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DDE-BIFTOOL: a Matlab packagefor bifurcation analysisof delay di�erential equationsK. EngelborghsReport TW305, March 2000
Department of Computer Science, K.U.LeuvenAbstractDDE-BIFTOOL is a collection of Matlab routines for numer-ical bifurcation analysis of systems of delay di�erential equationswith several �xed, discrete delays. The package allows to compute,continue and analyse stability of steady state solutions and peri-odic solutions. It further allows to compute and continue steadystate fold and Hopf bifurcations and to switch, from the latter, toan emanating branch of periodic solutions. To analyse the stabil-ity of steady state solutions, approximations are computed to therightmost, stability-determining roots of the characteristic equationwhich can subsequently be used as starting values in a Newton pro-cedure. For periodic solutions, approximations to the Floquet mul-tipliers are computed. We describe the structure of the package, itsroutines, and its data and method parameter structures. We illus-trate its use through a step-by-step analysis of an example system.Keywords : delay equations, periodic solutions, collocation methods.AMS(MOS) Classi�cation : Primary : 65J15, Secondary : 65P05.



1 IntroductionThis report is a user manual for the package DDE-BIFTOOL, version 1.00. DDE-BIFTOOL con-sists of a set of routines written in Matlab [18], a widely used environment for scienti�c computing.The aim of the package is to provide a tool for numerical bifurcation analysis of steady state solu-tions and periodic solutions of delay di�erential equations with multiple �xed, discrete delays (DDEs).The package is freely available for scienti�c use. A list of the �les which constitute DDE-BIFTOOLis contained in appendix A. A copyright and warranty notice together with instructions on obtain-ing the package can be found in appendix B. Up-to-date information can be found on the web pagehttp://www.cs.kuleuven.ac.be/~koen/delay/ddebiftool.shtml. Note that the package is typicalresearch software and is provided "as is" without warranty of any kind (see appendix B).In the rest of this report we assume the reader is familiar with the notion of a delay di�erentialequation and with the basic concepts of bifurcation analysis for ordinary di�erential equations. Thetheory on delay di�erential equations and a large number of examples are described in several books.Most notably the early [4, 8, 7, 15, 22] and the more recent [2, 20, 16, 5, 21]. Several excellent bookscontain introductions to dynamical systems and bifurcation theory of ordinary di�erential equations, see,e.g., [27, 14, 1, 28, 23].A large number of packages exist for bifurcation analysis of systems of ordinary di�erential equationsas, e.g., AUTO, LocBif, DsTool and CONTENT, see [6, 19, 3, 24]. For delay di�erential equations no com-parable software is publicly available. For simulation (time integration) of delay di�erential equations thereader is, e.g., referred to the packages ARCHI, DKLAG6, XPPAUT, DDVERK and dde23, see [26, 31, 13,12, 29]. Of these, only XPPAUT has a graphical interface (and allows limited stability analysis of steadystate solutions of DDEs along the lines of [25]). An up-to-date list of (and links to) available software forDDEs can be found on the web page http://www.cs.kuleuven.ac.be/~koen/delay/software.shtml.DDE-BIFTOOL allows to compute branches of steady state solutions and steady state fold and Hopfbifurcations using continuation. Given an equilibrium it allows to approximate the rightmost, stabilitydetermining roots of the characteristic equation which can further be corrected using a Newton iteration.Furthermore, periodic solutions and approximations of the Floquet multipliers can be computed usingorthogonal collocation with adaptive mesh selection and branches of periodic solutions can be continuedstarting from a previously computed Hopf point or an initial guess of a periodic solution pro�le.The package can best be compared with one of the early versions of AUTO as it does not providesimulation but does provide the continuation of steady state solutions and of periodic solutions usingorthogonal collocation. A large di�erence is that no automatic detection of bifurcations is supported.Instead the evolution of the eigenvalues can be computed along solution branches which allow the userto detect and identify bifurcations using appropriate visualization.The remainder of this paper is structured as follows. In section 2 the structure of DDE-BIFTOOLis outlined. Some necessary notations and properties of delay di�erential equations are brie
y describedin section 3. Usage of the package will be illustrated by means of the example system given in section 4.How such a system can be de�ned for use inside the package is described in section 5. The data structuresused to represent points, branches, stability information and method parameters are described in section6. Usage of the code is illustrated in section 7 through a step-by-step analysis of the example system.Input and output parameter descriptions of routines used to compute and manipulate individual pointsare described in section 8. Similar descriptions are provided for routines to compute and manipulatebranches in section 9. More details on the numerical methods and the corresponding method parametersare given in section 10. Finally, the report ends with some brief comments on limits to the package andfuture plans in section 11.2 Structure of DDE-BIFTOOLThe structure of the package is depicted in �gure 1. It consists of four layers. Layer 0 contains the systemde�nition and consists of routines which allow to evaluate the right hand side f and its derivatives and1
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Figure 1: The structure of DDE-BIFTOOL. Arrows indicate the calling (�) or writing (��) of routines in acertain layer.to set or get the parameters and the delays. It should be provided by the user and is explained in moredetail in section 5. All �le names in this layer start with "sys ".Layer 1 forms the numerical core of the package and is (normally) not directly accessed by the user.The numerical methods used are explained brie
y in section 10, more details can be found in the papers[25, 10, 9] and in [11]. Its functionality is hidden by and used through layers 2 and 3.Layer 2 contains routines to manipulate individual points. Names of routines in this layer startwith "p ". A point has one of the following four types. It can be a steady state point (abbreviated"stst"), steady state Hopf (abbreviated "hopf") or fold (abbreviated "fold") bifurcation point or a periodicsolution point (abbreviated "psol"). Furthermore a point can contain additional information concerningits stability. Routines are provided to compute individual points, to compute and plot their stability andto convert points from one type to another.Layer 3 contains routines to manipulate branches. Names of routines in this layer start with "br ".A branch is the combination of an array of (at least two) points, three sets of method parameters andspeci�cations concerning the free parameters. The array contains points of the same type ordered alongthe branch. The method parameters concern the computation of individual points, the continuationstrategy and the computation of stability. The parameter information includes speci�cation of the freeparameters (which are allowed to vary along the branch), parameter bounds and maximal step sizes.Routines are provided to extend a given branch (that is, to compute extra points using continuation), to(re)compute stability along the branch and to visualize the branch and/or its stability.Layers 2 and 3 require speci�c data structures, explained in section 6, to represent points, stabilityinformation, branches, to pass method parameters and to specify plotting information. Usage of theselayers is demonstrated in section 7 through a step-by-step analysis of the example system. Descriptionsof input/output parameters and functionality of all routines in layers 2 and 3 are given in sections 8respectively 9.3 Delay di�erential equationsConsider the system of delay di�erential equations,ddtx(t) = f(x(t); x(t � �1); : : : ; x(t� �m); �); (1)
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where x(t) 2 Rn , f : Rn(m+1) � Rp ! Rn is a nonlinear smooth function depending on a number ofparameters � 2 Rp , and delays �i > 0, i = 1; : : : ;m. Call � the maximal delay,� = maxi=1;:::;m �i:The linearization of (1) around a solution x�(t) is the variational equation, given by,ddty(t) = A0(t)y(t) + mXi=1 Ai(t)y(t� �i); (2)where, using f � f(x0; x1; : : : ; xm; �),Ai(t) = @f@xi ����(x�(t);x�(t��1);:::;x�(t��m);�) ; i = 0; : : : ;m: (3)If x�(t) corresponds to a steady state solution,x�(t) � x� 2 Rn ; with f(x�; x�; : : : ; x�; �) = 0;then the matrices Ai(t) are constant, Ai(t) � Ai, and the corresponding variational equation (2) leads toa characteristic equation. De�ne the n� n-dimensional matrix � as�(�) = �I �A0 � mXi=1 Aie���i :Then the characteristic equation reads, det(�(�)) = 0: (4)Equation (4) has an in�nite number of roots � 2 C which determine the stability of the steady statesolution x�. The steady state solution is (asymptotically) stable provided all roots of the characteristicequation (4) have negative real part; it is unstable if there exists a root with positive real part. It isknown that the number of roots in any right half plane <(�) > 
, 
 2 R is �nite, hence, the stability isalways determined by a �nite number of roots.Bifurcations occur whenever roots move through the imaginary axis as one or more parameters arechanged. Generically a fold bifurcation (or turning point) occurs when the root is real and a Hopfbifurcation occurs when it is a complex pair.A periodic solution x�(t) is a solution which repeats itself after a �nite time, that is,x�(t+ T ) = x�(t); for all t:Here T > 0 is the period. The stability around the periodic solution is determined by the time integrationoperator S(T; 0) which integrates the variational equation (2) around x�(t) from time t = 0 over theperiod. This operator is called the monodromy operator and its (in�nite number of) eigenvalues, whichare independent of the starting moment t = 0, are called the Floquet multipliers. Furthermore, if T � �then S(T; 0) is compact.For autonomous systems there is always a trivial Floquet multiplier at 1, corresponding to a perturb-ation around the periodic solution. The periodic solution is stable provided all multipliers (except thetrivial one) have modulus smaller than 1, it is unstable if there exists a multiplier with modulus largerthan 1.4 The illustrative exampleAs an illustrative example we will use the following system of delay di�erential equations, taken from[30], � _x1(t) = ��x1(t) + � tanh(x1(t� �s)) + a12 tanh(x2(t� �2))_x2(t) = ��x2(t) + � tanh(x2(t� �s)) + a21 tanh(x1(t� �1)): (5)3



