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1 IntroductionThis paper deals with numerical bifurcation analysis of di�erential equations withstate-dependent delay.We concentrate on the following types of equations. First, consider� ddtx(t) = f1(x(t); x(t� �(x(t))))�(x(t)) = g1(x(t)); (1)where f1 : Rn�Rn ! Rn ; g1 : Rn ! R, and the delay � is a given (explicit) functionof the solution x(t). Note that explicit dependence of f1 on � as an argument is notnecessary due to the explicit dependence of � on x.A second class of equations is given by� ddtx(t) = f2(x(t); x(t� �(t)); �(t))ddt�(t) = g2(x(t); x(t� �(t)); �(t)); (2)where f2 : Rn � Rn � R ! Rn ; g2 : Rn � Rn � R ! R, and the delay is determinedby a di�erential equation.We also consider threshold-type delay equations,( ddtx(t) = f3(x(t); x(t � �(t)); �(t))R tt��(t) g3(x(s))ds = 1; (3)where f3 : Rn � Rn � R ! Rn ; g3 : Rn ! R, and the delay is determined implicitlyby the solution segment through a threshold condition.We assume that all functions in (1)-(3) are su�ciently smooth and that thedelay is bounded, i.e., 0 � �(t) � r; 8t. In (1) the latter is assured by requiring0 � g1(x(t)) � r, in (3) by requiring g3(x(t)) � 1=r > 0.Note that Eqs. (1)-(3) are connected in certain ways. Using x1 � x and x2 � � ,equation (2) can be considered as a particular case of (1) with the extended statex � (x1; x2). Also, di�erentiating the threshold condition in (3) with respect to tgives an equation of type (2) withf2 � f3; g2 � 1� g3(x(t))g3(x(t� �(t))) : (4)Furthermore, equations (1) and (3) are particular cases of the class of equations,( ddtx(t) = f(x(t); x(t� �(t)); �(t))R tt��(t) g(x(t); x(s))ds = 1: (5)Indeed, when g(u; v) is independent of v, the delay � is determined by�(x(t)) = (g(x(t)))�1: (6)1



If g(u; v) is independent of u, then the delay � is determined by the integral condition,R tt��(t) g(x(s))ds = 1: (7)In the rest of this paper we explicitly deal with Eqs. (1)-(3). For notational con-venience we restrict ourselves to a single delay, generalization to multiple delays isstraightforward. We do not deal with Eq. (5) when g(u; v) depends both on u andv. In this case bifurcation analysis involves distributed delays which are not understudy in this paper.Mathematical models with state-dependent delay are wide-spread in applica-tions. For instance, a number of structured population models and models in epi-demiology and immunology are speci�c cases of (5), see, e.g., [31, 32, 5] and thereferences therein. Recently mathematical models described by Eqs. (1)-(3) are pro-posed in [1, 7, 3, 25]. These applications show the necessity of a theory as wellas numerical methods to analyze di�erential equations with state-dependent delay.Although important theoretical results were established, especially over the past sev-eral years, a number of open theoretical questions still exists due to the considerablecomplexity compared to the case of constant delays.As far as we know, no prior work on the numerical study of the bifurcation beha-viour of equations with state-dependent delay exists. Note that methods (see, e.g.,[17, 33]) and software packages [30, 9] were developed for numerical time integra-tion of Eq. (1). These packages can also deal with Eq. (2) by exploiting the abovementioned connection between (1) and (2).Our aim here is to extend numerical methods for bifurcation analysis of di�er-ential equations with constant delay [24, 16, 14, 15, 11, 12] towards equations withstate-dependent delay.The remainder of this paper is structured as follows. In Sec. 2, we collect therelevant theoretical results and point out open problems in the context of bifurcationanalysis. In Sec. 3 we show how numerical bifurcation analysis of Eqs. (1)-(3) canbe achieved. Section 