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Notes accompanying a talk presented in June 2000

This paper contains results on the approximate evaluation of integrals

1
I(f) = d 1
(N = gy | f@ula) do (1)
by cubature formulae that are exact for trigonometric polynomials. Here z = (z1,z2, ..., Zy),

2 C R™ is the domain of integration with interior points and w(z) is a weight function.
For later use we present necessary information about trigonometric polynomials in n variables

z = (z1,%2,...,2Ty). The trigonometric polynomial
eilaz) _ gilerzittanzy) (2)
is called a trigonometric monomial, where 7 is the imaginary unit and a = (a1, a9, ..., ay) is

a vector with integer coordinates. The number ||a||; = |a1| + |ao| + ... + |ay]| is called the
degree of this monomial. A monomial is called even(odd) if ||||1 is even(odd). The product
of monomials of identical (different) parities is an even(odd) monomial.

We denote by 7(n,m) the cardinality of monomials (2) of degree m. It is clear that 7(n,m)
is the number of integer solutions of the equation

loa| + |ag] + ... + |an| = m. (3)

If m = 0, then the number of solutions is one: 7(n,0) = 1.

Let m > 0. Then the solutions of (3) can be separated into n blocks: the s-th block,
s = 1(1)n, contains all solutions with s nonzero coordinates. We want to determine the
number of solutions in the s-th block. The s nonzero coordinates can be distributed among
n positions in Cj = n!/[(n — s)!s!] different ways.

Let us find out how many solutions of equation (3) correspond to every possibility of s nonzero
coordinates. Consider, for instance, the case when the nonzero coordinates occupy the first s

*This work was supported by the Russian Foundation for Basic Research, project no 00-01-00219.
tWe would like to thank Frau Jutta Zintchenko, Erlangen, for producing a first TEX version of the text.



positions. If we assume that all s coordinates are positive, then equation (3) is of the form
alt+ay+ ... +ag=m. (4)

If there are a; > 0, j = 1(1)s, then the number of solutions of equation (4) is the number of
algebraic monomials of degree m in s variables.
Let us introduce new unknowns f; = a; — 1, j = 1(1)s, which are nonnegative integers and
satisfy the equation

Br+ P2+ ...+ Bs=m—s. (5)
The number of solutions of equations (4) and (5) is the same. Henceforth we will use the
notation M(m,n) = (Tnt?!)!, where M (m,n) is the number of algebraic monomials in n
variables of degree not greater than m and M (m —1,n) is the number of algebraic monomials
of degree m.
The number of nonnegative integer solutions of equation (5) is

(m—1)!
(s —1)l(m — s)!

M(s—1,m—s) = =Csh.

We get the same number of solutions under any different distribution of s positive coordinates.
Thus, the number of solutions of equation (3) which have s positive coordinates is equal
to CfLC’;’n__ll. Since every coordinate of the solution may be both positive and negative, the
number of all solutions of equation (3) in the s-th block is equal to C5C#~1 2%, The number
of all solutions of equation (3) for m > 0 is given by

n
7(n,m) =Y CsCi 2" (6)
s=1

Let t(n,k) be the number of all trigonometric monomials of degree at most k in n variables.
We have

k k

t(n,k) = 1+ Z T(n,m) =1+ Z i:CflCﬁn__lﬂs

m=1 m=1 s=1
n k
= 1+) Cs2° ) st (7)
s=1 m=1

Since

- -1 ¢ -1 ¢ (m —1)!
2 Gt = 2O = X s im )

m=1 m=s m=s
k

and M (t,s — 1) is the number of algebraic monomials of degree ¢ in s variables, the last sum
is the number of linearly independent algebraic monomials of degree k£ — s in s variables:
M(k — s,s). Thus, we have

e k!
s—1 __ _ S
> Onhi= sk —s)! Ck

m=1



and equation (7) can be written in the form

k) =Y C5Ci2°. (8)
s=0

It is not difficult to see that ¢(n, k) = t(k,n) holds. In fact, the sum

k
=Y CiCs2’
s=0

coincides for £ > n with the sum in (8) by virtue of C; = 0 for s > n. If £ < n, these sums
also coincide, since Cj = 0 for s > k. The function 7(n,m) is unsymmetric. We prove that
m 7(n,m) =n 7(m,n). Indeed, by virtue of (6)

n

n! m — 1)! s
T(nam) = Z 3!(n—5)! (3 —(1)!(m)—5)!2

s=1

_n (n—1)! m! s
B mSZ::1 (s=Dl(n—s)! s!(m—s)!2

= —ZCSCS %23— - T(m,n).