This system models two coupled neurons with time delayed connections. It has two components (x1 andx2), three delays (�1, �2 and �s), and four parameters (�, �, a12 and a21). A Matlab de�nition of system(5) for use inside the package is given in section 5. Subsequent analysis of the system using the packageis demonstrated in section 7.5 System de�nitionTo de�ne a system, the user should provide the following Matlab functions, given here for system (5).� sys init.m:Before investigating a given system, a single call is made to a routine sys init.m which has noarguments and returns the name and dimension n of the system under study. This routine also addsthe directory in which the package resides to the current path variable. Hence, after calling thisroutine, DDE-BIFTOOL can be used from within the directory of the system (being preferablydi�erent from the directory of the package). The speci�c directory entered into the path commanddepends on the platform used (see help path in Matlab). If necessary some global variables usedin the system de�nition can also be declared here.function [name,dim]=sys_init()name='neuron';dim=2;path=path(path,'/home/koen/DELAY/matlab/dde_biftools/');return;� sys rhs.m:The right hand side of the system is de�ned in sys rhs.m. It has two arguments, xx 2 Rn�(m+1)which contains the state variable(s) at the present and in the past, xx = [x(t) x(t��1) : : : x(t��m)],and par 2 R1�p which contains the parameters, par = �. The delays �i, i = 1 : : : ;m are consideredto be part of the parameters (�i = �j(i), i = 1; : : : ;m). This is natural since the stability of steadysolutions and the position and stability of periodic solutions depend on the values of the delays.Furthermore delays can occur both as a 'physical' parameter and as delay, as in _x = �x(t � �).From these inputs the right hand side f is evaluated at time t. Notice that the parameters have aspeci�c order in par indicated in the comment line.function f=sys_rhs(xx,par)% kappa beta a12 a21 tau1 tau2 tau_sf(1,1)=-par(1)*xx(1,1)+par(2)*tanh(xx(1,4))+par(3)*tanh(xx(2,3));f(2,1)=-par(1)*xx(2,1)+par(2)*tanh(xx(2,4))+par(4)*tanh(xx(1,2));return;� sys deri.m:Several derivatives of the right hand side function f need to be evaluated and should be suppliedvia a routine sys deri.m. The function sys deri has as input variables xx and par (with orderingof state variables and parameters as before), nx, np and v. Here, v 2 C n�1 or empty. The result Jis a matrix of partial derivatives of f which depends on the type of derivative requested via nx andnp multiplied with v (when nonempty), see table 1.4



J is informally de�ned as follows. Initialize J with f . If nx is nonempty take the derivative ofJ with respect to each of its elements. Each element is a number between 0 and m based onf � f(x0; x1; : : : ; xm; �). E.g., if nx has only one element take the derivative with respect to xnx1(1).If it has two elements, take, of the result, the derivative with respect to xnx1(2) and so on. Similarly,if np is nonempty take, of the resulting J, the derivative with respect to �np(i) where i ranges overall the elements of np, 1 � i � p. Finally, if v is not an empty vector multiply the result with v. Thelatter is used to prevent J from being a tensor if two derivatives with respect to state variables aretaken (when nx contains two elements). Not all possible combinations of these derivatives should beprovided. In the current version, nx has at most two elements and np at most one. The possibilitiesare further restricted as listed in table 1.In the last row of table 1 the elements of J are given by,Ji;j = � @@xnx(2)Anx(1)v�i;j = @@xnx(2)j  nXk=1 @fi@xnx(1)k vk! ;with Al as de�ned in (3).length(nx) length(np) v J1 0 empty @f@xnx(1) = Anx(1) 2 Rn�n0 1 empty @f@�np(1) 2 Rn�11 1 empty @2f@xnx(1)@�np 2 Rn�n2 0 2 C n�1 @@xnx(2) �Anx(1)v� 2 C n�nTable 1: Results of the function sys deri depending on its input parameters nx, np and v using f �f(x0; x1; : : : ; xm; �).The resulting routine is quite long, even for the small system (5). Furthermore, implementing somany derivatives is an activity prone to a number of typing mistakes. Hence a default routinedf deriv.m is available which implements �nite di�erence formulas to approximate the requestedderivatives (using several calls to sys rhs). A copy of this �le can be used to replace sys deri.m.It is, however, recommended to provide at least the �rst order derivatives with respect to the statevariables using analytical formulas. These derivatives occur in the determining systems for foldand Hopf bifurcations and in the computation of characteristic roots and Floquet multipliers. Allother derivatives are only necessary in the Jacobians of the respective Newton procedures and thusin
uence only the convergence speed.
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function J=sys_deri(xx,par,nx,np,v)% kappa beta a12 a21 tau1 tau2 tau_sJ=[];if length(nx)==1 & length(np)==0 & isempty(v)% first order derivatives wrt state variablesif nx==0 % derivative wrt x(t)J(1,1)=-par(1);J(2,2)=-par(1);elseif nx==1 % derivative wrt x(t-tau1)J(2,1)=par(4)*(1-tanh(xx(1,2))^2);J(2,2)=0;elseif nx==2 % derivative wrt x(t-tau2)J(1,2)=par(3)*(1-tanh(xx(2,3))^2);J(2,2)=0;elseif nx==3 % derivative wrt x(t-tau_s)J(1,1)=par(2)*(1-tanh(xx(1,4))^2);J(2,2)=par(2)*(1-tanh(xx(2,4))^2);end;elseif length(nx)==1 & length(np)==1 & isempty(v)% mixed state, parameter derivativesif nx==0 % derivative wrt x(t)if np==1 % derivative wrt betaJ(1,1)=-1;J(2,2)=-1;elseJ=zeros(2);end;elseif nx==1 % derivative wrt x(t-tau1)if np==4 % derivative wrt a21J(2,1)=1-tanh(xx(1,2))^2;J(2,2)=0;elseJ=zeros(2);end;elseif nx==2 % derivative wrt x(t-tau2)if np==3 % derivative wrt a12J(1,2)=1-tanh(xx(2,3))^2;J(2,2)=0;elseJ=zeros(2);end;elseif nx==3 % derivative wrt x(t-tau_s)if np==2 % derivative wrt betaJ(1,1)=1-tanh(xx(1,4))^2;J(2,2)=1-tanh(xx(2,4))^2;elseJ=zeros(2);end;end;
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elseif length(nx)=0 & length(np)==1 & isempty(v)% first order derivatives wrt parametersif np==1 % derivative wrt kappaJ(1,1)=-xx(1,1);J(2,1)=-xx(2,1);elseif np==2 % derivative wrt betaJ(1,1)=tanh(xx(1,4));J(2,1)=tanh(xx(2,4));elseif np==3 % derivative wrt a12J(1,1)=tanh(xx(2,3));J(2,1)=0;elseif np==4 % derivative wrt a21J(2,1)=tanh(xx(1,2));elseif np==5 | np==6 | np==7 % derivative wrt tauJ=zeros(2,1);end;elseif length(nx)==2>0 & length(np)==0 & ~isempty(v)% second order derivatives wrt state variablesif nx(1)==0 % first derivative wrt x(t)J=zeros(2);elseif nx(1)==1 % first derivative wrt x(t-tau1)if nx(2)==1th=tanh(xx(1,2));J(2,1)=-2*par(4)*th*(1-th*th)*v(1);J(2,2)=0;elseJ=zeros(2);end;elseif nx(1)==2 % derivative wrt x(t-tau2)if nx(2)==2th=tanh(xx(2,3));J(1,2)=-2*par(3)*th*(1-th*th)*v(2);J(2,2)=0;elseJ=zeros(2);end;elseif nx(1)==3 % derivative wrt x(t-tau_s)if nx(2)==3th1=tanh(xx(1,4));J(1,1)=-2*par(2)*th1*(1-th1*th1)*v(1);th2=tanh(xx(1,4));J(2,2)=-2*par(2)*th2*(1-th2*th2)*v(2);elseJ=zeros(2);end;end;end;if isempty(J)err=[nx np size(v)]error('SYS_DERI: requested derivative could not be computed!');end;return;
7