4 consists of examples which we study numerically in Sec. 5.Whenever possible we compare our numerical results with analytical ones, and wepresent bifurcation analysis of the equations under the conditions of and beyondrestrictions posed by the existing theory. Section 6 contains some conclusions.2 Theoretical AspectsIn this section we present theoretical results used in bifurcation analysis of di�eren-tial equations with state-dependent delay (sd-DDEs).2.1 Steady state solutionsA steady state solution of a sd-DDE is determined by the values of the solution xand the delay � , i.e., the delay should be considered as a part of the state. Steady2



state solutions, (x�; ��), of Eqs. (1)-(3) are solutions of� f1(x�; x�) = 0�� = g1(x�); (8)respectively, � f2(x�; x�; ��) = 0g2(x�; x�; ��) = 0 (9)and � f3(x�; x�; ��) = 0��g3(x�) = 1: (10)The local stability of steady state solutions of sd-DDEs was studied in [8, 20]. Itwas shown, under natural assumptions on the right hand side of the equation andon the delay function � , that generically the behaviour of the state-dependent delay� except for its value �� has no e�ect on the stability, and that a local linearizationis valid by treating � as a constant at the steady state.Hence to study the local stability of a steady state of (1), we linearize (1) atx� by treating � � ��. The resulting linear equation is a constant delay di�erentialequation, ddty(t) = D1f1(x�; x�)y(t) +D2f1(x�; x�)y(t� ��); (11)where (and below) Dih(s) denotes the partial derivative of the function h(x1; x2; : : :)with respect to its i�th argument evaluated at s,Dih(s) = @h@xi ����s :Similarly, for Eq. (2) stability of a steady state (x�; ��) is analyzed through thelinearization8>><>>: ddty1(t) = D1f2(x�; x�; ��)y1(t) +D2f2(x�; x�; ��)y1(t� ��)+D3f2(x�; x�; ��)y2(t)ddty2(t) = D1g2(x�; x�; ��)y1(t) +D2g2(x�; x�; ��)y1(t� ��)+D3g2(x�; x�; ��)y2(t): (12)Note that the last terms in these equations are due to the explicit dependence of f2and g2 on � .Stability of a steady state solution of Eq. (3) is analyzed using (12) combinedwith (4). In this case, the characteristic equation corresponding to (12) always hasa zero root (a consequence of di�erentiating the integral condition) and hence thestability of the zero solution of (12) is not completely equivalent to the stability ofthe steady state of (3). However, the steady state is asymptotically stable if zero isa simple root while all other roots of the characteristic equation have negative realpart. 3



2.2 Periodic solutions2.2.1 ExistenceExistence of periodic solutions for particular cases of sd-DDEs was proven in [23,32, 26, 27, 2, 34]. Apart from restricting to (speci�c) scalar equations, these resultsare further restricted in the following way. Let the equation under study dependon a parameter 
. Through linearizing the equation around a steady state solutiona characteristic equation is obtained. In general, an in�nite number of parametervalues 
m; m 2 N, can be found, for which the characteristic equation has two pureimaginary solutions, �i!m. Suppose that !m > 0; m = 0; 1; : : : are numbered inascending order. Existence of slowly oscillating periodic solutions (SOP solutions)with period T (
), T (
