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Department of Computer Science, K.U.LeuvenAbstractDirect implicit simulation of complex steady state 
ows is usually too di�-cult numerically in the absence of a good initial guess. \Pseudo-transient-continuation" is a physically motivated technique that follows the physical tran-sient solution starting from a uniform 
ow. Here, a delicate choice of the timesteps, or the CFL numbers is crucial to reduce the number of iterations. How-ever, existing strategies such as exponential laws (EXP) or residual-norm basedstrategies (SER) are not robust; if some initial parameters are not carefullychosen, they may produce an excessive number of iterations or produce non-physical states (breakdowns).In this paper, we investigate this problem and propose an expert-system forthe automatic determination of the CFL numbers. This expert-system uses sev-eral metrics to estimate the convergence rate and the possibility of breakdowns.It then takes the appropriate actions. Numerical results obtained on a widevariety of test cases show a systematic reduction of the total number of itera-tions compared to SER or EXP. Furthermore, the system seems more robustin the sense that iteration counts depend only slightly on the parameters, andbreakdowns are avoided while convergence is almost guaranteed.Keywords : CFL number, implicit method, convergence rate, hyperbolic sys-tems.
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AbstractDirect implicit simulation of complex steady state 
ows is usually too dif-�cult numerically in the absence of a good initial guess. \Pseudo-transient-continuation" is a physically motivated technique that follows the physicaltransient solution starting from a uniform 
ow. Here, a delicate choice ofthe time steps, or the CFL numbers is crucial to reduce the number of it-erations. However, existing strategies such as exponential laws (EXP) orresidual-norm based strategies (SER) are not robust; if some initial para-meters are not carefully chosen, they may produce an excessive number ofiterations or produce non-physical states (breakdowns).In this paper, we investigate this problem and propose an expert-systemfor the automatic determination of the CFL numbers. This expert-systemuses several metrics to estimate the convergence rate and the possibilityof breakdowns. It then takes the appropriate actions. Numerical resultsobtained on a wide variety of test cases show a systematic reduction ofthe total number of iterations compared to SER or EXP. Furthermore, thesystem seems more robust in the sense that iteration counts depend onlyslightly on the parameters, and breakdowns are avoided while convergenceis almost guaranteed.Keywords: CFL number, implicit method, convergence rate, hyperbolicsystems.1 IntroductionIn nature, laboratory and industry many processes can be described by hyperbolicconservation laws, with or without a source term. The set of Euler, Navier-Stokesor Magnetohydrodynamic equations can be viewed as special instances of hyper-bolic PDE's. Their generic form is written as@U@t +r �F = S; (1)where the vector U contains the unknown quantities of the problem (e.g. density,momentum vector and total energy density in the case of the Euler equations),F stands for the convective 
ux vector and the source term S usually describesnon-ideal (dissipative) e�ects, external forces, heating terms, sources or sinks ofcertain physical quantities.1Katholieke Universiteit Leuven, Department Computer Science, Celestijnenlaan, 200A,B{3001 Heverlee (Belgium), e-mail: denis@cs.kuleuven.ac.be2von Karman Institute, Chauss�ee de Waterloo, 72, B{1640 Rhode-St-Gen�ese (Belgium) ande-mail: arpi@vki.ac.be / Katholieke Universiteit Leuven, Department of Mathematics, Celestijn-enlaan, 200B, B{3001 Heverlee (Belgium) 1



Equation (1) constitutes a set of highly nonlinear partial di�erential equations.In the vast majority of industrial and scienti�c applications the full set of governingequations has to be solved, usually on complex geometries. There exists a widevariety of numerical techniques to approximate the solution of the PDE's, suchas �nite di�erence, �nite volume, �nite element, spectral and residual distributionmethods, just to name a few of them. In each of these methods the spatial operatoris discretized by using di�erent numerical principles. However, after applying thespatial discretization operator on the equations, all of them can be cast in thesimple form dUdt = �R(U); (2)where the vector U = U(t) now represents the spatial discretization of the solutionvector and R(U) is called the residual vector. If the transient phenomena