� sys tau.m:As a last system routine a function is required which returns the position of the delays in theparameter list. The order in this list corresponds to the order in which they appear in xx as passedto the functions sys rhs and sys deri.function tau=sys_tau()% kappa beta a12 a21 tau1 tau2 tau_stau=[5 6 7];return;� sys cond.m: A system routine sys cond can be used to add extra conditions during correctionsand continuation, see section 10.2.6 Data structuresIn this section we describe the data structures used to present individual points, stability information,branches of points, method parameters and plotting information.The Matlab structure array is an array of �elds each of which is a named variable containing somevalue(s) (similar to the struct in C and the record in the Pascal programming language). The structureallows to group variables into a combined entity using meaningful names. Individual �elds are addressedby appending a dot and the �eld name to the structure array variable name. De�ning for instance asteady state point as a structure containing the �elds 'type', 'parameter', 'x' and 'stability' (see alsofurther) can be done using the following Matlab commands.>> stst.type='stst';>> stst.parameter=[1 2 -0.1 5];>> stst.x=[0 0]';>> stst.stability=[];>> stststst = type: 'stst'parameter: [1 2 -0.1000 5]x: [2x1 double]stability: []More information about the Matlab structure array can be obtained by typing help struct on the Matlabcommand line.Point structures Table 2 describes the structures used to represent a single steady state, fold, Hopfand periodic solution point.A steady state solution is represented by the parameter values � (which contain also the delay values,see section 5) and x�. A fold bifurcation is represented by the parameter values �, its position x� and anull-vector of the characteristic matrix �(0). A Hopf bifurcation is represented by the parameter values�, its position x�, a frequency ! and a (complex) null-vector of the characteristic matrix �(i!).A periodic solution is represented by the parameter values �, the period T and a time-scaled pro�lex�(t=T ) on a mesh in [0,1]. The mesh is an ordered collection of interval points f0 = t0 < t1 < : : : < tL =1g and representation points ti+ jd , i = 0; : : : ; L� 1, j = 1; : : : ; d� 1 which need to be chosen in functionof the interval points as ti+ jd = ti + jd (ti+1 � ti):8



�eld contenttype 'stst'parameter R1�px Rn�1stability empty or struct �eld contenttype 'fold'parameter R1�px Rn�1v Rn�1stability empty or struct
�eld contenttype 'hopf'parameter R1�px Rn�1v C n�1omega Rstability empty or struct�eld contenttype 'psol'parameter R1�pmesh [0; 1]1�(Ld+1) or emptydegree N0pro�le Rn�(Ld+1)period R+0stability empty or structTable 2: Field names and corresponding content for the point structures used to represent steady state solutions,fold and Hopf points and periodic solutions. Here, n is the system dimension, p is the number of parameters, Lis the number of intervals used to represent the periodic solution and d is the degree of the polynomial on eachinterval.Note that this assumption is not checked but needs to be ful�lled for correct results! Thepro�le is a continuous piecewise polynomial on the mesh. More speci�cally, it is a polynomial of degreed on each subinterval [ti; ti+1], i = 0; : : : ; L� 1. Each of these polynomials is uniquely represented by itsvalues at the points fti+ jd gj=0;:::;d. Hence the complete pro�le is represented by its value at all the meshpoints, x�(ti+ jd ); i = 0; : : : ; L� 1; j = 0; : : : ; d� 1; and x�(tL):Because polynomials on adjacent intervals share the value at the common interval point, this represent-ation is automatically continuous (it is, however, not continuously di�erentiable). (As indicated in table2, the mesh may be empty, which indicates the use of an equidistant, �xed mesh.)The point structures are used as input to the point manipulation routines (layer 2) and are used insidethe branch structure (see further). The order of the �elds in the point structures is important (becausethey are used as elements of an array inside the branch structure). No such restriction holds for the otherstructures (method, plot and branch) described in the rest of this section.Stability structures Each of the point structures contains a stability �eld. If no stability was com-puted this �eld is empty, otherwise, it contains the computed stability information in the form describedin table 3.For steady state, fold and Hopf points, approximations to the rightmost roots of the characteristicequation are provided in �eld 'l0' in order of decreasing real part. The steplength that was used to obtainthe approximations is provided in �eld 'h'. Corrected roots are provided in �eld 'l1' and the numberof Newton iterations applied for each corrected root in a corresponding �eld 'n1'. If unconverged rootsare discarded, 'n1' is empty and the roots in 'l1' are ordered with respect to real part; otherwise theorder in 'l1' corresponds to the order in 'l0' and an element �1 in 'n1' signals that no convergence wasreached for the corresponding root in 'l0' and the last computed iterate is stored in 'l1'. The collection ofuncorrected roots presents more accurate yet less robust information than the collection of approximateroots, see section 10. For periodic solutions only (uncorrected) approximations to the Floquet multipliersare provided in a �eld 'mu' (in order of decreasing modulus).9



�eld contenth Rl0 C nll1 C ncn1 (f�1g [ N0 )nc or empty �eld contentmu C nm
Table 3: Stability structures for roots of the characteristic equation (in steady state, fold and Hopf structures)(left) and for Floquet multipliers (in the periodic solutions structure) (right). Here, nl is the number of approx-imated roots, nc is the number of corrected roots and nm is the number of Floquet multipliers.Method parameters To compute a single steady state, fold, Hopf or periodic solution point severalmethod parameters have to be passed to the appropriate routines. These parameters are collected into astructure with the �elds given in table 4.�eld content default valuenewton max iterations N0 5newton nmon iterations N 1halting accuracy R+ (1e-10,1e-9,1e-9,1e-8)minimal accuracy R+0 (1e-8,1e-7,1e-7,1e-6)extra condition f0; 1g 0print residual info f0; 1g 0Table 4: Point method structure: �elds and possible values. When di�erent, default values are given in the order('stst','fold','hopf','psol').�eld content default valuephase condition f0; 1g 1collocation parameters [0; 1]d or empty emptyadapt mesh before correct N 0adapt mesh after correct N 3Table 5: Point method structure: extra �elds and possible values for the computation of periodic solutions.For the computation of periodic solutions, additional �elds are necessary, see table 5. The meaningof the di�erent �elds in tables 4 and 5 is explained in section 10.Similarly, for the approximation and correction of roots of the characteristic equation respectively forthe computation of the Floquet multipliers method parameters are passed using a structure of the formgiven in table 6.Branch structures A branch consists of an ordered array of points (all of the same type), and threemethod structures containing point method parameters, continuation parameters respectively stabilitycomputation parameters, see table 7.The branch structure has three �elds. One, called 'point', which contains an array of point structures,one, called 'method', which is itself a structure containing three sub�elds and a third, called 'parameter'which contains four sub�elds. The three sub�elds of the method �eld are again structures. The �rst,called 'point', contains point method parameters as described in table 4. The second, called 'stability',contains stability method parameters as described in table 6 and the third, called 'continuation' containscontinuation method parameters as described in table 8. Hence the branch structure incorporates allnecessary method parameters which are thus automatically kept when saving a branch variable to �le. The10



�eld content default valuelms parameter alpha Rk time lms('bdf',4)lms parameter beta Rk time lms('bdf',4)lms parameter rho R+0 time saf(alpha,beta,0.01,0.01)interpolation order N0 4minimal time step R+0 0.01maximal time step R+0 0.1max number of eigenvalues N0 100minimal real part R or empty emptymax newton iterations N 6root accuracy R+0 1e-6remove unconverged roots f0; 1g 1�eld content default valuecollocation parameters [0; 1]d or empty emptymax number of eigenvalues N 100minimal modulus R+ 0.01Table 6: Stability method structures: �elds and possible values for the approximation and correction of roots ofthe characteristic equation (top), or for the approximation Floquet multipliers (bottom). The LMS-parametersare default set to the fourth order backwards di�erentiation LMS-method.�eld sub�eld contentpoint array of point structmethod point point method structmethod stability stability method structmethod continuation continuation method structparameter free Npfparameter min bound [N R]piparameter max bound [N R]paparameter max step [N R]psTable 7: Branch structure: �elds and possible values. Here, pf is the number of free parameters; pi, pa and ps arethe number of minimal parameter values, maximal parameter values respectively maximal parameter steplengthvalues. If any of these values are zero, the corresponding sub�eld is empty.parameter �eld contains a list of free parameter numbers which are allowed to vary during computations,and a list of parameter bounds and maximal steplengths. Each row of the bound and steplength sub�eldsconsists of a parameter number (�rst element) and the value for the bound or steplength limitation.Examples are given in section 7.A default, empty branch structure can be obtained by passing a list of free parameters and the pointtype (as 'stst', 'fold', 'hopf', or 'psol') to the function df brnch. A minimal bound zero is then set for eachdelay. The method contains default parameters (containing appropriate point, stability and continuation�elds) obtained from the function df mthod with as only argument the type of solution point.Scalar measure structure After a branch has been computed some possibilities are o�ered to plotits content. For this a (scalar) measure structure is used which de�nes what information should be takenand how it should be processed to obtain a measure of a given point (such as the amplitude of the pro�leof a periodic solution, etc...), see table 9. The result applied to a variable point is to be interpreted asscalar_measure=func(point.field.subfield(row,col));11



