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such that Q[f ] = I[f ] when f is a polynomial or a polynomial multiplied by r,where r(x) := jjxjj2 = qx21 + � � � + x2n:The need for such rules appears, e.g., in the solution via pseudospectral meth-ods, in particular collocation, of atomic and molecular Schr�odinger equations[4]. We will denote by P n the vector space of algebraic polynomials in n variablesand by P nk ; the subspace of such polynomials of degree at most k. In order tobe as general as possible in the construction of rules Q, we consider for a given` 2 IN the sequence of vector spaces Rn;`0 � Rn;`1 � Rn;`2 � � � � where Rn;`k isde�ned through Rn;`k := P nk + rP nk�`; if k � `Rn;`k := P nk ; if k < `: k = 0; 1; : : : (1.3)In the rest of this paper we will always assume that n; `; k; s;N 2 IN.For a recent survey on the construction of cubature formulas see [3]. Thereit was suggested that some results about cubature formulas that are exact for avector space of polynomials, can be generalized to other vector spaces. In thispaper we will consider cubature formulas that are exact on the vector space Rn;`k .It is our aim to generalize some of the known theoretical results on lower boundsand consistency conditions, i.e., the basis of the two most popular approachesto construct cubature formulas. The actual construction of cubature formulasis beyond the scope of this paper. Some are included to illustrate the theory.Our interest is, for a given `, to construct cubature formulas that are exactfor all elements of Rn;`k , in particular for k � `. It will be shown that Rn;`k(k � `) has di�erent properties for ` odd or even. Since we consider y(j) 2
; j = 1; : : : ; N , we will identify the functions in (1.3) which are equal in 
.Furthermore, we only consider strictly positive integrals I, i.e., I[f ] > 0 for allfunctions f � 0 in 
, not equivalent to zero and f 2 Rn;`k for all n; `; k 2 IN:De�nition 1.1 For a given ` we will say that the cubature formula Q has degreed if Q[f ] = I[f ]; for all f 2 Rn;`d : (1.4)De�nitions 1.1 1. The integral I is called centrally symmetric if x 2 
then �x 2 
 and !(x) = !(�x). A cubature formula Q is called centrallysymmetric if it can be written in the formQ[f ] = MXj=1wj[f(y(j)) + f(�y(j))]:2. For y = (y1; : : : ; yn) 2 IRn; let G(y) := f(s1yp1 ; : : : ; snypn) : si 2f�1; 1g; i = 1; : : : ; n and p1; : : : ; pn is any permutation of 1; : : : ; ng:2



The integral I is called fully symmetric if x 2 
 then G(x) � 
 and!(x) = !(y) for all y 2 G(x): A cubature formula Q is called fully sym-metric if it can be written in the formQ[f ] = MXj=1wj[ Xy2G(y(j)) f(y)]: (1.5)Note that if a basis of Rn;`k is �xed, the construction of a cubature formula di-rectly from (1.4) requires the solution of a nonlinear (and if k � ` nonalgebraic)system, of dim Rn;`k equations with N(n + 1) unknowns: the weights and thecoordinates of the nodes.This paper is arranged in the following way. In Section 2, we generalize theknown lower bounds (i.e., for ` > k) for the number of nodes (see, e.g., [3]) toother values of `. Most known cubature formulas (for ` > k) were constructedusing consistency conditions for the de�ning system of polynomial equations.Section 3 is devoted to generalize this approach and is based on [5]. Usingconsistency conditions derived for fully symmetric cubature formulas that areexact for polynomials, we derive a set of consistency conditions for (1.5). InSection 4 we illustrate the theoretical results with the practical construction ofcubature formulas. As an illustration, we have �xed ` = 2. For one dimensionand arbitrary degree it is shown that minimal formulas, i.e. formulas that attainour lower bound, can be constructed. For higher dimensions, minimal formulasof degree 3 are considered.In our examples we will use the weight functions !1(x) = e�r; !2(x) = e�r2and !3(x) = e�r=r where x 2 
