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tThe main a

omplishment of this arti
le is an algorithm that 
omputes the re
e
tion
oeÆ
ients of the orthogonal rational fun
tions, given the (�nite number of) moments ofthe measure.Therefore we give some results for the orthogonal rational fun
tions (ORF) with re-spe
t to a given positive measure and with given poles inside the unit dis
. These resultsare already known for ORF with poles outside the unit dis
 and the proofs are mainly arewriting of the 
ase where the poles lay outside the unit dis
.1 Introdu
tion and motivationIn [3℄ the theory of orthogonal rational fun
tions (ORF) with respe
t to a general measure andwith pres
ribed poles, lying outside the unit dis
, is well developed. These rational fun
tionsare a dire
t generalization of the well-known Szeg}o polynomials [8℄, in the sense that if all polesare pla
ed at 1 the rational fun
tions 
oin
ide with the Szeg}o polynomials.In the resear
h area of system theory we see re
ently an in
reasing interest in the use oforthogonal rational fun
tions for identi�
iation purposes (see [1, 2, 5, 6, 7, 9, 10℄). Here it ishowever mu
h more 
onventional to have poles inside the unit dis
 for stability reasons.This is our motivation for a slight adaptation of the theory found in [3℄ to the 
ase whereall the poles lay inside the unit dis
.The main a

omplishment of this arti
le is however dealing with the 
omputational prob-lems that o

ur when some poles 
oin
ide. The Nevanlinna-Pi
k-type interpolation s
heme to
ompute the re
e
tion 
oeÆ
ients in the re
urren
e relation of the ORF then stops be
ause ofthe inde�nite form 0=0. We solve this problem in the 
ase where the number of moments is�nite.This paper is built up as follows: in the next se
tion some de�nitions and notations areintrodu
ed. The third se
tion handles the re
urren
e relation of the orthogonal rational fun
-tions. In the fourth se
tion, the so-
alled fun
tions of the se
ond kind are introdu
ed and the�This work is partially supported by the Belgian Programme on Interuniversity Poles of Attra
tion, initiatedby the Belgian State, Prime Minister's OÆ
e for S
ien
e, Te
hnology and Culture. The s
ienti�
 responsibilityrests with the authors. 1



�fth se
tion handles some interpolation theorems. Se
tion six 
ontains the algorithm to 
om-pute the re
e
tion 
oeÆ
ients if the moments are known and se
tion seven 
ontains a numeri
alexample as illustration. Some 
on
lusions are made in se
tion eight. The MATLAB sour
e isgiven in the appendix.2 PreliminariesThe �eld of real and 
omplex numbers is denoted as R and C respe
tively. The integers aredenoted by Z and the non-negative integers by N .The unit 
ir
le, its exterior and interior are denoted byT = fz 2 C : jzj = 1g; E = fz 2 C : jzj > 1g and D = fz 2 C : jzj < 1g;respe
tively. The 
losed unit dis
 is de�ned as D = T [ D .Let � be a positive measure on T. De�ne the inner produ
thf; gi� = ZT f(t)g(t)d�(t); f; g 2 L2(�):We assume in the rest of this paper that the measure is normalized in the sense that R d�(t) = 1.This does not a�e
t the generality.We de�ne the moments as the Fourier 
oeÆ
ients
k = ZT e�ik�d�(�); k 2 Z: (1)The set of fun
tions analyti
 outside the unit dis
 is denoted by H(E ).We de�ne the Riesz-Herglotz kernelD(t; z) = t+ zt� z :We 
an asso
iate a positive real fun
tion 
(z) with the measure � as follows
(z) = ZTD(t; z)d�(t); z 2 D :This fun
tion is analyti
 in D and the relation between 
 and � is one-to-one. If 
 2 H1(D ),the Hardy-spa
e of all fun
tions, that are absolutely integrable and analyti
 in D , then we have
(z) = 
0 + 2 1Xk=1 
kzk; (2)whi
h 
onverges uniformely in D .By � = f�1; �2; : : :g � D , we denote a given sequen
e of points inside the unit dis
. Thesepoints will be the poles of the orthogonal rational fun
tions. We set �0 = 0 for notationalreasons.Now we 
an de�ne the Blas
hke fa
tors �k as�k(z) = 1� �kzz � �k ; k 2 N ; (3)2



and the Blas
hke produ
ts Bk asB0(z) = 1; Bk(z) = Bk�1(z)�k(z); k = 1; 2; : : : : (4)If we in
orporate �0, we use the notation~B�1(z) = 1; ~Bk(z) = �0(z)Bk(z) = Bk(z)z ; k 2 N: (5)The spa
e of all rational fun
tions with poles in f�1; �2; : : : ; �ng is denoted byLn = spanfB0(z); B1(z); : : : ; Bn(z)g: (6)The spa
e Ln 
an also be de�ned asLn = (pn(z)�n(z) : pn 2 �n; �n(z) = nYk=1(z � �k)) ;where �n denotes the spa
e of polynomials of degree at most n. The spa
e of all rationalfun
tions with poles in � is denoted by L = 1[k=0Lk:We also introdu
e the notationBn=k(z) = Bn(z)=Bk(z); n; k 2 N :If all �k = 0, we �nd that Bn(z) = z�n = 1=�n(z) and that the spa
e Ln 
oin
ides with thespa
e ��n of polynomials in z�1 with degree at most n.Taking the 
omplex 
onjugate of a fun
tion on the unit 
ir
le is extended to the whole
omplex plane by the substar transformf�(z) = f(1=z); z 2 C :The superstar transform is de�ned for fun
tions f 2 Ln n Ln�1 asf �(z) = Bn(z)f�(z); z 2 C :Note that this operation depends on the degree n of the rational fun
tion. We do not in
orporatethis in the notation be
ause it will be 
lear from the 
ontext. For polynomials of exa
t degreen the superstar transform is de�ned as above by repla
ing Bn(z) by zn.3 Orthogonal Rational Fun
tionsWith the Gram-S
hmidt pro
edure we 
an orthonormalize the basis fBkgk2N to �nd a set oforthonormal rational fun
tions �k 2 Lk with respe
t to the measure �. This impliesh�k; �li� = Ækl; 8k; l 2 N ;3