�eld content default valuesteplength condition f0; 1g 1plot f0; 1g 1prediction f1g 1steplength growth factor R+0 1.2plot progress f0; 1g 1plot measure struct or empty emptyhalt before reject f0; 1g 0Table 8: Continuation method structure: �elds and possible values.where '�eld' presents the �eld to select, 'sub�eld' is empty or presents the sub�eld to select, 'row' presentsthe row number or contains one of the functions mentioned in table 9. These functions are appliedcolumnwise over all rows. The function 'all' speci�es that the all rows should be returned. The meaningof 'col' is similar to 'row' but for columns. To avoid ambiguity it is required that either 'row' or 'col'contains a number or that both contain the function 'all'. If nonempty, the function 'func' is applied tothe result. Note that 'func' can be a standard Matlab function as well as a user written function. Notealso that, when using the value 'all' in the �elds 'col' and/or 'row' it is possible to return a non-scalarmeasure (possibly but not necessarily further processed by 'func').�eld content meaning�eld f'parameter','x','v','omega', ... �rst �eld to select'pro�le','period','stability'gsub�eld f",'l0','l1','mu'g " or second �eld to selectrow N or f'min','max','mean','ampl','all'g row indexcol N or f'min','max','mean','ampl','all'g column indexfunc f",'real','imag','abs'g function to applyTable 9: Measure structure: �elds, content and meaning of a structure describing a measure of a point.7 An illustrative ride-throughAfter the system has been implemented (see section 5), bifurcation analysis can be performed using thepoint and branch manipulation layers. Speci�cation of the functions in these layers is given in sections 8respectively 9. Here we outline an illustrative ride-through using the example (5).The commands below are listed in the �le demo1.m. The �gures shown are produced during itsexecution. Some of these �gures have important colour coding and others are gradually built up. Hencethe reader is advised to read this section while observing the �gures from the Matlab run of demo1.After starting Matlab in the directory of the system de�nition, we install the system by calling itsinitialization �le,>> [name,n]=sys_initname = neuronn = 2It is clear that (5) has a steady state solution (x�1; x�2) = (0; 0) for all values of the parameters. Wede�ne a �rst steady state solution using the parameter values � = 0:5, � = �1, a12 = 1, a21 = 2:34,�1 = �2 = 0:2 and �s = 1:5.>> stst.kind='stst';>> stst.parameter=[1/2 -1 1 2.34 0.2 0.2 1.5]; 12



>> stst.x=[0 0]'stst = kind: 'stst'parameter: [0.5000 -1 1 2.3400 0.2000 0.2000 1.5000]x: [2x1 double]
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Figure 2: Approximated (�) and corrected (�) roots of the characteristic equation of system (5) at its steadystate solution (x�1; x�2) = (0; 0). Real parts computed up to <(�) � � 1� (left), <(�) � �2 (right).We get default point method parameters and correct the point,>> method=df_mthod('stst')method = continuation: [1x1 struct]point: [1x1 struct]stability: [1x1 struct]>> [stst,success]=p_correc(stst,[],[],method.point)stst = kind: 'stst'parameter: [0.5000 -1 1 2.3400 0.2000 0.2000 1.5000]x: [2x1 double]success = 1>> stst.xans = 00which, being already a correct solution, remains unchanged. Computing and plotting stability of thecorrected point reveals it has one unstable real mode, see �gure 2 (left).>> stst.stability=p_stabil(stst,method.stability);>> figure(1); clf;>> p_splot(stst);Seeing that only a few characteristic roots were computed we set minimal real part to a more negativevalue (it is default empty which means that roots are computed up to <(�) � �1=�) and recomputestability to obtain �gure 2 (right).>> method.stability.minimal_real_part=-2;>> stst.stability=p_stabil(stst,method.stability);>> figure(2); clf;>> p_splot(stst);In both �gures, approximations (�) and corrections (�) are nearly indistinguishable.We will use this point as a �rst point to compute a branch of steady state solutions. First, we obtainan empty branch with free parameter a21 limited by a21 2 [0; 5] and �a21 � 0:2 between points.13



>> branch1=df_brnch(4,'stst')branch1 = method: [1x1 struct]parameter: [1x1 struct]point: []>> branch1.parameterans = free: 4min_bound: [3x2 double]max_bound: []max_step: []>> branch1.parameter.min_boundans = 5 06 07 0>> branch1.parameter.min_bound(4,:)=[4 0];>> branch1.parameter.max_bound(1,:)=[4 5];>> branch1.parameter.max_step(1,:)=[4 0.2];To obtain a second starting point we change parameter value a21 slightly and correct again.>> branch1.point(1)=stst;>> stst.parameter(4)=stst.parameter(4)+0.1;>> [stst,success]=p_correc(stst,[],[],method.point);>> branch1.point(2)=stst;Because we know how the branch of steady state solutions continued in a21 looks like (it is constantat (x�1; x�2) = (0; 0)) we disable plotting during continuation by setting the corresponding continuationmethod parameter to zero.>> branch1.method.continuation.plot=0;With two starting points and suitable method parameters we are ready to continue the branch inparameter a21 (number 4), allowing it to vary in the interval [0; 5] using a maximum stepsize of 0.2 anda maximum of 100 corrections.>> [branch1,s,f,r]=br_contn(branch1,100)BR_CONTN warning: boundary hit.branch1 = method: [1x1 struct]parameter: [1x1 struct]point: [1x16 struct]s = 15f = 0r = 0During continuation, sixteen points were successfully computed (s = 16) before the right boundarya21 = 5 was hit (signalled by a warning). No corrections failed (f = 0) and no computed points werelater rejected (r = 0). Reversing the order of the branch points allows to continue to the left.>> branch1=br_rvers(branch1);>> [branch1,s,f,r]=br_contn(branch1,100);BR_CONTN warning: boundary hit.We compute the stability along the branch.>> branch1.method.stability.minimal_real_part=-2;>> branch1=br_stabl(branch1,0,1);After obtaining suitable measure structures we plot the real part of the approximated and correctedroots of the characteristic equation along the branch, see �gure 3 (left).14



>> [xm,ym]=df_measr(1,branch1);>> figure(3); clf;>> br_plot(branch1,xm,ym,'b');>> ymym = field: 'stability'subfield: 'l1'row: 'all'col: 1func: 'real'>> ym.subfield='l0';>> br_plot(branch1,xm,ym,'c');>> plot([0 5],[0 0],'-.');>> axis([0 5 -2 1.5]);Again approximations and corrections are nearly indistinguishable. From this �gure alone it is notclear which real parts correspond to real roots respectively complex pairs of roots. For this it is usefulto compare �gures 2 and 3 (left). Notice the strange behaviour (coinciding of several complex pairs ofroots) at a21 = 0. At this parameter value one of the couplings between the neurons is broken. In fact,for a21 = 0, the evolution of the second component is independent of the evolution of the �rst. Where
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Figure 3: Real parts of the approximated (left) and corrected (left,right) roots of the characteristic equationversus a21 (left) respectively the point number along the branch (right).lines cross the zero line, bifurcations occur. If we want to compute the Hopf bifurcation near a21 � 0:8we need its point number. This is most easily obtained by plotting the stability versus the point numbersalong the branch, see �gure 3 (right).>> figure(4); clf;>> br_plot(branch1,[],ym,'b');>> br_plot(branch1,[],ym,'b.');>> plot([0 30],[0 0],'-.');We select point 24 and turn it into an (approximate) Hopf bifurcation point.>> hopf=p_tohopf(branch1.point(24));We correct the Hopf point using appropriate method parameters and one free parameter (a21). Wethen copy the corrected point to keep it for later use.>> method=df_mthod('hopf');>> [hopf,success]=p_correc(hopf,4,[],method.point)hopf = kind: 'hopf'parameter: [0.5000 -1 1 0.8071 0.2000 0.2000 1.5000]x: [2x1 double] 15
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Figure 4: Characteristic roots at Hopf point: a pair of pure imaginary eigenvalues is clearly visible.v: [2x1 double]omega: 0.7820success = 1>> first_hopf=hopf;Computing and plotting stability of the Hopf point clearly reveals the pair of pure imaginary eigen-values, see �gure 4>> hopf.stability=p_stabil(hopf,method.stability);>> figure(5); clf;>> p_splot(hopf);In order to follow a branch of Hopf bifurcations in the two parameter space (a21; �s) we again needtwo starting points. Hence we use the Hopf point already found and one perturbed in �s and correctedin a21, to start on a branch of Hopf bifurcations. For the free parameters, a21 and �s, we provide suitableintervals, a21 2 [0; 4] and �s 2 [0; 10], and maximal stepsizes, 0:2 for a21 and 0:5 for �s.>> branch2=df_brnch([4 7],'hopf');>> branch2.parameter.min_bound(4:5,:)=[[4 0]' [7 0]']';>> branch2.parameter.max_bound(1:2,:)=[[4 4]' [7 10]']';>> branch2.parameter.max_step(1:2,:)=[[4 0.2]' [7 0.5]']';>> branch2.point(1)=hopf;>> hopf.parameter(7)=hopf.parameter(7)+0.1;>> [hopf,success]=p_correc(hopf,4,[],method.point);>> branch2.point(2)=hopf;We continue the branch on both sides by an intermediate order reversal and a second call to br contn.>> figure(6); clf;>> [branch2,s,f,r]=br_contn(branch2,40);BR_CONTN warning: boundary hit.>> branch2=br_rvers(branch2);>> [branch2,s,f,r]=br_contn(branch2,20);As we did not change continuation method parameters, predictions and corrections will be plottedduring continuation. The �nal result is shown in �gure 5 (left). At the top, the branch hits the boundary�s = 10. To the right, however, it seemingly turned back onto itself. We compute and plot stability alongthe branch.>> branch2=br_stabl(branch2,0,0); 16
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Figure 5: Predictions and corrections in the (a21; �s)-plane after computation of a �rst branch of Hopf bifurcations(left) and a second, intersecting branch of Hopf bifurcations (right).>> figure(7); clf;>> [xm,ym]=df_measr(1,branch2);>> ym.subfield='l0';>> br_plot(branch2,[],ym,'c');>> ym.subfield='l1';>> br_plot(branch2,[],ym,'b');If, during these computations we would have obtained warnings of the kind,TIME_H warning: h_min is reached.it would indicate that the time integration step required to obtain good approximations to the requestedrightmost characteristic roots is too small. By default, characteristic roots are computed up to <(�) ��1=� .We also notice a double Hopf point on the left but nothing special at the right end, which could explainthe observed turning of the branch. Plotting the frequency ! versus �s reveals what has happened, see�gure 6 (right). For small �s, ! goes through zero, indicating the presence of a Bogdanov-Takens point.The subsequent turning is a recomputation of the same branch with negative frequencies.>> figure(8); clf;>> [xm,ym]=df_measr(0,branch2);>> ymym = field: 'parameter'subfield: ''row: 1col: 7func: ''>> ym.field='omega';>> ym.col=1;>> xmxm = field: 'parameter'subfield: ''row: 1col: 4func: ''>> xm.col=7;>> br_plot(branch2,xm,ym,'c');>> grid;Selecting the double Hopf point we produce an approximation of the second Hopf point.17
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Figure 6: Left: Real part of characteristic roots along the branch of Hopf bifurcations shown in �gure 5 (left).Right: The frequency of the Hopf bifurcation along the same branch.>> hopf=p_tohopf(branch2.point(4));>> [hopf,success]=p_correc(hopf,4,[],method.point)hopf = kind: 'hopf'parameter: [0.5000 -1 1 -0.0103 0.2000 0.2000 8.5530]x: [2x1 double]v: [2x1 double]omega: 0.9768success = 0However, without success. Printing residual information gives a list of the Newton iteration numberand the norm of the residual. This reveals at least temporarily divergence of the correction process.>> method.point.print_residual_info=1;>> format short e;>> hopf=p_tohopf(branch2.point(4));>> [hopf,success]=p_correc(hopf,4,[],method.point);norm_residual = 1.0000e+00 9.3116e-03norm_residual = 2.0000e+00 5.4574e-01norm_residual = 3.0000e+00 6.2629e-02norm_residual = 4.0000e+00 1.8903e-03norm_residual = 5.0000e+00 3.2357e-05Or we did not allow enough Newton iterations, or the free parameter is not so appropriate. Wesuccessfully try again using �s as a free parameter.>> hopf=p_tohopf(branch2.point(4));>> [hopf,success]=p_correc(hopf,7,[],method.point)norm_residual = 1.0000e+00 9.3116e-03norm_residual = 2.0000e+00 6.8069e-04norm_residual = 3.0000e+00 2.3169e-07norm_residual = 4.0000e+00 4.3066e-13hopf = kind: 'hopf'parameter: [5.0000e-01 -1 1 2.0657e-01 2.0000e-01 2.0000e-01 8.6340e+00]x: [2x1 double]v: [2x1 double]omega: 9.1581e-01success = 1Using the second Hopf point we compute the intersecting branch of Hopf points depicted in �gure 5(right). Setting plot progress to zero disables intermediate plotting such that we see only the end result.18



