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1 Introduction

Consider an integral
1) = | x)dx (L1)

where Q C IR" and w(x) > 0, x € Q. In this paper, we deal with the problem
of constructing cubature formulas for the integral (1.1) of the form

N
QU] ==Y wify"), wje R,y €Q, j=1,...,N, (1.2)
j=1
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such that Q[f] = I[f] when f is a polynomial or a polynomial multiplied by r,

where
r(x) = [[x]|2 = \faf + - + 2k

The need for such rules appears, e.g., in the solution via pseudospectral meth-
ods, in particular collocation, of atomic and molecular Schrédinger equations
[4].

We will denote by P™ the vector space of algebraic polynomials in n variables
and by P}, the subspace of such polynomials of degree at most k. In order to
be as general as possible in the construction of rules @), we consider for a given
¢ € IN the sequence of vector spaces RQ”Z C R?’l C R;’Z C --- where RZ’Z is
defined through

R =Py +rPp,, k>
E=0,1,... (1.3)
R = Pp, if k< L.

In the rest of this paper we will always assume that n,?, k,s, N € IN.

For a recent survey on the construction of cubature formulas see [3]. There
it was suggested that some results about cubature formulas that are exact for a
vector space of polynomials, can be generalized to other vector spaces. In this
paper we will consider cubature formulas that are exact on the vector space RZ’Z.
It is our aim to generalize some of the known theoretical results on lower bounds
and consistency conditions, i.e., the basis of the two most popular approaches
to construct cubature formulas. The actual construction of cubature formulas
is beyond the scope of this paper. Some are included to illustrate the theory.

Our interest is, for a given £, to construct cubature formulas that are exact
for all elements of RZ’Z, in particular for £ > £. Tt will be shown that RZ’Z
(k > 0) has different properties for ¢ odd or even. Since we consider y@) e
Q, j=1,...,N, we will identify the functions in (1.3) which are equal in Q.
Furthermore, we only consider strictly positive integrals I, i.e., I[f] > 0 for all
functions f > 0 in 2, not equivalent to zero and f € RZ’Z for all n, £, k € IN.

Definition 1.1 For a given £ we will say that the cubature formula Q has degree
d if
Qlf] = I|f], for all f € R}". (1.4)

Definitions 1.1 1. The integral I is called centrally symmetric of x € Q)
then —x € Q and w(x) = w(—x). A cubature formula Q is called centrally
symmetric if 1t can be written in the form

M
QU =Y wlf ) + (=)

i=1

2. Fory = (y1,...,yn) € IR", let G(y) = {(S1Up1>---»SnYp,) : Si €
{-1,1}, i=1,...,nand p1,...,py is any permutation of 1,...,n}.



The integral I is called fully symmetric if x € Q then G(x) C Q and
w(x) = w(y) for ally € G(x). A cubature formula Q is called fully sym-
metric if it can be written in the form

M
QU= wil Y f¥) (1.5)
j=1

yeG(y))

Note that if a basis of RZ’Z is fixed, the construction of a cubature formula di-
rectly from (1.4) requires the solution of a nonlinear (and if k¥ > ¢ nonalgebraic)
system, of dim RZ’Z equations with N(n + 1) unknowns: the weights and the
coordinates of the nodes.

This paper is arranged in the following way. In Section 2, we generalize the
known lower bounds (i.e., for £ > k) for the number of nodes (see, e.g., [3]) to
other values of £. Most known cubature formulas (for £ > k) were constructed
using consistency conditions for the defining system of polynomial equations.
Section 3 is devoted to generalize this approach and is based on [5]. Using
consistency conditions derived for fully symmetric cubature formulas that are
exact for polynomials, we derive a set of consistency conditions for (1.5). In
Section 4 we illustrate the theoretical results with the practical construction of
cubature formulas. As an illustration, we have fixed £ = 2. For one dimension
and arbitrary degree it is shown that minimal formulas, i.e. formulas that attain
our lower bound, can be constructed. For higher dimensions, minimal formulas
of degree 3 are considered.

