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Abstra
tThe stabilized two-step 
onstru
tion of wavelet bases is appliedto the one-dimensional 
ase of irregular meshes on the interval. Themethod yields biorthogonal bases in whi
h the wavelets on both theprimal and the dual side have a 
hosen number of vanishing momentsand have lo
al support. The primal s
aling fun
tions are average-interpolating by 
onstru
tion. Uniform L2-stability is shown undera mild restri
tion on the irregularity of the mesh.Numeri
al results show that the wavelet bases are well-
onditioned,having approximately the same 
ondition numbers as wavelet basesobtained by full semiorthogonalization, while the average support isonly slightly larger than in the unstabilized 
onstru
tion.Keywords : multiresolution analysis on the interval, irregular meshes, nonsta-tionary or se
ond-generation wavelets, lifting s
heme, stability.AMS(MOS) Classi�
ation : 42C15, 42C40, 65T60.
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ien
e,Katholieke Universiteit Leuven, BelgiumAbstra
tThe stabilized two-step 
onstru
tion of wavelet bases is applied to the one-dimensional
ase of irregular meshes on the interval. The method yields biorthogonal bases in whi
hthe wavelets on both the primal and the dual side have a 
hosen number of vanishingmoments and have lo
al support. The primal s
aling fun
tions are average-interpolatingby 
onstru
tion. Uniform L2-stability is shown under a mild restri
tion on the irregularityof the mesh.Numeri
al results show that the wavelet bases are well-
onditioned, having approxi-mately the same 
ondition numbers as wavelet bases obtained by full semiorthogonaliza-tion, while the average support is only slightly larger than in the unstabilized 
onstru
tion.1 Introdu
tion1.1 MotivationIn several appli
ations in
luding signal pro
essing, data are given on some �xed mesh. Findinga multis
ale representation then means that 
oarser (and possibly also �ner) meshes need tobe 
onstru
ted whi
h together with the given mesh form a mesh hierar
hy 
alled a multilevelmesh.We 
onsider multilevel meshes that are nested and dyadi
ally re�ned, i.e., where twosu

essive �ner-level intervals make up a 
oarser-level interval. The multilevel mesh is regularif all single-level meshes are regular, meaning that all intervals at a given mesh level haveequal length. It is semi-regular if it 
an be derived from an arbitrary 
oarsest-level meshby regular dyadi
 re�nement, splitting ea
h interval into two 
ongruent parts. In the mostgeneral 
ase the nested multilevel mesh is irregular.Even when the given �ne-level mesh is regular, the dyadi
 multilevel mesh will be irregularunless the number of intervals in the �ne-level mesh is a power of two. This makes irregularre�nement the natural framework when a �ne-level mesh is given.In the 
lassi
al, stationary setting, all s
aling fun
tions and all wavelets are translates anddilates of a single father 
.q. mother fun
tion. Wavelet bases on regular multilevel meshes onthe interval 
an be derived from stationary wavelet bases by an adaptation near the boundaryof the interval as in, e.g., [5℄ and [8℄. This is not possible in the irregular 
ase. We will needto deal with nonstationary wavelet bases.Moreover, appli
ations su
h as 
ompression and denoising in a wavelet basis impose 
ertainproperties on suitable bases. Firstly, these appli
ations require equivalen
e of the L2-norm of1



1 INTRODUCTION 2a signal f =PjPm 
jm jm and the `2-norm of the sequen
e of its wavelet 
oeÆ
ients 
,m k
k`2 � kfkL2 �M k
k`2 ; (1.1)where m and M depend only on the wavelet basis and should be 
lose to one another. Thusthe error made in the signal by dis
arding one 
oeÆ
ient is bounded from above and frombelow by the magnitude of the 
oeÆ
ient up to the 
onstants M and m. This de�nes L2-stability of the wavelet basis: a set satisfying (1.1) is a Riesz basis for its linear span. Ase
ond requirement for su
h appli
ations is that the forward and inverse transforms ba
k andforth between the single-s
ale basis and the wavelet basis should be 
omputationally eÆ
ient.1.2 Overview and related workApplying [18℄, we use a stabilized version of a 
onstru
tion in [21℄, whi
h is a realization of thelifting s
heme. In a (primal) lifting step the s
aling fun
tions 'jk are kept and the wavelets jm are modi�ed to meet some 
hosen requirements by adding a linear 
ombination of s
alingfun
tions: '̂jk := 'jk ;  ̂jm :=  jm �Xk ujkm 'jk : (1.2)The lifting s
heme is easy to implement, gives eÆ
ient algorithms, but perhaps its mainattra
tion is its 
exibility, owing to the expli
it 
hara
ter of (1.2). This is a helpful propertywhen dealing with irregular meshes.Stevenson [20℄ 
onstru
ts stable wavelet bases of small support that are semiorthogonalwith respe
t to a dis
rete L2-equivalent inner produ
t, on lo
ally re�ned semi-regular meshesin one or more dimensions. The method is similar to lifting in that a simple initial waveletbasis is modi�ed by adding a linear 
ombination of s
aling fun
tions, with the distin
tion thatthese are �ne-level s
aling fun
tions 'j+1;k instead of 
oarse-level s
aling fun
tions 'jk. Theinitial wavelet basis is the hierar
hi
al basis of Yserentant [22℄. In [19℄, the same author iden-ti�es lo
al semiorthogonal wavelets for interpolating pie
ewise linear s
aling fun
tions that arestable in a range of Sobolev spa
es, again on semi-regular meshes in one or more dimensions.In [9℄, this is generalized to biorthogonal �nite element wavelets having any number of vanish-ing moments. In all of these 
onstru
tions, however, no eÆ
ient inverse (analysis) transformis available. While for the purpose of pre
onditioning this is not needed, appli
ations like
ompression do use the inverse transform. Dahmen et al. [8℄ build biorthogonal wavelet baseson the interval having any desired number of primal and dual vanishing moments and allow-ing fast forward and inverse transforms. They 
onsider only regular multilevel meshes. Thepresent paper deals with irregular meshes, and we also ensure the existen
e of fast forwardand inverse transforms. In 
omparison to the bases 
onstru
ted in [8℄, the resulting waveletbases show better 
onditioning by several orders of magnitude.The remainder of the paper is organized as follows. After some preliminaries, Se
tion 3brie
y re
alls the lifting s
heme and applies the analysis of the two-step 
onstru
tion givenin more general terms in [18℄ to the one-dimensional 
ase of the interval. In Se
tion 4 weemphasize the role of nonstationary subdivision in lifting. The desired stability properties ofa lifting step are seen to follow from 
onvergen
e properties of a nonstationary subdivisions
heme. This is applied to the �rst step in the two-step 
onstru
tion in Se
tion 5. For thesimple subdivision s
heme involved, some results are available. For the se
ond step we resort



2 PRELIMINARIES 3to the methods and analysis of [18℄. The 
onstru
tion of wavelet bases on a given irregular�nest-level mesh is dis
ussed in Se
tion 6. We justify an approa
h that has previously beenused as an empiri
al approximation. Se
tion 7 provides detailed numeri
al results.2 PreliminariesConsider a multiresolution analysis (MRA) in L2, i.e. a stri
tly in
reasing and dense sequen
eV := fVjgj�0 of 
losed subspa
es of L2,Vj � Vj+1 ; j � 0 ; and 
los 1[j=0Vj = L2 :Between su