>> branch3=df_brnch([4 7],'hopf');>> branch3.parameter=branch2.parameter;>> branch3.point(1)=hopf;>> hopf.parameter(4)=hopf.parameter(4)-0.05;>> method.point.print_residual_info=0; format short;>> [hopf,success]=p_correc(hopf,7,[],method.point);>> branch3.point(2)=hopf;>> branch3.method.continuation.plot_progress=0;>> figure(6);>> [branch3,s,f,r]=br_contn(branch3,100);BR_CONTN warning: boundary hit.>> branch3=br_rvers(branch3);>> [branch3,s,f,r]=br_contn(branch3,100);BR_CONTN warning: boundary hit.We use the �rst Hopf point we computed (�rst hopf) to construct a small amplitude (1e� 2) periodicsolution on an equidistant mesh of 18 intervals with piecewise polynomial degree 3.>> intervals=18;>> degree=3;>> [psol,stepcond]=p_topsol(first_hopf,1e-2,degree,intervals);This steplength condition returned ensures the branch switch from the Hopf to the periodic solutionas it avoids convergence of the amplitude to zero during corrections. Due to the presence of the steplengthcondition we also need to free one parameter, here a21.>> method=df_mthod('psol');>> [psol,success]=p_correc(psol,4,stepcond,method.point)psol = kind: 'psol'parameter: [0.5000 -1 1 0.8072 0.2000 0.2000 1.5000]mesh: [1x55 double]degree: 3profile: [2x55 double]period: 8.0354success = 1The result, along with a degenerate periodic solution with amplitude zero is used to start on theemanating branch of periodic solutions, see �gure 7 (left). We avoid adaptive mesh selection and savememory by clearing the mesh �eld. An equidistant mesh is then automatically used which is kept �xedduring continuation. Simple clearing of the mesh �eld is only possible if it is already equidistant. This isthe case here as p tohopf returns a solution on an equidistant mesh.>> branch4=df_brnch(4,'psol');>> branch4.parameter.min_bound(4,:)=[4 0];>> branch4.parameter.max_bound(1,:)=[4 5];>> branch4.parameter.max_step(1,:)=[4 0.1];>> deg_psol=p_topsol(first_hopf,0,degree,intervals);>> deg_psol.mesh=[];>> branch4.point(1)=deg_psol;>> psol.mesh=[];>> branch4.point(2)=psol;>> figure(9); clf;>> [branch4,s,f,r]=br_contn(branch4,50);Notice how computing periodic solution branches takes considerably more computational time. Zoom-ing shows erratic behaviour of the last computed branch points, shortly beyond a turning point, see �gure7 (right).>> axis([2.3 2.4 0.95 1.15]); 19
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Figure 7: Branch of periodic solutions emanating from a Hopf point (left). The branch turns at the far right anda zoom (right) indicates computational di�culties at the end.Plotting some of the last solution pro�les shows that smoothness and thus also accuracy are lost, see�gure 9 (left).>> ll=length(branch4.point);>> figure(10); clf;>> subplot(3,1,1);>> p_pplot(branch4.point(ll-10));>> subplot(3,1,2);>> p_pplot(branch4.point(ll-5));>> subplot(3,1,3);>> p_pplot(branch4.point(ll-1));From a plot of the period along the branch we could suspect a homoclinic or heteroclinic bifurcationscenario, see �gure 8 (left).
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Figure 8: Left: Period along the computed branch shown in �gure 7. Right: Added period predictions andcorrections during recalculations using adaptive mesh selection.>> figure(11); clf;>> [xm,ym]=df_measr(0,branch4);>> ymym = field: 'profile'subfield: ''row: 1 20



col: 'ampl'func: ''>> ym.field='period';>> ym.col=1;>> br_plot(branch4,xm,ym,'b');>> axis([2.2 2.36 20 170]);
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Figure 9: Some solution pro�les using equidistant meshes (left) and adapted meshes right (right) along the branchof periodic solutions shown in �gure 7.The result of computing and plotting stability (Floquet multipliers) just before and after the turningpoint is shown in �gure 10. The second spectrum is clearly unstable but no accurate trivial Floquetmultiplier is present at 1.>> psol=branch4.point(ll-11);>> psol.stability=p_stabil(psol,method.stability);>> figure(12); clf;>> subplot(2,1,1);>> p_splot(psol);>> axis image;>> psol=branch4.point(ll-8);>> psol.stability=p_stabil(psol,method.stability);>> subplot(2,1,2);>> p_splot(psol);First, we recompute a point on a re�ned, adapted mesh.>> psol=branch4.point(ll-12);>> intervals=40;>> degree=4;>> psol=p_remesh(psol,degree,intervals);>> method.point.adapt_mesh_after_correct=1;>> method.point.newton_max_iterations=7;>> method.point.newton_nmon_iterations=2;>> [psol,success]=p_correc(psol,[],[],method.point)psol = kind: 'psol'parameter: [0.5000 -1 1 2.3358 0.2000 0.2000 1.5000]mesh: [1x161 double]degree: 4profile: [2x161 double]period: 38.4916success = 1 21
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Figure 10: Floquet multipliers for a periodic solutions before (top) and just after (bottom) the turning pointvisible in �gure 7.Then we recompute the branch using adaptive mesh selection (with reinterpolation and additionalcorrections) after correcting every point, see �gure 8 (right).>> branch5=df_brnch(4,'psol');>> branch5.parameter=branch4.parameter;>> branch5.point(1)=psol;>> psol.parameter(4)=psol.parameter(4)+0.01;>> [psol,success]=p_correc(psol,[],[],method.point,1);>> branch5.point(2)=psol;>> branch5.method=method;>> [xm,ym]=df_measr(0,branch5);>> ym.field='period';>> ym.col=1;>> figure(11); axis auto; hold on;>> branch5.method.continuation.plot_measure.x=xm;>> branch5.method.continuation.plot_measure.y=ym;>> branch5=br_contn(branch5,25);Increasing mesh sizes and using adaptive mesh selection also improves the accuracy of the computedFloquet multipliers.>> psol=branch5.point(6);>> psol.stability=p_stabil(psol,method.stability);>> psol.stability.muans = 241.23001.0000Plotting of a point clearly shows the (double) homoclinic nature of the solutions, see �gure 9 (right).>> figure(13); clf;>> subplot(2,1,1);>> ll=length(branch5.point);>> psol=branch5.point(ll-5);>> plot(psol.mesh,psol.profile);>> subplot(2,1,2);>> psol1=p_remesh(psol,degree,0:0.001:1);>> psol2=p_remesh(psol,degree,(0:0.001:1)+0.02);>> plot(psol1.profile',psol2.profile');>> psol.periodans = 399.7466 22