 = IRn. The moments that will be neededin the examples are given in Tables 1 and 2 (� denotes the Gamma-function).These are particular cases of the following general formula:ZIRn xi11 � � � xinn rke�r�dx1 : : : dxn = 2�( i1+12 ) � � ��( in+12 )�( i1+���+in+n+k� )��( i1+���+in+n2 ) ;where � 2 IR; � > 0 and the ij ; j = 1; : : : ; n, are even positive integers. Theabove integral is equal to zero when an ij is an odd positive integer.2 Lower boundsIn [3] a survey is given of the known results on lower bounds for cubatureformulas that are exact on P nk . In this section we will generalize some of theseresults to the space Rn;`k . Some of these generalizations are straightforward, butothers are not as they depend on ` in a particular way.Theorem 2.1 If the cubature formula Q given by (1.2) is exact for all functionsof Rn;`2k with ` � 1, then the number of nodes N � dim Rn;`k :Proof. Suppose a cubature formula Q of degree 2k with N < dim Rn;`k exists.Then, we can �nd f 2 Rn;`k not equivalent to zero, vanishing at all the nodes of3



Table 1: Moments for 2-dimensional integrals!1(x) = e�r !2(x) = e�r2 !3(x) = e�r=rI[1] = 2� � 2�I[r] = 4� �p�2 2�I[x2] = I[y2] = 6� �2 2�I[x2r] = I[y2r] = 24� 3�p�8 6�I[x2y2] = 30� �4 6�I[x4] = I[y4] = 90� 3�4 18�I[xiyj ] = I[xiyjr] = 0 if i or j is oddTable 2: Moments for n-dimensional integrals!1(x) = e�r !2(x) = e�r2 !3(x) = e�r=rI[1] = 2� n2 (n�1)!�(n2 ) � n2 2� n2 (n�2)!�(n2 )I[r] = 2� n2 n!�(n2 ) � n2 �(n+12 )�(n2 ) 2� n2 (n�1)!�(n2 )I[x2i ] = 2� n2 (n+1)!n�(n2 ) � n22 2� n2 (n�1)!�(n2 )this cubature formula by solving a system of linear equations. Since ` � 1; f2 2Rn;`2k and hence I[f2] = Q[f2] = 0, in contradiction with our assumption on theintegral I. 2Theorem 2.2 If the cubature formula Q given by (1.2) is exact for all functionsof Rn;`d with ` � 1 and d � 1, then it has at least dim Rn;`k positive weights,where k = bd2c, the integer part of d2 .Proof. Let d = 1: Then Q[1] = PNj=1wj = I[1] > 0. So, there must be at leastone positive weight and the Theorem holds.Let now d � 2. Suppose that there are at most t < dim Rn;`k positiveweights, w1; : : : ; wt, with corresponding nodes y(1); : : : ;y(t). There exists anf 2 Rn;`k not equivalent to zero and vanishing at these nodes. Taking intoaccount that ` � 1; I[f2] = Q[f2] � 0, and this is in contradiction with ourassumption on the integral I. 2Note that for ` = 0, the proofs of Theorem 2.1 and Theorem 2.2 are notvalid. Indeed, for a given k � 0, 9f 2 Rn;0k : f2 62 Rn;02k . Combining Theorem2.1 and Theorem 2.2 one obtains the following.Corollary 2.1 If the cubature formula (1.2) attains the lower bound of Theo-rem 2.1, then all its weights are positive.4



Theorem 2.1 gives a general lower bound for the number of nodes. This boundcan be improved under additional assumptions on the integral and on the cu-bature formula. This is the case when central symmetry is assumed. In the restof this section we deal with cubature formulas Q of the form (1.2) and integralsI which are centrally symmetric.Let Q be of odd degree d = 2s+ 1 and de�nehn;`2k := ff 2 Rn;`2k : f(x) = f(�x)g k = 0; 1; 2; : : :hn;`2k+1 := ff 2 Rn;`2k+1 : f(x) = �f(�x)g:hn;`2k contains only even functions and hn;`2k+1 contains only odd functions. Fromhere on, the value zero is considered an even number. Note that for all evenvalues of ` the direct sum of these spaceshn;`s+1 � hn;`s = Rn;`s+1; (2.1)but for odd values of ` this is not true. Indeed, if we denote by hf1; f2; : : :i thevector space generated by the functions f1; f2; : : : and if n = 2; ` = 1 and s = 1then h2;12 � h2;11 = h1; x2; xy; y2; ri � hx; yi 6= R2;12 = h1; x; y; x2; xy; y2; r; rx; ryi:De�ne On;`s+1 := ff 2 Rn;`s+1 : g 2 Rn;`s ) I[fg] = 0g:Lemma 2.1 For even values of ` it holds that On;`s+1 � hn;`s+1:Proof. Let f 2 On;`s+1: The function f can be split in the form f = fe + fo withfe an even function and fo odd.Let f(x) := f(�x), then by virtue of symmetry f 2 On;`s+1: Since f+f = 2feand f � f = 2fo; one obtains fe; fo 2 On;`s+1.Consider �rst s = 2t. Then f 2 Rn;`2t+1 and by virtue of (2.1), fe 2 hn;`2tand fo 2 hn;`2t+1. The function fe is equivalent to zero in 