essive spa
es in V, 
onstru
t algebrai
 
omplements Wj so thatVj+1 = Vj �Wj ;where `�' denotes the inner sum of disjoint linear spa
es. The 
omplement spa
e Wj is notne
essarily orthogonal to Vj . A �ne-resolution spa
e Vj 
an then be written as a teles
opi
de
omposition into a 
oarser-resolution spa
e and intermediate 
omplement spa
es,Vj = V0 � j�1Mi=0 Wi : (2.1)With the notational 
onvention that W�1 := V0, we 
all the sequen
e W := fWjgj��1 amultis
ale de
omposition (MSD).The spa
es Vj and Wj are equipped with bases,Vj = 
losL2 span�j ; �j := f'jk j k 2 Kj g ;Wj = 
losL2 span	j ; 	j := f jm j m 2Mj g ;with Kj andMj arbitrary index sets. On the interval we identify them with ranges of integers.We refer to any basis �j for the spa
e Vj as a set of s
aling fun
tions, and any basis 	j forany type of 
omplement spa
e Wj , j � 0, is 
alled a set of wavelets at level j. In what sensethe basis property must be understood is made 
lear below.Be
ause of the de
omposition (2.1), an element of Vj 
an be expressed in two ways: insingle-s
ale form by its 
oordinates aj in the single-s
ale basis �j, and in multis
ale formby the 
oeÆ
ients 
j in the wavelet or multis
ale basis �j := �0 [ Sj�1i=0 	i. We enumeratethe sets �j and 	j in (possibly in�nite) row ve
tors denoted by the same symbols, and use
olumn ve
tors for the 
oordinates aj = [ajk℄k2Kj and 
j = �aT0 bT0 : : : bTj�1�T (in Mallatordering). To simplify the notation, we also de�ne b�1 := a0 and 	�1 := �0. Then we 
anwrite �jaj =Pj�1i=�1	ibi.Use of the multis
ale basis is only interesting in pra
ti
e if the 
onversion between single-s
ale form and multis
ale form 
an be performed eÆ
iently. Be
ause of the multiresolutionstru
ture of the spa
es Vj and Wj , there exist re�nement 
oeÆ
ients fhjlkg and fgjlmg su
hthat 'jk = Xl2Kj+1 hjlk 'j+1;l ;  jm = Xl2Kj+1 gjlm 'j+1;l : (2.2)



2 PRELIMINARIES 4The re�nement relations (2.2) 
an be written as matrix expressions�j = �j+1Hj and 	j = �j+1Gj :The re�nement operators Hj and Gj readily provide an expression for the two-s
ale transformaj+1 = Aj �ajbj� = Hjaj +Gjbj ; Aj := �Hj Gj� : (2.3)The multis
ale transform, 
onverting from multis
ale form to single-s
ale form, is then foundby 
on
atenating su

essive two-s
ale transforms and 
an be written as the appli
ation ofTj := Aj�1 �Tj�1 00 I� ; T1 := A0 ;where I is the identity operator on `2(Mj�1). If the spa
es Vj are �nite-dimensional, we mayexpand Tj into an nj � nj matrix, where nj is the dimension of Vj .The inverse transform 
an be written in a similar fashion provided that there exist bases~�j and ~	j that are biorthogonal to �j and 	j, i.e.,
'jk ; ~'jk0� = Ækk0 ; 
'jk ; ~ jm0� = 0 ;
 jm ; ~'jk0� = 0 ; 
 jm ; ~ jm0� = Æmm0 ; (2.4)where Ækk0 is the Krone
ker symbol. The spa
es spanned by ~�j and ~	j form a se
ond MSD~W. One then has that Wj ? ~Vj and Vj ? ~Wj. By 
onvention W is 
alled the primal and ~W is
alled the dual MSD. Assuming that su
h a dual MSD exists, the dual re�nement operators~Hj and ~Gj are de�ned analogously. Filling in the re�nement relations in (2.4) gives~H�jHj = I ; ~G�jHj = 0 ;~H�jGj = 0 ; ~G�jGj = I ;whi
h says that the inverse of the primal two-s
ale transform matrix Aj is given by thehermitian 
onjugate ~A�j of the dual two-s
ale transform matrix. Hen
e the inverse two-s
aletransform is found as aj = ~H�j aj+1 ; bj = ~G�jaj+1 :The inverse multis
ale transform T�1j is expressed in terms of the dual two-s
ale transforms~Aj as T�1j := �T�1j�1 00 I� ~A�j�1 ; T�11 := ~A�0or T�1j = ~T �j .EÆ
ien
y of the forward and inverse multis
ale transforms depends strongly on the ma-tri
es Aj and ~Aj being sparse. This is a property of the bases involved, as we shall seenow.Let the mesh at level j be represented by the partitioning Ij := f Ijk j k 2 Kj g. Sin
e ourmeshes are one-dimensional, we identify the index set Kj with a range of integers, numbering



2 PRELIMINARIES 5the intervals from left to right. Sin
e the mesh re�nement is binary, every two su

essive�ne-level intervals Ij+1;l and Ij+1;l+1 with Ij+1;l [ Ij+1;l+1 = Ijk are asso
iated with the same
oarse-level interval Ijk. We 
an split Kj+1 in two sets, assigning Ij+1;l to a set of `even'indi
es K0j+1 and Ij+1;l+1 to a set of `odd' indi
es K1j+1, and 
orrespondingly writea0j+1 = H0j aj +G0jbj ; a1j+1 = H1j aj +G1jbjand aj = ( ~H0j )�a0j+1 + ( ~H1j )�a1j+1 ; bj = ( ~G0j )�a0j+1 + ( ~G1j)�a1j+1 :This allows us to de�ne an appropriate notion of bandwidth for the non-square matrix Hj asthe maximum bandwidth of H0j and H1j . The bandwidth of Gj and of the dual re�nementmatri
es is de�ned analogously.We 
an then de�ne lo
ality as follows.De�nition 2.1. The hierar
hy of bases f�jg is lo
al if the bandwidth of Hj is bounded uni-formly in j. The 
olle
tion of wavelet bases f	jg is lo
al if the bandwidth of Gj is boundeduniformly in j and f�jg is lo
al.If the primal bases are lo
al, the 
ost of the transform Tj is linear in nj. If both the primaland the dual bases are lo
al, then both the forward and the inverse multis
ale transforms Tjand T�1j have linear 
omplexity. Hen
e in appli
ations whi
h require both Tj and T�1j , lo
alityof the primal and the dual bases is desirable.Another desirable property of the multis
ale transforms Tj is that they should be well-
onditioned. In parti
ular, the 
ondition number of Tj should be bounded independently ofthe number of levels j. We repeat some essential results [6, 18℄.De�nition 2.2. A sequen
e of single-s
ale Riesz bases �j for Vj is uniformly stable ifm kajk`2 � 


Xk2Kj ajk'jk


L2 �M kajk`2 (2.5)with 0 < m;M <1 independent of j. For 
onvenien
e of notation, an expression like (2.5)will be written more 
on
isely as kajk`2 . kvjkL2 . kajk`2 or even kvjkL2 � kajk`2, withvj =Pk ajk'jk.Theorem 2.3. In a MSD of L2, assume that �j are uniformly stable bases for Vj. Then thefollowing are equivalent:(i) the multis
ale transforms Tj have uniformly bounded 
ondition numbers(ii) the multis
ale basis �1 := S1j=�1	j is a Riesz basis for L2.Theorem 2.4. The multis
ale basis �1 in a MSD W of L2 is a Riesz basis for L2 if andonly if(i) the single-s
ale bases 	j are uniformly stable bases for Wj, and(ii) W is a stable MSD, i.e.,8v = 1Xj=�1wj 2 L2; wj 2Wj : kvk2L2 � 1Xj=�1 kwjk2L2 :



3 THE LIFTING SCHEME 6The usual way to ensure stability of the MSD [6, 7℄ involves the order of the MRA andthe number of vanishing moments of the wavelets.When dealing with MRAs on possibly bounded domains, we �nd it 
onvenient to use aslightly modi�ed de�nition of the order of a MRA, whi
h 
oin
ides with the usual de�nitionin the stationary 
ase. The reasons for this will be made 
lear in Se
tion 5.1.De�nition 2.5. The (polynomial) order of a nonstationary univariate MRA is given by~N := maxfn j 9j0 su
h that 8j � j0 : �n � Vj on every bounded subdomain g ;where �n is the spa
e of polynomials of degree at most n� 1.De�nition 2.6. The primal wavelets are said to have N vanishing moments if Wj is orthog-onal to �N for j � j0.The number of vanishing moments of the dual wavelets is of 
ourse de�ned analogously.One has that �N is orthogonal to Wj for all j � j0 if and only if �N � ~Vj0 . Hen
e thequantities N and ~N are dual to ea
h other in that the number of primal vanishing momentsN equals the order of the dual MRA and vi
e versa.Finally, a ne
essary 
ondition for stability of the MSD in Theorem 2.4 is given by uniform
omplement stability.De�nition 2.7. Given Vj+1 = Vj �Wj, de�ne�j := supv2Vj ;w2Wjv;w 6=0 ���� � vkvk ; wkwk����� :Then Wj is a stable 
omplement of Vj if �j < 1.The spa
es Wj in a MSD are uniformly stable 
omplements if �j are uniformly boundedaway from unity.3 The Lifting S
hemeAfter these preliminary remarks, we re
all the 
onstru
tion me
hanism of the wavelet baseswe 
onsider, whi
h is the lifting s
heme [1, 21℄.3.1 Prin
ipleA lifting step 
onsists in the following operation. Let Aj = �Hj Gj� and ~Aj = � ~Hj ~Gj� betwo-s
ale transform matri
es from a biorthogonal pair of MSDs. A new pair of biorthogonaltwo-s
ale transform matri
es are given byÂj := �Ĥj Ĝj� := �Hj Gj� �I �Uj0 I � and ~̂Aj := � ~̂Hj ~̂Gj� := � ~Hj ~Gj� � I 0U�j I� : (3.1)Of 
ourse, the roles of both biorthogonal MSDs in (3.1) 
an be inter
hanged. This yields thematri
esÂj := �Ĥj Ĝj� := �Hj Gj� � I 0Pj I� and ~̂Aj := � ~̂Hj ~̂Gj� := � ~Hj ~Gj� �I �P �j0 I � : (3.2)