are notof interests, (2) can be substituted by the set of non-linear algebraic equationsR(U) = 0: (3)However, in the absence of a su�ciently good initial approximation, Newton'smethod applied to (3) will generally not converge. Other methods like �xed pointmethods or globalization techniques such as trust region methods or line searchalgorithms are also likely to fail or to stagnate in a local minimum of kR(U)k [1, 2].The usual alternative is to keep (2) as a time dependent problem and to marchto the steady state by following the physical transient in time (see [3] and thereferences therein).Explicit time integration techniques, achieved by a linear combination of theiterate at previous time steps are robust, straightforward and require few para-meters. However, they appear prohibitively time consuming on complex problemsdue to stability constraints. Implicit iterative methods are known to remain stableeven for large values of the time step. \Yet, there is no clear understanding aswhat the optimal time-increment should be at each time level for a given 
ow con-�guration. This fact is all the more embarrassing that the choice of an inadequatetime-increment can be extremely detrimental to the overall convergence perform-ance" [4]. The aim of this paper is to understand the time step requirements forthe implicit technique and provide a time-stepping strategy with enhanced conver-gence properties. To this end, the backward Euler integration is applied to the setof non-linear algebraic equations�U (k)�t(k) = �R(U (k+1)):The superscript k denotes the (non-linear) iteration number while �t(k) is the timestep and �U (k) = U (k+1) � U (k) is the correction to the approximate solution.The right-hand-side is then linearized by a Taylor expansion truncated to the �rstorder. Hence, every non-linear iteration k requires the solution of a linear systemof the form � 1�t(k) I + J (k)��U (k) = �R(U (k));2



where the matrix J (k) is the Jacobian matrix of R evaluated at U (k) and I is theidentity.If the transient states are not of interest, a local time stepping technique maybe used. The numerical stability of the scheme requires a maximum time stepcontrolled by a so-called CFL number. The previous expression is generalized in� 1
(k)D(k) + J (k)��U (k) = �R(U (k)); (4)where the diagonal matrix D(k) contains the local time steps and 
(k) is the CFLnumber. In the following, the linear system (4) is also written asM (k)�U (k) = �R(k):In this paper, we focus on the problem of �nding a robust strategy for thedetermination of 
(k) ensuring a quasi-minimum number of iterations to reachthe steady-state solution. This problem is heuristic in nature and therefore, wepropose an expert-system that attempts to understand the features of the problem.This system keeps track of important metrics of the iteration history (such as thenorm of the residual vector) to decide whether to increase or decrease 
(k) andby which amount. Robustness is obtained by detecting possible breakdowns3 atearly stages and taking smaller subsequent CFL numbers. Furthermore this newexpert-system does not depend on some initial parameters which denotes, again,an increased robustness.Compared to existing strategies such as the SER or the exponential strategies [5,6], a faster convergence has consistently been observed on a wide variety of testcases. Furthermore, the expert-system is more robust in the sense that no break-downs occur and the total number of non-linear iterations depends only slightlyon the parameters.The remainder of this paper is organized as follows. Section 2 describes twoexisting strategies, namely SER and EXP and emphasizes both advantages andweaknesses. Section 3 details the heuristics of the expert-system and presentsits physical motivation. The particular upwind discretization method, used in thenumerical experiments, is brie
y sketched in Section 4. The experiments on severalrepresentative test cases are described and commented in Section 5.2 Review of usual strategiesLiterature on optimal strategies for the CFL number is somewhat limited [5, 6,7, 8]. Some strategies do not take into account the convergence history or theproblem itself while other techniques attempt to incorporate some knowledge ofthe problem although in a limited way. Also, to our knowledge, no strategy hasbeen proposed to address the issue of breakdowns. Most authors simply restart the3A breakdown occurs when the solution becomes non-physical, for example with negativedensity, ... 3



iterations from scratch with adapted values of the parameters when a breakdownoccurs.Existing strategies are usually based on the following rules of thumb: the timestep should remain small until all 
