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Abstract

The lifting scheme provides an easy way to construct wavelet bases on irregular meshes
in one or more dimensions. However, analysis shows that the standard implementation
where a primal lifting step is used to increase the number of vanishing moments of the
wavelets can compromise the stability of the resulting wavelet basis.

We propose a modification which solves this issue. With this modification, uniform
stability can be guaranteed for a standard two-step lifted wavelet transform comprising
one dual (prediction) and one primal (update) lifting step.

1 Introduction

We are concerned with nonstationary biorthogonal wavelet bases. The basic structure is a
strictly increasing sequence V := {V;};>¢ of closed subspaces of a Hilbert space H whose
union is dense in H,

o @]
ViCVjy1, 520, and closUVj:H_
=0

This is called a multiresolution analysis (MRA). Between every two successive spaces in V,
construct algebraic complements W; so that

Viln=V;oW; .

The symbol ‘@’ denotes the inner sum of disjoint linear spaces. The complement space W
is not necessarily orthogonal to V;. With the notational convention that W_; := Vj, we call
the sequence W := {W;};>_1 a multiscale decomposition (MSD) of H.

Our terminology is liberal, in that any basis ®; := { ¢, | kK € K;} for the space Vj is
referred to as a set of scaling functions, and any basis U; := {4, | m € M, } for any type of
complement space W, j > 0, is called a set of wavelets at level j. This should be contrasted
to the stationary setting, where all scaling functions and all wavelets are translates and dilates
of a single father c.q. mother function. We consider the general, nonstationary case. Also,
more restrictive definitions of the term ‘wavelet’ are found in the literature. In which sense
the basis property has to be understood is made clear below.
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A MSD W with bases ®; and ¥; and a second MSD W with bases 'i)j and \i!j are
biorthogonal if

{jk a?jk’> =6k v (Yim ,iﬁjk'> =0,
<Q0jk 7¢jm’> =0 ) <¢Jm a¢jm’> = 6mm’ 3

where ;4 is the Kronecker symbol. By convention, W is called the primal MSD and W the
dual MSD, but their roles can obviously be interchanged.

The lifting scheme, proposed by Sweldens [13], starts from an initial pair of biorthogonal
MSDs and builds a new pair, leaving the MRA on one side unchanged. In primal lifting the
primal scaling functions are kept and the primal wavelets are modified to meet some chosen
requirements by adding a linear combination of scaling functions:

Gik = ik s Vjm = Pjm — Y Ujkm Pik - (1.1)
k
This operation changes the complement spaces W;. To maintain biorthogonality, the dual
scaling functions and wavelets are modified accordingly. In dual lifting the analogous op-
eration is performed on the dual side. The most common realization of the lifting scheme
comprises two consecutive steps: a dual lifting steps from a trivial initial pair of MSDs,
followed by a primal lifting step.

The lifting scheme can be a tool in the construction of wavelet bases: sometimes it is
more convenient to define the lifting steps rather than the resulting basis functions. This is
the point of view which is adopted in this paper. It has been shown [6] that lifting is rather
powerful, in that any stationary biorthogonal wavelet transform with finite filters can be
factored into lifting steps. The lifting scheme is easy to implement, gives efficient algorithms,
but its main attraction is perhaps its flexibility, owing to the explicit character of (1.1). This
is an important advantage when dealing with meshes of irregular geometry and connectivity.

Signal processing applications such as compression and denoising in a wavelet basis assume
equivalence of the Lo-norm of a signal f and the £y-norm of the sequence of its wavelet
coefficients ¢,

mllelly, < 1fllw, < Mlel, (1.2)

where m and M depend only on the wavelet basis and should be close to each other. Thus
the error made in the signal by discarding one coefficient is bounded from above and from
below by the magnitude of the coefficient up to the constants M and m. The property (1.2)
will define Lq-stability of the wavelet basis.

Another class of applications where stability is essential are variational problems

find 4 € H" such that a(u,v) = f(v) Vv e H" (1.3)
in a Sobolev space H", with f € H™" and a(u,v) symmetric and H™elliptic, i.e.
mg [ollzr < a(v,0) < MG [oll3 » 0 < mg, My < o0 .

The variational formulation of a second-order elliptic partial differential equation (where
r = 1) is an example. If the MRA defined above is in H", Galerkin discretization of (1.3) in
any of the spaces V; gives the discrete problem

find u; € Vj such that a(u;,v;) = f(v;) Yv; €Vj. (1.4)



When expressed in a basis Z; = {{x }r for Vj, (1.4) becomes the linear system
Ajej = 1 (1.5)

with A; = [a(&k, &)ty Dok Gk &k = vy and fj, = f(&;). Here and in the sequel, we denote
by c;j the elements of a vector ¢;. The number of unknowns grows exponentially as j is
increased. In view of the numerical solution of (1.5), we would like the spectral condition
number of the matrix A; to remain bounded for increasing j. Using symmetry and H"-
ellipticity of a(-,-), one easily checks that this is equivalent to the basis Z; being H"-stable
uniformly in j, i.e.

mleilly, < |3 enéinl| | < Mlell, -
k

with m and M independent of j.

The standard implementations in [13] and subsequent papers do not consider stability
issues. Although developed independently, lifting fits in the stability theory of [1], where a
characterization is given of all stable wavelet bases starting from a given MRA. The objectives
in the present paper are double. Firstly, we aim to explain some observed stability problems
in the classical use of the two-step lifting scheme. In a recent report, Jansen [8] describes
stability problems with lifted wavelet bases in the context of signal denoising. Our analysis
locates the origin of the problem in the primal lifting step. Secondly, we want to propose
a modification which is simple and yields wavelet bases and complement spaces that are
uniformly stable. It should be noted that we do not show multiscale stability.

The remainder of this paper is structured as follows. Section 2 recalls some of the existing
theory on the stability of multiscale bases and multiscale transforms. These concepts are
next applied to the lifting scheme. Section 3 places the principle of lifting and the two-step
construction in the context of the preceding stability theory, and in Section 4, we investigate
stability issues in the so-called update step and develop a modified update method.

