Tk*l-
O( n—k—|—2)
(

T, = O(e
u = O(e"k+3)

Proof. For t > T}, the (k — 1)-th equation of (24)-(25), can be written as

gpo1 = —€" M sat T 4 elzg — ap(t - 7)) + eepy — app(t - )]+

ey — zn(t — 7)) + O(e77FF3). (29)

13



Because for [ > k,

2y (t) — it — 7)< [ |dlds
< Tsupyepp_r, ¢ l€T141(s) + -+ + €zn(s) +u(s — 7)|
— O(en—k—i—Z),

when ¢t > T} + 7, equation (29) can be rewritten as

. _ Ty — —
ip_q = —e" *F25at En—kil + 0"+ 3, (30)

An application of Lemma A.1 and Lemma A.2 yields that after a finite time, the saturation
function in (30) is in its linear region (provided e is small) and

Ty 1= O(e"_k+2).
Using this new estimate, it can be derived that
T = €[Trt1 — Tt — 7))+ F e[y — xn(t — 7))
—ex(t —7) —exp_1(t —7) + O(e"*k+3)
= —exp(t —7) + O(e"F+3),
and, by Lemma A.2, after a finite time we have:
xp = O™+,
Continuing with the same arguments, there exists a finite time 7}_; such that
zp_1 = O(FY) .z, = O(F?)
and as a consequence, u = O(e" *+3), provided e is small. Once more, a threshold on €
can be determined independently of 7 and xg. O
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