ow features are su�ciently resolved and largetime steps may be taken near the solution to obtain super-linear or quadraticconvergence of Newton's method. Also, some authors suggest to set a bound onthe maximum CFL number for conditioning reasons. We discuss two strategiesand show advantages and weaknesses.2.1 Switch Evolution RelaxationThe Switch Evolution Relaxation (SER) strategy
(k) = 
SER kR(U (0))k2kR(U (k))k2is a common technique to increase the CFL number as convergence proceeds [5, 6].Unfortunately, the user-de�ned initial parameter 
SER is crucial for the success ofthe strategy. Indeed, if the residual norm stays close to kR(U (0))k2 at the begin-ning of the iteration, 
(k) remains also close to 
SER. For small value of this para-meter, the matrixM (k) has large diagonal coe�cients and the iterative scheme (4)resembles to an explicit scheme with slow convergence. This convergence a�ectskR(U (k+1))k2, and, in turn, 
(k+1). There is thus a vicious circle that slows downthe entire convergence and results in many unnecessary iterations.Another drawback encountered with the SER strategy is the presence of oscil-lations. A rapid decrease of the residual norm produces a jump of 
(k+1). For alarge 
(k+1), the matrix M (k+1) is close to J (k+1). If the iterate is far from thesolution, the new direction�U (k) =M (k)�1R(k) ' J (k)�1R(k)may not be a descent direction, resulting in a large residual norm at iteration k+2.This phenomenon creates an oscillation that may propagate for several iterations.2.2 Exponential lawThe exponential law (EXP) 
(k) = (
EXP )kincreases the CFL number in a regular manner [9]. Unlike the SER strategy, theexponential constantly \pushes" the CFL to large values in an attempt to speedup convergence. Also, the smoothness of the exponential reduces the apparitionof oscillations. The price to pay is the absence of control of the strategy by theproblem itself. It is the user's responsibility to e�ectively tune the parameter.Similar to SER, the value of the initial parameter is also important. For someproblems, a very small 
EXP may be required to avoid breakdowns during the �rstiterations. Then, near the solution, 
(k) remains small even if larger values couldbe selected to increase the convergence speed.4



3 An Expert System to adapt the CFLExisting strategies ensure global convergence by selecting small CFL numbers forthe early iterations, allowing 
(k) to grow as the iterate approaches the solution.They may produce oscillations, slow convergence or even breakdowns. Oscillationsappear if the CFL number is directly proportional to some problem-dependentmetric while slow convergence is the result of an underestimated initial parameter.Breakdowns happen when the physical transient is not accurately followed due toinstabilities caused by large CFL numbers.These considerations de�ne the key ingredients for an e�ective and robuststrategy:� The convergence history can be split in two distinct phases with di�erentproperties: an initial and a terminal phases. In [3], three phases are pro-posed.� Breakdowns or possible breakdowns need to be detected early to allow areduction of the CFL number in the initial phase.� The convergence rate must be estimated ensuring large 
(k) in the terminalphase.We have chosen a piecewise exponential function to satisfy these goals. In itssimplest form, the CFL numbers are determined by only two exponential functions.The �rst function corresponds to the initial phase. In this phase, the CFL numbersmust remain small and the parameter 
0 is close to 0. During the terminal phase,all 
ow features are resolved and a fast convergence rate may be expected. Afaster growing exponential function may be taken (
1 > 
0). The CFL numbersare recursively de�ned by
(k) = � (1 + 
0) 
(k�1) if k < kswitch;(1 + 
1) 
(k�1) if k � kswitch: (5)where the iteration kswitch separates the initial and terminal phases. The twomultipliers 
0 and 
1 as well as the iteration index kswitch need to be estimatedby the expert-system. Finally, as advocated by other authors in the case of theSER or exponential strategies, the maximum CFL number is limited by a givenvalue 
max.3.1 Initial phaseIn general, one single exponential in the initial phase is not su�cient to avoidbreakdowns while ensuring reasonable convergence rate. Indeed, a large value of 
0may result in a breakdown, while a small value slows down the entire convergenceprocess. Therefore, breakdowns, divergence and slow convergence are \detected"during the initial phase and the multiplier 
0 is adapted accordingly:5