where Ækl denotes the Krone
ker delta. This set is unique up to a unimodular 
onstant fa
torfor ea
h �k. By 
hoosing the leading 
oeÆ
ient1 �k of �k to be positive, we have a uniqueset of orthonormal rational fun
tions. It is easy to see that the leading 
oeÆ
ient is given by�k = ��k(1=�k).In this se
tion we look at the re
urren
e relations for these orthonormal rational fun
tionsf�kg1k=0.Theorem 1 With the notation above the following re
ursion for the orthonormal rational fun
-tions �n 2 Ln is valid:� �n(z)��n(z) � = � dn 00 dn � z � �n�1z � �n � 1 �n�n 1 � � �n�1(z) 00 1 � � �n�1(z)��n�1(z) � ;where dn = 1� �n�1�n1� j�n�1j2 ��n(1=�n�1)�n�1 ;�n = �n�(�n�1)��n(1=�n�1) 1� �n�n�11� �n�1�n :Proof:First we prove the existen
e of 
onstants 
n and dn su
h thatz � �n1� �n�1z�n(z)� dn�n�1(z)� 
n z � �n�11� �n�1z��n�1(z) 2 Ln�2: (7)De�ne as before �n(z) =Qnk=1(z��k) and pn(z) = �n(z)�n(z). Note that p�n(z) = ��n(z)�n(z).We 
an rewrite (7) aspn(z)� dn(1� �n�1z)pn�1(z)� 
n(z � �n�1)p�n�1(z)(1� �n�1z)�n�1(z) = N(z)D(z) :If we want this to be in Ln�2, we need to have N(1=�n�1) = 0 = N�(1=�n�1). The �rst
ondition gives 
n = �n�11� j�n�1j2 pn(1=�n�1)p�n�1(1=�n�1) : (8)From the se
ond 
ondition we get dn:dn = �n�11� j�n�1j2 p�n(1=�n�1)p�n�1(1=�n�1) : (9)Sin
e p�n(z) = ��n(z)�n(z), we havep�n�1(1=�n�1) = ��n�1(1=�n�1)�n�1(1=�n�1)= �n�1�n�1(1=�n�1);pn(1=�n�1) = �n(1=�n�1)�n(1=�n�1);p�n(1=�n�1) = ��n(1=�n�1)�n(1=�n�1):1The leading 
oeÆ
ient with respe
t to the Blas
hke produ
t basis is �k if �k = �kBk + 
k�1Bk�1 +
k�2Bk�2 + � � �+ 
0B0 4



This enables us to rewrite (8) and (9) as
n = 1� �n�1�n1� j�n�1j2 �n(1=�n�1)�n�1 ; (10)dn = 1� �n�1�n1� j�n�1j2 ��n(1=�n�1)�n�1 : (11)Thus with the 
hoi
es (10) and (11) the expression (7) is in Ln�2. However, at the same time,it is also orthogonal to Ln�2. We 
he
k this by noting that for k � n� 2, �k is orthogonal toevery term in (7):� D z��n1��n�1z�n; �kE� = D�n; 1��nzz��n�1�kE� = 0, be
ause the right fa
tor is in Ln�1.� h�n�1; �ki� = 0, be
ause k � n� 2.� D z��n�11��n�1z��n�1; �kE� = DBn�1�k� z��n�11��n�1z ; �n�1E� = 
��kQn�2l=k+1 �l; �n�1�� = 0, be
ause theleft fa
tor is in Ln�2.Thus we found that the rational fun
tion in (7) equals zero. This implies�n(z) = dn z � �n�1z � �n ��n�1(z)�n�1(z) + �n��n�1(z)� ; (12)with �n = 
n=dn = �n�(�n�1)��n(1=�n�1) 1� �n�n�11� �n�1�n : (13)Taking the superstar of (12) gives��n(z) = dn z � �n�1z � �n ��n�n�1(z)�n�1(z) + ��n�1(z)� : (14)The proof is 
omplete if the initial 
onditions of the re
urren
e are 
orre
t, that is for n = 1.Now, sin
e �0 = 1 = ��0 and �0 = 0, we have�1(z) = d11 + �1zz � �1 and ��1(z) = d1�1 + zz � �1 :If we solve this for z = 1=�0, we �nd (11) and (13). This 
ompletes the proof. �If we put en = jdnj and �n = dn=jdnj, the re
urren
e relation of Theorem 1 be
omes� �n(z)��n(z) � = en � �n 00 �n � z � �n�1z � �n � 1 �n�n 1 � � �n�1(z) 00 1 � � �n�1(z)��n�1(z) � : (15)Using (12) and the fa
t that h�k; �ni� = 0 for k � n� 1, we �nd�n = �D�k; 1��n�1zz��n �n�1E�D�k; z��n�1z��n ��n�1E� ; 8k � n� 1: (16)
5



We 
an �nd an expression for en by using (11) and (13).e2n(1� j�nj2) = jdnj2�1� j�n(1=�n�1)j2j��n(1=�n�1)j2�= j1� �n�1�nj2(1� j�2n�1j)2 j��n(1=�n�1)j2 � j�n(1=�n�1)j2�2n�1= j1� �n�1�nj2(1� j�2n�1j)2 (1� j�n(1=�n�1)j2)= j1� �n�1�nj2(1� j�2n�1j)2 (1� j�n�1j2)(1� j�nj2)j1� �n�n�1j2= 1� j�nj21� j�n�1j2 : (17)The third line follows from the Christo�el-Darboux relation (Theorem 2). The 
ase where allthe poles are outside the unit dis
 and this 
an be found in [3, Theorem 3.1.3℄. If we putz = 1=�n�1 = w in this relation we �nd�2n�1 = j��n(1=�n�1)j2 � j�n(1=�n�1)j21� j�n(1=�n�1)j2 ;whi
h was used above. We proved the followingLemma 1 The 
onstant en 
an be 
al
ulated as the positive square root ofe2n = 1� j�nj21� j�n�1j2 11� j�nj2 : (18)The Christo�el-Darboux relation is given next.Theorem 2 The following relation hold for the orthonormal basis fun
tions �kn�1Xk=0 �k(w)�k(z) = ��n(z)��n(w)� �n(z)�n(w)1� �n(z)�n(w) :We �rst have to prove some te
hni
al lemmas.Lemma 2 If f 2 Ln1. If g and h are de�ned by the relations f(z)� f(w) = (z�w)g(z) = (z�w)=(z��n)h(z),then(a) p1(z)g(z) 2 Ln, where p1 is an arbitrary polynomial of maximal degree 1. Espe
iallywe have g 2 Ln.(b) h 2 Ln�1.2. If f(w) = 0, then (z � �n)=(z � w)f(z) 2 Ln�1.
6