3 THE LIFTING SCHEME 7PSfrag repla
ements Ijk=Ijm Ijk0Ij+1;l Ij+1;l+1Figure 1: Two s
aling fun
tions and one wavelet in the Haar MSD on irregular meshes on theinterval. Above, the mesh at level j is drawn, and below, the next �ner mesh at level j + 1.Unlike the interval Ijk0, the interval Ijk is split in two subintervals at level j +1, so besides as
aling fun
tion there is also a wavelet asso
iated with it.The operations (3.1) and (3.2) are known as primal lifting and dual lifting, respe
tively.If Aj and ~Aj 
orrespond to a pair of biorthogonal MSDs, then after primal lifting theprimal MRA V has been left un
hanged. The new bases �̂j and 	̂j are related to the oldones by �̂j = �j and 	̂j = 	j � �j Uj . This allows to easily build a new 	̂j out of 	j and�j. One may start with a simple biorthogonal MSD and then adapt it so as to obtain 
ertaindesirable properties.3.2 Two-Step Constru
tionThe 
onstru
tion whi
h we will use 
omprises two 
onse
utive lifting steps, and is a simple
ase of what is 
alled a 
akewalk 
onstru
tion in [21℄. The starting point is a trivial orthogonalMSD with orthogonal two-s
ale transform matri
es � �Hj �Gj�. This will be the Haar MSD,spanned by the normalized 
hara
teristi
 fun
tions�'jk := jIjkj� 12 �(Ijk)and the Haar wavelets� jm := jIjmj� 12  s jIj+1;ljjIj+1;l+1j�(Ij+1;l+1)�s jIj+1;l+1jjIj+1;lj �(Ij+1;l)! ;where Ij+1;l [ Ij+1;l+1 = Ijm as in Figure 1, and where jIjkj denotes the length of the intervalIjk. S
aling fun
tions and wavelets at level j are 
onveniently indexed by asso
iating themea
h to an interval in the mesh Ij, so that Mj � Kj . The sets ��j := f �'jkg and �	j :=f � jmg are orthonormal bases for their 
losed linear spans �Vj and �Wj , and the MSD f �Wjg isorthogonal.Starting from the orthogonal MSD, we �rst apply a dual lifting step | or predi
tion step| to obtain a primal MSD of the desired order. In a se
ond step | the update step | weuse primal lifting to 
onstru
t wavelets whi
h additionally possess any number of vanishingmoments that does not ex
eed the order. The terms update and predi
tion are due to aninterpretation [12℄ of the e�e
t of both operations. Both lifting steps are designed so as tomaintain uniform stability and lo
ality of the primal and dual bases.This approa
h di�ers from that followed by Dahmen et al. in [8℄. There the authorsstart out with a stationary biorthogonal pair of MRAs from the Cohen{Daube
hies{Feauveau



3 THE LIFTING SCHEME 8family [4℄, both of whi
h are then separately adapted to the interval in su
h a way thatpolynomial reprodu
tion properties and uniform single-s
ale stability remain satis�ed. Thisloses biorthogonality near the boundary, so that the bases need to be re-biorthogonalizedafterwards. Finally lo
ally supported bases are identi�ed for the primal and dual 
omplementspa
es 
orresponding to the pair of biorthogonal MRAs. In 
ontrast, we immediately obtaina pair of biorthogonal MRAs with bases that are intrinsi
ally �tted to the interval and hen
edo not need any adaptation near the boundary.Figure 2 shows plots of some basis fun
tions at ea
h phase in the two-step 
onstru
tion:(a) the orthonormal bases in the initial Haar MSD; (b,
) the primal and dual s
aling fun
tionsand wavelets after a predi
tion step to three and seven dual vanishing moments, respe
tively;and (d,e) the primal and dual s
aling fun
tions and wavelets after an update step from thebases in (b) and in (
) to three and to seven primal vanishing moments, respe
tively.Both 
onse
utive steps are re
e
ted in the multis
ale transform. The two-s
ale transformreads aj+1 = � �Hj �Gj� � I 0�Pj I� �I �Uj0 I � �ajbj� :Dire
t implementation in fa
tored form leads to eÆ
ient algorithms. Often it takes signi�-
antly less operations to apply the multis
ale transform in fa
tored form than to assemblethe lifted re�nement matri
es and multiply these with the ve
tors of 
oeÆ
ients [12℄.Finally, sin
e both the original multis
ale transform and the individual lifting steps aretrivially inverted, the inverse transform has a simple expression,�ajbj� = �I Uj0 I � � I 0� �Pj I� � �H�j�G�j � aj+1 ;and is of the same 
omplexity as the forward transform.3.3 Stability PropertiesThe lifting s
heme also has ni
e stability properties, �tting in the more general theory of [1℄.As it is said in the following theorem, a lifting step preserves 
omplement stability and stabilityof the single-s
ale bases under a simple 
ondition on the matri
es �Pj in (3.2). An analogousresult evidently holds true on the dual side.Theorem 3.1 ([18℄). Let �W and �~W, with bases ��j, �	j and �~�j, �~	j, be a pair of biorthogonalMSDs. Assume that the bases ��j and �	j are uniformly stable and that �Wj are uniformly stable
omplements, and use the same assumptions on the dual MSD �~W.With �Hj, �Gj denoting the re�nement matri
es in �W and �~Hj, �~Gj the re�nement matri
esin �~W, the new dual re�nement matri
es after dual lifting, ~Hj = �~Hj and ~Gj as de�ned in (3.2),determine a new MSD ~W.If the predi
tion matri
es �Pj in (3.2) are uniformly bounded, then the following holds:(i) The lifted bases ~�j := �~�j and ~	j := �~�j+1 ~Gj are uniformly stable, and the spa
es~Wj := 
losL2 span ~	j are uniformly stable 
omplements.(ii) If, in addition, the lifted primal re�nement matri
es Hj, as de�ned in (3.2), deter-mine sets of s
aling fun
tions �j that are uniformly stable then also 	j := �j+1Gj areuniformly stable, and Wj := 
losL2 span	j are uniformly stable 
omplements.
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(e) N = ~N = 7Figure 2: Some basis fun
tions at ea
h phase in the two-step 
onstru
tion. (a) initial or-thonormal bases ��j = �~�j , �	j = �~	j ; (b,
) bases �j, ~�j = �~�j, 	j, ~	j after the predi
tionstep; (d,e) bases �̂j = �j, ~̂�j , 	̂j, ~̂	j after the update step.