m) = 2�=!m, was proven only for m = 0 (under some addi-tional appropriate assumptions). Recall that a periodic solution is called an SOPsolution if its zeros are separated by distances greater than the maximum value ofthe delay function. In general, there may be periodic solutions which are not SOPsolutions [27].The theorems on existence of periodic solutions suggest that a Hopf bifurcationtheorem holds for the equations under study (as pointed out, e.g., in [26]). In thefollowing we will refer to the situation when the characteristic equation has a pairof pure imaginary roots of multiplicity 1 as a Hopf-like bifurcation.Note that if all functions involved in the de�nition of a sd-DDE are arbitrarysmooth, then a periodic solution of the equation is arbitrary smooth due to itsperiodicity and smoothing property of the solution operator (for the latter see, e.g.,[29, 17, 33]).2.2.2 StabilityIn the case of DDEs with constant delays, the local stability of a periodic solution(with period T ) is determined by the spectrum of the solution operator, S(T; 0), ofthe linear variational equation. The operator S(T; 0) equals the Fr�echet derivativeof the solution operator to the nonlinear (original) equation with respect to initialdata (see [19], Theorem II.4.1).The stability theory of periodic solutions of sd-DDEs has not yet been fullydeveloped in the mathematical literature. However, continuous di�erentiability ofsolutions (and hence of the solution operator) with respect to initial data was in-vestigated in [6, 21] for nonautonomous sd-DDEs. It was proven that the Fr�echetderivative of the solution operator to the nonlinear sd-DDE with respect to initialdata equals the solution operator of the linearized equation. Based on these resultswe linearize Eqs. (1) and (2) around a (nonconstant) solution (x�(t); ��(t)) asddty(t) = D1f1(s)y(t)�D2f1(s) ddtx�(t� �(x�(t))) @@x�(x�(t))y(t)+D2f1(s)y(t� �(x�(t)))) (13)
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with s = (x�(t); x�(t� �(x�(t)))), respectively,8>><>>: ddty1(t) = D1f2(s)y1(t) +D2f2(s)y1(t� ��(t))�D2f2(s) ddtx�(t� ��(t))y2(t)+D3f2(s)y2(t)ddty2(t) = D1g2(s)y1(t) +D2g2(s)y1(t� ��(t)) �D2g2(s) ddtx�(t� ��(t))y2(t)+D3g2(s)y2(t) (14)with s = (x�(t); x�(t� ��(t)); ��(t)).The proofs [6, 21] are given under a set of assumptions which concern (continu-ous) di�erentiability of the right hand side of the equation under study and the delayfunction. Also, a space of absolutely continuous functions is used as the state spaceof solutions and a quite rigourous condition on the delay function � ,ddt�(t; x(t)) < 1 (almost everywhere); (15)was required to establish the result. The latter yields the fact that (t � �(t; x(t)))is an increasing function, or, in other words, that the amount of past that is takeninto account never increases.Eqs. (13)-(14) are linear equations with time-dependent (no longer state-dependent)delay. If the coe�cients in the linear equation are smooth and periodic (with periodT ) and the delay function is smooth, then this equation belongs to the class of linearperiodic equations studied in [19]. For these equations, the solution operator overthe period T (over an interval mT if r > T and mT � r; m 2 N; r = maxt2[0;T ] �(t))is compact. Recall that the spectrum of a compact operator consists of a pointspectrum with zero as its only cluster point.An open question remains whether the stability of the linear variational equationre
ects the local stability of the solution (x�(t); ��(t)) of the corresponding nonlinearequation. In the remainder of this paper we study the linearized stability of peri-odic solutions using (13) and (14) around a periodic solution (x�(t); ��(t)) both insituations where assumption (15) holds and is violated.Note that compactness of the nonlinear solution operator to a particular case ofEq. (1) was proven in [34]. In [2] the compactness of the nonlinear operator wasachieved for an equation related to (2) with f2 depending only on the solution inthe past.3 Numerical MethodsThe numerical methods we use for bifurcation analysis of sd-DDEs are extensionsof corresponding methods for systems of DDEs with multiple constant delays, see[24, 16, 14, 15, 11, 12]. Here we brie
y present the main ideas and concentrate onchanges caused by the state dependence of the delay.