. Indeed, sinceI[feg] = 0 for all g 2 Rn;`2t ; for g = fe is I[f2e ] = 0 and hence fe � 0 in 
. Thus,f = fo 2 hn;`2t+1 = hn;`s+1.For s = 2t+ 1, one can proceed analogously. 2In the following example we consider ` to be an odd number. Its purposeis to show that an orthogonal function in Rn;`k may not be even or odd andthus Lemma 2.1 has no counterpart for odd values of `. This is an importantdi�erence with the polynomial case.Example 2.1 Consider R2;12 and let the integral I be given by (1.1) where
 = IR2 and !(x) = !3(x; y): After some calculations it is deducedO2;12 = ff : f(x; y) = �1x2 + �2xy + �3y2 � 3�4x� 3�5y + �1+�3 � 2(�1 + �3)r + �4rx+ �5ry; �i 2 IR; i = 1; : : : ; 5g:A function in O2;12 may not be even or odd. E.g., the orthogonal functionf(x; y) = x2 � 3x+ 1� 2r + rx 2 O2;12 is not even and is not odd. 25



Recall that we have identi�ed the functions of Rn;`k which are equal in 
.Since y(j) 2 
; j = 1; : : : ; N , the linear functionalsLj : Rn;`s+1 ! IRf 7! Lj[f ] = f(y(j)) (2.2)are well de�ned.Let fF1; F2; : : :g be a set of functionals. With hF1; F2; : : :i we denote thevector space generated by this set. With F jP we denote the restriction of thefunctional F to the vector space P .We summarize some elementary results on linear functionals which we willneed, in the following lemma.Lemma 2.2 [7, section 2.6] Let V be a vector space of �nite dimension and Fthe vector space of linear functionals on V. V and F are isomorphic. Let S be asubspace of V and So the subspace of F consisting of all those linear functionalsin F which map every element of S to zero. Then dimS + dimSo = dimV =dimF .Lemma 2.3 For a set of N functionals Lj ; j = 1; : : : ; N , de�ned as in (2.2)dim�L1 ����hn;`s+1 ; : : : ; LN ����hn;`s+1� �dimhL1 ���hn;`s ; : : : ; LN ���hn;`s i+( �1; if zero is a node and s even0; otherwise: (2.3)Proof. Let L : Rn;`s+1 ! IRf 7! L[f ] = f(0):Take m functionals, say L1; : : : ; Lm in fL1; : : : ; LNgnfLg; such that, when theyare restricted to hn;`s they form a basis of hL1 ���hn;`s ; : : : ; LN ���hn;`s i: If zero is anode then L is one of the functionals Lj which may be necessary to get a basis.If this is the case, add the functional L to a set fL1; : : : ; Lmg to get a basis. Inany case, one can �nd a q 2 P n1 such that L[q] = 0; Lj[q] 6= 0; j = 1; : : : ;m:Then by taking into account Li(qf) = Li(q)Li(f) and Li(q) 6= 0; i = 1; : : : ;m,we obtain that L1; : : : ; Lm are linearly independent in qhn;`s : Since L[q] = 0 weknow that q 2 P n1 n P n0 and thus qhn;`s � hn;`s+1: Hence, L1; : : : ; Lm are linearlyindependent in hn;`s+1: We have obtaineddimhL1 ����hn;`s+1 ; : : : ; LN ����hn;`s+1 i �dimhL1 ���hn;`s ; : : : ; LN ���hn;`s i+( �1; if zero is a node0; otherwise:Now one has to take into account that even when zero is a node, L is not anelement of the basis when s is odd. Indeed when L is restricted to hn;`s it is thezero functional. This completes the proof. 26



Theorem 2.3 For even values of ` � 2 a cubature formula of degree 2s + 1requires N � 2 dim hn;`s +( �1; if zero is a node and s even0; otherwise: (2.4)Proof. Because ` � 2; if f 2 Rn;`s+1 vanishes in all nodes of the cubature formulathen f 2 On;`s+1: By virtue of Lemma 2.1, f 2 hn;`s+1: It is known, by virtue ofLemma 2.2, thatdimhL1 ����Rn;`s+1 ; : : : ; LN ����Rn;`s+1 i = dimRn;`s+1 � dimS (2.5)where S = ff 2 Rn;`s+1 : f(y(1)) = � � � = f(y(N)) = 0g:Since in our situation we also haveS = ff 2 hn;`s+1 : f(y(1)) = � � � = f(y(N)) = 0g;we know that dimhL1 ����hn;`s+1 ; : : : ; LN ����hn;`s+1 i = dimhn;`s+1 � dimS (2.6)and dimhL1 ���hn;`s ; : : : ; LN ���hn;`s i = dimhn;`s : (2.7)Combining (2.1), (2.5) and (2.6) givesdimhL1 ����Rn;`s+1 ; : : : ; LN ����Rn;`s+1 i = dimhn;`s + dimhn;`s+1 � dimS= dimhn;`s + dimhL1 ����hn;`s+1 ; : : : ; LN ����hn;`s+1 i:Combining this with N � dimhL1 ����Rn;`s+1 ; : : : ; LN ����Rn;`s+1 iand Lemma 2.3 and (2.7) completes this proof. 