Proof:Clearly, we have g(z) = (f(z)� f(w)) =(z � w) = pn�1(z)=�n(z), with �n(z) = Qnk=1(z � �k).This implies (1a).From this and h(z) = g(z)(z � �n), part (1b) is easily dedu
ed.(2) follows from (1b) if f(w) = 0. �Lemma 3 Let f�kgn�1k=0 denote the orthonormal basis fun
tions for Ln�1 and �k the Blas
hkefa
tor based on �k. As a fun
tion of z, with w some parameter, we haveln(z; w) = ��n(z)��n(w)� �n(z)�n(w)1� �n(z)�n(w) 2 Ln�1:Proof:A straightforward 
omputation gives1� �n(z)�n(w) = 1� 1� �nz � �n 1� �nww � �n= (1� j�nj2)(zw � 1)(z � �n)(w � �n) : (19)If we take f(z) = w � �n1� j�nj2 ���n(z)��n(w)� �n(z)�n(w)� ;we have proven the lemma if f(1=w) = 0, a

ording to Lemma 2 (2). This is true if��n(1=w)��n(w) = �n(1=w)�n(w);whi
h is easily 
he
ked. �Now we 
an prove the Christo�el-Darboux relation.Proof of Theorem 2:In Lemma 3 we proved that the right-hand side of Theorem 2 is in Ln�1, so we only need toprove it reprodu
es.Take some f 2 Ln�1. Thenhf; ln(�; w)i� = hf � f(w); ln(�; w)i� + f(w) h1; ln(�; w)i� : (20)By Lemma 2, we �nd with f(z)� f(w) = (z�w)g(z), that g(z) 2 Ln�1 and p1(z)g(z) 2 Ln�1,for all p1 2 �1. Thus if we 
all N(z; w) the numerator of ln(z; w), we get, using (19),hf � f(w); lni� = w � �n1� j�nj2 �(z � w)g(z); z � �nzw � 1N(z; w)��= w � �n1� j�nj2 h(1� �nz)g(z); N(z; w)i� :Be
ause (1� �nz)g(z) 2 Ln�1, the inner produ
t in the right-hand side givesh(1� �nz)g(z); N(z; w)i� = h(1� �nz)g(z); ��n(z)i� ��n(w)= h�nh; ��ni� ��n(w);7



with h(z) = (z � �n)g(z) 2 Ln�1. This is zero be
ause ��n ? �nLn�1.It remains to show that h1; ln(�; w)i� = �(w) = 1. Apply (20) to the fun
tion f = ln(�; z). Thenwe get hln(�; z); ln(�; w)i� = ln(w; z)�(w):If we inter
hange z and w, we gethln(�; w); ln(�; z)i� = ln(z; w)�(z):Be
ause the left-hand sides are ea
h others 
onjugate and ln(z; w) = ln(w; z), we �nd �(z) =�(w). Thus � is a 
onstant and we only have to prove it is one. For z = w = 1=�n, we haven�1Xk=0 �k(1=�n)�k(1=�n) = nXk=0 �k(1=�n)�k(1=�n)� �n(1=�n)�n(1=�n)= �2n � j�n(1=�n)j2:We also have n�1Xk=0 �k(1=�n)�k(1=�n) = ln(1=�n; 1=�n)=�= (�2n � j�n(1=�n)j2)=�:From whi
h we �nd � = 1. �To get rid of the rotation �n, we introdu
e the rotated orthonormal rational fun
tions�n = "n�n, where "n 2 T. Starting from the re
urren
e (15), we �nd� �n(z)��n(z) � = en z � �n�1z � �n � "n�n"n�1 "n�n�n"n�1�n"n"n�1�n �n"n"n�1 � � �n�1(z) 00 1 � � �n�1(z)��n�1(z) �Taking "0 = 1; "n = "n�1�n; n = 1; 2; : : : ; (21)and putting Ln = "2n�1�n, we �nd� �n(z)��n(z) � = en z � �n�1z � �n � 1 LnLn 1 � � �n�1(z) 00 1 � � �n�1(z)��n�1(z) � : (22)4 Fun
tions of the se
ond kindRe
all the de�nition of the Riesz-Herglotz kernel D(t; z) = (t + z)=(t � z) and the Riesz-Herglotz representation 
(z) = RTD(t; z)d�(t); z 2 D : We de�ne the kernel fun
tion E(t; z) =2t=(t� z) = 1 +D(t; z).The fun
tions of the se
ond kind 	n are de�ned as follows (z 2 E )	n(z) = ZT [E�(t; z)�n(t)�D�(t; z)�n(z)℄ d�(t)= ZTD�(t; z) [�n(t)� �n(z)℄ d�(t) + ZT�n(t)d�(t)= � 1 if n = 0;RTD�(t; z) [�n(t)� �n(z)℄ d�(t) if n � 1: (23)8