s=1

From the definition of 7(I,m) it follows that
T7(l,m) = t(l,m) — t(l,m — 1).
Assuming m > 2 we insert into this equality [ = 0. Since ¢(0, m) = t(0, m — 1) we obtain
7(0,m) =0, if m > 2. (9)

We prove the equality
T(l,m)+7(—=1,m) =2t(l — 1, m). (10)

The value 7(I,m) is the number of integer solutions of |a1| + |ag| + ... + || = m. The set
of all solutions is the union of the solutions of the equations

lar] + ...+ |ai—1| = m — |, || = 0(1)m. (11)

The number of solutions of equation (11) for |oy| = 01is 7(l — 1,m). If |oy| = j # 0, then oy is
of the form +j, and the number of solutions of equation (11) is 27(I — 1, m — j). The number
of all solutions of equation (11) for |oy| = 1(1)m is

m m—1
Z T(l—1,m —3j) —227’1—1 s)=2t(l—1,m —1).
j=1 5=0
Thus,
T(l,m)=7(—-1,m)+2t(l — 1,m — 1).
Adding 7(I — 1, m) to the left and right hand side of this equation, we obtain by virtue of (10)

2r(l—1,m)+2t(l —1,m — 1) = 2t(l — 1,m).



Lemma 1. The number of monomials (2) of degree not greater than k and of parity identical
to k is equal to 7(k + 1,n)/2.

Proof. We re-write equality (10) by replacing [ by [ + 1,
7(l+1,m) + 7(l,m) = 2t(l,m),
and subtract equation (10),
Tl +1,m) —7(l —1,m) =2[t(l,m) — t(l — 1,m)] = 27(m,1).

We get
2r(m,l) =7(l+1,m) —7(l — 1, m).

For m = n this relation is of the form
2r(n,l) =717l +1,n) —7(l — 1,n). (12)

We assume that & is odd. Using equation (12) we find the number of odd monomials (2) of
degree not greater than k. Inserting [ = 2r — 1 in equation (12) and summing both sides with
respect to 7 we obtain

(k+1)/2 (k+1)/2
2 Z T(n,2r — 1) = Z [T(2r,n) —7(2r —2,n)] = 7(k + 1,n) — 7(0,n).
r=1 r=1

The statement of the lemma is true for n = 1; the number of odd monomials in one variable
of degree not greater than k is equal kK +1 = 7(k + 1,1)/2. Hence we can assume that n > 2,
consequently, 7(0,n) = 0, and we get

(k+1)/2

Z 7(n,2r — 1) =7(k + 1,n)/2.

r=1

If k£ is even, then the number of even monomials of degree not greater than k is equal to the
number of all monomials of degree not greater than k¥ minus the number of odd monomials
of degree not greater than k — 1:

kE—1)+1,n) 1

1k, m) — U : = 2 [26(k,n) = 7k, )] = %T(k+1,n).

Here we use equation (10). [ |

We cite the expressions for 7(n,m) and t(n,m) for m = 1,2, 3.
7(n,1) = 2n, 7(n,2) = 2n?, 7(n,3) = 2n(2n® +1)/3,
t(n,1) =1+ 2n, t(n,2) =1+ 2n +2n2, t(n,3) = (3 + 8n + 60 + 4n3)/3.
The trigonometric monomials (2) of second degree in three variables are
(1271

’ 6121'2, 6223}3’ ez(zl—l—zg)’ ez(l‘l-l-mg)’el(l‘z-l-z‘g)’ez(l‘l—l‘z), ez(ml—mg)’ ez(mg—mg)_



To these 9 monomials, in addition, 9 complex conjugate ones have to be added, thus we obtain
18 = 7(3,2) monomials.