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3.1 Steady state solutionsA steady state solution, (x�; ��), of Eqs. (1)-(3) is determined from the followingdetermining system � f(x�; ��) = 0g(x�; ��) = 0; (16)where f and g are de�ned by (8)-(10), respectively. System (16) is a nonlinearsystem of algebraic equations and it can be solved by a Newton iteration startingfrom an initial guess for (x�; ��).The stability of a steady state solution is determined by the roots of the charac-teristic equation. Let �(�) be a characteristic matrix,�(�) := �I �A0 �A1e���� ;with I the identity matrix andA0 := D1f1(x�; x�); A1 := D2f1(x�; x�)for Eq. (1) andA0 := � D1f2(x�; x�; ��) D3f2(x�; x�; ��)D1g2(x�; x�; ��) D3g2(x�; x�; ��) � ; A1 := � D2f2(x�; x�; ��) 0D2g2(x�; x�; ��) 0 �for Eq. (2) and Eq. (3) combined with (4). In general, the characteristic equation,det(�(�)) = 0; (17)has in�nitely many roots. A Newton iteration can be used to �nd solutions of (17).However, even if a �ne grid of starting values is used this gives no guarantee to �ndall rightmost (stability determining) roots of (17).Approximation to the rightmost roots can be computed in the following away.Let S(h; 0) be the time integration operator of the variational equation ((11) or(12)), ddty(t) = A0y(t) +A1y(t� ��); (18)i.e., S(h; 0)y0 = yh, where yh(s) = y(h + s); s 2 [���; 0] and y0; yh are solutionsegments of a solution y to (18). The eigenvalues � of S(h; 0) are of the form� = exp(�h), with � a solution of (17), plus possibly zero. Selected eigenvaluesof S(h; 0) can be approximated by discretizing S(h; 0) to a matrix and by usingestablished numerical algorithms to compute selected eigenvalues of (possibly verylarge) matrices. Once an eigenvalue � of S(h; 0) is found, the corresponding rootof the characteristic equation can be extracted using <(�) = log(j�j)=h and =(�) =(arcsin(=(�)=j�j)=h)mod �=h. The full imaginary part can further be extractedfrom the corresponding eigenvector of S(h; 0).6



To discretize S(h; 0), we use a linear multi-step formula. More details on thismethod and the e�ect of the discretization can be found in [22, 18, 12]. The approx-imated rightmost roots � can further be corrected using a Newton iteration on thesystem � �(�)v = 0cT v � 1 = 0; (19)where a starting value for v is the eigenvector of �(�) corresponding to its smallesteigenvalue (in modulus) and the last equation is a suitable normalization of v.Note that in the case of the threshold-delay equation (3), we use determiningsystem (16) (and hence the threshold condition in (3)) to compute a steady statesolution, but we use the linearization of (2) combined with (4) for the stabilityanalysis.Dependence of the steady state (x�; ��) on a physical parameter can be studiedby computing a branch of steady state solutions as a function of the parameterusing a continuation procedure (see, e.g., [10] and for DDEs [11]). The stability ofthe steady state can change during continuation whenever eigenvalues of �(�) crossthe imaginary axis. Hence monitoring the rightmost eigenvalues along the branchallows detection of bifurcations.Hopf-like bifurcations can be computed using the following determining system[24], 8>><>>: f(x�; ��; 
) = 0g(x�; ��; 
) = 0�(x�; ��; 
; i!)v = 0cT v � 1 = 0; (20)where ! 2 R; v 2 C n and 