Here the substar is with respe
t to z. This de�nition is for z 2 E , but, as we will show belowin Lemma 4, these fun
tions are rational and 
an therefore be de�ned in the whole 
omplexplane.Lemma 4 The fun
tions of the se
ond kind 	n belong to Ln.Proof:For n = 0 this is trivial, so we only 
onsider the 
ase where n � 1. The integrand in (23) hasthe form [�n(t)� �n(z)℄ z + tz � t :The term between square bra
kets vanishes for z = t, so that the integral 
an be written as	n(z) = � ZT (t� z)Pnk=0 ak(t)zk(t� z)�n(z) d�(t)= �Pnk=0 �RTak(t)d�(t)� zk�n(z) 2 Ln:This 
ompletes the proof. �An equivalent de�nition for these fun
tions of the se
ond kind is given now.Lemma 5 We 
an repla
e (23) by the following de�nition for the fun
tions of the se
ond kind	n (n > 0). 	n(z)Bk(z) = ZTD�(t; z) ��n(t)Bk(t) � �n(z)Bk(z)�d�(t)= ZT�E�(t; z)�n(t)Bk(t) �D�(t; z)�n(z)Bk(z)�d�(t);for any 0 � k < n. The se
ond formula also holds for n = 0, if we take Bk(z) = 1.Proof:For n = 0 this is again trivial, so we only 
onsider the 
ase where n > 0. We will only provethe �rst relation, be
ause the se
ond 
an be proved following the same lines. We only need toprove ZTD�(t; z)�n(t) �1� Bk(z)Bk(t) �d�(t) = 0:The term between square bra
kets vanishes for z = t, therefore we 
an rewrite the integral asZT�n(t) pz(t)��k(t)d�(t);with pz(t) a polynomial of degree at most k in t. This is of the form h�n; fi�, with f 2 Lk.Sin
e k < n and �n ? Lk, this is zero. �This 
an be further generalized by repla
ing 1=Bk by any fun
tion f 2 L(n�1)� = ff jf� 2Ln�1g, but in this note we will only need the form we stated in Lemma 5.Next we will derive an expression for the superstar 
onjugate fun
tion of the se
ond kind	�n, from the formula in Lemma 5. If we take the substar, we �nd	n�(z)Bk�(z) = ZT�E(t; z)�n�(t)Bk�(t) �D(t; z)�n�(z)Bk�(z)� d�(t):9



This implies	�n(z)Bn=k(z) = ZT�E(t; z) ��n(t)Bn=k(t) �D(t; z) ��n(z)Bn=k(z)�d�(t)= � ZTD�(t; z) � ��n(t)Bn=k(t) � ��n(z)Bn=k(z)�d�(t) + ZT ��n(t)Bn=k(t)d�(t)= � ZTD�(t; z) � ��n(t)Bn=k(t) � ��n(z)Bn=k(z)�d�(t) + Æ0n: (24)For k = 0 we �nd the simple formula	n�(z) = � ZTD�(t; z) [�n�(t)� �n�(z)℄ d�(t) + Æ0n:We show now that the fun
tions of the se
ond kind satisfy a re
urren
e relation, whi
h hasthe same re
urren
e matrix as in (22) for the orthonormal rational fun
tions.Theorem 3 For the fun
tions of the se
ond kind 	n a re
ursion of the following form exists� 	n(z)�	�n(z) � = en z � �n�1z � �n � 1 LnLn 1 � � �n�1(z) 00 1 � � 	n�1(z)�	�n�1(z) � : (25)Proof:We only show the �rst relation, sin
e the se
ond one is easily derived by taking the superstar
onjugate of the �rst.For n > 1, we �nd from (23) and (24)� 	n�1(z)�	�n�1(z) � = �
�(z) � �n�1(z)��n�1(z) �+ ZTD�(t; z)" �n�1(t)�n�1(z)�n�1(t)��n�1(t) #d�(t):Multiply from the left by en z � �n�1z � �n � �n�1(z) Ln � :Then the right-hand side be
omes�
�(z)�n(z) + ZTD�(t; z)f(t; z)d�(t); (26)with f(t; z) = en z � �n�1z � �n ��n�1(z)�n�1(t) + Ln �n�1(z)�n�1(t) ��n�1(t)�= �n�1(z)�n�1(t) z � �n�1t� �n�1 t� �nz � �n en t� �n�1t� �n ��n�1(t)�n�1(t) + Ln��n�1(t)�= 1� �n�1z1� �nz t� �nt� �n�1�n(t);where we used the re
urren
e (22) for �n in the last line. We �nd that (26) be
omes�
�(z)�n(z) + ZTD�(t; z)1� �n�1z1� �nz t� �nt� �n�1�n(t)d�(t):10



This will equal 	n(z) if we may repla
e the latter integral byZTD�(t; z)�n(t)d�(t):This 
an indeed be done, sin
e the di�eren
e integral equalsZTD�(t; z) �1� 1� �n�1z1� �n�1t t� �nz � �n��n(t)d�(t) = 1� �n�n�1z � �n ZT t+ z1� �n�1t�n(t)d�(t) = 0;be
ause �n ? Ln�1.We only have to 
he
k the 
ase n = 1 to end the proof. We have to show that	1(z) = e1 1� L1zz � �1 : (27)From the re
urren
e relation (22), we have�1(z) = e11 + L1zz � �1 :Using this and de�nition (23), we �nd	1(z) = e1 ZT t+ zz � t �1 + L1tt� �1 � 1 + L1zz � �1 �d�(t)= e1 1 + L1�1z � �1 ZT t+ zt� �1d�(t):We use orthonormality to �nd an expression for the latter integral.0 = h�1; 1i� = e1 ZT 1 + L1tt� �1 d�(t):This gives ZT d�(t)t� �1 = �L1 ZT tt� �1d�(t):Taking this into a

ount, we �nd	1(z) = e11 + L1�1z � �1 (1� L1z) ZT tt� �1d�(t):The latter integral 
an be 
al
ulated as followsZT tt� �1d�(t) = 1 + �1 ZT d�(t)t� �1= 1� �1L1 ZT tt� �1d�(t)= 1=(1 + �1L1):In
orporating this in the expression for 	1, gives	1(z) = e1 1� L1zz � �1 ;and this is what we needed to prove. �Thus we proved the following re
urren
e relation for the orthogonal rational fun
tions andthe fun
tions of the se
ond kind. 11