2In Section 4 we will show that this bound is sharp for n = ` = 2. For thiscase it cannot be improved without taking into account more information aboutthe region and weight function. Observe that we had to exclude ` = 0 againbecause the �rst sentence in the above proof does not hold in that case. Thisis illustrated in the following example.Example 2.2 Consider n = 2; ` = 0; d = 3 and the integral I given by (1.1)where !(x) = !1(x; y): After some calculations, the following cubature formulaof degree d = 3 is obtained: 7



Q[f ] = w1[f(a1; 0) + f(�a1; 0) + f(0; a1) + f(0;�a1)]+w2[f(a2; 0) + f(�a2; 0) + f(0; a2) + f(0;�a2)] (2.8)where a1 = 3 +p3; w1 = 3�p312 �; a2 = 3�p3; w2 = 3 +p312 �:The function f(x; y) = (x2 + y2 � a21)(r � a2) 2 R2;02 vanishes in all nodes ofcubature formula (2.8), nevertheless f =2 O2;02 : Indeed, the function r 2 R2;01and I[fr] = 24� 6= 0: 2For 1 dimension and even ` � 2, Theorem 2.3 can be improved. Indeed, lets = 2t+ 1: Hence, the quadrature formula is exact in R1;`2s+1 = R1;`4t+3: One canwritedimhL1 ����h1;`s+1 ; : : : ; LN ����h1;`s+1 i = dimhnLj ���h1;x2;:::;x2(t+1);jxj;jxjx2;:::;jxjx2(t+1)�`ioNj=1i �dimhnLj ���h1;x2;:::;x2t;jxj;:::;jxjx2(t+1)�`ioNj=1i = ( 2t+ 3� 2̀ ; if ` � s+ 1t+ 1; if ` > s+ 1:To obtain the last equality, take into account that the only function f inh1; x2; : : : ; x2t; jxj; jxjx2; : : : ; jxjx2(t+1)�`i which vanishes in all nodes of thequadrature formula is f � 0. Otherwise, Q[f2] = I[f2] = 0 and one has acontradiction with our assumption on the integral I: ThusdimhL1 ����h1;`s+1 ; : : : ; LN ����h1;`s+1 i � ( 2t+ 3� 2̀ = dim h1;`s + 1; if ` � s+ 1t+ 1 = dim h1;`s ; if ` > s+ 1:(2.9)Following the proof of Theorem 2.3 and taking into account equation (2.9) oneobtainsN � dimhL1 ����R1;`s+1 ; : : : ; LN ����R1;`s+1 i = dimhL1 ����h1;`s+1 ; : : : ; LN ����h1;`s+1 i+dimhL1 ���h1;`s ; : : : ; LN ���h1;`s i � ( 2 dim h1;`s + 1; if ` � s+ 12(t+ 1) = 2dim h1;`s ; if ` > s+ 1:Therefore, we have provedTheorem 2.4 For 1 dimension and ` � 2 even, the number of nodes N in aquadrature formula of degree d = 2s + 1 for a centrally symmetric integral isbounded byN � 2 dim h1;`s +8><>: �1; if zero is a node and s even1; if s is odd and ` � s+ 10; otherwise:In Section 4 we will show that this bound is sharp for ` = 2: it cannot beimproved without further information about the region and the weight function.8



3 Consistency conditions for fully symmetric cuba-ture formulasIn this section we consider fully symmetric cubature formulas (1.5) for a fullysymmetric integral I. Note that for even values of `, if a fully symmetric formulahas degree d = 2s then it also has degree d = 2s+1: This is not true if ` is odd.Example 3.1 Consider n = 2; ` = 1; d = 2 and the integral I given by (1.1)where !(x) = !2(x; y): The cubature formulaQ[f ] = w1f(0; 0) + w2[f(�; 0) + f(��; 0) + f(0; �) + f(0;��)]where w1 = �(4� �)=4; w2 = �2=16; � = 2=p�;has degree d = 2 but not degree d = 3: Indeed, Q[x2r] = p� 6= I[x2r] = 3�p�=8:2If f is a monomial and � 2 f0; 1g then I[r�f ] = Q[r�f ] = 0 if there is an oddpower in a variable of f: If there are only even powers in the variables of f;the integral and the cubature formula depend on such powers, and not on theordering of the variables. Thus, one obtainsTheorem 3.1 A fully symmetric cubature formula Q has degree d if Q[f ] =I[f ] for all functions f of the formf(x) = x2j11 � � � x2jnn ; j1 � � � � � jn � 0; nXi=1 ji � bd2c (3.1)andf(x) = rx2j11 � � � x2jnn ; j1 � � � � � jn � 0; nXi=1 ji � bd� `2 c; if d � `: (3.2)The rest of this section builds upon the work of Patrick Keast and JamesLyness [5], who extended and formalized the work started by Francis Manteland Philip Rabinowitz [6].De�nition 3.1 [5] A basic rule R is de�ned byR(�1; : : : ; �n)[f ] := 12nn!Xs1 � � �Xsn XP f(s1�p1 ; : : : ; sn�pn) (3.3)where si 2 f�1; 1g and PP indicates a sum over the permutations p1; : : : ; pnof 1; : : : ; n: The set of numbers �1; : : : ; �n are called generators of R and theirordering is immaterial.De�nition 3.2 [5] The class [n] = [n1; : : : ; nk] of a basic rule includes all basicrules which may be expressed in the formR(�1; : : : ; �1; : : : ; �k; : : : ; �k; 0; : : : ; 0)where �1; : : : ; �k are distinct nonzero generators and �i appears ni times, i =1; : : : ; k: The rest of the n components are �lled in, if this is the case, with zeros.The class [:] is the one in which all generators are equal to zero.9



Note that a fully symmetric cubature formula (1.5) can be written in termsof basic rules (3.3). The number of distinct basic rules of class [n] in a givencubature formula is denoted byK[n]: Such numbers are called the rule structureparameters. One considers K[:] = 0 or 1. The general expression for a fullysymmetric cubature formula Q is then given byQ = DX�=0 K�Xi=1wi;�Ri;� (3.4)where Ri;� is a basic rule of class [n�] = [n1; : : : ; nk]; i.e.,Ri;� = R(�(i;�)1 ; : : : ; �(i;�)1| {z }n1 ; : : : ; �(i;�)k ; : : : ; �(i;�)k| {z }nk ; 0; : : : ; 0);where �(i;�)j appear nj times, j = 1; : : : ; k: K� = K[n�] is the rule structureparameter, indicating the number of basic rules of class [n�]: D+1 is the numberof distinct classes possible and wi;� are the weights.Each class introduces a certain number of unknowns and nodes in the cuba-ture formula. This is summarized in Tables 3 and 4 for one and two dimensionsrespectively. Table 3: Rule structure parameters in 1 dimensionrule structureparameters generator number ofunknowns number of nodesintroduced by class unknownsK0 := K[:] 0 1 1 weightK1 := K[1] � 2 2 �, weightTable 4: Rule structure parameters in 2 dimensionsrule structureparameters generator number ofunknowns number of nodesintroduced by class unknownsK0 := K[:] (0,0) 1 1 weightK1 := K[1] (�1,0) 2 4 �1; weightK2 := K[2] (�1,�1) 2 4 �1; weightK3 := K[1; 1] (�1,�2) 3 8 �1; �2; weightBefore one can use Theorem 3.1 to calculate the nodes and weights in (3.4),one has to decide its form, that is, choose the di�erent classes [n] and therule structure parameters K[n]: This is an important point. Depending onit, the resulting system may be easier to solve or the cubature formula hasless nodes. In this sense, certain inequalities for the K[n]; which are calledconsistency conditions, are used. They guarantee to obtain a system where thenumber of unknowns is greater than or equal to the number of equations in each10



subsystem. Such a system is in general nonlinear. Furthermore, as the numberof dimensions n and the degree of precision d increase, it is also nonalgebraic.Even if the proposed form for Q satis�es the consistency conditions, it is notassured that the system has a real solution. Rather closely to the polynomialcase, see [5], we have derived the set of such consistency conditions for thecubature formulas we are interested in.We introduce the space Gn;`d as the space spanned by the functions in (3.1)and (3.2), i.e., Gn;`d := Snb d2 c � rSnb d�`2 c if d � `Gn;`d := Snb d2 c if d < ` (3.5)where Snq := hx2j11 � � � x2jnn ; j1 � � � � � jn � 0; nXi=1 ji � qi:ConsiderMn;`d [n] := hf such that f 2 Gn;`d and R[f ] = 0 for all rules R 2 [n]iand Nnq [n] := hf such that f 2 Snq and R[f ] = 0 for all rules R 2 [n]i:Lemma 3.1 It holds thatMn;`d [n] = Nnb d2 c[n]� rNnb d�`2 c[n] if d � `Mn;`d [n] = Nnb d2 c[n] if d < `:Proof. For d < `; the equality is clear.Let d � `: The inclusion in the left direction follows from R[f + rg] =R[f ] +R[r]R[g] for all polynomials f and g: We prove now the inclusion in theright direction. Let f 2 Mn;`d [n]: Then, f 2 Gn;`d and there exist f1 2 Snb d2 c andf2 2 Snb d�`2 c such that f = f1 + rf2: One has R[f1] +R[rf2] = 0 for all rulesR 2 [n]: Let [n] = [n1; : : : ; nk]: Then, R[f1] = �qn1�21 + � � � + nk�2kR[f2] forarbitrary but distinct �1; : : : ; �k where R[f1] and R[f2] are polynomials in thevariables �1; : : : ; �k: Thus R[f1] = R[f2] = 0 for all R 2 [n]: 2Let �1; : : : ; �t be a set of t integers satisfying 0 � �1 � �2 � � � � � �t � D.Recall that D + 1 is the number of di�erent classes possible. The parameterlimited spaces are de�ned byB�1;:::;�t(n; `; d) := Gn;`d \Mn;`d [n�1 ] \ � � � \Mn;`d [n�t ]:Obviously, there are 2D+1 spaces to consider. From Lemma 3.1 and equation(3.5) followsB�1;:::;�t(n; `; d) = A�1;:::;�t(n; bd2c)� rA�1;:::;�t(n; bd � `2 c) (3.6)11



where A�1;:::;�t(n; q) := Snq \Nnq [n�1 ] \ � � � \Nnq [n�t ]:For q < 0 we set A�1;:::;�t(n; q) := f0g: Associated with each parameter limitedspace there is a subsystem of equationsQ[f ] = I[f ]; f 2 B�1;:::;�t(n; `; d): (3.7)The number of independent equations in (3.7), denoted by NE�1;:::;�t(n; `; d);is given by NE�1;:::;�t(n; `; d) = dim B�1;:::;�t(n; `; d): (3.8)From (3.6) and (3.8) followsNE�1;:::;�t(n; `; d) = dim A�1;:::;�t(n; bd2 c) + dim A�1;:::;�t(n; bd� `2 c): (3.9)The number of parameters, i.e., the number of unknowns (generators andweights), on the left hand side of (3.7) is denoted by NP�1;:::;�t(n): Now, wede�ne the set of consistency conditions as the set of 2D+1 inequalitiesNP�1;:::;�t(n) � NE�1;:::;�t(n; `; d) = dim A�1;:::;�t(n; bd2c)+dim A�1;:::;�t(n; bd� `2 c):(3.10)Equation (3.10) gives the gross set of consistency conditions. This set can bereduced eliminating redundant inequalities. Indeed, the number of parametersdepends on the parameter limited spaces B�1;:::;�t(n; `; d); or equivalently on thefunctions in A�1;:::;�t(n; bd2c) and A�1;:::;�t(n; bd�`2 c): Since A�1;:::;�t(n; bd�`2 c) �A�1;:::;�t(n; bd2c) one deduces that the number of parameters depends on thefunctions in A�1;:::;�t(n; bd2c): Thus the gross set of consistency conditions in(3.10) is the same as in the polynomial case, but with a di�erent number ofindependent equations. In the polynomial case, and in the reduction procedureto pass from the gross set of consistency conditions to the net set, only propertiesof the subspace A�1;:::;�t(n; q) are used, and no properties of the number ofindependent equations, see [5]. Thus we conclude that the net set of consistencyconditions for our space of functions Rn;`k ; k � `; is equal to the net set ofconsistency conditions for polynomials, but with the number of independentequations given by (3.9).4 Construction of formulas for ` = 2In this section we �x ` = 2. We will write the consistency conditions for n = 1and n = 2 explicitly and we construct some minimal cubature formulas of lowdegree to illustrate the theoretical results of the previous section. For othervalues of n or `, one can proceed in a similar way to obtain the consistencyconditions. The construction of cubature formulas of higher degree will bemore di�cult. Obviously the practical di�culties will be larger than in thepolynomial case. 12



4.1 The one dimensional caseFor one dimension, our aim is to construct quadrature formulas exact inR1;22s+1 =P 12s+1+ j x j P 12s�1 for centrally symmetric integralsI[f ] = Z
 f(x)!(x)dx:We only consider the case that 