We will enumerate the trigonometric monomials in (2) by positive integers denoted by ¢;(z),
j =1,2,... We assume that the numbering is consistent with the degree of the monomials:

monomials of lower degree are assigned smaller numbers, while monomials of the same degree
t(n,k)

j=1  contains all monomials of degree not greater

are numbered arbitrarily. Hence, {p;(z)}
than k.
Since Q is a set in R with interior points the trigonometric monomials {¢; (w)}‘;’;l are linearly

independent over ().

Lemma 2. For any natural number 7 there exist points (/) € €, j = 1(1)r, such that the

matrix ,

4, = o), p2a), @)

is nonsingular.

Proof. For any point z(!) € Q we have ¢;(z(1)) # 0 since ¢1(z) = 1. We assume that there
exist the points z\9) € Q, j = 1(1)s, such that matrix
S

Ag = [‘Pl(x(j))a---a ‘PS(x(j))]jzl

is nonsingular. We prove that there exists a point z(t1) € Q such that det A, # 0. We
consider the determinant

e1(zM)) pa(zV) ... ps(zV) ()
p1(z) 0a(z®) .. s(a?) pepr(a?)
Ar) = | : : : :
p1(2) a(a)) . py(2®)) e (a®)
p1(x)  pa(r) . ps(z) wsta(a)

Expanding this determinant with respect to the elements of the last row, we obtain

A(z) =bipi(x) + ... + bsps(z) + bsyr1ps11(x),

where bsy1 = det As # 0. If A(z) = 0 for any = € ©, then the monomials ¢;(z), I = 1(1)s+1,
are linearly dependent over Q. This is impossible. Hence, there exists a point 261 € Q such
that A(z(tD) = det A, 1 # 0. [ ]

We make the following assumptions concerning the weight function w(z). The moments

[ ei@uie)ds, j=1.2,3,... (13)
Q
exist and
w(z) >0, z € Q, / w(z)dz > 0. (14)
Q



Theorem 1. There exists a cubature formula
N .
I(f) =) Cif(a), (15)
j=1
which is exact for all trigonometric polynomials of degree at most m with
N = t(n,m) nodes belonging to 2.
Proof. By Lemma 2 for r = t(n,m) there exist the points zU) € Q, j = 1(1)t(n,m) such

that the matrix
t(n,m)

At(n,m) = |:<:01 ($(J))7 <o Pi(n,m) (:E(]))]

is nonsingular. The degree of accuracy of cubature formula (15) is m, if

j=1

t(n,m

)
;cysok(f) /fzsok()()d,k 1(1)t(n, m)

We obtain a linear algebraic system for Cj, j = 1(1)t(n,m). The matrix of this system

is AtT(n,m) and det AtT(n,m) # 0. It follows that the system has a unique solution, and,
consequently, the cubature formula (15) exists and is unique. |

In Theorem 1 we did not use condition (14).

Theorem 2. The number of nodes of a cubature formula (15) which is exact for all trigono-
metric polynomials of degree at most m satisfies

N > k :=t(n, k), (16)
where k = |m/2] is the integer part of m/2.

Proof. Let us consider the matrix

N

16D, .., oy ()] (17)

j=1
The columuns of this matrix are linearly independent. Otherwise, we could construct a nonzero
trigonometric polynomial of degree at most k

t(n,k)

t(z) = Y dje;(x),
=1

vanishing at the nodes of the cubature formula (15), i.e. t(z{9)) = 0, j = 1(1)N. We con-
sider the trigonometric polynomial #(z)t(x). Here and further the bar denotes the complex
conjugate. The degree of t(z)t(z) = |t(z)|? is at most 2k < m. Its cubature formula (15) is
not exact, since the integral is positive and the cubature sum is zero. Inequality (16) follows
from the linear independency of the columns in (17). [ |

These results have been obtained in [1].