Breakdowns : if the correction �U (k) leads to a breakdown, then the iterate isnot updated (U (k+1) = U (k)) while the exponential is modi�ed by
(k+1) = 12 
(k); and 
0  12 
0:Both the CFL and the multiplier are reduced. This procedure is repeated incase of successive breakdowns. When this happens, 
(k) and 
0 tend to 0.It should be noted that the Jacobian matrix remains unchanged at iterationk + 1. Hence, the computational cost of this iteration requires only theupdate of the preconditioner and the solution of a new linear system.Divergence : A breakdown is seldom an isolated event and is usually preceded byinstabilities during several iterations. Therefore, if any sign of convergenceproblem is encountered, it is safer to decrease the CFL number in advanceto avoid unnecessary computations. We �rst de�ne the relative correctionc(k) = �U (k)=U (k), where the division is taken component-wise and divisionby zero is discarded. The expert-system assumes that divergence occurs ifthe relative correction c(k) is large, a jump in the residual norm occurs, or ifthe linear system seems to be solved inaccurately. Hence, if any of the threefollowing tests, kc(k)k1 � 50%;log�kR(k+1)k2kR(k)k2 � > 0:5;kM (k)�U (k) +R(k)k2 > � kR(k)k2;is veri�ed, then, the CFL number is decreased
(k+1) = 0:8 
(k);but the multiplier is not modi�ed. The parameter � is a threshold used inthe linear solver.Slow convergence : Choosing a small 
0 (or even 
0 = 0) avoids the apparitionof breakdowns but increases the length of the initial phase. Hence, to avoid along initial phase, the multiplier is arti�cially increased at regular intervals.Let s be a typical interval length and kl the iteration index when the CFLstrategy was last modi�ed (due to a breakdown, ...). If for s iterations, thestrategy remained unchanged (we are at iteration k = kl+ s), the multiplierincreases while the interval length is shortened
0  2
0 s � s;where � < 1 is a reduction factor. Of course, the value of kl is reset to k.Wet have set s = 15 and � = 0:8. The value of these parameters has littlein
uence on the total length of the initial phase.6



These three heuristic strategies completely de�ne the behavior of 
(k) duringthe initial phase. Although breakdowns are avoided, it should be noted howeverthat convergence can not be theoretically guaranteed. The initial iterate U (0) maybe unrealistic or successive breakdowns may reduce 
(k) around 0 which givesan unreasonable number of iterations. In all our test cases though, convergencealways occured in a reasonable time.The typical evolution of 
(k) using the three techniques described above isshown in Fig. 1b where a breakdown occurs at iteration k1, another is detected atk2, and 
0 is increased at k3. The value of 
0 can be evaluated from the slopes.The terminal phase begins at kswitch.3.2 The terminal phase: kswitchUnder certain regularity conditions on R(�) and for an iterate close to the solution,Newton's method can be applied to (3), providing a quadratic convergence. Whenthis happens, it su�ces to use (4) by setting 
(k) =1 (or 
1 =1) [8]. Of course,the regularity of R(�) is a strong assumption and quadratic convergence is only anasymptotic result. In practical experiments, it is safer to select a bounded value of
1 allowing a smooth transition from the initial to the terminal phases. We havechosen 
1 = 2
0;which is subsequently doubled every two iterations.The main problem is to verify if an iterate is close to the solution. There isno de�nite answer and we must rely again on some heuristics. With SER, wehave observed that monitoring kR(U)k2 alone is not su�cient since it may lead tooscillations. In the expert-system, several metrics are combined into a single valuethat estimates the \quality" of U (k):� The �rst metric is the relative norm of the residualm(k)1 = � log�kR(0)k2kR(k)k2� :It usually ranges between 0 and 16 (the latter corresponds to the machineprecision).� Again c(k) = �U (k)=U (k) represents the relative correction. The secondmetric measures the amount of correction bym(k)2 = � log�kc(k)k2� :When m(k)2 ' 1, the correction is about one order of magnitude smaller thanthe iterate vector. At convergence, m(k)2 is close to 4.� The third metric is the speed at which m(k)2 increasesm(k)3 = slope�m(k)2 � :7



The function slope(�) returns the slope obtained by linear regression overthe last few values. At the beginning of the iterations, convergence has notbegun and m(k)3 is close to 0. In the terminal phase, a value of 2 denotesquadratic convergence.� The last metric comes from geometrical considerations. If the 