 is a symmetric interval, �nite or in�nite, say(�a; a): Taking into account the consistency conditions for polynomials in onedimension (see, e.g., [2]) and the remark after equation (3.10), one can deducethe following.Theorem 4.1 The consistency conditions for one dimensional fully symmetricquadrature formulas exact in R1;22s+1 for a fully symmetric integral areK0 + 2K1 � 2s+ 12K1 � 2s� 1K0 � 1:A fully symmetric quadrature formula that satis�es these conditions has N =K0 + 2K1 nodes. See Table 3 for the de�nition of K0 and K1:The optimal solution, the one which uses the lowest number of nodes, (op-timal solutions are not necessarily unique) of the integer programming problemin Theorem 4.1 is [K0 K1] = [1 s]. A quadrature formula with this structureuses N = 2s + 1 nodes. If s is even, then dimh1;2s = s + 1. If s is odd, thendimh1;2s = s. Consequently, according to Theorem 2.4, this quadrature formulauses precisely the minimal number of nodes. Observe that if the quadraturerule has degree d = 2s+ 1; then it also has degree d = 2s and so Theorem 2.1can be applied, giving a worse bound, N � 2s.Structure [1 s] corresponds to a quadrature formula of the formQ[f ] = w0f(0) + w1[f(a1) + f(�a1)] + � � �+ ws[f(as) + f(�as)]: (4.1)The next step to construct the quadrature formula is to solve the nonlinearsystem Q[f ] = I[f ]; f basis elements of G1;22s+1; (4.2)where w0 and wi; ai; i = 1; : : : ; s, are the unknowns. We prove now that sucha system has a unique solution for all degree d = 2s + 1; s 2 IN: Without lossof generality, we assume ai > 0; i = 1; : : : ; s, in (4.1). We also prove thatai 2 (0; a); i = 1; 2; : : : ; s and wi > 0; i = 0; : : : ; s:Let J [f ] := Z a0 f(x)x!(x)dx:Since the weight function !(x) is evenI[x2k] = 2J [x2k�1]; k = 1; 2; : : : ;I[x2k j x j] = 2J [x2k]; k = 0; 1; 2; : : : : (4.3)13



The system (4.2) for the basis f1; x2; : : : ; x2s; j x j; : : : j x j x2s�2g of G1;22s+1; canbe written in the formI[1] = w0 + 2Psi=1wiJ [x2k] = a2k+11 w1 + � � �+ a2k+1s ws; k = 0; : : : ; s� 1;J [x2k�1] = a2k1 w1 + � � �+ a2ks ws; k = 1; : : : ; s: (4.4)Let ti := ai and ci := aiwi; i = 1; : : : ; s: The last 2s equations in (4.4) can bewritten as J [xk] = tk1c1 + � � �+ tkscs; k = 0; : : : ; 2s� 1: (4.5)The system (4.5) is the one that is obtained when one looks for the Gaussquadrature formula of polynomial type of degree d = 2s � 1 for the integralJ: Thus, system (4.5) has solution 0 < ti < a and ci > 0; i = 1; 2; : : : ; s:Then, there is solution 0 < ai = ti < a; wi = ci=ti > 0; i = 1; 2; : : : ; s andw0 = I[1] � 2Psi=1wi for system (4.2). Furthermore, w0 > 0: Indeed, p(x) :=�si=1(j x j �ai) is such that p2 2 R1;22s+1: So, I[p2] = Q[p2] = w0(p(0))2; fromwhich follows that w0 > 0: The solution of system (4.2) is unique since thesolution of system (4.5) is unique.4.2 The n-dimensional caseFor an arbitrary dimension n, the bound for the number of nodes provided byTheorem 2.3 for degree d = 3 is sharp, i.e., one can construct cubature ruleswith degree d = 3 with the minimal number of nodes N = 2dim hn;21 = 2nfor particular weight functions. Indeed, consider the integral I given by (1.1)where 
 = IRn and !(x) is one of the weight functions !1(x); !2(x) or !3(x):We propose the cubature formulaQ[f ] = w1[f(a1; 0; : : : ; 0) + f(�a1; 0; : : : ; 0) + � � �+ f(0; : : : ; 0; a1; 0)+f(0; : : : ; 0;�a1; 0)] + w2[f(0; : : : ; 0; a2) + f(0; : : : ; 0;�a2)]: (4.6)Q has degree 3 if Q[f ] = I[f ]; for allf 2 f1; r; x21; x2ng: (4.7)Let m1 := I[1]; m2 := I[r] and m3 := I[x21] = � � � = I[x2n], see Table 2. Thesolution to the system (4.7), if a solution exists, can be expressed bya1 = �m3[m2(n� 1) +q(n� 1)[nm1m3 �m22]]m1m3 �m22a2 = m3[q(n� 1)[nm1m3 �m22]�m2](n� 1)m1m3 �m22w1 = (n� 2)m22 +m1m3n� 2m2q(n� 1)[nm1m3 �m22]2(n� 1)m3n2w2 = (n� 1)m1m3n� (n� 2)m22 + 2m2q(n� 1)[nm1m3 �m22]2m3n2
(4.8)