2 Multiscale Bases and Stability

2.1 Multiscale Decompositions

In a MSD W as defined in Section 1, define the two-scale transform A; as
Ai - V;BW; = Vg (v,w) mo4w. (2.1)

To avoid notational confusion, we use the symbol ‘B’ instead of ‘@’ to denote the direct sum
of inner product spaces. The direct sum of V and W is the product space V x W endowed
with the inner product ((v,w) , (v, w'))y@w = (v,v" ) +(w,w')y,. Note that A; is invertible
because of the assumption that W; is an algebraic complement.

Definition 2.1. The subspace W; is a stable complement of V; in Vi1 if A; in (2.1) is
bounded and boundedly invertible. The complements {W;} are said to be uniformly stable if
the condition number of A; is bounded uniformly in j.

It is easy to find a more explicit condition. We introduce a number which characterizes
the degree of complement stability in an intuitive way. It can be thought of intuitively as the
cosine of the angle between two spaces.



Proposition 2.2. Given V11 = V; @ Wj, define

<HZ—HHZ—H>H‘ ' (2.2)

Then W; is a stable complement of V; if and only if a; < 1. The condition number r(A;)
equals (1 + a;)/2(1 — o) ~1/2,

aj = sup
’UGV}‘ ,UIGW]‘
v,w#0

Proof. The two-scale transform A; itself is always bounded, since

lv + wll3 2[(v,w)
||.Aj||2 i= sup —27{ =1+ sup %
vw0 [|(v, w)|y-mw; vw#0 [|v]l3, + lwlly
=14+ sup [(v,w)]=1+0a;.
ol =llwl|=1

The operator norm of .Aj_l is given by

-1

2Re (v, 1

HA;l“Z = sup [ 1+ % = — (2.3)
Vw0 w13, + llwll 1 —a

if a; < 1, and otherwise A;l is unbounded. O

A fine-resolution space Vj can be written as a telescopic decomposition into a coarser
resolution space and complement spaces,

J-1
VJ:V]'@@Wi : (2.4)
i=j

Thus any element v; = v; + Z;I;JI w; of Vj can be written in multiscale form as a vector
(vj,wj,...,wy—1) in the direct sum space V;EW; H---BW;_;.
The conversion from multiscale form to single-scale form is termed a multiscale transform

J—1 J—1
TJ]:VjEEHHWi—)VJ:(vj,wj,...,wJ,l)I—H)J:U]'-I-Zwi ,

or, written in terms of the two-scale transform,

T}(vj,wj,...,wj,l) = Ajfl(ﬁil(vj,wj, ... ,wJ,Q),wJ,l) ,

T (v, w5) = Aj(vj, wj) -

In a similar way as complement stability was based upon two-scale transforms, multiscale
transforms define a notion of stability for MSDs.

Definition 2.3. A MSD of H is stable if T2 : FH Wi = #H : (w_y,wp,...) = 2°  w;

18 bounded and boundedly invertible.



A stable MSD in the sense of the above definition is an instance of what is called a
stable subspace splitting [16, 12] in the theory of Schwarz methods. Stability of a MSD is not
equivalent to uniform complement stability; in Lg(Q2) with Q C R?, the standard hierarchical
basis [17] on two-dimensional triangulations is a known counterexample. However, we will
see that the former implies the latter. First we show that the multiscale transform over all
levels is connected to intermediate multiscale transforms over a finite number of levels in a
way one would expect.

Proposition 2.4. Let W be a MSD. Then the following are equivalent:

(i) 7}0 are uniformly well-conditioned, i.e. 3 0 < m, M < oo independent of J such that

|70 < a1, 7)) < ™!

(ii) 72 is bounded and boundedly invertible.

Furthermore, the sequences {H?}OH} and {H(T]O)_lH} (and hence the sequence of condition
numbers {k(T?)}) are monotone nondecreasing.

Proof. Monotonicity follows immediately from the embedding V; C Vjyy;. We show that if
the 7'}’ are uniformly well-conditioned, then T2 and its inverse are both bounded; the converse
is clear. Pick v € H, v = T2 (w_1,wo,...), and let 7}0(10,1,100, .o wy_1) =:vy € Vj. Then

losll < M [[(w-1,wo, ..., ws1)[| <M |[(w-1,wo,...)| ,

and limj_, o [|vs|| = ||v||, so that H’];%H < M. As to the norm of the inverse, for any J it
holds that

[(w=1,w0,...,ws—1)| <m o]

Since the right-hand side converges to ||v|| and the left-hand side is strictly increasing for
J — 00, it follows that H(7;%)*1H <m L O

Proposition 2.5. If the multiscale transforms 7}0 are uniformly well-conditioned, then so
are the two-scale transforms A;. More specifically, one has

K(T7) > Jmax (1= ;)2

with o from (2.2).
Proof. Let T})(w_l,wo, coywy—1) =vy € Vyand wy € Wy. Then

J—1
fosll? + sl < [ 7] (Z ||wi||2) T s |

1=—1

< |21 w1, w0, .., wy1,w5)]?

<ITIPNTR) I g + P

Since || 77| < 7744l the result follows from (2.3) and the monotonicity of {x(7})}. O



Hence a necessary condition for stability of the MSD is that the complement spaces be
uniformly stable.

Sufficient conditions for stability of a MSD have been established by Dahmen [3, 4]. The
main result is included here for completeness. Let W be a MSD in ‘H and define the projectors

j—1
Pj:H—>Vj:v=7'cg(w_1,wg,...)»—>vj=ij. (2.5)
i=—1

Then the spaces defined as the range of the adjoint projectors f/] 1= range P]* are nested and
dense in # [3], and thus form a dual MRA V. The following is shown.

Theorem 2.6 ([4, Theorem 5.6]). Let V be a MRA in H, and let P; be projectors with
ranges Vj such that the spaces V; := range P]* are also nested. If the projectors P; are
uniformly bounded in H, and if there is a family of uniformly bounded subadditive functionals

w(t): H — R ¢ >0 with lim w(v,t) =0 VYo eH
t—0+

such that the pair of direct and inverse estimates

ot 0= vyl Sw.27) Ve, (2.6)

w(vj,t) S (min{1,27¢})7 flojll,,  Vo; € V;

holds for V and similarly for V with some v, ¥ > 0, respectively, then
oo
2 2
oll3, ~ D~ (P = Pi1)oll3,,
=0

with the convention that P_1 := 0.