uid has aconstant state at the beginning of the simulation, then a perturbation is �rstlocated along some boundaries and propagates slowly to the entire domain.From a numerical point of view, it means that �U (k) has only a few non-zero components at the beginning and this proportion grows to a maximum(note that this maximum may not be 100% as this happens for supersoniccomputations where the nodes near the supersonic inlet remain unchanged).Therefore, we de�ne m(k)4 = 1� slope�nnz(�U (k))� :The function nnz(�) returns the number of non-zero components of a vector.This metric tends to 1 when the 
ow features have been correctly computed.These four metrics taken separately give an idea of the convergence. To obtainmore reliability, they are combined in a weighted summ(k) = 4Xi=1 �im(k)i ;and a moving average over the last K = 10 iterations is takenm(k) = 1K K�1Xj=0 m(k�j); (6)to reduce the local variations. The weights are chosen to give a similar in
uenceto every term (we have selected empirically � = [1; 2; 8; 16]).The typical evolution of m(k) is given in Fig. 1a. In the initial phase, noconvergence happens and all metrics remain almost constant. Then, convergencebegins gradually and m(k) increases. When it reaches a certain threshold (m(k) >15m(K)), the iterate is considered su�ciently close and the expert-system switchesto the terminal phase.4 Residual Distribution MethodThe expert-system presented in the previous section has been implemented intonumerical codes based on the residual distribution method. The residual distribu-tion method was originally proposed by Roe [10] and further developed by Roe,Deconinck and their co-workers. We present a brief overview of the principles ofthe method. Further details can be found in [11, 12, 13] and the references therein.8
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(a) (b)Figure 1: Metrics of the expert-system: (a) Evolution ofm(k) for the determinationof kswitch and, (b) typical evolution of 
(k).For the sake of simplicity, we describe the 2D case but the 3D generalization isstraightforward. Given a triangulation of the computational domain, the solutionof (1) is approximated by piecewise linear functions,U(x; y; t) =Xi Ui(t)Ni(x; y); (7)where Ui(t) is the time dependent nodal value of the state variables at node i andNi(�) is the corresponding piecewise linear shape function with compact support.In quasi-linear form, (1) reads@U@t +AU @U@x +BU @U@y = S;where AU and BU are the convective 
ux Jacobian matrices. Integration of theabove expression over a triangle T de�nes the total 
uctuation (also called cellresidual) as �T = � ZZT @U@t dV = �TC � �TS ; (8)where the convective residual �TC and the source term residual �TS are given by�TC = ZZT �AU @U@x +BU @U@y � dV; and �TS = ZZT S dV:In the residual distribution approach, the total 
uctuation is distributed to thethree nodes de�ning the cell. More precisely, every node i of cell T receives afraction of the convective residual �TC ,�T;iC = �T;iC �TC ; (9)9



where the convective distribution matrices satisfyXi2T �T;iC = Îfor consistency reasons. A similar treatment is applied to the source term residual.The choice of the distribution matrices is central in the residual approach and thistreatment is deferred until Section 4.2. Finally, summing (8) over all cells Tadjacent to node i, using (7) and (9), and integrating leads to the semi discreteform dUidt = � 1Si XT2i ��T;iC �TC � �T;iS �TS�for node i where Si represents the area of the median dual cell around node i.This latter expression is equivalent to (2).4.1 Evaluation of convective residualsSince the components of the state vector U have linear variation in cell T , followingthe procedure of a conservative linearization [12, 14], the convective cell residualcan be written as �TC =Xi2T KiUi;where the summation is performed over the three nodes de�ning the cell T . Thevector Ui is the solution at node i and the matrix Ki is a linear combination ofthe 
ux Jacobian matrices taken in an averaged state of UKi = 12(AUnx;i +BUny;i);where nx;i and ny;i are the components of the normal vector of the boundary edgeof cell T opposite to node i scaled by the length of the edge (see Fig. 2). If theleft-hand-side of (1) is hyperbolic, then the matrix Ki has real eigenvalues and acomplete set of left and right real eigenvectors. Its diagonalization yieldsKi = 12Ri�iLi;where the columns of Ri (rows of Li resp.) contain the right (left resp.) eigen-vectors of Ki and �i is the diagonal matrix of the eigenvalues. The eigenvaluematrix can be written as �i = �+i +��i , with ��i = (�i�j�ij)=2. The generalizedupwind parameters K+i = Ri�+i Li and K�i = Ri��i Li play an important role inthe multidimensional upwinding of the residual distribution schemes, as we willshow below.4.2 Distribution of the Convective ResidualThe de�nition of the convective distribution matrices �T;iC plays a crucial role andis the topic of an on-going research. Various schemes exist focussing on mul-tidimensional upwinding, linearity, positivity and other special properties. The10