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Taking the opposite sign for the square roots in (4.8), a second solution isobtained. One can verify that for the weight functions we are interested in andusing Table 2, nm1m3 �m22 � 0. (To deduce this for !2(x), take into accountthat for 0 < a < 1 is �(x + a) � xa�(x); see e.g. [1, p. 17]. Taking a = 1=2and x = n=2; the desired inequality follows.) For the weight functions !1(x)and !2(x) a solution therefore exists, since in these cases the denominatorsof a1 and a2 are di�erent from zero. For the weight function !3(x) there ishowever no solution to (4.7), i.e, there is no cubature formula of degree 3 of theform (4.6). This is due to (n � 1)m1m3 �m22 = 0 for all n in this case. Thisillustrates that a better lower bound than the one of Theorem 2.3 must take intoaccount information about the weight function. Such bounds are however notyet known, also for the purely algebraic case (` > d). This shows a fundamentaldi�erence between the univariate and the multivariate case.For an arbitrary fully symmetric integral, one can construct cubature ruleswith degree d = 3 with 2n + 1 nodes, that is, one node more than our lowerbound. LetQ[f ] = w0f(0; : : : ; 0) + w1[f(a1; 0; : : : ; 0) + f(�a1; 0; : : : ; 0) + � � �+f(0; : : : ; 0; a1) + f(0; : : : ; 0;�a1)]:According to Theorem 3.1, Q has degree 3 if Q[f ] = I[f ] for all f 2 f1; r; x21g:This system possesses a solution:a1 = nI[x21]I[r] ; w0 = I[1] � I2[r]nI[x21] ; w1 = I2[r]2n2I[x21] :4.3 The two-dimensional caseWe consider now the case of two dimensions. By virtue of the consistencyconditions for polynomials in two dimensions, see e.g. [6, 3], and the remarkafter equation (3.10) one deducesTheorem 4.2 The consistency conditions for two dimensional fully symmetriccubature formulas exact in R2;22s+1 for a fully symmetric integral are3K3 � �(s) + �(s+ 1)� 2s� 12K2 + 3K3 � �(s) + �(s+ 1)2K1 + 3K3 � �(s) + �(s+ 1)K0 + 2K1 + 2K2 + 3K3 � �(s) + �(s+ 1) + 2s+ 1K0 � 1where �(p) = ( (p�1)24 ; if p is oddp2(p2 � 1); if p is even:A fully symmetric cubature formula that satis�es these conditions has N =K0 + 4K1 + 4K2 + 8K3 nodes. See Table 4 for the de�nition of K0; K1; K2and K3: 15



Let us �rst consider cubature formulas of degree d = 3. The bounds forthe number of nodes given by Theorem 2.1 and Theorem 2.3 are respectively3 and 4. There is however no guarantee that for a given region and weightfunction the lower bounds of Theorem 2.1 and Theorem 2.3 will be attained, asillustrated in Section 4.2. In general Theorem 4.2 will lead to cubature formulaswith more nodes. That is the price one pays for demanding more symmetry.For degree d = 3; an optimal solution of the integer programming problem inTheorem 4.2 is [K0 K1 K2 K3] = [1 1 0 0]: This structure implies N = 5 nodesand a cubature formula of this form is already presented at the end of Section4.2.For degree d = 5; an optimal solution of the integer programming problemin Theorem 4.2 is [K0 K1 K2 K3] = [0 2 1 0]. This structure corresponds to aquadrature formula with 12 nodes of the formQ[f ] = Xi=1;2wiQi[f ] + w3Q3[f ]where Qi[f ] = f(ai; 0) + f(�ai; 0) + f(0; ai) + f(0;�ai); i = 1; 2Q3[f ] = f(a3; a3) + f(a3;�a3) + f(�a3; a3) + f(�a3;�a3):Theorem 2.1 and Theorem 2.3 assert N � 7 and N � 9 respectively. FromTheorem 3.1, Q integrates correctly any function in R2;25 if Q[f ] = I[f ] for allf 2 f1; x2; x4; x2y2; r; x2rg: This gives the following system of 6 equations in 6unknowns: 4w1 + 4w2 + 4w3 = I[1]2w1a21 + 2w2a22 + 4w3a23 = I[x2]2w1a41 + 2w2a42 + 4w3a43 = I[x4]4w3a43 = I[x2y2]4w1a1 + 4w2a2 + 4p2w3a3 = I[r]2w1a31 + 2w2a32 + 4p2w3a33 = I[x2r]:For the weight function !3(x; y) this system has 2 real solutions, both withall weights positive. The solutions are presented in Table 5.Table 5: Cubature formulas of degree 5 for !3solution 1 solution 2a1 0.481480270891123 0.480957264477765a2 8.07280870801217 2.70376901671846a3 1.91441714368777 5.69094224452976w1 1.21554508008228 1.21480593408938w2 0.00442277404639526 0.351497723742847w3 0.350828472666223 0.00449266896267402
16
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