Under the conditions of this theorem, the MSD corresponding to the projectors P; through
(2.5) is stable. The results in [3, 4] are formulated in terms of the primal and dual MRAs
without the complement spaces intervening directly, which differs from our approach in this
section. The rationale behind it is that it is often relatively easy to find simple uniformly
stable bases that span a pair of biorthogonal MRAs.

2.2 Bases in Multiscale Decompositions

In the above, we have been dealing only with linear spaces without reference to bases for these
spaces. We now introduce bases in the subspaces of a MSD. We briefly recall the definition
of a Riesz basis that is used in this paper. For more details the reader is referred to [5, Ch.3].

Definition 2.7. A countable set {{x} in U C H is a frame if there are positive constants
m, M such that for any u € U

m? flullz, <Y 1w, &gl < M? Jull3, - (2.7)
k

The best constants m?, M? in (2.7) are the frame bounds.



Definition 2.8. A frame in U which is minimal in the sense that it loses the frame property
if any of its elements is removed, is a Riesz basis for U. The best m and M in (2.7) are called
the Riesz constants of the Riesz basis. The ratio M /m is then the Riesz condition number.

If a frame {¢;} is a Riesz basis, the representation u = ), ;& is unique, and there is
a unique dual Riesz basis {£,} with Riesz constants M !, m ™!, and with the property that

w=3 (u, &) & =y (u, &) &k
One has that {{x} is a Riesz basis for the closure of its linear span if and only if for any
sequence of coefficients ¢ € /5

mllely, < [ et <Mlell, - (28)
k
The best constants in this formulation are equal to the Riesz constants.

Definition 2.9. A sequence of Riesz bases {{;} for spaces U; C H with Riesz constants
mj, M; is uniformly stable if m;l and M; are bounded uniformly in j.

For convenience of notation, an expression like Vi, Vu; = > cindjr. © |lujlly, < M el
with M < oo independent of j, will be written more concisely as [lu;ll,, < ll¢jll,,- The
notation [[u;ly, ~ llcjll,, means that [ie;,, S sl S Il

In the sequel, we will assume a Riesz basis ®; is given for each V}, and a Riesz basis ¥;
for each Wj,

V= c%t{)s span®;, ®;:={p;p|keK;}
W; = c%_tl)s spanW;, ;= {1, |me M;},

with £; and M; unspecified index sets. In many practical applications, this is actually the
way the spaces V; are defined: as the closed span of a set ®;.

The multiresolution structure of V; and W is equivalent to refinability of the bases: there
exist unique refinement masks {h;;;} and {g;im } such that

ik = Z hjik j+10 s Yjm = Z Gjim Pj+1, -
lefG+1 1€ 41

Letting the sets ®; and ¥, double as (possibly infinite) row vectors, the refinement relations
above can be written as matrix expressions

q)j = @j+1Hj and \I/j == (I)j+1Gj .

Unconditional convergence of these expressions follows from the Riesz basis property of ®;, 4.

2.3 DMultiscale Bases and Multiscale Transforms

We can now reformulate the two-scale transform in terms of the given bases, as

Aj by (Ky) B la(M;) = £o(Kj41) : (ag,b5) = Hjaj + Gjb; (2.9)
or in matrix notation
py
Aj = [Hj GJ] , A]‘ |:bj:| = Hjaj + Gjbj . (2.10)



Complement stability, being defined as bounded invertibility of the basis-free two-scale
transform A;, is immediately related to the two-scale transform matrix A;. The following
result is a uniform version of a remark from [2].

Proposition 2.10. Assume that ®; are uniformly stable Riesz bases in a MRA {V;}, with
refinement matrices Hj, Then the following are equivalent:

(i) Wj := closy spanW;, with V; := ®;,1,G;, are uniformly stable complements of V; in
Vit1, and ¥; are uniformly stable Riesz bases for W

(ii) Aj:= [H; Gj] and its inverse are both uniformly bounded.

Proof. The implication (i) < (ii) is clear. To prove the forward implication, note that if A;
are uniformly bounded, then so are Gj. Let w; = ®;,1Gjb;. Since ®;,1 are uniformly stable,
uniform boundedness of G] implies ||w3|| ~ ||Gbj|| S |1b; || On the other hand, denote the
inverse of A; as [H G ] Then G* are also unlformly bounded and b; = G Gjbj, so that
;]| S ||Gjbj|| ~ ||lwj||. Hence (I>]+1G are uniformly stable bases for thelr closed spans. [

Because of the decomposition (2.4), an element of V; can be expressed in any of two ways,
J—1
Dra; = CI)]'O,]‘ + Z‘Ilzbz ,
i=j
in single-scale form by its coordinates a; in the single-scale basis ®;, and i 1n multiscale form
by the vector of coefficients [a JT b;r ... b7_;]" in the multiscale basis Z’) := ®; UU‘I L,
It is clear that if the complement spaces Wj are orthogonal to the respective V and 1f v
are uniformly stable bases for W}, then by the Pythagorean theorem Eg are uniformly stable

bases for V;. As the next result states, this also holds for MSDs that are not necessarily
orthogonal, as long as they are stable.

Proposition 2.11. A necessary and sufficient condition for % being uniformly stable bases
for Vi is that

(i) TP are uniformly well-conditioned, and
(i) ¥, are uniformly stable bases for W;.

Furthermore, the Riesz condition number of 2% is bounded by (T}) max;<;{r(T;)}.

Proof. Let vy = Zj:il w; with w; = Zme/\/l bjm¥jm. If ¥; are uniformly stable, then

E]_—1 ||wj||7_[ Zg_—l l|b; ||é2 . Uniform well-conditionedness of 79 means that ||UJ||H
E]_—1 ||w]||7_[, while % being unlformly stable is equivalent to ||’UJ||H ~ E]_—1 ||b; ||£2

Hence sufficiency is trivial. Necessity follows from the fact that if £ are uniformly stable
then so are their subsets U;. O

The multiscale transform from multiscale to single-scale form is efficiently performed using
Mallat’s multiresolution algorithm. The operation can be written in matrix form as the
application of

) Ay 0] ..
T ::[ ]T}l, TI, = A



If the spaces V; are finite-dimensional, we may expand T; into an ny X ny matrix, where n s
is the dimension of V.