We assume that w(z) and Q satisfy
I(ei(a,w)) =0, (18)

whenever ||a||; = |a1| + ...+ |ap| is an odd number.

Theorem 3. Let the cubature formula (15) be exact for trigonometric polynomials of degree
not greater than 2k + 1 and let w(z) and Q satisfy conditions (13), (14), (18).
Then the number of nodes of this formula satisfies the inequality

N > 7(k+1,n). (19)

The proof of Theorem 3 is given in [2]. The special case Q = [0,27]", w(z) = 1 has been
treated before in [1,3].
The integral (1) defines a scalar product in the vector space T of trigonometric polynomials

(0,9) = I(py) =

/Q (@) p@)w(z)dz, o, € T. (20)

mes 2

We orthonormalize the system of trigonometric monomials ¢;(z), j = 1,2,..., with respect
to the scalar product (20). This orthonormal system will be denoted by Fj(z), j =1,2,...,
where (F,, Fy) = 6,5, 1,5 =1,2,...

We introduce the following trigonometric polynomial in 2n variables, where u = (u1 ..., uy),
z=(Z1,...,Zn),
K
Kk(uax) = ZFj(u)Fj(‘T)a H:t(nak); (21)
j=1

its degree in both variables u and z is k. This is the reproducing kernel for the vector space
Ty of trigonometric polynomials of degree not greater than k& with scalar product (20).
Indeed, if t(z) € Tk, then

(Fiwa)te) = g [ S BE@A @@

mes

= > Fiu) (), F(2)) = t(w). (22)

The conditions (13) and (14) are important for the definition of the scalar product (20),
condition (18) was not yet used. Suppose now that integral (1) satisfies the conditions (13),
(14) and (18). Then the following statement holds.

A trigonometric polynomial of degree m that is orthogonal with respect to the scalar product
(20) has the same parity as m (i.e., it contains only monomials with the parity identical to
that of m). Let T denote the subspace of 7, which contains all trigonometric polynomials
of degree not greater than k that have the same parity as & . The reproducing kernel for the
space T; with scalar product (20) may be written in the form

K

Ki(u,z) = Z Fj(u) Fj(z), & = t(n, k), (23)




where the prime on the summation sign indicates that the summation is taken over all F;(x)
having the same parity as k.

The method of reproducing kernel for the construction of cubature formulae being exact for
algebraic polynomials is well-known, cf. [4,5]. The question of the extension of the method
of reproducing kernel to the trigonometric case is considered in [6]. The reproducing kernels,
which are defined in the spaces Tj, and T with scalar product (20), are given by means of
(21) and (23).

Theorem 4. For the existence of a cubature formula (15) with N = & exact for trigonometric
polynomials of degree not greater than 2k, it is necessary and sufficient that
the following conditions are satisfied.

Ki(z™,2)) = b6y, 7,5 = 1(1)k, K = t(n, k). (24)

If the conditions (24) are satisfied, the coefficients in formula (15) are defined
by

K
C7t=by = Ki(a™),20) = > |7 (2) 2, r = 1(1)s. (25)
j=1

The proof of Theorem 4 is given in [6]. The proof is the same as that of Theorem 10.2 in [4,
p-212].

The equalities (24) are the basis for the application of the method of reproducing kernel in the
trigonometric case. If a(!) is a node of a cubature formula in Theorem 4, then the remaining
nodes satisfy by virtue of (24) K (a(!),z) = 0. If there are n nodes a{/) = 1(1)n, then we get
a system of equations for the unknowns z1,...,Ty,;

Ki(aW,z) =0, I = 1(1)n. (26)

The solutions of this system determine the remaining nodes of the cubature formula.