4 MULTIRESOLUTION ANALYSES FROM NONSTATIONARY SUBDIVISION 10Note that for assertion (ii) one has the additional requirement that stable sets of s
alingfun
tions exist satisfying the re�nement relations with the new re�nement operators Hj. Thisis not guaranteed. We will see that this requirement redu
es to a 
onvergen
e property of thesubdivision s
heme de�ned by the operators Hj, and that also uniform stability of the newbases of s
aling fun
tions follows from simple 
onditions on this subdivision s
heme.4 Multiresolution Analyses from Nonstationary Subdivision4.1 Nonstationary Subdivision S
hemes and S
aling Fun
tionsSubdivision s
hemes are most often 
onsidered in `1 and L1. In order to stress the 
loserelation with the material in the rest of this paper and to avoid renormalization of basisfun
tions, we restate the basi
s of nonstationary subdivision in `2 and L2.De�nition 4.1. A (nonstationary) subdivision s
heme is a sequen
e of linear operatorsHj : `2(Kj)! `2(Kj+1) :Starting from a given sequen
e aj 2 `2(Kj), subdivision 
omputes a sequen
e aj+1 = Hjaj onthe next �ner grid, and so on. With ea
h iterate aJ ; J � j, we asso
iate a pie
ewise 
onstantfun
tion SJj (aj) := Xk2KJ aJk �(IJk)jIJkj 12 : (4.1)A subdivision s
heme is 
onvergent if for all j and all aj 2 `2(Kj), subdivision 
onverges toa fun
tion S1j (aj) 2 L2, i.e. SJj (aj)! S1j (aj) (4.2)in the L2-norm.When 
onsidered in these spa
es, subdivision operators and re�nement operators are the sameobje
ts. We will 
hoose the term a

ording to the 
ontext but always use the symbol Hj.A 
onvergent subdivision s
heme de�nes basis fun
tions spanning a sequen
e of nestedspa
es. Indeed, by linearity a bounded operator S1j in a 
onvergent subdivision s
hemede�nes fun
tions 'jk su
h thatS1j (aj) = Xk2Kj ajk 'jk with 'jk := S1j (ej;k) ; ej;k := fÆkk0gk02Kj :An operator `2(Kj)! L2 : aj 7!Pk2Kj ajk �jk is usually 
alled the frame operator of the setf�jkg. So S1j is the frame operator of �j := f'jk j k 2 Kj g. The sets �j span a sequen
eof nested spa
es V = fVjg. If V is dense, it is a MRA, with the fun
tions 'jk as s
alingfun
tions. This is why we use the same notation 'jk as for s
aling fun
tions.Also here, we fo
us our attention on lo
al subdivision s
hemes.De�nition 4.2. A subdivision s
heme fHjg is lo
al if the bandwidth of Hj is uniformlybounded.



4 MULTIRESOLUTION ANALYSES FROM NONSTATIONARY SUBDIVISION 11This of 
ourse implies that the number of elements in the maskL(j; k) := f l 2 Kj+1 j hjlk 6= 0 g (4.3)(the mask size) is bounded uniformly in k and j, 
orresponding to uniform boundedness ofthe number of nonzero elements per row of Hj. In most of the following only this numbermatters, but for 
onsisten
y we have de�ned lo
ality of a subdivision s
heme to be equivalentto lo
ality of re�nement relations as introdu
ed in De�nition 2.1.Lo
ality has immediate 
onsequen
es for the support of the s
aling fun
tions 'jk.De�nition 4.3. Following [11℄, we 
all a multilevel mesh homogeneous if
 := supj supk;k0 adja
ent 2Kj ��Ijk0��jIjkj (4.4)is �nite.De�nition 4.4. The sets �j are lo
ally �nite ifsupk2Kj #f k0 2 Kj j supp'jk0 \ supp'jk 6= ; g . 1 :Lemma 4.5. If the subdivision s
heme fHjg is lo
al, and if the multilevel mesh is homoge-neous, then the sets �j are lo
ally �nite and jsupp'jkj . jIjkj.Proof. By an argument 
ompletely analogous to the regular 
ase [2, 3, 16℄, one �nds that on ahomogeneous mesh with homogeneity 
onstant 
, the support of the iterates in (4.2) satis�es8J > j : ��suppSJj (ej;k)�� � jIjkj 
b+1 � 1
 � 1 ;with b the assumed uniform bound on the mask size in (4.3). This means that jsupp'jkj .jIjkj. Moreover, one has that supp'jk � b[i=�b Ij;k+i ;whi
h implies lo
al �niteness.Be
ause of this bound on the diameter of the support of the limit fun
tions 'jk, 
onver-gen
e in one norm and in another norm are related. Lo
al subdivision s
hemes fH 0jg that are
onvergent in the L1  `1 sense are also 
onvergent in our de�nition, whi
h uses L2 and `2,after the s
aling Hj := diag[jIj+1;lj 12 ℄H 0j diag[jIj;kj� 12 ℄ :



5 THE PREDICTION STEP 124.2 Biorthogonal Subdivision and StabilityA pair of 
onvergent subdivision s
hemes with biorthogonal subdivision matri
es yield s
alingfun
tions that are biorthogonal. This is easily seen to follow from biorthogonality of theiterates (4.1). The average-interpolating subdivision s
heme in Se
tion 5.1 will provide anexample of biorthogonal subdivision s
hemes.Furthermore, for s
aling fun
tions derived from lo
al biorthogonal subdivision s
hemes,uniform boundedness is suÆ
ient for uniform stability.Lemma 4.6 ([8, Lemma 2.1℄). If the sets of fun
tions �j, ~�j are biorthogonal, uniformlyL2-bounded and lo
ally �nite, then �j and ~�j are uniformly stable Riesz bases for their 
losedlinear spans.Remark 4.7. The s
aling fun
tions 'jk are L2-bounded uniformly in k and j if and only ifthe operators S1j are uniformly bounded as operators from `2(Kj) into L2.Often the subdivision s
heme has some amount of stationarity, in that the same algorithmis used in applying Hj at all levels j, but the subdivision 
oeÆ
ients that make up Hj dependon the mesh. If the operators S1j in Remark 4.7 are instan
es S( � ; fIigi�j) of a single generaloperator parameterized with the multilevel mesh, then boundedness of the general operatoruniformly in the 
hoi
e of the mesh is a suÆ
ient 
ondition for uniform boundedness of thes
aling fun
tions.5 The Predi
tion StepWe now use the results of Se
tion 4 in the analysis of the subdivision s
heme for the news
aling fun
tions in the predi
tion step. This is feasible due to the simpli
ity of the initialMSD. In the update step the subdivision s
heme is more 
omplex, and we refrain from adire
t analysis. We instead apply the stabilized update method dis
ussed in [18℄.The subdivision s
hemes o

urring in a predi
tion step from the Haar MSD belong to the
lass of average-interpolating subdivision s
hemes, for whi
h the s
aling fun
tions 'jk satisfyZIjk0'jk = ��Ijk0�� 12 Ækk0 :Like in the Haar MSD, ea
h s
aling fun
tion is naturally asso
iated to an interval in themultilevel mesh.5.1 Average-Interpolating SubdivisionThe average-interpolating subdivision s
hemes that we use were proposed by Donoho [14℄ inthe stationary setting. The generalization to irregular meshes is trivial. Sin
e we will needsome of the details of average-interpolating subdivision below, we brie
y re
all the algorithmin the notation of this paper.In average-interpolating subdivision of order p, the �ner-level 
oeÆ
ient aj+1;l is 
al
ulatedfrom a set of p = 2d+ 1 
onse
utive 
oarse-level 
oeÆ
ients:



5 THE PREDICTION STEP 13aj;k(l)�d : : : aj;k(l) : : : aj;k(l)+d& # .aj+1;lSin
e s
aling fun
tions are asso
iated to intervals, symmetry leads us to 
onsider only oddorders. To �nd aj+1;l, set up the polynomial �j;k(l) 2 �p su
h that the averages of �j;k(l) overthe intervals Ij;k(l)+i 
orrespond to the values aj;k(l)+i,h�j;k ; �'j;k+ii = aj;k+i ; �d � i � d ; (5.1)with k = k(l), and use its average over Ij+1;l as the value for aj+1;l,aj+1;l := 
�j;k(l) ; �'j+1;l� :Whenever possible the asso
iated intervals are 
hosen symmetri
ally around Ij+1;l, i.e.,Ij;k(l) � Ij+1;l. Close to the boundary this 
annot be satis�ed, and the 
oarse-level intervalshave to be 
hosen asymmetri
ally around Ij+1;l.It is easily 
he
ked that the above pro
edure does indeed give re�nement matri
es Hjwhi
h satisfy �H�jHj = I, with �Hj the re�nement matri
es of ��j .One of the purposes of a lifting operation is to provide the new primal MRA with a 
ertainorder ~N . In terms of the subdivision s
heme, this is 
learly equivalent to the property that forany polynomial f 2 � ~N , and for j � j0, there is some sequen
e aj whi
h (lo
ally) produ
esthe polynomial f , i.e. S1j (aj) = f . In the subdivision 
ontext the latter is referred to as thepolynomial reprodu
tion property of order ~N .For ajk = hf ; �'jki with f 2 �p, the polynomial �jk in (5.1) 
oin
ides with f for all k.Thus average-interpolating subdivision of order p has the polynomial reprodu
tion propertyof order ~N = p. At the 
oarsest levels in the mesh, where #Kj < p, the p 
oarse-level
oeÆ
ients needed to perform order p average-interpolating subdivision are not available, sothat the order needs to be lowered. This has no e�e
t on the order of the MRA a

ordingto De�nition 2.5. Figure 3 shows the bases for the �rst four levels of a MRA of order �ve,where the 
oarsest level V0 is one-dimensional. Note that the presen
e of a minimum levelj0 in the de�nition of the order avoids that any MRA on a bounded domain with a one-dimensional 
oarsest resolution level V0 
ould only be of order 1, whi
h says nothing aboutits approximation power.Be
ause of the simple form of this subdivision s
heme, some properties 
an be deriveddire
tly. The next lemma would follow from uniform stability of the bases of s
aling fun
tions(
onsidered in Proposition 5.4). However, it is not diÆ
ult to give a dire
t and 
onstru
tiveproof.Lemma 5.1. Let S( � ; fIjg) be the average-interpolating subdivision s
heme of order p on ahomogeneous multilevel mesh fIjg. Then the subdivision operators Hj are uniformly bounded,with a bound depending only on p and on the homogeneity 
onstant of the mesh.Proof. For Ij = f Ijk j k 2 Kj g and Ijk = [xjk xj;k+1℄, de�ne �jk(x) := R xxj;k�d �jk with �jkfrom (5.1). Being of degree p = 2d + 1, the polynomial �jk is uniquely determined by theinterpolation 
onditions�jk(xj;k+Æ) = Æ�1Xi=�d jIj;k+ij 12 aj;k+i ; �d � Æ � d+ 1 ;
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Figure 3: Single-s
ale basis fun
tions for the 
oarsest levels in an average-interpolating MRAof order �ve. Constant fun
tions are in V0, quadrati
 polynomials are in V2, and all polyno-mials of degree up to four are in V3.or �jk = dXi=�d jIj;k+ij 12 aj;k+i�ijk ;with �ijk su
h that �ijk(xj;k�d) = � � � = �ijk(xj;k+i) = 0 ;�ijk(xj;k+i+1) = � � � = �ijk(xj;k+d+1) = 1 :The new 
oeÆ
ient aj+1;l is found asaj+1;l = jIj+1;lj� 12 ��j;k(l)(xj+1;l+1)� �j;k(l)(xj+1;l)� ;so that the subdivision 
oeÆ
ients hj;k(l)+i;l are given byhj;k(l)+i;l =s��Ij;k(l)+i��jIj+1;lj ��ij;k(l)(xj+1;l+1)� �ij;k(l)(xj+1;l)� (5.2)



5 THE PREDICTION STEP 15for �d � i � d. The other entries in the lth row of Hj are zero. Near the boundary, thesubdivision sten
il is asymmetri
al. This 
auses the maximum number of nonzero entries ina 
olumn of Hj to be 6d+ 2, in the pth 
olumn.Using in (5.2) the expli
it form for �ijk(x) as a sum of Lagrange polynomials,�ijk(x) = d+1XÆ=i+1 d+1Y�=�d� 6=Æ x� xj;k+�xj;k+Æ � xj;k+�we �nd that ��hj;k(l)+i;l�� � 2p (1 + 
) 12 
 d2 max�d+1�Æ�d+1x2Ij;k(l) �������� d+1Y�=�d� 6=Æ x� xj;k(l)+�xj;k(l)+Æ � xj;k(l)+� �������� :The maximum is dilation invariant and for �xed p, depends solely on the relative sizes of theintervals Ij;k(l)�d through Ij;k(l)+d, whose ratios are bounded by a fun
tion of 
. We 
on
ludethat the subdivision 
oeÆ
ients are bounded independently of k and j.Sin
e the matrix Hj has bandwidth independent of j and uniformly bounded elements,its 1-norm is bounded uniformly in j. For matri
es with uniformly bounded bandwidth, the1-norm and the 2-norm are equivalent uniformly in the dimensions of the matrix, so that alsokHk2 is uniformly bounded.There is a useful 
onne
tion with irregular Deslauriers{Dubu
 interpolating subdivision[11, 13, 15℄. A subdivision step of the sequen
e fAjkg in the Deslauriers{Dubu
 s
heme oforder 2d evaluates the interpolating polynomial through the point values (xj;k(l)�d; Aj;k(l)�d);: : : ; (xj;k(l)+d+1; Aj;k(l)+d+1) at the point xj+1;l to �nd the value Aj+1;l in the subdividedsequen
e. The subdivision s
heme is evidently interpolating. The following result is anextension of [14, Lemma 2.2℄ to the irregular setting. It is a straightforward instan
e of a
ommutation formula for irregular subdivision [10, 11℄.Lemma 5.2. Let Aj = fAjkg be iterates in the Deslauriers{Dubu
 subdivision s
heme oforder p+ 1, p > 0, on the multilevel mesh fIjk = [xjk xj;k+1℄g, and de�neajk = Aj;k+1 �Ajkpxj;k+1 � xjk : (5.3)Then the sequen
es aj = fajkg are related by the average-interpolating subdivision s
heme oforder p on the same mesh.Proof. We show that average-interpolating subdivision of order p applied to aj produ
es thesequen
e aj+1, preserving the relation (5.3) at the next �ner level.For any j and any k = k(l), the polynomial �jk from (5.1) used in average-interpolatingsubdivision of the sequen
e aj, 
an be found as the derivative of a polynomial �jk of degreep = 2d+ 1 determined by �jk(xj;k+Æ) = 
+ Æ�1Xi=�d jIj;k+ij 12 aj;k+i ;



5 THE PREDICTION STEP 16with �d � Æ � d and 
 an arbitrary 
onstant. So as long as Aj;k�d; : : : ; Aj;k+d+1 satisfyAj;k+Æ+1 = Aj;k+Æ + jIj;k+Æj 12 aj;k+Æ ; �d � Æ � d ;the polynomial �jk equals the derivative of the interpolating polynomial �jk through the val-ues (xj;k�d; Aj;k�d); : : : ; (xj;k+d+1; Aj;k+d+1). Sin
e, moreover, Deslauriers{Dubu
 subdivision
hooses k(l) in the same way as average-interpolating subdivision, �j;k(l) is pre
isely the in-terpolating polynomial used in Deslauriers{Dubu
 subdivision of order p + 1 applied to thesequen
e Aj.For any l 2 Kj+1 the �ner-level 
oeÆ
ient a0j+1;l resulting from average-interpolatingsubdivision of aj is found asa0j+1;l := 
�j;k(l) ; �'j+1;l� = jIj+1;lj� 12 ZIj+1;l �j;k(l) :Sin
e �j;k(l) equals the derivative of the polynomial �j;k(l) whi
h is evaluated in Deslauriers{Dubu
 subdivision of Aj , this givesa0j+1;l = jIj+1;lj� 12 ��j;k(l)(xj+1;l+1)� �j;k(l)(xj+1;l)�= jIj+1;lj� 12 �Aj+1;l+1 �Aj+1;l� ;whi
h equals aj+1;l.The problem of 
onvergen
e of the subdivision s
heme on the interval 
an be redu
edto 
onvergen
e on meshes without boundary. Asymmetri
al average-interpolation near theboundary 
orresponds to polynomial extrapolation at the starting level followed by ordinarysymmetri
al average-interpolation. The reasoning in [14℄ for regular meshes 
arries over tothe irregular 
ase.Convergen
e of average-interpolating subdivision s
hemes on regular meshes is known.The resulting s
aling fun
tions are a sub
lass of the Cohen{Daube
hies{Feauveau family[4℄. Convergen
e on irregular meshes appeared in [11℄ as a side-e�e
t in the analysis ofDeslauriers{Dubu
 interpolating subdivision s
hemes. On homogeneous irregular meshes, ithas been proven only for order 1 and 3, and partial results are available for order 5.Proposition 5.3. On regular meshes or on irregular meshes with p < 5, average-interpolatingsubdivision of odd order p on homogeneous multilevel meshes 
onverges and is uniformlybounded.Proof. For p = 1, the statement is trivial be
ause all iterates are equal. The limit fun
tion ispie
ewise 
onstant.For p = 3 it is shown in [11℄ that under the given assumptions, the �rst-order divideddi�eren
es of iterates in Deslauriers{Dubu
 subdivisionXk2KJ A[1℄Jk�(IJk) ; A[1℄Jk := AJ;k+1 �AJkxJ;k+1 � xJk ; J � j ; (5.4)
onverge in L1. By Lemma 5.2, the iterates in (5.4) equal SJj (aj) for Aj;k+1 = Ajk +jIjkj1=2 ajk. For any given 
 � 1, one has that the normsk S1j Æ diag[jIjkj1=2℄ kL1 `1 (5.5)