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Figure 2: De�nition of a cell with three nodes i, j, and k and the associated scalednormals.narrow scheme (N-scheme in short) used in this paper is a multidimensional up-wind scheme. In the scalar case, it means that the residual is distributed entirelyto the downstream nodes [15]. Physically, this is motivated by the fact that thewaves propagate away from upstream nodes and those should therefore not bein
uenced. Mathematically, the distribution function for the N-scheme can beexpressed by �T;iC = �T;iC �TC = K+i (Ui � Uin);where Uin = (PK�i )�1PK�i Ui is the interpolated in
ow state. The N-schemeis linear and positive and produces the smallest cross-di�usion in its class. Con-sequently, it captures shocks in a monotonic manner, but its accuracy remains �rstorder only.4.3 Distribution of the Source Term ResidualFor the Navier-Stokes equations, computation and distribution of the source termresidual �S require a di�erent approach than the one described in the previousparagraph. It is based on a Petrov-Galerkin interpretation of residual distributionschemes. For the description of the method, including the treatment of boundaryconditions, the reader is directed to the work of van der Weide [15].The ideal magnetohydrodynamics equations are solved in a non-conservativeinvariant form containing Powell's source term. This way the singularities presentin the Jacobian matrices AU and BU are removed, which is essential in the frame-work of residual distribution methods. A detailed description of the technique isgiven in [14, 16].5 Numerical experimentsThe expert-system has been tested on a wide variety of test cases using the Euler,Navier-Stokes and MHD equations. Four unstructured geometries are considered,11



both in 2 and 3 dimensions. The numerical experiments use two simulation soft-wares based on the residual distribution (
uctuation splitting) spatial discretiza-tion technique. Euler and Navier-Stokes computations are obtained with the THORcode developed at the von Karman Institute [13, 17], while ideal MHD computa-tions use the RA code written by the second author.5.1 Test casesWe have selected 7 representative test cases using three sets of equations and fourgeometries.Euler : The Euler equations describe the behavior of an inviscid 
uid. Theyderive from the physical principles of mass conservation, Newton's secondlaw and energy conservation. In conservative form they are written as@@t 0@ ��vE 1A+r � 24 �v�vv + Îp(E + p)v 35 = 0; (10)where Î is the unit matrix, � is the density, v is the velocity vector, p is thethermal pressure and E is the total energy density de�ned byE = p
 � 1 + 12�v � v:The constant 
 denotes the ratio of speci�c heats.Navier-Stokes : The set of Navier-Stokes equations applies to viscous 
ows, in-cluding dissipation, transport phenomena of viscosity and thermal conduc-tion. It di�ers from the Euler equations by its non vanishing right-hand-sideS = r �F� ;where F� is the viscous 
ux vector. This vector is a function of the viscousstress tensor � and the heat 
ux vector q.Ideal Magnetohydrodynamics : The ideal MHD equations govern the motionof conducting 
uids under the presence of a magnetic �eld in case of in�niteconductivity. They couple the Euler equations of hydrodynamics to Max-well's equations of electrodynamics. In conservative form the hyperbolic setof ideal MHD equations is given by@@t 0BB@ ��vBE 1CCA+r � 2664 �v�vv + Î(p+B �B=2)�BBvB�Bv(E + p+B �B=2)v�B(v �B) 3775 = 0; (11)where B is the magnetic vector �eld and E is the total energy density de�nedas E = p
 � 1 + 12�v � v + 12B �B:12



Equation (11) describes the conservation of mass, momentum, magnetic 
uxand energy. It has to be supplemented by the solenoidal condition of themagnetic �eld, stating that magnetic monopoles do not existr �B = 0:The quasi-linear form of (11) contains singular Jacobian matrices and itis therefore not invariant to Gallilean transformations. In 1972, Godunovproved, that the only symmetrizable form of the ideal MHD equations con-tains the following source term [18]S = �0BB@ 0Bvv �B 1CCAr �B;which is proportional to the divergence of the magnetic �eld. This alternativeform is the Gallilean invariant form of the ideal MHD equations. It was alsoshown by Powell that this form is numerically more stable [19].The set of equations above is solved on the following geometries:Nozzle 