The nodes of the cubature formula in Theorem 4 are unknown. Hence we shall proceed as in
the algebraic case. By V} we denote the set of the common zeroes of all polynomials of degree
k in the orthonormal system Fj(z), j = (t(n,k — 1) +1)(1)t(n, k). As a(!) we pick any point
which does not belong to Vi. The point aV) defines a trigonometric polynomial K k(a(l), x)
of degree k since a()¢V,. As a® we will take a zero of the equation Kk(a(l),:z;) = 0 which
does not belong to Vj. Let us assume that the points a9, j=1(1)r —1, 2 < r < n, have
been chosen. As a(” we will pick a solution of the system

Kip(a®,2) =0, i=1(1)r — 1,

which does not belong to Vj,. We get the points a?), j = 1(1)n, which define n trigonometric
polynomials K (a9, z), j = 1(1)n, of degree k, which satisfy the following conditions

Kip(z, z(0)) = bybrp, T, p = 1(1)n.

We consider the system of equations (26), which is composed by these polynomials. By
z0), j = 1(1)s, we denote all solutions of system (26). If n + s = &, then the points
a, i =1(1)n, 1), j = 1(1)s are taken as nodes of the cubature formula

I(f) =Y Aif(@®)+Y " Bf(z1).
=1 j=1

8



The coefficients are defined by virtue of (25) by
A7Y = Ki(a®,a9), i = 1(1)n, B! = Ky(z),29)), j =1(1)s.

Suppose that the integral (1) satisfies condition (18), i.e. it vanishes for any odd trigonometric
monomial. In [2] the following conjecture has been stated. If a cubature formula for the
evaluation of the integral (1) exists which is exact for trigonometric polynomials of degree
not greater than 2k + 1 and with a number of 2v = 7(k + 1,n) nodes, then it is of the form

ZA [ + f(zY) +1)|, I = (m,m,...,m). (27)

We assume that f(z) = f(z1, 29, ..., %) is a 2w-periodic function with respect to all variables.
N. N. Osipov proved this conjecture in [7].

Theorem 5. For the cubature formula (27) to be exact for trigonometric polynomials of
degree not greater than 2k + 1 it is necessary and sufficient that the following
conditions be fulfilled:

K (), 20)) = d, 6,4, dp # 0, 7,5 = 1(1)v. (28)

If conditions (28) are satisfied, the coefficients in formula (27) are defined by
the equalities B
At =2d, = 2K (), 2z, r = 1(1)v.

The proof of Theorem 5 is given in [2]. This theorem permits to extend the modified method of
reproducing kernel for the construction of cubature formulae exact for algebraic polynomials,
given in [4] to the trigonometric case.

If ) is a node of cubature formula (27) exact for trigonometric polynomials of degree
not greater than 2k + 1, then the remaining nodes by virtue of (28) satisfy the equation
Ki(aV,z) = 0. Using the above described method we find points a(), i = 1(1)n satisfying
the following conditions

Rk(a(p),a(q)) =dp 0pq, dp #0, p,q =1(1)n.

We consider the system of equations Ki(aY),2) = 0, I = 1(1)n and denote all solutions of
this system by (), j = 1(1)s. The points a®,a® + I, p = 1(1)n, and =), j = 1(1)s, if
2n+ s = 2v = 7(k 4+ 1,n), are the nodes of the cubature formula

v—n

ZA[ + 1@ +m] + 3 B; [£@D) + £ + )]

7j=1
where . ' . . _ .
A7t =2d; = 2K, (a®,a"), B! = 2d; = 2K, (s, 2).

The papers [8,9] contain a survey of results on the evaluation of integral (1) in the case
Q = [0,1]" and w = 1 by means of cubature formulae that are exact for trigonometric
polynomials. These results are published in the Russian mathematical literature. These



papers contain also new results, namely new cubature formulae for the evaluation of two-
dimensional integrals with a minimal number of nodes. The following are the main new
results in [9]. A closed form is obtained for expressing the reproducing kernels for the spaces
of trigonometric polynomials in two dimensions, and a definition of shift symmetric cubature
formulae is given. Theorems are proved which are analogous to Theorems 4 and 5 in this
paper.