5 THE PREDICTION STEP 17are bounded uniformly in the 
hoi
e of the mesh for meshes with homogeneity 
onstant notex
eeding 
. Hen
e the norms (5.5) are bounded uniformly in j and k'jkkL1 . jIjkj�1=2.Sin
e by Lemma 4.5, jsupp'jkj . jIjkj, it holds that k'jkkL2 . 1.For p > 3, 
onvergen
e is known in the regular setting [14℄, both on the real line and onthe interval. Here uniform boundedness is automati
. Convergen
e and uniform boundednesson irregular meshes 
ould in prin
iple be veri�ed by a similar pro
edure as for p = 3, but the
al
ulations be
ome in
reasingly 
ompli
ated for higher orders and have not been performed.There are experimental indi
ations that similar properties hold for higher-order average-interpolating subdivision, but for now, when dealing with irregular meshes, we will need torequire 
onvergen
e of the subdivision s
heme as an extra 
ondition on the mesh besideshomogeneity.Using Se
tion 4 we �nally arrive at the following result.Proposition 5.4. If the multilevel mesh is homogeneous and su
h that average-interpolatingsubdivision 
onverges and is uniformly bounded, then the subdivision s
heme de�nes a MRAin L2 with single-s
ale bases that are uniformly stable.Proof. We �rst show that the single-s
ale bases �j are uniformly stable. For this we 
andraw upon earlier lemma's. By Lemma 4.5, lo
ality of the subdivision s
heme implies lo
al�niteness of the bases �j. These are by 
onstru
tion biorthogonal to the orthonormal basesof s
aling fun
tions ��j of the Haar MRA. Hen
e, using Lemma 4.6, we 
on
lude that �j areuniformly stable bases for their 
losed linear spans Vj.The spa
es Vj are nested by 
onstru
tion. It remains to show that S1j=0 Vj is dense in L2.Let �Fj and Fj denote the frame operators of ��j and �j, respe
tively. A proje
tion of v 2 L2into Vj is given by Fj �F �j v = Xk2Kj hv ; �'jki'jk :Using the triangle inequality and noting that by biorthogonality,�Fj �F �j (Fj �F �j v) = Xk2Kj * Xk02Kj 
v ; �'jk0�'jk0 ; �'jk+ �'jk = Xk2Kj hv ; �'jki �'jk = �Fj �F �j v ;gives kv � Fj �F �j vkL2 � kv � �Fj �F �j vkL2 + kFj �F �j v � �Fj �F �j vkL2= kv � �Fj �F �j vkL2 + kFj �F �j v � �Fj �F �j (Fj �F �j v)kL2 :For the Haar MRA, one has that on a homogeneous multilevel mesh, for all v 2 L2, the errorof the orthogonal proje
tion kv � �Fj �F �j vkL2 goes to zero for in
reasing j. The same thingof 
ourse holds for the se
ond term, whi
h is merely the result of substituting Fj �F �j v for v.Hen
e Sj�0 Vj is dense in L2, and V forms a MRA.



5 THE PREDICTION STEP 185.2 Constru
tion by Dual LiftingAverage-interpolating subdivision 
an be implemented by dual lifting from the orthogonalHaar MSD. Doing so will automati
ally provide bases for the 
omplement spa
es in the pairof biorthogonal MSDs.In fa
t, any re�nement matrix Hj that is biorthogonal to some dual re�nement matrix�~Hj in a known biorthogonal MSD 
an be obtained by dual lifting. If the two-s
ale transformmatri
es [ �Hj �Gj℄ and [ �~Hj �~Gj℄ are biorthogonal, thenHj = � �Hj �Gj� " �~H�j�~G�j #Hj = � �Hj �Gj� " I�~G�jHj# ;whi
h 
orresponds to a dual lifting step with the predi
tion operator�Pj = �~G�jHj :In lifting from the orthogonal Haar MSD, �Hj = �~Hj and �Gj = �~Gj are the Haar re�nementmatri
es, and the 
oeÆ
ients for average-interpolating predi
tion are given by�pjmk = �gjlm hjlk + �gj;l+1;m hj;l+1;k= jIjmj� 12 �� jIj+1;l+1j 12 hjlk + jIj+1;lj 12 hj;l+1;k� ; (5.6)with Ijm = Ij+1;l [ Ij+1;l+1. If we show that the predi
tion operators are uniformly bounded,then uniform stability of the primal and dual wavelet bases and uniform 
omplement stabilityfollow from Theorem 3.1. This is done in the following theorem.Theorem 5.5. Let �W be the orthogonal Haar MSD, with orthonormal bases ��j and �	j.If the mesh is homogeneous and is su
h that average-interpolating subdivision of order ~N
onverges and is uniformly bounded, then(i) average-interpolating dual lifting of order ~N de�nes a pair of biorthogonal MSDs in L2,(ii) the bases �j, 	j in the new primal MSD and ~�j, ~	j in the new dual MSD are lo
al anduniformly stable, and(iii) the spa
es Wj := 
losL2 span	j, ~Wj := 
losL2 span ~	j are uniformly stable 
omple-ments.Proof. We show that the 
onditions for appli
ation of Theorem 3.1 are satis�ed.By Proposition 5.4 the new bases �j exist, span a MRA of L2 and are uniformly stable.By 
onstru
tion, they are biorthogonal to ��j.Let �Pj denote the matrix of predi
tion 
oeÆ
ients at the jth level, given by (5.6). LikeHj, the matrix �Pj also has at most ~N = 2d + 1 nonzero entries per row. Asymmetry inthe subdivision sten
il near the boundary brings the maximum number of nonzero entriesper 
olumn to 3d+ 1, whi
h is still independent of j. This implies lo
ality after dual lifting.Uniform boundedness of �Pj = �GjHj follows from uniform boundedness of �Gj and Hj, whi
hfollow from uniform stability of the bases �j, ��j and �	j.Uniform stability of the bases 	j and ~	j and uniform 
omplement stability then followby Theorem 3.1.