Efficiency of the multiscale transform written in this form depends strongly on the matrices
A; being sparse. This is a property of the bases involved, and we will always strive to find
bases that possess this property.

Definition 2.12. The basis ®; s local relative to ®;41 if the number of nonzero entries in
a column of the refinement matriz H; is bounded. An analogous definition is made for W
and G ;.

The hierarchy of bases {®;} is local if for every j, ®; is local relative to @11 and the
number of nonzero entries per column of Hj; is bounded uniformly in j. The collection of
wavelet bases {V;} is local if for every j, both ®; and V; are local relative to ®;1 and the
number of nonzero entries per column of H; and G are bounded uniformly in j.

If the bases are local, the application of T} requires O(n ) operations.

2.4 A Riesz Basis for H

One can prove a similar fact as in Proposition 2.4 in terms of the bases in the MSD. The
next result is obtained in [9] for a slightly different definition of a frame. The modifications
required in the proof for our definition are straightforward. We include a reworded proof for
the convenience of the reader.

Theorem 2.13. Let W be a MSD of H, and let ¥; be a Riesz basis for W;. Then the
following are equivalent:

(i) the systems ES are uniformly stable bases for V;
(ii) 29 := U72_1V; is a Riesz basis for H.

Moreover, the sequences of Riesz constants my, My of Eg are monotone and

O<m' = lim my<my<M;< lim Mjy=M*"< o
J—00 J—00

for all J, where m*, M* are the Riesz constants of EY,.

Proof. To prove monotonicity, take vy = E;’;il Yo Cim¥im € Vi C Vyi1. By (2.8) one has
that

J—1
_ 2 2 — 2
M2 Noslla < D03 lejml® <mi? llvslls (2.11)
j=—1 m
and also, because of nestedness,
J
) 2 2 -2 2
Myl < D0 D lesml® < m sl
j=—1 m

The coefficients ¢ are unique, so ¢y, = 0. Since my, M; are the best constants, one must
have mj+1 S my and MJ S M]+1.



We proceed to show that if my, := limy_,oocmy > 0 and My, := limj_ oo My < oo, then
=0 is a Riesz basis for . For any v € H, let {v,} with v, = Ej;:ll >m Cm®jm € Vi, be a
sequence converging to v. Since the m}Q are bounded, {c"} is a Cauchy sequence in /5. Let
c* be its limit. Then 3772 | 37 5, 4jm converges strongly to v. Using convergence of {c"}

and {v,} to ¢* and v, and the inequalities (2.11) relating both sequences, finally gives
_ 2 2 — 2
M2 ollz, < lletllz, < mad lloll3, -

By density, me, and My, are the best constants.

Conversely, let 22 be a Riesz basis for H with constants m*, M*. Any subset of Z%_ is a
Riesz basis for its linear span, with constants bounded by m* and M*. Again, density of V
implies that limj_, o, my; = m* and limj_,oo My = M*. O

Corollary 2.14. Assume that ®; are uniformly stable bases for Vy. Then the following are
equivalent:

(i) the multiscale transforms Tg are uniformly well-conditioned

(i) 2% is a Riesz basis for H.
Proof. This is an immediate consequence of Theorem 2.13. It suffices to see that if the ®; are
uniformly stable, Tg having uniformly bounded condition numbers is equivalent to uniform

.y :0
stability of =3. O

The last corollary states that in order to have uniformly well-conditioned multiscale trans-
forms, one needs a multiscale Riesz basis for . As the next section recalls, this implies a
biorthogonal MSD. Thus biorthogonality appears as a necessary condition for stability.

2.5 Biorthogonal Multiscale Decompositions

Let us first assume for a moment that 2%, is a Riesz basis for 7. Then there is a unique dual
Riesz basis 25 = [J°Z | U;, which is biorthogonal to £, and which defines a dual MSD by

—00 j=—1

—1
W, = cl U V= W .
fi crgs span U , 7 @1 j

J
J

Moreover, if ®; are uniformly stable bases for V;, then there are uniformly stable bases 'i)j
for V; which are biorthogonal to ®;. The bases ®;, U; and their duals ®;, ¥; define a pair
of biorthogonal MSDs. )

We now drop the assumption that 20, is a Riesz basis. A pair of MSDs W and W equipped
with the single-level Riesz bases ®;, U; and ®;, U is called biorthogonal if <<pjk , géjk/> = Opp
and <d]jm a'(/}j’m’> = 5jj’5mm’a or

<<p]k ) @]k’> = 6[6]4)’ ) <¢]m ) @jk’> =0 )
<Q0jk 7¢jm’> =0 ) <¢Jm a¢jm’> = 6mm’ .
One then has that W; L f/] and V; L Wj. Also, the matrices in the refinement relations
;=0 H;, U;=0nGj,
éj = &)j—l—lf{j s ‘i/j = éj-l—léj )

10



have the form

Hj = [(pjk, Piri)i s Gj = [(Vjm > Bijr1,)mi »
Hiy =[Gk pjr1)h » Gi=[(jms@js10)]m -

These refinement matrices satisfy

H:H;j=I, H;G;=0,
GiHj =0, GjG;=1I,

which can be rewritten very succinctly using the two-scale transform matrix A; from (2.10)
and its dual counterpart, as A Aj = Aj A* = I. A pair of matrices with this property are
said to be biorthogonal matmces Hence the inverse of A; is given by A* and the forward and
inverse two-scale transforms read a; 1 = Hja; + Gjb; and a; = H: a]H, b = G* JESp

Note that if both the primal and the dual bases are local, then both the forward and the
inverse multiscale transforms 79 and (79)~" have linear complexity.

2.6 Order and Vanishing Moment Conditions

When dealing with MR As on possibly bounded domains, we find it convenient to use a slightly
modified definition of the order of a MRA, which coincides with the usual definition in the
stationary case.

Definition 2.15. The (polynomial) order of a nonstationary MRA on a domain in RY is
given by

N :=max{n | Ijo such that ¥j > jo : I, is locally contained in Vit,
where 11, is the space of polynomials of total degree at most n.