In this case, using the �le df deriv.m instead of the analytical derivatives �le given in section 5,yields results which are visually the same as the ones given above.8 Point manipulationSeveral of the point manipulation routines have already been used in the previous section. Here we outlinetheir functionality and input and output parameters. A brief description of parameters is also containedwithin the source code and can be obtained in Matlab using the help command. Note that a vector ofzero elements corresponds to an empty matrix (written in Matlab as []).function [point,success]=p_correc(point0,free_par,step_cnd,method,adapt)Function p correc corrects a given point.� point0: initial, approximate solution point as a point structure (see table 2).� free par: a vector of zero, one or more free parameters.� step cnd: a vector of zero, one or more linear steplength conditions. Each steplength condition isassumed ful�lled for the initial point and hence only the coe�cients of the condition with respectto all unknowns are needed. These coe�cients are passed as a point structure (see table 2). Thismeans that, for, e.g., a steady state solution point p the i-th steplength condition readsstep cnd(i):parameter(p:parameter� point0:parameter)T + step cnd(i):xT (p:x� point0:x) = 0;and similar formulas hold for the other solution types.� method: a point method structure containing the method parameters (see table 4).� adapt (optional): if zero or absent, do not use adaptive mesh selection (for periodic solutions); ifone, correct, use adaptive mesh selection and recorrect.� point: the result of correcting point0 using the method parameters, steplength condition(s) and freeparameter(s) given. Stability information present in point0, is not passed onto point. If divergenceoccured, point contains the �nal iterate.� success: nonzero if convergence was detected (that is, if the requested accuracy has been reached).function stability=p_stabil(point,method)Function p stabil computes stability of a given point by approximating its stability-determining eigen-values.� point: a solution point as a point structure (see table 2).� method: a stability method structure (see table 6).� stability: the computed stability of the point through a collection of approximated eigenvalues (asa structure described in table 3). For steady state, fold and Hopf points both approximations andcorrections to the rightmost roots of the characteristic equation are provided. For periodic solutionsapproximations to the dominant Floquet multipliers are computed.function p_splot(point)Function p splot plots the characteristic roots respectively Floquet multipliers of a given point (whichshould contain nonempty stability information). Characteristic root approximations and Floquet multi-pliers are plotted using '�', corrected characteristic roots using '�'.23



function stst_point=p_tostst(point)function fold_point=p_tofold(point)function hopf_point=p_tohopf(point)function [psol_point,stepcond]=p_topsol(point,ampl,degree,nr_int)function [psol_point,stepcond]=p_topsol(point,ampl,coll_points)The functions p tostst, p tofold, p tohopf and p topsol convert a given point into an approximationof a new point of the kind indicated by their name. They are used to switch from a steady state point toa Hopf point or fold point, from a Hopf point to a fold point or vice versa, from a (nearby double) Hopfpoint to the second Hopf point, from a Hopf point to the emanating branch of periodic solutions andfrom a periodic solution near a period doubling bifurcation to the period-doubled branch. When startinga periodic solution branch from a Hopf point, an equidistant mesh is produced with nr int intervals andpiecewise polynomials of degree col degree and a steplength condition stepcond is returned which shouldbe used (together with a corresponding free parameter) in correcting the returned point. This steplengthcondition (normally) prevents convergence back to the steady state solution (as a degenerate periodicsolution of amplitude zero). When jumping to a period-doubled branch, a period-doubled solution pro�leis produced using collpoints for collocation points and a mesh which is the (scaled) concatenation of twotimes the original mesh. A steplength condition is returned which (normally) prevents convergence backto the single period branch.function rm_point=p_remesh(point,new_degree,new_mesh)Function p remesh changes the piecewise polynomial representation of a given periodic solution point.� point: initial point, containing old mesh, old degree and old pro�le.� new degree: new degree of piecewise polynomials.� new mesh: mesh for new representation of periodic solution pro�le either as a (non-scalar) rowvector of mesh points (both interval and representation points, with the latter chosen equidistantbetween the former, see section 6) or as the new number of intervals. In the latter case the newmesh is adaptively chosen based on the old pro�le.� rm point: returned point containing new degree, new mesh and an appropriately interpolated (butuncorrected!) pro�le.The following routines are used within branch routines but are less interesting for the general user.function sc_measure=p_measur(p,measure)Function p measur computes the (scalar) measure measure of the given point p (see table 9).function p=axpy(a,x,y)Function p axpy performs the axpy-operation on points. That is, it computes p = ax + y where a is ascalar, and x and y are two point structures of the same type. p is the result of the operation on allappropriate �elds of the given points. If x and y are periodic solutions on di�erent meshes, interpolationis used and the result is obtained on the mesh of x. Stability information, if present, is not passed ontop.function n=p_norm(point)Function p norm computes some norm of a given point structure.function normalized_p=p_normlz(p)Function p normlz performs some normalization on the given point structure p. In particular, fold andHopf determining eigenvectors are scaled to norm 1.24



9 Branch manipulationUsage of most of the branch manipulation routines has already been illustrated in section 7. Here weoutline their functionality and input and output variables. As for all routines in the package, a briefdescription of the parameters is also contained within the source code and can be obtained in Matlabusing the help command.function [c_branch,succ,fail,rjct]=br_contn(branch,max_tries)The function br contn computes (or rather extends) a branch of solution points.� branch: initial branch containing at least two points and computation, stability and continuationmethod structured and a free parameter structure as described in table 7.� max tries: maximum number of corrections allowed.� c branch: the branch returned is a copy of the initial branch containing further the extra pointscomputed (starting from the end of the point array in the initial branch).� succ: number of successfull corrections.� fail: number of failed corrections.� rjct: number of rejected points.Note also that successfully computed points are normalized using the procedure p normlz (see section8).function br_plot(branch,x_measure,y_measure,line_type)Function br plot plots a branch (in the current �gure).� branch: branch to plot (see table 7).� x measure: (scalar) measure to produce plotting quantities for the x-axis (see table 9). If empty,the point number is used to plot against.� y measure: (scalar) measure to produce plotting quantities for the y-axis (see table 9). If empty,the point number is used to plot against.� line type (optional): line type to plot with.function [x_measure,y_measure]=br_dfmsr(stability,branch)function [x_measure,y_measure]=br_dfmsr(stability,par_list,kind)Function br measur returns default measures for plotting.� stability: nonzero if measures are required to plot stability information.� branch: a given branch (see table 7) for which default measures should be constructed.� par list: a list of parameters for which default measures should be constructed.� kind: a point type for which default measures should be constructed.� x measure: default scalar measure to use for the x-axis. x measure is chosen as the �rst parameterwhich varies along the branch or as the �rst parameter of par list.25



� y measure: default scalar measure to use for the y-axis. If stability is zero, the following choicesare made for y measure. For steady state solutions, the �rst component which varies along thebranch; for fold and Hopf bifurcations the �rst parameter value (di�erent from the one used forx measure) which varies along the branch. For periodic solutions, the amplitude of the �st varyingcomponent. If stability is nonzero, y measure selects the real part of the characteristic roots (forsteady state solutions, fold and Hopf bifurcations) or the modulus of the Floquet multipliers (forperiodic solutions).function st_branch=br_stabl(branch,skip,recompute)Function br stabl computes stability information along a previously computed branch.� branch: given branch (see table 7).� skip: number of points to skip between stability computations. That is, computations are performedand stability �eld is �lled in every skip+ 1-th point.� recompute: if zero, do not recompute stability information present. If nonzero, discard and recom-pute old stability information present (for points which were not skipped).� st branch: a copy of the given branch whose (non-skipped) points contain a non-empty stability�eld with computed stability information (using the method parameters contained in branch).function t_branch=br_rvers(branch)To continue a branch in the other direction (from the beginning instead of from the end of its pointarray), br rvers reverses the order of the points in the branches point array.function recmp_branch=br_recmp(branch,point_numbers)Function br recmp recomputes part of a branch.� branch: initial branch (see table 7).� point numbers (optional): vector of one or more point numbers which should be recomputed. Emptyor absent if the complete point array should be recomputed.� recmp branch: a copy of the initial branch with points who were (successfully) recomputed replaced.If a recomputation fails, a warning message is given and the old value remains present.This routine can, e.g., be used after changing some method parameters within the branch method struc-tures.function [col,lengths]=br_measr(branch,measure)Function br selec computes a measure along a branch.� branch: given branch (see table 7).� measure: given measure (see table 9).� col: the collection of measures taken along the branch (over its point array) ordered row-wise. Thus,a column vector is returned if measure is scalar. Otherwise, col contains a matrix.� lengths: vector of lengths of the measures along the branch. If the measure is not scalar, it ispossible that its length varies along the branch (e.g. when plotting rightmost characteristic roots).In this situation col is a matrix with number of columns equal to the maximal length of the measuresencountered. Extra elements of col are automically put to zero by Matlab. lengths can then be usedto prevent plotting of extra zeros. 26