 is a physical parameter which is allowed to change duringNewton iteration. A branch of Hopf-like bifurcation points can then be continuedin a two-parameter space.3.2 Periodic solutionsLet xt(�) = x(t + �); � 2 [�r; 0], where r is the maximum value of the delay. Asolution of a DDE is uniquely determined by a function segment on the delay intervalwhile a solution of an ordinary di�erential equation (ODE) is uniquely determinedby its value at one point. Hence the periodicity conditions for DDEs and ODEs arex0 = xT , respectively, x(0) = x(T ) with T the period of the solution x(t).3.2.1 Periodic boundary value problemsPeriodic solutions of Eqs. (1)-(3) can be found as solutions of the following two-pointboundary value problems (BVPs),8<: ddtx(t) = f1(x(t); x(t � �(x(t)))); t 2 [�r; T ]x0 = xTs(x; T ) = 0; (21)7



respectively, 8>>>><>>>>: ddtx(t) = f2(x(t); x(t � �(t)); �(t))ddt�(t) = g2(x(t); x(t � �(t)); �(t)); t 2 [�r; T ]x0 = xT�(0) = �(T )s(x; �; T ) = 0 (22)and 8>>>>><>>>>>: ddtx(t) = f3(x(t); x(t � �(t)); �(t))ddt�(t) = 1� g3(x(t))g3(x(t��(t))) ; t 2 [�r; T ]x0 = xTR 0��(0) g3(x(s))ds� 1 = 0s(x; �; T ) = 0: (23)Here T is the (unknown) period, r � maxt2[0;T ] �(t) is given and s is a suitablephase condition to remove the indeterminacy due to the fact that a phase shift ofany periodic solution is also a periodic solution.In (21), the delay function, �(x(t)) = g1(x(t)), is computed explicitly. In (22),the delay � is determined by an ordinary di�erential equation with respect to � .Hence we also need a periodicity condition for � , �(0) = �(T ). To compute aperiodic solution of Eq. (3) in a standard way (through a periodic BVP for DDEs),we di�erentiate the threshold condition in (3). The periodicity condition for �is replaced by the integral condition for t = 0. In this way, BVP (23) uniquelydetermines a periodic solution to (3).3.2.2 Collocation approximationTo compute solutions to (21)-(23), we use a collocation method based on piecewisepolynomials. In [14], we investigated collocation methods for the computation ofperiodic solutions of systems of DDEs with constant delays. The approach has beenshown to be quite e�cient and we use it for the case of state-dependent delay. Weexplain the main idea for BVP (23).The solution pro�le x and the delay function � are approximated by piecewisepolynomials u(t), respectively v(t), on the interval [0,1]. The functions u(t) and v(t)are represented on each interval of a mesh 0 = t0 < t1 < : : : < tL = 1 as polynomialsof degree m, u(t) = mXj=0 u(ti+ jm )Pi;j(t); t 2 [ti; ti+1]; i = 0; : : : ; L� 1; (24)where Pi;j(t) = mYk=0;k 6=j t� ti+ kmti+ jm � ti+ km ; j = 0; : : : ;m� 1 (25)8



are Lagrange polynomials and ti+j=m = ti + jmhi; hi := ti+1 � ti. Similar formulashold for v(t).Let X := fci;l := ti + clhi; i = 0; 1; : : : ; L � 1; l = 1; : : : ;mg be a given set ofcollocation points based on the collocation parameters 0 � c1 < c2 < : : : < cm � 1.The collocation solutions u(t) and v(t) are determined in terms of the unknownsui+j=m := u(ti+j=m); vi+j=m := v(ti+j=m), i = 0; : : : ; L � 1, j = 0; : : : ;m � 1 anduL := u(tL); vL := v(tL) by collocation equations which, for u, readddtu(ci;l) = Tf3(u(ci;l); u((ci;l � v(ci;l)T )mod1); v(ci;l)): (26)Similar formulas hold for v.In (26), time was scaled by the factor T�1 (to obtain a periodic solution on theinterval [0; 1]) and we used the periodicity condition to eliminate u(t) for t < 0. Notethat we allow, using the modulo operation, the period T to be less than the delay.Using c = ci;l and ~c = (c � v(c)=T )mod 1; tk � ~c < tk+1, the collocation equationshave the following structure8><>: Pmj=0 ui+ jmP 0i;j(c) = Tf3(Pmj=0 ui+ jmPi;j(c);Pmj=0 uk+ jmPk;j(~c);Pmj=0 vi+ jmPi;j(c));Pmj=0 vi+ jmP 0i;j(c) = T (1� g3(Pmj=0 ui+ jmPi;j(c))=g3(Pmj=0 uk+ jmPk;j(~c)));(27)where P 0i;j denotes the derivative of Pi;j. We did not eliminate u0 and v0 becausethese values are used in [0; t1]. So we still need to require u0 = uL and v0 = vL.Because of the special form of (23) periodicity of v follows from periodicity of u andwe replace the latter condition by the integral condition,Z 11��(1)=T g3(x(s))ds � 1 = 0; (28)which is equivalent to the one in (23) and can be discretized using a quadratureformula based on the unknowns ui+j=m; uL and vL, where k � i � L � 1; j =0; 1; : : : ;m� 1 and k is such that tk � 1� vL=T < tk+1.The system of collocation equations (27) together with equations u0 = uL,s(u; v; T ) = 0 and an approximation of the integral condition (28) are solved it-eratively by a Newton iteration. Note that the period T is also computed withinthe Newton iteration. The latter corresponds with the fact that we obtained a(n(Lm+1) + 1)-dimensional system with n(Lm+ 1) collocation unknowns and theunknown T . We do not present here the linearization of collocation equation (27)(which is in agreement with the linearization (14)) because it is a long and tediousformula.For BVPs (21) and (22), the collocation approximation is similar. For (21), theonly di�erence is in determining the point in the past, ~c = (c��(c)=T )mod 1, where�(c) = g1(u(c)). For (22), we need to require v0 = vL.A branch of periodic solutions can be traced as a function of a system parameterusing a continuation procedure. The branch can be started from a Hopf-like point9



detected through the stability analysis of steady state solutions or from an initialguess (e.g., resulting from time integration).3.2.3 Linear stability analysisWe study the linearized stability of a periodic solution (x�(t); ��(t)) as determ-ined by the spectrum of the (linear) solution operator S(T; 0) which integrates thevariational equation ((13) or (14)) around (x�(t); ��(t)) from time t = 0 over theperiod T . Any nonzero eigenvalue � of the operator S(T; 0) is called a characteristic(Floquet) multiplier of the variational equation. Furthermore, � = 1 is always aneigenvalue of S(T; 0) and it is referred to as the trivial Floquet multiplier. A discreteapproximation of S(T; 0), a matrix M , is obtained using the collocation equations(e.g., (27) for BVP (23)) without the modulo operation for the delayed argument.M is constructed as a map of the variables representing the segment [�r; 0] to thevariables representing the segment [T � r; T ], where r = maxt2[0;T ] ��(t). The eigen-values of M form approximations to the Floquet multipliers.4 ExamplesWe apply the numerical methods described in Sec. 3 to analyze solutions of twodi�erential equations with state-dependent delay.4.1 Example 1The following equation is of type (1),� ddtx(t) = �kx(t� �(x(t)))�(x) = �e�x2 + 1� �: (29)It was studied in [23, 27] for k > 0; � 2 [0; 1]. The equation has a unique steadystate solution, (x�; ��) = (0; 1). Linearization of (29) around the steady state (seeSec. 2.1) yields a characteristic equation,�+ ke�� = 0: (30)Equation (30) has pure imaginary roots �m = �i!m; !m = �=2 + 2�m for km =!m; m 2 N. The steady state is unstable for k > �=2. The existence of SOPsolutions to (29) was proven in [23, 27] for k > �=2 and k < 3. However, the lattercondition is too strict and numerical simulations suggest existence of SOP solutionsto (29) for a much larger range of k (see [23, 27]). Equation (29) is a particular caseof the type of equations for which compactness of the solution operator was provenin [34].