Here local inclusion is understood as an inclusion which holds on every bounded subdomain
of the possibly unbounded domain in R?. The modification is needed to allow for finite-
dimensional spaces Vj, with possibly dimV; < N at the coarsest levels.

More generally, the spaces II,, need not consist of polynomials, as long as they are appro-
priately nested, i.e. IT,, C II,,, when n < n/, and have increasing local approximation power:
the sole objective of imposing some polynomial order is usually to guarantee the existence of
a direct estimate (2.6) through a Bramble-Hilbert type argument.

Definition 2.16. In a nonstationary MRA on a domain in R?, the primal wavelets are said
to have N vanishing moments if W; is orthogonal to Ilx for j > jo.

In the biorthogonal setting, the number of vanishing moments of the dual wavelets is of
course defined analogously. One has that S C H is orthogonal to W; for all 7 > j if and
only if § C f/jo. Hence the quantities N and N are dual to each other in that the number
of primal vanishing moments N equals the order of the dual MRA, and the order N of the
primal MRA equals the number of dual vanishing moments.

11



3 The Lifting Scheme

3.1 Principle and Stability Properties

We may now apply the concepts from the previous section to the lifting scheme. The lifting
scheme exploits the following observation [13, Theorem 8.1].

Theorem 3.1. Let A; = [Hj Gj] and flj = [Ijlj é]] be a pair of bounded biorthogonal
two-scale transform matrices. If U; is bounded, then the new two-scale transform matrices

I 0

, A R T A B LA [ E A I

Aj=[H; Gj]=[H; G|, ;

are also bounded and biorthogonal.

Remark 3.2. If the two-scale transform matrices A; are uniformly well-conditioned, then the
new matrices A; defined by (3.1) for all j are also uniformly well-conditioned if and only if
the matrices U; are uniformly bounded.

Theorem 3.1 can be obtained as an instance of a more general result.

Theorem 3.3 ([1]). Given Hj, any G; such that [H; Gj;] is bounded and boundedly in-

vertib]e, is called a stable completion of H;. Starting with an initial stable completion G,
any G obtained as

. I L

[H; Gyl = [H; Gj] [0 K]

with L bounded and K bounded and boundedly invertible, is also a stable completion of H;.
Moreover, all stable completions of H; are of this form.

The lifting scheme uses K = I. It has been shown [6] that in the stationary setting any
pair of local biorthogonal refinement operators [H G] can be obtained by lifting from a
trivial initial choice.

By Proposition 2.10 and the next result, the new biorthogonal two-scale transform matri-
ces define new sets of biorthogonal basis functions, at least when the conditions on the new
dual MRA are satisfied.

Proposition 3.4 ([1, Remark 2.5]). Let {®;}, {C%]} be uniformly stable biorthogonal sys-

tems of refinable functions with refinement matrices ﬁj c.q. I;Tj, both spanning a MRA. Then
the following are equivalent:

(i) \ilj = @)jﬂéj and ‘i/j = C%ﬂ_léj form biorthogonal sets of functions
(ii) Aj = [f[] C;’j] and fij = [ﬁlj éj] are biorthogonal.

Finding the new primal wavelets is obvious: they are derived from the unchanged scaling
functions by the new refinement matrices G j- The new dual scaling functions are defined as the
limit functions of the nonstationary subdivision scheme determined by the dual refinement
matrices H j- Convergence of this subdivision scheme is not guaranteed. If the new dual
scaling functions exist, the new dual wavelets are easily found using the matrices éj.

12



As was already stressed in [13], while it does maintain biorthogonality, lifting in itself
does not guarantee the new MSDs being stable. We can now synthesize much of preceding
discussion into a statement on the stability of complement spaces and single-scale bases in a
pair of biorthogonal MSDs after lifting.

Theorem 3.5. Let W and W, with the bases ®;, ¥; and &)j, \ilj, be a pair of biorthogonal
MSDs. Assume that the bases ®; and V; are uniformly stable and that W; are uniformly
stable complements, and use the same assumptions on the dual MSD W.

With H;, G denoting the refinement matrices in YV and ij, éj the refinement matrices in
W, the new refinement matrices after lifting, ET]- = H; and Gj as defined in (3.1), determine
a new MSD W.

If the matrices U; in (3.1) are uniformly bounded, then the following holds:

(i) The lifted bases 'i)j = ®; and \i/j = <I>j+1@j are uniformly stable, and the spaces W, =
closy span ¥; are uniformly stable complements.

(ii) If, in addition, the lifted dual refinement matrices ﬁj, as defined in (3.1), determine
sets of dual scaling functions &Dj that are uniformly stable then also \ilj = i'ﬂ_léj are

uniformly stable, and Wj := closy span \ilj are uniformly stable complements.

Proof. 1f the single-scale bases ®; and ¥; are uniformly stable and the spaces W; are uni-
formly stable complements, then by Proposition 2.10, the two-scale transform matrices A; are
uniformly well-conditioned, and by biorthogonality so are /19-. Uniform boundedness of the
update matrices U; implies by Theorem 3.1 and Remark 3.2 that the new two-scale transform

matrices Aj and their biorthogonal matrices Aj are still uniformly well-conditioned, so that
simply using Proposition 2.10 in the other sense gives uniform complement stability of W;
and uniform stability of the new single-scale bases V.

As to the second assertion, assume that nonstationary subdivision with the sequence {Iif it
converges, defining the dual scaling functions Ci'j. Because of the relation ﬁ ;‘H j = I, corre-
sponding piecewise constant iterates of ®; and 'i)j in the nonstationary cascade algorithm are
biorthogonal. Hence if the limit functions 'i)j exist, they are still biorthogonal to ®;. If fur-
thermore the bases Ci'j are uniformly stable, then by Proposition 3.4 also \ilj are biorthogonal
to Cf'j, and by Proposition 2.10 the spaces ﬁ/j are uniformly stable complements and \ilj are
uniformly stable bases for ﬁ/j. U

Of course, the roles of both biorthogonal MSDs in Theorem 3.1 can be interchanged. This
yields the matrices
I —-P;

]and A=, &)= (;j][ a]. (3.2)

. I 0
0 I

Aj = [Hj Gj] = [Hj Gj] P I
In order to distinguish between the two, (3.1) is referred to as primal lifting, while (3.2) is
known as dual lifting. A result analogous to Theorem 3.5 can be formulated.