Corollary 1 The following 
oupled re
urren
e relation is valid for the orthogonal rational fun
-tions �n and the fun
tions of the se
ond kind 	n� �n(z) 	n(z)��n(z) �	�n(z) � = en z � �n�1z � �n � 1 LnLn 1 � � �n�1(z) 00 1 � � �n�1(z) 	n�1(z)��n�1(z) �	�n�1(z) � ;where en is de�ned in (18) and Ln = "2n�1�n, where "n�1 is de�ned in (21) and �n is de�nedas in Theorem 1.5 InterpolationRe
all the de�nition (5) of the Blas
hke produ
ts ~Bk. The following interpolation propertiesare of great importan
e.Theorem 4 For the orthogonal rational fun
tions �n and the fun
tions of the se
ond kind 	n,it holds that �n
� +	n~Bn�1 = � 
� + 1 2 H(E ) if n = 0;g 2 H(E ) if n > 0:For their superstar 
onjugate, we �nd��n
� �	�n~Bn = � (
� � 1)=�0 2 H(E ) if n = 0;g 2 H(E ) if n > 0:The proof is the same as in the 
ase where the poles lay outside the unit dis
 (see [3, Theorem6.1.1℄).We de�ne the remainder fun
tions Rn1 and Rn2 by� ~Bn�1(z)Rn1(z)~Bn(z)Rn2(z) � = � �n(z)��n(z) �
�(z) + � 	n(z)�	�n(z) � :Using the re
urren
e relation for the orthogonal rational fun
tions and the fun
tions of these
ond kind, we be
ome a re
urren
e relation for these remainder fun
tions.� ~Bn�1(z)Rn1(z)~Bn(z)Rn2(z) � = en z � �n�1z � �n � 1 LnLn 1 � � �n�1(z) 00 1 � � ~Bn�2(z)Rn�1;1(z)~Bn�1(z)Rn�1;2(z) � : (28)This 
an be rewritten as given in the next theorem.Theorem 5 The remainder fun
tions as de�ned above satisfy the following re
ursion(z � �n) � Rn1(z)Rn2(z) � = en � 1 00 1=�n(z) � � 1 LnLn 1 � (z � �n�1) � Rn�1;1(z)Rn�1;2(z) � ;where Ln = � limz!1=�n Rn�1;2(z)Rn�1;1(z) and en = � 1� j�nj21� j�n�1j2 11� jLnj2�1=2 :
12



Proof:Starting from (28), we �nd~Bn�1(z) � Rn1(z)�n(z)Rn2(z) � = en z � �n�1z � �n � 1 LnLn 1 � ~Bn�1(z) � Rn�1;1(z)Rn�1;2(z) � ;whi
h easily gives the required re
urren
e relation. To �nd the expression for Ln, we use thelast line of the formula above for z = 1=�n to �nd0 = LnRn�1;1(1=�n) +Rn�1;2(1=�n);from whi
h the result easily follows. The formula for en is already dedu
ed in Lemma 1. �A ni
e 
orollary is the following.Corollary 2 De�ne the fun
tion �n(z) in terms of the remainder fun
tions by�n(z) = Rn2(z)Rn1(z) :Then �0(z) = 1�0(z) 
�(z)� 1
�(z) + 1and for all k � 0 we have �k�(D ) � D , whi
h implies that �k� is a bounded analyti
 fun
tionand they 
an be re
overed re
ursively by�n(z) = 1�n(z) Ln + �n�1(z)1 + Ln�n�1(z) ;where Ln = ��n�1(1=�n).This 
orollary gives an algorithm to 
ompute the re
e
tion 
oeÆ
ients Ln. However there 
an besome 
omputational problems. Suppose �n = �n�1. Then Ln = � limz!1=�n Rn�1;2(z)=Rn�1;1(z)and this is of the form 0=0. So we 
annot use the algorithm in the stri
t sense. In the followingse
tion an algorithm is developed to deal with this problem.6 Computing the re
e
tion 
oeÆ
ientsAs mentioned at the end of the previous se
tion, the 
omputation of the re
e
tion 
oeÆ
ients
an give problems if some �i are repeated. In this se
tion we will derive an algorithm that dealswith this problem.Suppose that the sequen
e of moments 
k (1) is �nite
�N ; 
�N+1; : : : ; 
0 = 1; : : : ; 
N�1; 
N :The expansion of the Riesz-Herglotz representation (2) be
omes
(z) = 
0 + 2 NXk=1 
kzk: (29)13



If we take the substar of the fun
tion �n from Corollary 2, we �nd�0�(z) = �0(z)
(z) � 
0
(z) + 
0 ;�n�(z) = �n(z) Ln + �n�1�(z)1 + Ln�n�1�(z) ;and Ln = ��n�1�(�n): (30)Note that these relations are also valid if 
0 6= 1.We 
laim that the numerator and denominator of �n� are polynomials of degree not greaterthan N and we introdu
e the notation�n�(z) = PNk=0 
Numn;k zkPNk=0 
Denn;k zk : (31)We will re
ursively 
al
ulate the 
oeÆ
ients 
Numn;k and 
Denn;k .By using (29), we �nd for n = 0 (re
all �0 = 0)�0�(z) = 1z 2PNk=1 
kzk2PNk=0 
kzk = PN�1k=0 
k+1zkPNk=0 
kzk :Thus 
Num0;k = � 
k+1;0; 0 � k � N � 1;k = N;
Den0;k = 
k; 0 � k � N: (32)We 
an 
al
ulate L1 by evaluating (30).For n = 1; 2; 3; : : :, we have�n�(z) = 1� �nzz � �n Ln + �n�1�(z)1 + Ln�n�1�(z) :Now �n is a 
ommon zero of the numerator and denominator. Using (31), we �nd�n�(z) = 1� �nzz � �n PNk=0(Ln
Denn�1;k + 
Numn�1;k)zkPNk=0(
Denn�1;k + Ln
Numn�1;k)zk= 1� �nzPNk=0(
Denn�1;k + Ln
Numn�1;k)zkPNk=0(Ln
Denn�1;k + 
Numn�1;k)zkz � �n :If we take a look at the last fra
tion, we havePNk=0(Ln
Denn�1;k + 
Numn�1;k)zkz � �n = N�1Xk=0 �n;kzk;be
ause �n is a zero of the numerator. The problem now is how to 
al
ulate these �n;k. Multiplyboth sides with z � �n to �ndN�1Xk=0 �n;kzk+1 � �n N�1Xk=0 �n;kzk = NXk=0(Ln
Denn�1;k + 
Numn�1;k)zk:14