10 Numerical methodsThis section contains short descriptions of the numerical methods and the method parameters used inDDE-BIFTOOL. More details on the methods can be found in the articles [25, 10, 9] or in [11].10.1 Determining systemsBelow we state the determining systems used to compute and continue steady state solutions, steadystate fold and Hopf bifurcations and periodic solutions of systems of delay di�erential equations.For each determining system we mention the number of free parameters necessary to obtain (gener-ically) isolated solutions. In the package, the necessary number of free parameters is further raised bythe number of steplength conditions plus the number of extra conditions used. This choice ensures theuse of square Jacobians during Newton iteration. If, on the other hand, the number of free paramet-ers, steplength conditions and extra conditions are not appropriately matched Newton iteration solvessystems with a non-square Jacobian (for which Matlab uses an over- or under-determined least squaresprocedure). If possible, it is better to avoid such a situation.Steady state solutions A steady state solution x� 2 Rn is determined from the following n � n-dimensional determining system with no free parameters.f(x�; x�; : : : ; x�; �) = 0: (6)Steady state fold bifurcations Fold bifurcations, (x� 2 Rn ; v 2 Rn ) are determined from the follow-ing 2n+ 1� 2n+ 1-dimensional determining system using one free parameter.8<: f(x�; x�; : : : ; x�; �) = 0�(x�; �; 0)v = 0cTv � 1 = 0 (7)Here, cTv � 1 = 0 presents a suitable normalization of v. The vector c 2 Rn is chosen as c =v(0)=(v(0)Tv(0)), where v(0) is the initial value of v.Steady state Hopf bifurcations Hopf bifurcations, (x� 2 Rn ; v 2 C n ; ! 2 R) are determined fromthe following 2n + 1 � 2n + 2-dimensional partially complex (and by this fact more properly called a3n+ 2� 3n+ 2-dimensional) determining system using one free parameter.8<: f(x�; x�; : : : ; x�; �) = 0�(x�; �; i!)v = 0cTv � 1 = 0 (8)Periodic solutions Periodic solutions are found as solutions (u(s); s 2 [0; 1];T 2 R) of the followingn(Ld+ 1) + 1� n(Ld+ 1) + 1-dimensional system with no free parameters.8>><>>: _u(ci;j) = Tf(u(ci;j); u((ci;j � �1T )mod 1); : : : ; u((ci;j � �mT )mod 1); �) = 0;i = 0; : : : ; L� 1; j = 1; : : : ; du(0) = u(1)p(u) = 0 (9)Here, p represents the integral phase conditionZ 10 _u(s)�u(s)ds = 0; (10)27



where u is the current solution and �u its correction. The collocation points are obtained asci;j = ti + cj(ti+1 � ti); i = 0; : : : ; L� 1; j = 1; : : : ; d;from the interval points ti, i = 0; : : : ; L� 1 and the collocation parameters cj , j = 1; : : : ; d. The pro�le uis discretized as a piecewise polynomial as explained in section 6. This representation has a discontinuousderivative at the interval points. If ci;j coincides with ti the right derivative is taken in (9), if it coincideswith ti+1 the left derivative is taken. In other words the derivative taken at ci;j is that of u restricted to[ti; ti+1].Point method parameters The point method parameters (see table 4) specify the following options.� newton max iterations: maximum number of Newton iterations.� newton nmon iterations: during a �rst phase of newton nmon iterations + 1 Newton iterations thenorm of the residual is allowed to increase. After these iterations, corrections are halted uponresidual increase.� halting accuracy: corrections are halted when the norm of the last computed residual is less than orequal to halting accuracy is reached.� minimal accuracy: a corrected point is accepted when the norm of the last computed residual is lessthan or equal to minimal accuracy.� extra condition: this parameter is nonzero when extra conditions are provided in a routine sys cond.mwhich should border the determining systems during corrections. The routine accepts the currentpoint as input and produces an array of condition residuals and corresponding condition derivatives(as an array of point structures) as illustrated below (x10.2).� print residual info: when nonzero, the Newton iteration number and resulting norm of the residualare printed to the screen during corrections.For periodic solutions, the extra periodic solution parameters (see table 5) provide the following inform-ation.� phase condition: when nonzero the integral phase condition (10) is used.� collocation parameters: this parameter contains user given collocation parameters. When empty,Gauss-Legendre collocation points are chosen.� adapt mesh before correct: before correction and if the mesh inside the point is nonempty, adaptthe mesh every adapt mesh before correct points. E.g.: if zero, do not adapt; if one, adapt everypoint; if two adapt the points with odd point number.� adapt mesh after correct: similar to adapt mesh before correct but adapt mesh after successfull cor-rections and correct again.10.2 Extra conditionsWhen correcting a point or computing a branch, it is possible to add one or more extra conditionsand corresponding free parameters to the determining systems presented earlier. These extra conditionsshould be implemented using a �le sys cond.m in the directory of the system de�nition and setting themethod parameter extra condition to 1 (cf. table 4). The function sys cond accepts the current point asinput and produces a residual and corresponding condition derivatives (as a point structure) per extracondition. 28



As an example, suppose we want to compute a branch of periodic solutions of system (5) subject tothe following extra conditions � T = 200;a212 + a221 = 1;that is, we wish to continue a branch with �xed period T = 200 and parameter dependence a212+a221 = 1.The following routine implements these conditions by evaluating and returning each residual for the givenpoint and the derivatives of the conditions w.r.t. all unknowns (that is, w.r.t. to all the components ofthe point structure). function [resi,condi]=sys_cond(point)% kappa beta a12 a21 tau1 tau2 tau_sif point.kind=='psol'% fix period at 200:resi(1)=point.period-200;% derivative of first condition wrt unknowns:condi(1)=p_axpy(0,point,[]);condi(1).period=1;% parameter condition:resi(2)=point.parameter(3)^2+point.parameter(4)^2-1;% derivative of second condition wrt unknowns:condi(2)=p_axpy(0,point,[]);condi(2).parameter(3)=2*point.parameter(3);condi(2).parameter(4)=2*point.parameter(4);elseerror('SYS_COND: point is not psol.');end;return;10.3 ContinuationDuring continuation, a branch is extended by a combination of predictions and corrections. A new pointis predicted based on previously computed points using secant prediction over an appropriate steplength.The prediction is then corrected using the determining systems (6), (7), (8) or (9) bordered with asteplength condition which requires orthogonality of the correction to the secant vector. Hence one extrafree parameter is necessary compared to the numbers mentioned in the previous section.The following continuation and steplength determination strategy is used. If the last point wassuccessfully computed, the steplength is multiplied with a given, constant factor greater than 1. Ifcorrections diverged or if the corrected point was rejected because its accuracy was not acceptable, a newpoint is predicted, using linear interpolation, halfway between the last two successfully computed branchpoints. If the correction of this point succeeds, it is inserted in the point array of the branch (before thepreviously last computed point). If the correction of the interpolated point fails again, the last successfullycomputed branch point is rejected (for fear of branch switch) and the interpolation procedure is repeatedbetween the (new) last two branch points. Hence, if, after a failure, the interpolation procedure succeeds,the steplength is approximately divided by a factor two. Test results indicate that this procedure is quitee�ective and proves an e�cient alternative to using only (secant) extrapolation with steplength control.The reason for this is mainly that the secant extrapolation direction is not in
uenced by halving thesteplength but it is by inserting a newly computed point in between the last two computed points.The continuation method parameters (see table 8) have the following meaning.� plot: if nonzero, plot predictions and corrections during continuation.29