In what follows we shall consider the special case of the integral (1),

1
L= G [ @ (29)
" (2m)"™ Ji0,241m
The trigonometric monomials ¢;(z), j =1,2,... coincide with the orthonormal system with

respect to the scalar product (20), which is determined by integral (29). This permits to
re-write the reproducing kernels (21) and (23). The kernel (21) is of the form

k
Ky (u, z) :Z Z ei(a,w—u), (30)

1=0 ||af 1=t

where the summation in the inner sum is taken over all integer vectors «, which satisfy the
equality ||a||; =I. We re-write the kernel (23) as well

k
Ki(u,z) = Z’ Z A . \‘%J ) (31)

=0 |lafi=l

where the prime on the first summation sign indicates that the summation is taken over all [
with the same parity as that of k.

With the help of Theorem 5 and the representation of the reproducing kernel in (31) we
can construct cubature formulae for the evaluation of the integral I>(f) that are exact for
trigonometric polynomials of degree not greater than 2k 4+ 1 and have the minimal number
of nodes 7(k +1,2) = 2(k + 1)2. This is done in [6] for k¥ = 1(1)4. These cubature formulae
have been obtained by other methods for any £ in [3].

The cubature formula for the integral (29) is called a lattice cubature formula if it is of the

form
SUTESD SY1( (3 RS PR 3 TS R

where pi1,po,...,p, are positive integers and {h} is the fractional part of h. In Western
literature a cubature formula (32) is called a lattice rule of rank 1, see, e.g., [9].

The point ©® = (0,0,0,...,0) is a node of the cubature formula (32), which we obtain for
j=N.If N =2sis even and the numbers p;, j = 1(1)N, are odd, then the lattice cubature
formula (32) is of the form (27).

We indicate the connection of the r-th coordinates of the nodes which we obtain for 5 =1
and j =1+ s. We have

(I + s)p, Ip, 1 Ip, 1
VTSP Logp = 3 Pr g 2y Lop= 3 Pr 2 Lon 33
{ N TEAN TaPbryem 2 T (33)

10



If {p,/N} < 1/2, then the right-hand side of equation (33) equals {lp,/N}27 + 7.
If {lp,/N} > 1/2, then

Ip, 1 B Ip, 1 B lpl B
{N+2}27T—({N} 2>2W—{N}27r T.

Adding 27 we get that the right-hand side of (33) equals {lp,/N}m+m. The node for j =l+s
does not belong to [0,27]", if {lp,/N} > 1/2. This is of no significance, since we can extend
the integrand f(x) 2m-periodically with respect to every variable.

The Theorems 4 and 5 and the reproducing kernels (30) and (31) may be used for the con-
struction of lattice cubature formulae. Such cubature formulae for the evaluation of the
integral I5(f) exact for trigonometric polynomials of degree not greater than 2k with a min-
imal number of ¢(2,%) nodes have been constructed for £ = 1,2,3 in [6]. These cubature
formulae are obtained with other methods for all £ in [10]. In order to illustrate this method
for the construction of cubature formulae we consider the case in which Theorem 4 is applied
for k = 2, n = 2. The reproducing kernel (30) is of the form

Ko(w,z) =1+ Y s $° giloa—u),
lafl1=1 lafl1=2
The first sum consists of four summands for the indices
a = (£1,0), (0,+£1).
The second sum consists of eight summands for the indices
a = (£2,0), (0,£2), (£1,+1).

Joining the summands
o) 4 oi—am=0) — 9 cog(a, 7 — u)

and transforming it, we get
Ky(u,z) = 1+ 2[cos(z1 —u1) + cos(zg — ug)]
+2[cos 221 + 2 cos x1 cos T + €Os 2x2].

Since the point (0,0) is a node of the lattice cubature formula, the remaining nodes due to
Theorem 4 satisfy

K5(0,0;z1,22) = 14 2[cosz; + cosza) +

2[cos 2z1 + 2 cos 1 cos T + cos 2z5] = 0.

If the lattice cubature formula exists and (z1,z2) is the first node, then (2z1,2z9) is a node
as well, consequently, K5(0,0;2z1,2x5) = 0. We obtain a system of two equations in z1, z2:

0 = 1+ 2[cosz + cosza] + 2[cos 2z + 2 cos 1 cos T2 + cos 2x3),
0 = 1+ 2[cos2z + cos2zy] + 2[cos 4z + 2 cos 2z cos 225 + cos 4xa].