Theorem 3.6. Let W and W, with the bases ®;, ¥; and 'i)j, \i/j, be a pair of biorthogonal
MSDs. Assume that the bases ®; and V; are uniformly stable and that W;j are uniformly
stable complements, and use the same assumptions on the dual MSD W .

13



With Hj;, Gj denoting the refinement matrices in W and ij, CNT']' theA refinement matrices

in W, the new dual refinement matrices after dual lifting, ﬁj = Hj and éj as defined in (3.2),

determine a new MSD W.
If the matrices Pj in (3.2) are uniformly bounded, then the following holds:

(i) The lifted bases éj = 'i)j and \i/j = 'i)jﬂéj are uniformly stable, and the spaces ﬁ/j =

closy span\i' are uniformly stable complements.

(ii) If, in addition, the lifted primal refinement matrices Hj, as defined in (3 2), deter-
mine sets of scaling functzons CD that are uniformly stable then also \IIJ = <D]+1G are
uniformly stable, and W] = closH span\Il are uniformly stable complements.

3.2 Two-Step Construction

If A; and /1 correspond to a pair of biorthogonal MSDs, then after primal lifting the primal
MRA Vv has been left unchanged. The new bases (I> and \I! are related to the old ones by
CD = ®; and \Il = U; — ®; U;. This allows to easﬂy build a new \Il out of ¥; and ®;. One
may start with a 31mple blorthogonal MSD and then adapt it so as to obtain certaln deswable
properties. Not only is it often easier to find U; and implement the multiscale transform
without explicitly finding A; and A}f, it often also yields a faster algorithm.

The standard realization of the lifting scheme uses two consecutive lifting steps. The
starting point is a simple orthogonal MSD with an orthogonal two-scale transform matrix
[flj éj]. A dual lifting step — or prediction step — yields a primal MSD of the desired
order, and a primal lifting step — or update step — increases the number of vanishing moments
of the primal wavelets. The second step has no effect on the order. The terms update and
prediction are due to an interpretation [6] of the effect of both operations.

Both consecutive steps are reflected in the multiscale transform. The two-scale transform

aj1 = [H; Gy [1% ?] [é _IUj] [Zj] '

Direct implementation in factored form leads to easy and efficient algorithms (see Figure 3).
Often it takes significantly less operations to apply the multiscale transform in factored form
than to assemble the lifted refinement matrices and multiply these with the vectors of coeffi-
cients. In [6] a comparison is made for some stationary multiscale transforms.

Finally, since both the inverse of the original multiscale transform and of the individual
lifting steps are trivial, the inverse transform has a simple expression,

aj| I Uj I 0 H x 0
bi| (0 I||-P T G* A
and is of the same complexity as the forward transform. If the orthogonal bases before lifting

are local and the prediction and update matrices are uniformly banded, then both the new
primal bases and the new dual bases after lifting are still local, and the forward and inverse

reads

multiscale transforms have linear complexity.

14



aj

aj

Qjt1

primal  dual dual primal

aj; «— a; — Ujbj aj; — H;a]‘+1
bj — bj + Pjaj bj — é;a]url
Gji1 fvfjaj + éjbj bj — bj — Pjaj

aj < a; + Ujbj

(a) forward transform (b) inverse transform

Figure 3: Factored implementation of lifting steps in the forward and inverse two-scale trans-
forms.

Section 3.1 has made clear that uniform boundedness in norm of the matrices P; and Uj is
essential to the stability of the new MSDs after lifting. The prediction step usually amounts to
polynomial interpolation, and it can be shown that in common cases, the prediction matrices
P; are indeed uniformly bounded in norm, so that Theorem 3.5 can be invoked. The update
step is more delicate.

4 Update Methods

In view of Theorem 3.5, we introduce one last stability concept and define stability for algo-
rithms that choose update matrices.

Definition 4.1. An update method is called stable if starting from a MSD with uniformly
stable bases and uniformly stable complements, it yields update matrices U; that are uniformly
bounded in norm.

4.1 Classical Update

The requirement that the complement space Wj be orthogonal to Iy does not in itself
uniquely characterize W;. For each wavelet 1, the nonzero entries in the mth column Ujp,
of the update matrix U; determine a linear combination of a subset ®;,, C @,

wjm = Q[}jm - (I)jmujm .

The subset @, is usually chosen a priori. The (possibly) nonzero entries ;,,, each having
its associated index in Uj,,, will be called the update stencil for 1. The number of entries
in the stencil is the stencil width.
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The standard implementation of the primal lifting step in the two-step construction of
Section 3.2 — to which we will refer as the classical update method — goes as follows. A
stencil of width IV is used, involving the N scaling functions supported closest to the support
of the wavelet to be lifted. The choice of ®;,, also has an effect on Wj. The lifting coefficients
are found as the solution to an N x N system,

-1

(q)jm 7p0> (d’]m ,po)
(®jm »PN-1) (Pjm ,PN-1)
where the functions p;, 1 =0,..., N — 1 form a basis for I .

Whether the system is always nonsingular under the conditions at hand is an open ques-
tion. In our experience in the one-dimensional case the above system is indeed nonsingular
but nevertheless prone to bad conditioning. A fixed monomial basis for Iy is unsatisfactory.
Even when a translated monomial basis is used (giving local moments), its condition number
tends to grow larger at coarser levels and for increasing N. Using local orthogonal polyno-
mials might help, but this would present an increase in computational cost and would also
further complicate the implementation.

The magnitude of the lifting coefficients can be very sensitive to the choice of ®;,,. The
lifting coefficients appear to be unbounded, and at least not sufficiently well-behaved for
practical purposes. This can compromise complement stability and single-scale condition
numbers for the new wavelet bases. Figure 4 gives a numerical example for an average-
interpolating MRA [7] of order 5 on a mildly irregular mesh on the interval. The top row
shows the situation before the update step. The bases &, and ¥4 have condition numbers
1.96 and 1.72, respectively, with a complement stability constant a4 =~ .833. Symmetry
around the center of the interval is only approximate. A classical update step is performed
to obtain a new wavelet basis W, with five vanishing moments. Using the five nearest scaling
functions as is done in (¢) does not give acceptable results for the wavelet 1/;4,4 marked in
bold: the lifting coefficients for this wavelet are several orders of magnitude larger than for
the surrounding wavelets. The condition number m(\i&;) of the new basis is approximately 24
and the complement stability constant is close to .998. In (d) another set of scaling functions
was selected for the update of 14 4 only, namely @44 = {@4,1, 94,2, 04,3, P14, 4,6} instead of
{@a2,...,pa,6}. This alternative choice results in /-c(\il4) ~ 2.35 and oy ~ .473.