6 HALF MULTISCALE DECOMPOSITIONS 196 Half Multis
ale De
ompositionsBefore 
oming to numeri
al experiments, we 
omment on a pra
ti
al approa
h to a pra
ti
alproblem.As we mentioned in the introdu
tion, often data are given on a �nest-level mesh andthereby a �nite-dimensional �nest-level spa
e V JJ is �xed. This is the 
ase when dis
retedata on some �xed mesh are given for pro
essing, and one does not have a

ess to details at�ner levels or does not even 
are. A multilevel mesh with a �nite number of levels must bebuilt upon the given �nest-level mesh by a dyadi
 
oarsening pro
edure. Here we use a simple
oarsening strategy: Every two su

essive intervals are lumped together to give a 
oarser-levelinterval, starting at the left boundary. On this multilevel mesh, we wish to 
onstru
t a MSDof the given spa
e V JJ . Sin
e the resulting MSD is trun
ated at a predetermined level J , we
all it a half multis
ale de
omposition.Also, in pra
ti
e|and in the numeri
al examples of Se
tion 7|subdivision will not beperformed ad in�nitum. When subdivision is stopped at some level J , this again gives a halfMSD.We assume that the �nest-level basis is the orthonormal basis of Haar s
aling fun
tions��J . Data from L2 are given as their orthogonal proje
tion onto V JJ . A MRA of V JJ 
an thenbe built by running the average-interpolating subdivision s
heme up to level J . This gives ass
aling fun
tions and resulting spa
es'Jjk := SJj (ej;k) and V Jj := 
los span�Jj :If the subdivision s
heme 
onverges, then for in
reasing J the s
aling fun
tions 'Jjk 
onvergeto 'jk := S1j (ej;k), the s
aling fun
tions from full subdivision. This 
onstru
tion was alreadyproposed in [21℄, and is similar in design to the `hybrid wavelet transforms' introdu
ed in [14℄.Here we intend to show that it has a 
lear mathemati
al meaning allowing to draw 
on
lusionson stability and 
ompression properties.Sin
e the 
olle
tions of limit s
aling fun
tions �j are biorthogonal to ��j , their L2-ortho-gonal proje
tion onto V JJ satis�esQJ 'jk = QJ Xl2KJ aJl 'Jl = Xl2KJ aJl �'Jl = 'Jjk ;where aJ = HJ�1 � � �Hj ej;k. Hen
e �Jj = QJ�j, and sin
e 	Jj = �Jj+1Gj and for j < Jobviously ��j = QJ ��j and �	j = QJ �	j , the 
onstru
ted biorthogonal pair of half MSDs issimply the orthogonal proje
tion of the pair of limit MSDs onto V JJ = ~V JJ . For the subsequentupdate step, the relevant spa
es of polynomials are �rst orthogonally proje
ted into V JJ .Approximation-theoreti
al notions su
h as the order of a half MSD thus make sense asproperties of the underlying limit MSD. Although the spa
es V JJ (where J is regarded asvariable) have poor approximation power and �n 6� V Jj for n > 0, when the variable index istaken to be j one has that if the order of the limit MSD is ~N then for all v in the Sobolevspa
e H ~N , infvJj 2V Jj 

QJv � vJj 

L2 . 2� ~Nj kvkH ~Nuniformly in J , by the 
orresponding property of the limit MSD.
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ale basis at the �nest level is orthonormal, many 
hara
teristi
s of thebases in a �nite half MSD are easy to 
al
ulate expli
itly. At this point we drop the superindexJ to simplify notation.The Riesz 
ondition number of the multis
ale basis �J equals the 
ondition number ofthe multis
ale transform TJ . Riesz 
onstants of a single-s
ale wavelet basis 	j, j < J , areextra
ted from the matrix of TJ in a straightforward way. With HjJ := HJ�1 � � �Hj, one hasthat 	j = �JHj+1J Gj, so that by orthonormality of �J ,mj = inf
6=0 k	j
 kL2k
 k`2 = inf
6=0 

�JHj+1J Gj


L2k
 k`2 = �min(Hj+1J Gj) ;the smallest singular value of a re
tangular submatrix of TJ . Analogously one �nds that Mjequals the largest singular value of the same submatrix. Likewise, the 
omplement stability
onstant �j equals the 
osine of the angle between the 
olumn spans of two re
tangularsubmatri
es of TJ , whi
h is easily 
al
ulated from their QR-de
ompositions.7 Numeri
al ResultsThe previous se
tion allows us to 
ompute exa
t stability 
hara
teristi
s of single-s
ale andmultis
ale bases in �nite-dimensional test 
ases.7.1 Stability and ConditioningStability should not be seen purely as an asymptoti
 issue. While it is 
learly desirablethat the 
ondition numbers of the multis
ale transforms stay bounded as the level of the�nest mesh tends to in�nity, the a
tual magnitude of the 
ondition numbers in pra
ti
al,�nite-dimensional 
ases is at least as important.We 
ompare in numeri
al experiments with a �nite number of levels three update methodsdes
ribed in [18℄:� what we 
alled the 
lassi
al update, where an update sten
il of width N is used toenfor
e orthogonality of  ̂jm to �N ;� lo
al semiorthogonalization with �xed sten
il width, whi
h 
onsists in orthogonalizingea
h wavelet  ̂jm to a �xed number of neighboring s
aling fun
tions; and� a 
ombined update method, whi
h stabilizes the �rst method by 
ombining it with lo
alsemiorthogonalization with an adaptively 
hosen sten
il width.For the last method the parameter value Æ = :1 was used in all examples.Even for half MSDs on regular meshes of modest dimension, the 
lassi
al update method
an give unsatisfa
tory results. Table 1 
ompares for one 
ase detailed 
hara
teristi
s of thebases after an update step with ea
h of the three methods above. It is 
lear that for this
ase the 
lassi
al update for �ve vanishing moments does not give good results at level 4.The 
ombined update method gives better 
ondition numbers with only moderately enlargedupdate support. For 
omparison, results are also in
luded for lo
al semiorthogonalizationwith sten
il width 5, whi
h does not yield any vanishing moments. Condition numbers forthe latter two methods are 
lose. Figure 4 shows the Gram matri
es of the multis
ale bases,
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lassi
al updatelevel j 0 1 2 3 4 5 6�(�j) 1 1.46 1.67 2.17 1.96 1.91 1.71�(	j) 1 1 2.48 2.62 24.0 2.18 2.34�j 4 10�16 .039 1 10�15 4 10�15 .998 .374 .705width 0 0 3 5 5 5 5lo
al semiorthogonalizationlevel j 0 1 2 3 4 5 6�(�j) 1 1.46 1.67 2.17 1.96 1.91 1.71�(	j) 1 1 2.48 2.62 2.35 2.19 1.71�j 2 10�16 4 10�16 3 10�16 9 10�16 .043 .034 .032width 1 2 3 5 5 5 5
ombined updatelevel j 0 1 2 3 4 5 6�(�j) 1 1.46 1.67 2.17 1.96 1.91 1.71�(	j) 1 1 2.48 2.62 2.35 2.19 1.71�j 2 10�16 4 10�16 3 10�16 9 10�16 .071 .024 .034width 1 2 3 5 5.9 6.0 5.5Table 1: Detailed 
hara
teristi
s of the multis
ale de
ompositions of order �ve on a regular�nest-level mesh of dimension 71. Results are shown for the 
lassi
al update method for �vevanishing moments (
ondition number 3:03 102), lo
al semiorthogonalization of sten
il width5 (
ondition number 3:31 100), and the 
ombined update method for �ve vanishing moments(
ondition number 3:31 100 .) This is the same example as in Figures 4 and 5.and in Figure 5 the sparsity patterns of the update matri
es are given. Note that the updatesten
il is enlarged mostly near the boundary, and at 
oarse levels where s
aling fun
tions haveglobal support.In this example the 
onditioning of the wavelet bases obtained by lo
al semiorthogonal-ization and by the 
ombined update are approximately equal. Although lo
al semiorthogo-nalization performs well for multilevel meshes of moderate size, the 
ondition numbers of themultis
ale bases may keep growing as the number of levels in
reases. This is illustrated inFigure 7. It 
an be seen [18℄ that 
ondition numbers of the multis
ale bases are guaranteedto be uniformly bounded for full semiorthogonalization, where ea
h wavelet  ̂jm is orthogo-nalized to the whole of Vj . Lo
al semiorthogonalization with large update sten
ils appearsto yield a good approximation to full semiorthogonalization as far as 
onditioning is 
on-
erned, but it is not 
lear how to 
hoose a suÆ
ient sten
il width a priori, and the resultingwavelets have no vanishing moments. Figure 8 shows 
ondition numbers of multis
ale bases
onstru
ted with the 
ombined update method. One observes that the 
ondition numbersdepend only weakly on the number of primal vanishing moments and virtually 
oin
ide withthe 
ondition numbers of fully semiorthogonalized multis
ale bases. The order ~N , however,does have a 
onsiderable in
uen
e on the 
onditioning. For 
ompleteness, 
ondition numbersof the intermediate multis
ale bases before the update step are plotted in Figure 6, and Ta-ble 2 repeats the numeri
al values for the bases from Figures 6, 7 and 8. Memory limitationsin the ma
hine on whi
h the experiments were performed prevented us from 
omputing the
ondition numbers of the largest multis
ale transform matri
es for full semiorthogonalization.
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(a) no update (b) 
lassi
al update