Introducing a = cos z1, b = cos x5 and applying the formulae cos2¢ = 2cos? ¢ — 1, cosdp =
8 cos* ¢ — 8cos? p + 1, the system is of the form

0 = 4(a®>+ab+0b*)+2(a+b)—3
0 = 16(a*+ a?b® +b*) — 20(a® + b?) + 5.

11



The right-hand sides of this system are symmetric polynomials in a and b, therefore we
introduce the new unknowns ¢ = a + b and 7 = ab, which are the elementary symmetric
polynomials of @ and b. It is not difficult to see that a® 4+ b> = (a+b)? — 2ab = 02 — 27. Since
(a® + %)% = a* + b* + 2a2b?, hence

a* + bt = (6% - 27)2 — 272 = o* — 40?7 + 272
The system in ¢ and 7 may be written as

0 = 4(0%>—7)+20 -3,
0 = 16(c* — 40?7 +37%) —20(c® —27) +5 = 0.

From the first equation we get 7 = (402+20—3)/4. Substituting this into the second equation
we obtain an algebraic equation of degree three, 803 4+ 402 — 80 +1 = 0. The three roots are

o1 =0.688601..., 09 =0.136945..., 03 = —1.325546. ..

With the help of o1 we find 71 = 0.0684726.... The values a1 and b; are determined by the
quadratic equation z? — 01z + 71 = 0 and they are calculated as

a1 = 0.568064 ..., by = 0.120537....
From the equations a; = cos azgl), b1 = cos xgl) we find (:L‘gl), :1252)) = ( % , % )27, which is the
first node of the lattice cubature formula

L(f) = %if({j%}2ﬂ,{j%}2ﬂ>. (34)

The coordinates of the nodes in the cubature sum may be rearranged. The roots oo and o3
generate a cubature formula (34) as well, where the first node is different.

The indicated method of constructing a lattice cubature formulae may be applied for the
integrals I, (f) for n > 2. For example, by means of Theorem 5 the two cubature formulae
that are exact for trigonometric of polynomials of degree not greater than 5 with a minimal
number of 38 nodes are constructed in [11].

One of these formulae has been derived before in [13] and [12]. With the help of Theorem 4
the following assertion is proved in [14]. In R3 a lattice cubature formula of rank 1 that is
exact for trigonometric polynomials of degree not greater than 4 with a minimal number of
25 nodes does not exist. The reproducing kernel (30) in this case may be written in the form

Ko(u,z) = 1+ 2[cos(z1 —u1) + cos(zg — ug) + cos(zz — u3)] +
+2 [cos 2(z1 — u1) + cos 2(zy — ug) + cos2(z3 — u3)
+2cos(z1 — ui) cos(za — u2) + 2cos(z1 — u1) cos(zz — u3)

+2 cos(zy — ug) cos(zz — u3)].

Consider the one-dimensional case where the integral is of the form

1 2

I(f) : w(x) f(x)d. (35)

:E ;
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It is known that for w(z) = 1 the composite rectangular quadrature formula

102 23 s (-0, e o 2] (36)

j=1

has the highest trigonometric degree of accuracy m — 1. The quadrature sum in (36) contains
the parameter a € [0, %’r ]; in other words, the quadrature formula (36) is not unique.

We assume that the weight function w(z) is nonnegative on [0, 27| and that it is integrable. In
[15] a simple description of the set of all quadrature formulae of highest trigonometric degree
of accuracy for evaluation of the integral (35) is given and an algorithm for their calculation
is presented.

In particular, it follows from these results that in the case w(z) = 1 there is no quadrature
formula of highest trigonometric degree different from the composite rectangle quadrature
formula (36). The kernel of Szegd, Sk(u,x), cf. [16, p. 298], plays an important role in this
investigation. The connection between the reproducing kernel for the space of trigonometric
polynomials in one variable (21), K (u,z) and the kernel Si(u, z) is studied in [14].
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