4.2 Semiorthogonal Lifting

In contrast, there is a simple update method that is provably stable, which makes it interesting
at least from a theoretical point of view. Choosing the update operator U; as the orthogonal
projection from W; into V; yields an orthogonal MSD, i.e. a MSD in which all complement
spaces W; are orthogonal complements of V; in V; | and hence are orthogonal to W; for ¢ < j.

We refer to this operation as semiorthogonal lifting. Basis functions for these particular
complement spaces are sometimes called prewavelets, when the name wavelets is reserved for
the case of an orthogonal basis. Since we call any basis function in a complement space a
wavelet, we will use the terms semiorthogonal wavelets and orthogonal wavelets, respectively.

Semiorthogonal lifting from the hierarchical basis of [17] is considered in [14]. In general,
one has the following.
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(a) wavelets Wy (b) scaling functions ®4
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-10 -10 :
-15 . : -15 : : : :

0 0.2 04 0.6 08 1 o 0.2 0.4 0.6 0.8 1
(c) new wavelets W4 using the five near- (d) new wavelets W4 using another set
est scaling functions in the update of each of scaling functions in the update of the
wavelet marked wavelet only

Figure 4: An example showing that the magnitude of the lifting coefficients can be very
sensitive to the choice of ®;,, in (4.1), with adverse effects on complement stability and
stability of the lifted wavelet basis.
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Proposition 4.2. Let W be a MSD of H. Assume that W; are uniformly stable complements
of Vj in Vi1, and that V; are uniformly stable bases for W;. Then the new multiscale basis
=0 .= U721 W obtained by semiorthogonal lifting is a Riesz basis for H.
Proof. Since V is dense in ‘H and the new complement spaces Wj are mutually orthogonal,
stability of the new MSD follows from the Pythagorean theorem.

Let P; be the orthogonal projection of V;i; onto Vj, and let ¢y, := Yjm — ®;Ujm =
(I = Pj)%jm. For any w € Wj,

lw))* > (I = Pyw|)* = |lw]|* = |Pwl* > (1 - a) Jwl]® .

If W; is a stable complement, the operator (I — P;) with domain restricted to W is a topo-
logical isomorphism between W; and W;. If ¥; is a Riesz basis for W} with constants m and
M, then

m (= Py) 7 ) < |3 dmtbyn | < M= P11

so that \ilj is a Riesz basis for Wj. O

The lifted basis \i!j will be better conditioned if the complement stability constant «;
before semiorthogonal lifting is better. In any case, if W; is a stable complement and if both
bases ®; and W, are stable, then the matrix @); corresponding to orthogonal projection from
W, onto Vj is bounded, and this holds uniformly in j.

Hence we may conclude stability of semiorthogonal lifting as an update method. In
general the matrix @); is full, so that the lifted wavelets are not local. Local bases for the
same complement spaces may exist, but this is not our point of interest here. Even when Q;
is full, it has a decay property which will be important in the next sections.

Lemma 4.3. If the bases ®; and V; are local and if ®; are uniformly stable, then the ma-
trices of lifting coefficients @Q; in semiorthogonal lifting have exponential off-diagonal decay
of a rate that is essentially independent of j.

The notions of bandedness and off-diagonal decay are used with the convention that the
distance between matrix entries is counted as the distance between their associated nodes in
the mesh, rather than their relative position in the matrix for some ordering of the index sets.

Proof. The matrix Q; is found as Q; = (®;, @j)_l (U, ®;). In terms of the frame operator
Fj of the Riesz basis ®; and its adjoint F',
Fj: Vi = £a(Ky) cv = {(v, 0jk) ek

FP:lh(Kj) = Vitaw Z ak ik
kE’C]‘

the hermitian matrix R; := (®;, ®;) represents the operator FjF}. Since

F,F* = (F¥a F*¥ = ; ’
< 7 ja'7a>£2_< jaa ]a>,H— Zakgojk 'H’

ke,
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this operator satisfies m? ||a||?2 < (FjFja,a),, < MJ2 ||a||?2, or shorter m?l < FjF; <
M]2 1, where mj, M; are the Riesz constants of ®;, and 1 is the identity operator on £5(/C;).
Rewriting yields

PREA 2

1 m?
0<1--—SFF'<|[1-=—%]1<1.
MJ MJ

This implies that |[(I — M ]72Rj)||2 is bounded by 1 — m?M ]-_2, which in turn is uniformly
bounded away from unity if the bases ®; are uniformly stable. As a result, one has that

R;l = Mﬁ Z(I — MJ.*?Rj)” .
n=0

By locality, the matrices R; are banded with uniformly bounded bandwidth. Hence the
matrix powers of (I —M j*QRj), having linearly increasing bandwidth and elements of exponen-
tially decreasing magnitude, sum to a matrix with exponential off-diagonal decay uniformly
in j. Since also the matrices (U;,®;) are uniformly banded, the final matrix multiplication
giving (); preserves the asserted property. ]

4.3 Local Semiorthogonalization

Wavelets from semiorthogonal lifting are not automatically local any more. Yet exact semi-
orthogonality is not necessary for stability. Hence the idea of an approximation that gives
local refinement matrices [10, 11, 14, 15].

Let @Q; be the update matrix produced by semiorthogonal lifting, and denote its mth
column by Qj,,. An easy approximation strategy would be to truncate the smallest entries
in the update matrix. Note that whatever the approximation to the update matrix Q;,
the forward and inverse lifted wavelet transforms are still exact inverses to one another as
long as both make the same approximation to ;. Because of the form of @); known from
Lemma 4.3, omitting the smallest entries will cause the truncated matrix to be banded. Local
semiorthogonalization exploits this by choosing the support of the update stencil in advance:
only a subset of ®; enters into the semiorthogonalization.