ow : We consider the simple test case of a hypersonic 
ow through aconverging diverging nozzle (Fig. 5.1a). For the MHD equations this testcase was �rst proposed by Vanden Abeele [20]. Uniform 
ow enters thenozzle from the left and leaves it at the right. The 
ow is fully supersonicand superfast in the nozzle, corresponding to the Euler and ideal MHDequations, respectively. Because of symmetry, we simulate the 
ow in theupper part only. At the top of the nozzle we impose inviscid wall boundaryconditions for the Euler equations and perfectly conducting inviscid wallboundary conditions for the ideal MHD equations. Initially, the followinguniform 
ow �elds are prescribed: density � = 1, momentum vector �v =(1; 0; 0), total energy density E = 0:9 for the Euler equations and density� = 1:5, momentum vector �v = (4; 0; 0), magnetic �eld vector B = (2; 0; 0)and total energy density E = 14:9 for the ideal MHD equations. The gridcontains 5712 cells and 3015 nodes.Bow shock 
ow : 2D bow shock 
ow simulations serve as basic building blocksof hypersonic blunt body simulations in hydrodynamics and of space physicsapplications in MHD. The latter application includes bow shock simulationsover planets, comets or coronal mass ejections. Because of symmetry, we onlysimulate the 
ow �eld over the upper left quadrant of a cylinder, and thesolution is symmetric with respect to the horizontal axis (Fig. 5.1b). Initiallywe impose the following uniform 
ow �elds: density � = 1, momentumvector �v = (1; 0; 0), total energy density E = 0:7 for the Euler equationsand density � = 1, momentum vector �v = (6; 0; 0), magnetic �eld vectorB = (0:5; 0; 0), total energy density E = 19:625 for the ideal MHD equations.The grid contains 6152 cells and 3203 nodes.13



NACA airfoil : We compute the well documented 2D hydrodynamic test caseof a subsonic 
ow over a NACA-0012 airfoil [21, 11, 15] (Fig. 5.1c). Initiallywe impose Mach numberM1 = 0:83, angle of attack � = 2� and free streamtemperature T1 = 273:15 K. We perform inviscid and laminar viscous 
owcomputations. In the latter case the Reynolds number is Re = 5000m�1.The grid contains 10924 cells and 5590 nodes.Ogive Cylinder : The 
ow �eld around an ogive cylinder was experimentallyinvestigated by ONERA for several angles of incidence [22] (Fig. 5.1d). This3D test case was numerically computed by van der Weide [15, 12] for theangle of incidence � = 10�. The initial conditions of this test case are thefollowing: Mach number M1 = 2, angle of incidence � = 10�, free streamtemperature T1 = 183 K and Reynolds number Re1 = 5:33 �106 m�1. Thegrid contains 1 039 022 cells and 177 846 nodes.

(a) (b)
(c) (d)Figure 3: Grids used for the validation of the Expert-System: (a) Nozzle, (b) Bowshock detail, (c) NACA airfoil detail, and (d) 3D Ogive cylinder | trace of thegrid on the body.
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5.2 ExperimentsThe ultimate goal of the expert-system is to provide a net gain in terms of compu-tation time. However, timings results are always hazardous to present since everysimulation depends on many factors. For these test cases for example, the compu-tation time depends on the number of Jacobian evaluations, the number of timesthe preconditioner has to be constructed and the total number of linear iterations.All these values depend in turn on the particular choice of the preconditioner,the parameters of the inexact Newton's method, etc. In these experiments, theJacobian matrices are evaluated numerically while the linear systems are solvediteratively with a threshold � = 10�5 using a block incomplete LU factorization.In the following, the three strategies are compared in terms of total numberof linear systems to be solved. This corresponds to the number of non-lineariterations or Jacobian evaluations for SER and EXP. For the expert-system, thenumber of Jacobian evaluations is overestimated since some matrices are reusedin case of a breakdown.Unless otherwise stated, the values of 
SER and 
EXP are determined | by trialand error | to give the lowest number of iterations. Thanks to the robustness ofthe expert-system, the initial value 
0 has little in
uence. It was set arbitrarilyto 
0 = 1. Of course, a user-tuned parameter provides a better convergence. Themaximum value of the CFL is set to 
max = 106.5.3 Typical resultFigure 4 presents the typical evolution of the CFL number and the convergencehistory for the solution of the Euler equations around a NACA airfoil. Convergenceis obtained in 67 iterations with EXP, 47 iterations with SER and goes down to34 with the expert-system.