Comparing the 
oeÆ
ients of zk, gives us�n;N�1 = Ln
Denn�1;N + 
Numn�1;N ; k = N;�n;k�1 = Ln
Denn�1;k + 
Numn�1;k + �n�n;k; k = N � 1; : : : ; 1: (33)Comparing the 
oeÆ
ients of z0 gives:Ln
Denn�1;0 + 
Numn�1;0 + �n�k;0 = 0:Now we 
an 
al
ulate 
Numn;k and 
Denn;k�n�(z) = PNk=0 
Numn;k zkPNk=0 
Denn;k zk= PN�1k=0 �n;kzk � �kPN�1k=0 �n;kzk+1PNk=0(
Denn�1;k + Ln
Numn�1;k)zk :Thus 
Numn;k = 8<: �n;0;�n;k � �n�n;k�1;��n�n;N�1; k = 0;1 � k � N � 1;k = N;
Denn;k = 
Denn�1;k + Ln
Numn�1;k; 0 � k � N: (34)We 
an now 
al
ulate Ln+1 by evaluating (30).If we 
ombine all the previous results, we are able to 
al
ulate the orthogonal rationalfun
tions if we have some information. First of all we need to know whi
h is the weight. Thisis given by its Fourier 
oeÆ
ients CN = f
0; : : : ; 
Ng, like in (1). Also the poles �n = f�0 =0; �1; : : : ; �ng must be given. If we are interested in evaluating the ORF in some points, theseare to be given too.From above we know how to 
ompute the re
e
tion 
oeÆ
ients Lk. If we use Lemma 1 to
al
ulate ek and the re
urren
e (22) with the knowledge that �0 = 1 = ��0, we have everythingto 
ompute the ORF f�kgnk=1 as presented in Algorithm 1. We make use of the followingnotationCN = [
0; 
1; � � � ; 
N ℄, the ve
tor 
ontaining the Fourier 
oeÆ
ients of the weight;�n = f�0; �1; : : : ; �ng, the poles of the ORF;z = the ve
tor 
ontaining the points where we want to evaluate the ORF;� = the matrix whose (i; j)-th element is �i�1(z(j)).We use MATLAB notation and the MATLAB sour
e of Algorithm 1 
an be found in theappendix. With � and =, we mean the usual matrix multipli
ation and division. The notations:� and := denote elementwise multipli
ation and division. The transpose of a matrixA is denotedas AT . The left- and right-shifted ve
tor of x = [x1 : : : xm℄ is denoted as xj = [x2 : : : xm 0℄and jx = [0 x1 : : : xm�1℄, respe
tively.Algorithm 1ORF
al
ul h IN: �n, CN , z;OUT: �i1. �(1; :) = 1 = ��(1; :); 15



2. 
Num = CN j;
Den = CN ;3. for k = 1 : n,(a) a = [1 �k �2k : : : �N�1k ℄T ;(b) Lk = �
Num � a=
Den � a;(
) ek =p(1� j�kj2)=((1� j�k�1j2) � (1� jLkj2));(d) �(k + 1; :) = ek�((1� �k�1 � z):��(k; :) + Lk � (z� �k�1):���(k; :)):=(z� �k);(e) ��(k + 1; :) = ek�(Lk � (1� �k�1 � z):��(k; :) + (z� �k�1):���(k; :)):=(z� �k);(f) if k < n,i. � = Lk � 
Denj+ 
Numj;ii. for l = N : �1 : 1, �(l) = �(l) + �k�(l + 1); end for;iii. 
Den = 
Den + Lk � 
Num;iv. 
Num = � � �k � j�;end if;end for;7 Numeri
al illustrationWe will 
onsider three di�erent weights w and two di�erent sets �n.In order to illustrate Algorithm 1, we will give two examples.(1) In Theorem 4 we showed that 	�n=��n is an approximation of 
� in E , sin
e it interpolatesin the points f1=�0; 1=�1; : : : ; 1=�ng. The se
ond example is about orthogonality.(2) If we 
ompute the ORF f�kgnk=0 in N equidistant points z on the unit 
ir
le T, then wehave with the notation introdu
ed abovelimN!1� diag(w(z)) �H=N = In+1;where In denotes the unit matrix of dimension n and diag(w(z)) denotes the diagonal matrixwhose diagonal is w(z), the weight evaluated in the points z.The moments and the poles we use areCN1 = [1 0℄, the Lebesgue measure, 
orresponding to weight w1(�) = 1;CN2 = [1 (1� i)=(2p2)℄, 
orresponding to weight w2(�) = 1 + (
os(�) + sin(�))=p2;CN3 = [1 � :2 :4℄, 
orresponding to weight w3(�) = :2� :4 � 
os(�) + 1:6 
os2(�);�n1 = [:2 + :3i :2� :3i � :3 + :4i � :3� :4i :7 + :1i � :7 + :3i � :8 0 :9 � :6℄;repeated 20 times;�n2 = zeros(1; 200) (the polynomial 
ase):In �gure 1-3, the weigths wi(�); 0 � � � 2�; i = 1; 2; 3 are given.16
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Figure 1: Weight w1: The Lebesgue weight
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Figure 2: Weight w2 with moments [1(1� i)=2p2℄: This weight is zero for � = 5�=4.
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Figure 4: The weight: w1, with poles �n1 and evaluated at the points on radius r = 1:01.