(
) lo
al semiorthogonalization (d) 
ombined updateFigure 4: Magnitude of Gram matri
es h�J ;�Ji of multis
ale bases �J of order �ve on aregular �nest-level mesh of dimension 71, (a) before update, and (b) after a 
lassi
al updatestep for �ve vanishing moments, (
) after lo
al semiorthogonalization with sten
il width 5,and (d) after a 
ombined update step for 5 vanishing moments. Dotted lines indi
ate theboundaries between levels.
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(a) no update (b) 
lassi
al update

(
) lo
al semiorthogonalization (d) 
ombined updateFigure 5: Sparsity patterns of update matri
es at all levels, for ea
h of the 
ases in Figure 4.The update matri
es are joined in a blo
k-diagonal matrix diag fUjgJ�1j=0 .
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all that for full semiorthogonalization these matri
es are dense.The 
ondition numbers of multis
ale transforms from the stabilized two-step 
onstru
-tion also 
ompare favorably to those from the 
onstru
tion in [8℄, where the authors report
ondition numbers in ex
ess of 101, 103, 106 and 1011 for ~N = N = 3, 5, 7, and 9, respe
tively.7.2 In
uen
e of the Irregularity of the MeshFigure 9 shows the largest and smallest 
omputed 
ondition numbers of multis
ale bases oforder three on pseudo-random irregular meshes of various dimensions as a fun
tion of thehomogeneity 
onstant 
 from (4.4). The brute-for
e approa
h was to generate an irregularmultilevel mesh, 
ompute the 
ondition number of the multis
ale basis on this mesh andkeep only the envelope of all results. For the 
ombined update method, the presen
e of anupper bound on the 
ondition number as a fun
tion of 
 is apparent, but we do not have a
losed-form expression for an upper bound available. One observes that the 
lassi
al updatemethod 
an give badly 
onditioned multis
ale bases already on moderately irregular meshes.Condition numbers for full semiorthogonalization again almost 
oin
ide with those for the
ombined update method, and are not shown.Figure 10 repeats the experiment for order seven. In all numeri
al experiments withaverage-interpolation of orders higher than three on homogeneous irregular meshes we ob-served 
onvergen
e, although no general theoreti
al result is available to our knowledge.It should be noted that in our simple 
oarsening pro
edure 
 is not bounded uniformlyover all bounded regular �nest-level meshes. The algorithm transforms a regular �nest-levelmesh into an irregular multilevel mesh the homogeneity 
onstant of whi
h is unbounded whenthe dimension of the �nest level is allowed to grow. The worst 
ase for regular meshes arethose of dimension 2k(2n + 1), giving rise to a value for 
 of 2n and to single-s
ale baseswith 
ondition numbers that grow as 2n=2. The e�e
t is illustrated in Figure 11. Alternative
oarsening strategies may 
ir
umvent this problem but remain to be investigated.8 Con
lusionWe have applied the results of [18℄ to average-interpolating biorthogonal multiresolutions onirregular meshes on the interval. For stability it is required that the irregular multilevel meshis homogeneous. The 
onditioning of the bases depends on the homogeneity 
onstant of themultilevel mesh.The desired stability properties of the predi
tion step are seen to follow from 
onvergen
eproperties of average-interpolating subdivision s
hemes, whi
h produ
e s
aling fun
tions thatare biorthogonal to known dual bases of normalized 
hara
teristi
 fun
tions. If the subdivisions
heme 
onverges and gives uniformly bounded s
aling fun
tions, a series of stability propertiesfollow. Firstly, the bases of primal s
aling fun
tions are uniformly stable. Se
ondly, the liftingme
hanism identi�es uniformly stable primal and dual wavelet bases for the 
omplementspa
es in the new pair of biorthogonal MSDs. Uniform 
omplement stability is guaranteed.In the update step we use the stabilized update method dis
ussed in [18℄. The s
aling fun
tionsand wavelets on both the primal and the dual side are lo
al.Numeri
al experiments show that the 
lassi
al update is unstable on irregular meshes,while the stabilized update method produ
es multis
ale bases with approximately the same
ondition numbers as full semiorthogonalization using only slightly larger update sten
ils thanthe 
lassi
al update.
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no updateJ~N N 5 6 7 8 9 10 11 123 1 2.9868 3.2061 3.3531 3.4563 3.5316 3.5880 3.6314 3.66545 1 5.3560 6.2838 6.9086 7.3417 7.6503 7.8764 8.0460 8.17607 1 17.794 20.162 21.564 22.432 23.012 23.422 23.722 23.9499 1 45.964 66.416 81.045 90.331 96.867 101.53 104.55 107.19lo
al semiorthogonalizationJ~N width 5 6 7 8 9 10 11 123 3 1.5377 1.5427 1.5442 1.5446 1.5448 1.5449 1.5449 1.54493 5 1.5364 1.5411 1.5423 1.5426 1.5427 1.5427 1.5427 1.54273 7 1.5364 1.5411 1.5423 1.5426 1.5427 1.5427 1.5427 1.54273 9 1.5364 1.5411 1.5423 1.5426 1.5427 1.5427 1.5427 1.54275 3 3.0198 3.1111 3.1332 3.1415 3.1445 3.1489 3.1546 3.15915 5 2.8771 2.9564 2.9765 2.9816 2.9829 2.9833 2.9834 2.98345 7 2.8762 2.9551 2.9751 2.9801 2.9813 2.9816 2.9817 2.98175 9 2.8762 2.9551 2.9750 2.9800 2.9812 2.9815 2.9816 2.98167 3 13.195 13.786 13.887 13.889 13.891 13.929 14.004 14.0857 5 11.559 11.752 11.803 11.810 11.810 11.811 11.811 11.8127 7 11.261 11.408 11.440 11.448 11.450 11.450 11.450 11.4507 9 11.253 11.401 11.433 11.441 11.443 11.444 11.444 11.4449 3 38.733 57.156 63.378 65.511 66.361 66.800 67.172 67.6369 5 36.704 51.177 56.084 58.057 59.059 59.659 60.067 60.3729 7 36.163 48.088 51.348 52.180 52.390 52.443 52.457 52.4609 9 36.141 47.944 51.185 52.014 52.222 52.274 52.288 52.291Table 2: Condition numbers of multis
ale bases on regular multilevel meshes for an in
reasingnumber of levels J . A dagger `y' indi
ates a missing value.
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full semiorthogonalizationJ~N N 5 6 7 8 9 10 11 123 3 1.5364 1.5411 1.5423 1.5426 1.5427 1.5427 1.5427 y5 5 2.8762 2.9551 2.9750 2.9800 2.9812 2.9815 2.9816 y7 7 11.253 11.400 11.433 11.441 11.443 11.443 11.443 y9 9 36.141 47.942 51.183 52.012 52.221 52.273 52.286 y
ombined updateJ~N N 5 6 7 8 9 10 11 123 1 1.5376 1.5424 1.5436 1.5440 1.5441 1.5441 1.5441 1.54413 3 1.5368 1.5415 1.5427 1.5430 1.5431 1.5431 1.5431 1.54315 1 2.8820 2.9611 2.9815 2.9868 2.9882 2.9886 2.9887 2.98875 3 2.8772 2.9561 2.9764 2.9816 2.9830 2.9833 2.9834 2.98345 5 2.8777 2.9565 2.9764 2.9814 2.9826 2.9829 2.9830 2.98307 1 11.258 11.407 11.439 11.446 11.448 11.448 11.448 11.4487 3 11.263 11.416 11.447 11.454 11.456 11.456 11.456 11.4567 5 11.255 11.403 11.435 11.443 11.445 11.445 11.445 11.4457 7 11.254 11.406 11.437 11.445 11.447 11.447 11.448 11.4489 1 36.142 47.946 51.188 52.017 52.226 52.278 52.291 52.2949 3 36.144 47.979 51.233 52.064 52.273 52.325 52.338 52.3419 5 36.168 48.269 51.532 52.367 52.577 52.630 52.643 52.6469 7 36.147 48.003 51.252 52.082 52.291 52.344 52.357 52.3609 9 36.144 47.944 51.186 52.015 52.223 52.275 52.288 52.291Table 2 (
ontinued)
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ondition numbers of multis
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