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Obviously, the exponential law is not optimal. Indeed, we have to choose arather small 
EXP to avoid breakdowns in the initial phase. Hence, 
(k) is stillsmall when U (k) is close to the solution, resulting in a slow convergence rate inthe terminal phase. Selecting a larger 
EXP is not possible since it produces abreakdown in the initial phase around k = 25.For this problem, the SER strategy converges faster than EXP but the presenceof oscillations results in extra iterations. On the other hand, close to the solution,large CFL numbers are chosen and a fast convergence is observed.By detecting that U (k) is close to the solution, the expert-system produceslarge CFL numbers early, leading to fast convergence. Convergence happens after34 iterations, which is 25% faster than SER and two times faster than EXP. In thehistory of the CFL number, we observe that a divergence is detected for k = 16.This corresponds to a slight jump in the residual norm.All three strategies have a similar convergence history in the initial phase when
ow features are not well resolved. Hence, if a mild convergence criterion is set(around kR(k)k2 � 10�6), the gain of the expert-system is less impressive.5.4 RobustnessA proper choice of the initial parameters is crucial to limit the total number ofnon-linear iterations. For the SER or exponential strategies, the values of 
SERand 
EXP must also be small enough to avoid breakdowns.Figure 5 shows the total number of iterations as a function of the initial para-meter for the Euler 
ow around a NACA airfoil. The `o' symbol means that aconverged solution was obtained while the `�' symbol denotes a breakdown.For both SER and EXP, the parameter space for the initial parameter can bedivided in two zones separated by a threshold. Below the threshold, the iterationconverges while breakdowns occur above the threshold (due to �nite precisionarithmetic, there is a small zone around the threshold where convergence andbreakdown alternate). In the �rst zone, the function has a large negative slopewhich denotes an annoying sensitivity to the value of the initial parameter. If agood estimate of the initial parameter is not available, the number of iterationscan be severely sub-optimal.On the other hand, the expert-system proves to be very robust. Not onlyconvergence was always observed for all our test cases, but also, the number ofiterations is less sensitive to the value of 
0 (Fig. 5a).5.5 ValidationSince the expert-system is heuristic in nature, it can only be validated empiricallyby comparison with other strategies on many problems. Table 1 presents iterationcounts obtained on the seven test cases for the three strategies. For SER and EXP,iteration counts are given using the \optimal" value of the parameter and for avalue of the parameter roughly 10% below the optimum. For the expert system,the �xed value 
0 = 2 is used. Also, to give an idea on the sub-optimality, the16
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(k) must remain small,which forces the initial parameters to be small and reduces the convergence rateof SER and EXP. On the other hand, the expert-system correctly detects when agood iterate is obtained (kswitch ' 100) and produces larger subsequent values of
(k).For the nozzle problem, the expert-system fails to provide any improvementsat all. On the contrary, it requires 25% more iterations. This is caused by threefactors: the problem is relatively easy in the sense that few iterations are needed forconvergence. Still, the moving average (6) requires K iterations before estimatingthe quality of the iterate. Next, large value of 
EXP and 
SER can be taken. In this17



Geometry Equation SER Exponential Expert-system
SER #iter 
EXP #iter 1 + 
0 #iterNozzle Euler 36 17 3.8 16 2.0 2335 17 3.7 16 (3.8 18)MHD 14 17 4.3 14 2.0 1815 17 4.2 14 (4.1 14)Naca Euler 18 47 1.20 67 2.0 2717 49 1.15 84 (2.2 26)N-S 40 32 1.6 28 2.0 3036 38 1.4 33 (2.2 29)Bow Euler 2.4 139 1.04 185 2.0 1112.3 143 1.03 255 (1.7 92)MHD 3.2 142 1.04 157 2.0 1293.1 158 1.03 189 (1.09 117)Ogive N-S 5.0 26 1.6 24 2.0 234.5 32 1.5 27 (2.4 19)Table 1: Comparison of the three strategies for 7 test-cases with di�erent valuesof the initial parameters.experiment, we have set 
0 = 2 and this limits the growth of 
(k). Finally, a shocksuddenly builds up at iteration 4. It is erroneously considered as a divergence bythe expert-system that reduces the CFL in the next iteration.For moderately di�cult problems, the expert-system provides convergence sim-ilar to the other strategies. Of course, tuning the initial parameter gives betterperformance.6 Discussion and conclusionWe have presented a new strategy for the automatic adaptation of the CFL num-ber during the iterative solution of hyperbolic PDE's by implicit upwind methods.This strategy contains many heuristics | hence the name expert-system | thatattempt to avoid breakdowns of the iteration while providing an acceptable con-vergence rate. Compared to existing strategies such as the exponential law or theSwitch Evolution Relaxation, the expert-system proves to be more e�cient: (a)robustness is increased in the sense that the number of non-linear iterations is notmuch a�ected by the choice of parameters, and (b) convergence is usually fasterwith the system than with other strategies.Based on our experience, the gain obtained by using the expert-system is largerwhen the problem is more complex, requiring many iterations or when the tolerancecriterion on the residual vector is small. On the other side, when a maximum valueof the CFL numbers is needed for stability reasons, or when convergence can notbe obtained to a good accuracy, the bene�ts of the expert-system will remainlimited. 18
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