0 20 40 60 80 100 120 140 160 180 200
10

−20

10
−19

10
−18

Degree of ORF

E
rr

or

Approximation (relative) error: Omega
*
 ~ psi

n
* /phi

n
*  

Figure 5: The weight: w1, with poles �n1 and evaluated at the points on radius r = 100.7.1 Example 1We used N = 1000 equidistant points on the 
ir
le with radius R = 1:1 and R = 100. The�gures 4-13 show the relative approximation error for every degree n for the di�erent weights,poles and radii error1(n) = jj
�(z)�	n(z):=�n(z)jj=jj
�(z)jj:If we take the Lebesgue measure and all �k = 0 we �nd the monomial basis f1; z�1; z�2; : : :g.This implies ��n � 1; 8n 2 N . It should be obvious that the fun
tion 
� � 1 and that theapproximation is 
orre
t. This is the reason why we did not have �gures with this 
ombination.The explanation for the slow 
onvergen
e in �gures 6 and 8 is the fa
t that logw 62 L1(T)here. The known 
onvergen
e results on the unit 
ir
le [4℄ are not valid anymore and the pointsz are 
lose to T in those �gures.
18
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Figure 6: The weight: w2, with poles �n1 and evaluated at the points on radius r = 1:01.
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Figure 7: The weight: w2, with poles �n1 and evaluated at the points on radius r = 100.
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Figure 8: The weight: w2, with poles �n2 and evaluated at the points on radius r = 1:01.19



0 20 40 60 80 100 120 140 160 180 200
10

−18

10
−16

10
−14

10
−12

10
−10

10
−8

10
−6

10
−4

Degree of ORF

E
rr

or

Approximation (relative) error: Omega
*
 ~ psi

n
* /phi

n
*  

Figure 9: The weight: w2, with poles �n2 and evaluated at the points on radius r = 100.
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Figure 10: The weight: w3, with poles �n1 and evaluated at the points on radius r = 1:01.
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Figure 11: The weight: w3, with poles �n1 and evaluated at the points on radius r = 100.20
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Figure 12: The weight: w3, with poles �n2 and evaluated at the points on radius r = 1:01.
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Figure 13: The weight: w3, with poles �n2 and evaluated at the points on radius r = 100.
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Table 1: The measure of orthogonalityerror2 �n1 �n2CN1 3.239177506284802e-13 4.314966222807296e-14CN2 3.495867132064386e-13 5.764743833825424e-13CN3 3.572096362350430e-13 3.992485708745933e-147.2 Example 2Here we used N = 1000 equidistant points on the unit 
ir
le. Table 1 
ontains the measure oforthogonality error2 = jj� diag(w(z)) �H=N � In+1jj;for the di�erent weights and poles. We see that the orthogonality is very good. The 
omputationis also very fast (O(nN), 
an be 
al
ulated from Algorithm 1).8 Con
lusionsWhat we have written down in se
tion 3, 4 and 5 is not a big surprise. All these results areknown for orthogonal rational fun
tions with poles outside the unit dis
. However, the resultsstated here, are of interest e.g. for the use of these fun
tions in the area of system identi�
ation,where the poles of a stable system lay inside the unit dis
.Computational problems that o

ur when not all the �i are distin
t, are solved for the 
asewhere the number of moments is �nite and known. Another solution would imply derivatives,but there is (yet) not mu
h known about derivatives of orthogonal rational fun
tions.As we have illustrated in se
tion 7, our algorithm is a

urate and fast.Referen
es[1℄ H. Ak�
ay and B. Ninness. Rational basis fun
tions for robust identi�
ation from frequen
yand time domain measurements. Automati
a, 34(9):1101{1117, 1998.[2℄ A. Bultheel and B. De Moor. Rational approximation in linear systems and 
ontrol. J.Comput. Appl. Math., 121:355{378, 2000.[3℄ A. Bultheel, P. Gonz�alez-Vera, E. Hendriksen, and O. Nj�astad. Orthogonal rational fun
-tions, volume 5 of Cambridge Monographs on Applied and Computational Mathemati
s.Cambridge University Press, 1999.[4℄ A. Bultheel and P. Van gu
ht. Boundary asymptoti
s for orthogonal rational fun
tions onthe unit 
ir
le. A
ta Appli
andae Mathemati
ae, 61:333{349, 2000.[5℄ P.S.C. Heuberger, P.M.J. Van den Hof, and O. Bosgra. A generalized orthogonal basis forlinear dynami
al systems. IEEE Trans. Automat. Control, 40:451{465, 1995.[6℄ B. Ninness and F. Gustafsson. A uni�ed 
onstru
tion of orthogonal bases for systemidenti�
ation. IEEE Trans. Automat. Control, 42:515{522, 1997.22



[7℄ Z. Szab�o, J. Bokor, and F. S
hipp. Identi�
ation of rational approximate models in H1using generalized orthogonal basis. Manus
ript, 1998.[8℄ G. Szeg}o. Orthogonal polynomials, volume 33 of Amer. Math. So
. Colloq. Publ. Amer.Math. So
., Providen
e, Rhode Island, 4th edition, 1975. First edition 1939.[9℄ P.M.J. Van den Hof, P.S.C. Heuberger, and J. Bokor. System identi�
ation and withgeneralized orthogonal basis fun
tions. Automati
a, 31:1821{1834, 1995.[10℄ N.F.D. Ward and J.R. Partington. Robust identi�
ation in the dis
 algebra using rationalwavelets and orthonormal basis fun
tions. Internat. J. Control, 64:409{423, 1996.A The MATLAB sour
eHere we present the MATLAB �les, whi
h are the implementation of Algorithm 1. In the �leORF
al
ul.m the re
e
tion 
oeÆ
ients are 
omputed. The user 
an 
hoose to evaluate theorthonormal rational fun
tions 	n and/or the fun
tions of the se
ond kind 	n.This m-�le is also freely available athttp://www.
s.kuleuven.a
.be/~nalag/resear
h/publi
-software.html.fun
tion [L,phi,phistar,psi,psistar℄ = ORF
al
ul(alpha,
oef,points,option),% ORFCALCUL =% Compute the refle
tion 
oeffi
ients and the value of the% orthogonal rational fun
tions phi, the fun
tions of the% se
ond kind psi and their superstar 
onjugated in user given points.% The ORF have pres
ribed poles alpha and are orthonormal w.r.t.% a measure w, whi
h is given by its Fourier
oeffi
ients%% 2*pi% 1 / -2*pi*I*t*k% 
_k = ---- | w(t) e dt% 2*pi /% 0%% USE: [L,phi,phistar,psi,psistar℄ = ORF
al
ul(alpha,
oef,points,option)%% output:% L : the refle
tion 
oeffi
ients% phi(star): matrix whose i-th row equals phi(star)_{i-1}(points)% psi(star): matrix whose i-th row equals psi(star)_{i-1}(points)% input:% alpha : rowve
tor with poles of ORF (#poles indi
ates #ORF)% 
oef : rowve
tor with the Fourier
oeffi
ients of the weight (
_0,...,
_m)% points: rowve
tor of points wherein the phi and psi are 
omputed% option: if 0, 
ompute only the refle
tion 
oeffi
ients% if 1, 
ompute L and phi(star)23