� prediction: this parameter should be 1, indicating that secant prediction is used (being currentlythe only alternative).� steplength growth factor: grow the steplength with this factor in every step except during interpol-ation.� plot progress: if nonzero, plotting is visible during continuation process. If zero, only the �nal resultis drawn.� plot measure: if empty use default measures to plot. Otherwise plot measure contains two �elds, 'x'and 'y', which contain measures (see table 9) for use in plotting during continuation.� halt before reject: If this parameter is nonzero, continuation is halted whenever (and instead of)rejecting a previously accepted point based on the above strategy.10.4 Roots of the characteristic equationRoots of the characteristic equation are approximated using a linear multi-step (LMS-) method appliedto (2).Consider the linear k-step formula kXj=0 �jyL+j = h kXj=0 �jfL+j : (11)Here, �0 = 1, h is a (�xed) step size and yj presents the numerical approximation of y(t) at the mesh pointtj := jh. The right hand side fj := f(yj ; ~y(tj � �1); : : : ; ~y(tj � �m)) is computed using approximations~y(tj � �1) obtained from yi in the past, i < j. In particular, the use of so-called Nordsieck interpolation,leads to ~y(tj + �h) = sXl=�r Pl(�)yj+l; � 2 [0; 1): (12)using Pl(�) := sYk=�r; k 6=l �� kl � k :The resulting method is explicit whenever �0 = 0 and min �i > sh. That is, yL+k can then directlybe computed from (11) by evaluatingyL+k = � k�1Xj=0 �jyL+j + h kXj=0 �jfL+j :whose right hand side depends only on yj , j < L+ k.For the linear variational equation (2) around a steady state solution x�(t) � x� we havefj = A0yj + mXi=0 Ai~y(tj � �i) (13)where we have omitted the dependency of Ai on x�. The stability of the di�erence scheme (11), (13) canbe evaluated by setting yj = �j�Lmin , j = Lmin; : : : ; L+ k where Lmin is the smallest index used, takingthe determinant of (11) and computing the roots �. If the roots of the polynomial in � all have modulussmaller than 1, the trajectories of the LMS-method converge to zero. If roots exist with modulus greaterthen trajectories exist which grow unbounded. 30



Since the LMS-method forms an approximation of the time integration operator over the time steph, so do the roots � approximate the eigenvalues of S(h; 0). The eigenvalues of S(h; 0) are exponentialtransforms of the roots � of the characteristic equation (4),� = exp(�h):Hence, once � is found, � can be extracted using,<(�) = ln(j�j)h : (14)The imaginary part of � is found modulo �=h, using=(�) � arcsin(=(�)j�j )h (mod �h ): (15)For small h, 0 < h � 1, the smallest representation in (15) is assumed the most accurate one (that is,we let arcsin map into [��=2; �=2]).The parameters r and s (from formula (12)) are chosen such that r � s � r+2 (see [17]). The choiceof h is based on the related heuristic outlined in [11].Approximations for the rightmost roots � obtained from the LMS-method using (14), (15) can becorrected using a Newton process on the system,� �(�)v = 0cTv � 1 = 0 (16)A starting value for v is the eigenvector of �(�) corresponding to its smallest eigenvalue (in modulus).Note that the collection of successfully corrected roots presents more accurate yet less robust inform-ation than the set of uncorrected roots. Indeed, attraction domains of roots of equations like (16) can bevery small and hence corrections may diverge or approximations of di�erent roots may be corrected to asingle 'exact' root thereby missing part of the spectrum. The latter does not occur when computing the(full) spectrum of a discretization of S(h; 0).Stability information is kept in the structure of table 3 (left). The time step used is kept in �eldh. Approximate roots are kept in �eld l0, corrected roots in �eld l1. If unconverged corrected roots arediscarded, �eld n1 is empty. Otherwise, the number of Newton iterations used is kept for each root inthe corresponding position of n1. Here, �1 signals that convergence to the required accuracy was notreached. The stability method parameters (see table 6 (top)) now have the following meaning.� lms parameter alpha: LMS-method parameters �j ordered from past to present, j = 0; 1; : : : ; k.� lms parameter beta: LMS-method parameters �j ordered from past to present, j = 0; 1; : : : ; k.� lms parameter rho: safety radius �LMS;� of the LMS-method stability region. For a precise de�nition,see [11, xIII.3.2].� interpolation order: order of the interpolation in the past, r + s = interpolation order.� minimal time step: minimal time step relative to maximal delay, h� � minimal time step.� maximal time step: maximal time step relative to maximal delay, h� � minimal time step.� max number of eigenvalues: maximum number of rightmost eigenvalues to keep.� minimal real part: choose h such as to approximate eigenvalues with <(�) � minimal real part well,discard eigenvalues with <(�) < minimal real part. If h is smaller than its minimal value, it is setto the minimal value and a warning is uttered. If it is larger than its maximal value it is reducedto that number without warning. If minimal and maximal value coincide, h is set to this valuewithout warning. If minimal real part is empty, the value minimal real part = 1� is used.31



� max newton iterations: maximum number of Newton iterations during the correction process (16).� root accuracy: required accuracy of the norm of the residual of (16) during corrections.� remove unconverged roots: if this parameter is zero, unconverged roots are discarded (and stability�eld n1 is empty).10.5 Floquet multipliersFloquet multipliers are computed as eigenvalues of the discretized time integration operator S(T; 0).The discretization is obtained using the collocation equations (9) without the modulo operation (andwithout phase and periodicity condition). From this system a discrete, linear map is obtained betweenthe variables presenting the segment [��=T; 0] and those presenting the segment [��=T + 1; 1]. If thesevariables overlap, part of the map is just a time shift.Stability information is kept in the structure of table 3 (right). Approximations to the Floquetmultipliers are kept in �eld mu. The stability method parameters (see table 6 (bottom)) have thefollowing meaning.� collocation parameters: user given collocation parameters or empty for Gauss-Legendre collocationpoints.� max number of eigenvalues: maximum number of multipliers to keep.� minimal modulus: discard multipliers with j�j < minimal modulus.11 Concluding commentsThe �rst aim of DDE-BIFTOOL is to provide a portable, user-friendly tool for numerical bifurcationanalysis of steady state solutions and periodic solutions of systems of delay equations of the kind (1).Part of this goal was ful�lled through choosing the portable, programmer-friendly environment o�eredby Matlab. Robustness with respect to the numerical approximation is achieved through automaticsteplength selection in approximating the rightmost characteristic roots and through collocation usingpiecewise polynomials combined with adaptive mesh selection.Although the package has been successfully tested on a number of realistic examples, a word of cautionmay be appropriate. First of all, the package is essentially a research code (hence we accept no reliability)in a quite unexplored area of current research. In our experience up to now, new examples did not failto produce interesting theoretical questions (e.g., concerning homoclinic or heteroclinic solutions) manyof which remain unsolved today. Unlike for ordinary di�erential equations, discretization of the statespace is unavoidable during computations on delay equations. Hence the user of the package is stronglyadvised to investigate the e�ect of discretization using tests on di�erent meshes and with di�erent methodparameters; and, if possible, to compare with analytical results and/or results obtained using simulation.Although there are no 'hard' limits programmed in the package (with respect to system and/or meshsizes), the user will notice the rapidly increasing computation time for increasing system dimension andmesh sizes. This exhibits itself most profoundly in the stability and periodic solution computations. In-deed, eigenvalues are computed from large sparse matrices without exploiting sparseness and the Newtonprocedure for periodic solutions is implemented using direct methods. Nevertheless the current versionis su�cient to perform bifurcation analysis of systems with reasonable properties in reasonable executiontimes. Furthermore we hope future versions will include routines which scale better with the size of theproblem.Other future plans include a graphical user interface and the extension to other types of delay equationssuch as state-dependent, distributed delay and neutral functional di�erential equations.
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Appendix A: List of �lesVersion 1.00 of DDE-BIFTOOL contains the following �les.Layer 0 Layer 1 Layer 2 Layer 3 Extrasys cond auto cnt p axpy br contn df brnchsys deri auto eqd p correc br measr df derivsys init auto msh p measur br plot df measrsys rhs auto ord p norm br recmp df mthodfold jac p normlz br rvers demo1hopf jac p pplot br stablmult app p remeshmult dbl p secantmult int p splotmult plt p stabilpoly del p tofoldpoly dla p tohopfpoly elg p topsolpoly gau p toststpoly lgrpoly lobpsol evapsol jacpsol mshroot approot charoot introot nwtroot pltstst jactime htime lmstime nrdtime saf
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Appendix B: Obtaining the packageDDE-BIFTOOL is freely available for scienti�c (non-commercial) use. It was written by the author asa part of his PhD at the Computer Science Department of the K.U.Leuven under supervision of Prof. D.Roose.The following terms cover the use of the software package DDE-BIFTOOL:1. The package DDE-BIFTOOL can be used only for the purpose of internal research excluding anycommercial use of the package DDE-BIFTOOL as such or as a part of a software product.2. K.U.Leuven, Department of Computer Science shall for all purposes be considered theowner of DDE-BIFTOOL and of all copyright, trade secret, patent or other intellectual propertyrights therein.3. The package DDE-BIFTOOL is provided on an "as is" basis and for the purposes described inparagraph 1 only. In no circumstances can K.U.Leuven be held liable for any de�ciency, fault orother mishappening with regard to the use or performance of the package DDE-BIFTOOL.4. All scienti�c publications, for which the package DDE-BIFTOOL has been used, shall mentionusage of the package DDE-BIFTOOL, and shall refer to the following publication:K. Engelborghs. DDE-BIFTOOL: a Matlab package for bifurcation analysis of delaydi�erential equations. Technical Report TW-305, Department of Computer Science,K.U.Leuven, Leuven, Belgium, 2000.Upon acceptance of the above terms, one can obtain the package DDE-BIFTOOL (version 1.00) bymailing your full name, a�liation and address to koen.engelborghs@cs.kuleuven.ac.be. The packagewill then be forwarded to you.
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