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4.2 Example 2The following threshold-type equation,( ddtx(t) = ��x(t) + 
e���(t) P (x(t))P (x(t��(t)))x(t� �(t))R tt��(t) P (x(s))ds = 1; (31)was studied in [31] for a quite general class of functions P (x) which includesP (x) = c1e�c2x;used in our numerical analysis in Sec. 5.2. Here �; 
; �; c1; c2 are positive parameters.In [31], Eq. (31) was obtained by a reduction of a structured population model (asystem of a partial and an ordinary di�erential equation) taken from [28]. Themodel describes the time evolution of a mature population size x(t). The thresholdcondition implies that the delay � (the amount of time spent in the immature classby the cohort that matures at time t) depends on the past history of the maturepopulation size through P (x).In [31], the author transforms the threshold-delay equation to a scalar DDEwith one constant delay and distributed delay by a solution-dependent change of theindependent variable. The stability of both the zero and the nonzero steady statesolution of the obtained equation is examined using the well-known linear stabilityanalysis for DDEs with state-independent delay. It is found that the zero solution,x� = 0 with �� = 1=c1, is stable if � > 
 exp(��=c1). At � = 
 exp(��=c1) atranscritical bifurcation occurs, i.e. the zero and the nonzero solutions intersect andinterchange stability. Furthermore, for the zero state there always exists a simple realroot �0 such that <(�) < �0 for all other roots �. The latter implies that periodicsolutions bifurcating from the zero state are always unstable. Stability region of thenonzero solution in a two-parameter space was obtained using conditions for Hopfbifurcations.Proofs concerning the validity of the transformation are not published. Notethat the characteristic equation which we obtain using the linearization (12) agreeswith the one established through this approach.5 Numerical ResultsThroughout this section a (periodic) collocation solution is denoted by (x(t); �(t)).In the collocation method, we used Gauss-Legendre collocation points, m = 3 andadaptive meshes (unless explicitly mentioned otherwise) with di�erent number ofsubintervals, 20 � L � 600. For adaptive mesh selection we used the strategyoutlined in [4, 14].By stability (instability) of computed periodic solutions we mean stability (in-stability) of the zero solution of the corresponding linear variational equation aroundthe periodic solution. If no unstable modes were found, the stability of the computedperiodic solution was checked using time integration with the package Archi [30]. All11



time integration tests performed indicate the correspondence of the linear stabilityanalysis with the local stability under the corresponding nonlinear equation.5.1 Example 1In this section, we present results on the computation of a branch of stable (Fig. 1)and a branch of unstable (Fig. 2) periodic solutions of (29) bifurcating from thesteady state (x�; ��) = (0; 1) for � = 0:5 and k = �=2, respectively, k = �=2 + 2�.The condition maxt2[0;T ] d�(t)=dt < 1 (see Sec. 2.2.2) holds at every point on theunstable branch but is violated on the stable branch when k > ~k, ~k � 1:620. Nothingspecial was observed when the condition failed to be ful�lled.
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and T > 2 holds along the branch while unstable periodic solutions are not SOPsolutions (T < 2 along the branch). The results on stable periodic solutions con�rmthe hypothesis (made in [23, 27]) about the existence of SOP solutions for k > 3.Note that along the stable and the unstable branch T tends to 2, respectively, 2=3as k increases. These limit values cannot be reached due to restrictions on theperiod, T 6= 2=(2j � 1); j = 1; 2; 3; : : :. Indeed, all computed periodic solutions aresymmetric (x(t + T=2) = �x(t)) and if x(t1) = 0 and dx(t1)=dt 6= 0 (t1 2 [0; T ]),then x(t1 + jT � �(x(t1))) = x(t1 + jT � 1) 6= 0. Hence the distance between twosuccessive zeros, T=2, of x(t) cannot equal jT � 1.The stability of the periodic solutions does not change along the computedbranches although the modulus of the most dominant (pair of complex) multipli-ers for the unstable branch approaches 1 near the end of the computed branch,j�j � 1:0014 at k = 500. For this multiplier, it seems likely that j�j ! 1 as k !1without ever reaching it.
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the periodic solutions as k increases (see Figs. 3-4). To prevent loss of accuracy,we increased the number of subintervals of the mesh, L. In particular, we usedmeshes with L = 600 and L = 200 at the end of the stable and unstable branches,respectively. For such large mesh sizes the computational costs increase signi�cantly.Solution pro�les and delay functions in Figs. 3-4 (right) look non-smooth. However,enlargements (Fig. 5 (left)) of some \di�cult" places show that solutions are smoothand that the adaptive mesh e�ciently catches the di�cult parts. Note that theaccuracy of the trivial multiplier can be used as a �rst check on the accuracy ofcomputations. On both branches, we chose the value of L such that the trivialmultiplier had at least 4-5 digits of accuracy.