% if 2, 
ompute L, phi(star) and psi(star)%% See also: 
omPhi, 
omPsi% Patri
k Van gu
ht and Adhemar Bultheel, august, 29, 2000.%initializationsn = size(alpha,2); % the highest degreeN = size(points,2); % the number of pointsm = size(
oef,2); % the number of Fourier
oeffi
ientsif (option~=0),phi = [ones(1,N)/sqrt(
oef(1));zeros(n,N)℄;phistar = phi; % superstarif (option==2),psi = [ones(1,N)*sqrt(
oef(1));zeros(n,N)℄; % se
ond kindpsistar = psi; % superstarendendgamma_num = [
oef(2:m) 0℄;gamma_den = 
oef;beta = zeros(1,m-1);L = zeros(n,1);alpha = [0 alpha℄; % alpha_0=0% Re
urren
efor k=1:n,z = alpha(k+1).^transpose(0:m-1);L(k) = -
onj((gamma_num*z)/(gamma_den*z)); % refle
tion
oeffi
ientif (option~=0),e_k = sqrt((1-abs(alpha(k+1))^2)/((1-abs(alpha(k))^2)*(1-abs(L(k))^2)))./(points-alpha(k+1));help = (1-alpha(k)'*points).*phi(k,:);helpstar = (points-alpha(k)).*phistar(k,:);phi(k+1,:) = e_k.*(help + L(k)'*helpstar);phistar(k+1,:) = e_k.*(L(k)*help + helpstar);if (option==2),help = (1-alpha(k)'*points).*psi(k,:);helpstar = (points-alpha(k)).*psistar(k,:);psi(k+1,:) = e_k.*(help - L(k)'*helpstar);psistar(k+1,:) = e_k.*(-L(k)*help + helpstar);endendif k<n,beta(m-1) = L(k)'*gamma_den(m) + gamma_num(m);for l=m-2:-1:1, 24



beta(l) = L(k)'*gamma_den(l+1) + gamma_num(l+1) + alpha(k+1)*beta(l+1);endgamma_den = gamma_den + L(k)*gamma_num;gamma_num(1) = beta(1);gamma_num(2:m-1) = beta(2:m-1)-alpha(k+1)'*beta(1:m-2);gamma_num(m) = -alpha(k+1)'*beta(m-1);endendTwo other m-�les 
omPhi.m and 
omPsi.m 
ompute the �n and the 	n, respe
tively, given there
e
tion 
oeÆ
ients and the poles, in given points.fun
tion [phi,phistar℄ = 
omPhi(L,alpha,points),% COMPHI = Compute the orthogonal rational fun
tions phi and their% superstar 
onjugate in given points if the refle
tion% 
oeffi
ients L and the poles alpha are given.%% USE: [phi,phistar℄ = 
omPhi(L,alpha,points)%% output:% phi(star): matrix whose i-th row equals phi(star)_{i-1}(points)% input:% L : the refle
tion 
oeffi
ients% alpha : the poles of the rational fun
tions% points : rowve
tor of points wherein the phi are 
omputed%% See also: ORF
al
ul, 
omPsi% Patri
k Van gu
ht and Adhemar Bultheel, august, 29, 2000%initializationn = min(max(size(L)),max(size(alpha))); % the highest degreeN = size(points,2); % the number of pointsphi = [ones(1,N);zeros(n,N)℄;phistar = phi; % superstaralpha = [0 alpha℄; % alpha_0=0% Re
urren
efor k=1:n,e_k = sqrt((1-abs(alpha(k+1))^2)/((1-abs(alpha(k))^2)*(1-abs(L(k))^2)))./(points-alpha(k+1));help = (1-alpha(k)'*points).*phi(k,:);helpstar = (points-alpha(k)).*phistar(k,:);phi(k+1,:) = e_k.*(help + L(k)'*helpstar);25



phistar(k+1,:) = e_k.*(L(k)*help + helpstar);endfun
tion [psi,psistar℄ = 
omPsi(L,alpha,points),% COMPSI = Compute the fun
tions of the se
ond kind psi and their% superstar 
onjugate in given points if the refle
tion% 
oeffi
ients L and the poles alpha are given.%% USE: [psi,psistar℄ = 
omPsi(L,alpha,points)%% output:% psi(star): matrix whose i-th row equals psi(star)_{i-1}(points)% input:% L : the refle
tion 
oeffi
ients% alpha : the poles of the rational fun
tions% points : rowve
tor of points wherein the psi are 
omputed%% See also: ORF
al
ul, 
omPhi% Patri
k Van gu
ht and Adhemar Bultheel, august, 29, 2000%initializationn = min(max(size(L)),max(size(alpha))); % the highest degreeN = size(points,2); % the number of pointspsi = [ones(1,N);zeros(n,N)℄;psistar = psi; % superstaralpha = [0 alpha℄; % alpha_0=0% Re
urren
efor k=1:n,e_k = sqrt((1-abs(alpha(k+1))^2)/((1-abs(alpha(k))^2)*(1-abs(L(k))^2)))./(points-alpha(k+1));help = (1-alpha(k)'*points).*psi(k,:);helpstar = (points-alpha(k)).*psistar(k,:);psi(k+1,:) = e_k.*(help - L(k)'*helpstar);psistar(k+1,:) = e_k.*(-L(k)*help + helpstar);end
26