One way to view this strategy is to think of it as an exact semiorthogonalization of Qﬁjm
with respect to a subspace of V; spanned by scaling functions supported around the support
of 1, [10, 11]. If this subset is sufficiently large, the lifted wavelet will be approximately
orthogonal to V;.

There is another way to think of local semiorthogonalization. Suppose a subset ®;,, of
®; is fixed in advance, and determine the vector u;,, so as to minimize the quantity

e [ = it )|
%5 Tbjn = gt 0]

(4.2)

The choice of uj,, minimizing (4.2) is (P, , {)jm)fl (¥jm » ®jm), which corresponds precisely
to @ﬁjm being orthogonal to span ®;,,. This alternative formulation shows how to maximize
the angle with V; when lifting with an arbitrary subspace Vjy, of V;: ®;,,u;p, should be the
orthogonal projection of v, on Vjp,.
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Since Iy is contained in Vj, the new wavelets could also be expected to be close to having
N primal vanishing moments. But while the allowable error in orthogonalizing with respect to
Vj is rather large, in order to benefit from the side effect of sufficiently small primal moments,
the precision needs to be high. In effect, all vanishing moments are lost in the approximation.
Without at least one primal vanishing moment, the new pair of biorthogonal MSDs cannot
be stable.

One can, however, guarantee that the update matrix is still uniformly bounded in norm.
For each wavelet, one column Uj,, of the matrix U; is calculated. It suffices to bound the
relative deviation of Uj,, from @) jp, by testing whether

1Qjm = Ujmll oo < 011@jmll s (4.3)

for some 6 > 0, and enlarging the update stencil until this is true. Since Qj,, itself has
exponentially decaying elements, it is reasonable to assume that enlarging the update stencil
eventually decreases the norm of the error exponentially in the stencil width. Consequently,
the support of the update stencil is bounded uniformly in j. A first consequence of this is
that the lifted wavelets will still be local, if the wavelets and scaling functions before lifting
were local. For the matrix U; as a whole, (4.3) implies that

1Q; —Ujll, < allQsll, -

For band matrices with uniformly bounded bandwidth, the 1-norm and the 2-norm are equiv-
alent uniformly in the dimensions of the matrix. An m X n matrix A with off-diagonal decay
satisfies the same norm equivalence b='||A|, < ||All, < Vb||Al|l; as a band matrix with
bandwidth b if [|A]|,, || 4] < bmaxi<i<m,<j<n|aij|. This is clearly satisfied if the decay is
exponential. Hence (4.3) ensures that

1U;ll, < 6*2(1+6) QI -

The parameter  determines the trade-off between smaller update support and better com-
plement stability.

With the above device, the update method inherits its stability from exact semiorthogonal
lifting. The resulting wavelets are local.

An alternative approach in approximating semiorthogonal lifting is used in [14, 15], where
the action of Q; = (®; ,CDJ-)_l (U, ®;) is approximated by a few iterations of a conjugate
gradient solver. It is shown experimentally that a consistently small number of iterations is
sufficient for the applications considered. Our approach has the advantage of being localized:
it does not require a global system to be solved (even approximately). Also, it only extends
the update stencil where this is needed.

4.4 A Combined Method

When it comes to enhancing complement stability, approximate semiorthogonalization is an
obvious choice. However, the previous section has made clear that this implies losing vanishing
moments, which is undesirable. We therefore propose a combined method. While enforcing
exact orthogonality of the lifted complement space Wj with respect to a subspace IIy of its
corresponding coarse scale space V;, we will use additional degrees of freedom to maximize
the angle of the lifted wavelets with V. This effect could be obtained in a second update
step after a classical update, by lifting Wj with the subspace Wj_l of V; instead of with V;
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itself, but, the bases \i!j from the unstabilized update being arbitrarily ill-conditioned, this is
something we wish to avoid.

Again, assume that a finite subset ®;,, C ®; is given, with #®;,, > N, and let Vj,, be
its linear span. Use the orthogonal decomposition

1 —
Vim = (Pnlly) @ (Vi N II%) =2V, @ Vi (4.4)

where Pj,, denotes the orthogonal projection of Vi onto Vj,,. To verify that the orthogonal
complement of Pj,,Ily in Vj,, is indeed Vj,, N Hﬁ, it suffices to see that

(ijHN)JV_'jm I:{’UEij | (v,ijp>:(v,p>:0Vp€HN} .

Let ®;m B, and @ij;-“m be bases for the respective subspaces Vim and V]J{n Such matrices
are easily obtained; a matrix Bj_m can be found from the projection into Vj,, of the basis
[po...pn—1] for Iy, whence a suitable B]'-"m results from a partial Gram—Schmidt orthogo-
nalization. We consider the general case in which dim Pj,,,IIy = N.

With the decomposition (4.4), any vector of lifting coefficients w;y, is correspondingly
decomposed as wuj;, = Bt + B;rmu;rm The first component moves the unlifted wavelet
Y jm into the orthogonal complement of ITy if

1
<@Jm 7p0> <¢]m 7p0>

(®jm,PN-1) (Yjm 7-10N71>

and the second component cannot make it leave I N V1. The vector uj,, minimizing (4.2)
under the constraint that v, — ®;,u;m is orthogonal to IIx is then found by choosing
@ijfmu;rm as the orthogonal projection of the partially lifted wavelet ;. — @im B i,

into V;{n By orthogonality of the decomposition (4.4), this equals the orthogonal projection
of 1y, into VI, so that

jm>
—1
wh, = (B;nj (@jm,q>jm>3;m) B (Wi s @) -

Not too surprisingly, the set of data needed is a combination of those for the classical
update and those for local semiorthogonalization.

The same device that was presented for ensuring stability of local semiorthogonalization
can be used here. This yields an update method which is stable, produces wavelets that are

local, and gives any desired number of primal vanishing moments ranging from 1 to N.

5 Conclusion

The standard two-step construction of wavelet bases on irregular meshes by means of the
lifting scheme does not take into account stability considerations, and this causes noticeable
problems. We have presented a modification to the update step that proves to be stable. The
scaling functions and wavelets on both the primal and the dual side are still local.
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