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5.2 Example 2This section contains results on the computation, stability analysis and continuationof steady state and periodic solutions of Eq. (31). Note that parameter c2 does nota�ect the stability of solutions and we used c2 = 1 throughout all computations.5.2.1 Steady state solutionsWe �xed the parameters of Eq. (31) and computed the nonzero steady state, (x�; ��),as a solution of Eq. (10), i.e., � �� + 
e���� = 0��c1e�c2x� � 1 = 0: (32)Figure 6 shows the rightmost roots of the characteristic equation correspondingto the variational equation (12) at the computed steady state. The steady state isunstable due to a complex pair of eigenvalues, � � 7:7e�03�0:48i. A zero eigenvalueis a consequence of di�erentiating the threshold condition. We continued a branch ofsteady state solutions starting from (x�; ��) by varying the parameter �, see Fig. 7.During continuation we detected two Hopf-like bifurcations and the transcriticalbifurcation. At the latter, the solution (x�; ��) crosses the point (0; 1=c1), see Fig. 7(left).
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Figure 6: Rightmost roots of the characteristic equation at the steady state (x�; ��) �(1:33; 11:87) of Eq. (31). c1 = 1=�; � � 0:33; 
 � 47:67; � � 0:42.Starting from the �rst Hopf-like point (Fig. 7), we continued a branch of Hopf-like bifurcation points in the (�; �)-parameter space, see Fig. 8 (left, top). Then weused a point on the computed branch to continue a branch of Hopf-like points in the(
; �)-parameter space, see Fig. 8 (left, bottom) and so on. The indicated branchesof transcritical bifurcations were obtained analytically (see Sec. 4.2).15
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6 ConclusionsWe extended existing numerical methods for bifurcation analysis of delay di�erentialequations with constant delay [24, 16, 14, 15, 11, 12] towards equations with state-dependent delay. In this paper, we concentrated on three classes of equations: (i)the delay � is a given (explicit) function of the solution, (ii) � is determined bya di�erential equation and (iii) � is determined implicitly by a solution segmentthrough a threshold condition.The theory of di�erential equations with state-dependent delay has been underdevelopment and is not complete yet. We collected the relevant theoretical resultsand pointed out open theoretical problems in the context of bifurcation analysis. Inparticular, stability of steady state solutions of such equations is well understood buta number of important open theoretical questions remain concerning the existenceand stability of periodic solutions.By investigating two examples, we showed computational results on steady statesolutions, their stability, Hopf bifurcations and corresponding branches of periodicsolutions in situations treated by the existing theory. Furthermore, we showed com-puted branches of periodic solutions and their stability in situations where some ofassumptions of the proven results are violated. We compared computational resultswith analytical ones whenever possible.The results presented show that numerical bifurcation analysis of di�erentialequations with state-dependent delays can be successfully achieved.AcknowledgementsThis research presents results of the research project OT/98/16, funded by theResearch Council K.U.Leuven, of the research project G.0270.00 funded by the Fundfor Scienti�c Research - Flanders (Belgium) and of the research project IUAP P4/02funded by the programme on Interuniversity Poles of Attraction, initiated by theBelgian State, Prime Minister's O�ce for Science, Technology and Culture. Thescienti�c responsibility is assumed by its authors. K. Engelborghs is a researchassistant of the Fund for Scienti�c Research - Flanders (Belgium).References[1] W. G. Aiello, H. I. Freedman, and J. Wu. Analysis of a model representingstage-structured population growth with state-dependent time delay. SIAM J.Appl. Math., 52(3):855{869, 1992.[2] O. Arino, K. P. Hadeler, and M. L. Hbid. Existence of periodic solutions fordelay di�erential equations with state dependent delay. J. Di�. Eqns., 144:263{301, 1998. 20
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