In our examples we will use the weight functions wy(x) = e ", wo(x) =€~
and wz(x) = e7"/r where x € Q = IR". The moments that will be needed
in the examples are given in Tables 1 and 2 (T" denotes the Gamma-function).
These are particular cases of the following general formula:

r2

OT(ifl) ... (dagl)p(factutintnih)

ar(iﬁr---;riyﬂrn) )

/ xyt --xz{’rke*r dzy ...dz, =

where o € IR, a > 0 and the i;,7 = 1,...,n, are even positive integers. The
above integral is equal to zero when an 7; is an odd positive integer.

2 Lower bounds

In [3] a survey is given of the known results on lower bounds for cubature
formulas that are exact on P'. In this section we will generalize some of these

results to the space RZ’Z. Some of these generalizations are straightforward, but
others are not as they depend on £ in a particular way.

Theorem 2.1 If the cubature formula Q given by (1.2) is exact for all functions
of R;,’f with £ > 1, then the number of nodes N > dim RZ’Z.

Proof. Suppose a cubature formula @ of degree 2k with N < dim RZ’Z exists.

Then, we can find f € RZ’Z not equivalent to zero, vanishing at all the nodes of



Table 1: Moments for 2-dimensional integrals

wi(x) =e " wa(x) = e’ wy(x) =e""/r
IN] = 27 T 2
I[r] = 4 # 2T
I[z?) = I[y?] = 67 o 2
I[z%r] = I[y*r] = 247 37rgﬁ 6
I[z%y?] = 307 T 67
I[z*] = I[y*] = 907 3T 187
Ixtyd] = Ixtyir] = 0 if 7 or j is odd
Table 2: Moments for n-dimensional integrals
wi(x) =e " wa(x) = e’ wy(x) =e""/r
_ 273 (n—1)! n 273 (n—2)!
M= ™ T
_ 2r% ) 2 (2 2r% (n—1)!
Iir] = ey e D)
_ 2m2(ntl)! n% 272 (n—1)!
I} T T D

this cubature formula by solving a system of linear equations. Since £ > 1, f2 €
R;,’f and hence I[f?] = Q[f?] = 0, in contradiction with our assumption on the
integral I. O

Theorem 2.2 If the cubature formula Q given by (1.2) is exact for all functions
of RZ’Z with £ > 1 and d > 1, then ot has at least dim RZ’Z positive weights,
where k = L%J, the integer part of %

Proof. Let d = 1. Then Q1] = Z;vzl w; = I[1] > 0. So, there must be at least
one positive weight and the Theorem holds.

Let now d > 2. Suppose that there are at most ¢ < dim RZ’Z positive
weights, wy,...,wy, with corresponding nodes yO, .. y®. There exists an
f e RZ’Z not equivalent to zero and vanishing at these nodes. Taking into
account that ¢ > 1, I[f?] = Q[f?] < 0, and this is in contradiction with our
assumption on the integral 1. O

Note that for £ = 0, the proofs of Theorem 2.1 and Theorem 2.2 are not
valid. Indeed, for a given k > 0, 4f € RZ’O cf2 e R;,’CO. Combining Theorem
2.1 and Theorem 2.2 one obtains the following.

Corollary 2.1 If the cubature formula (1.2) attains the lower bound of Theo-
rem 2.1, then all its weights are positive.



Theorem 2.1 gives a general lower bound for the number of nodes. This bound
can be improved under additional assumptions on the integral and on the cu-
bature formula. This is the case when central symmetry is assumed. In the rest
of this section we deal with cubature formulas @ of the form (1.2) and integrals
I which are centrally symmetric.

Let @ be of odd degree d = 2s + 1 and define

Wyti={f e R+ f(x) = f(—x)}
k=0,1,2,...

Wyt = {f € Rylly + f(%) = —f(—x)}.

h;,’f contains only even functions and h%ﬁ;—l contains only odd functions. From
here on, the value zero is considered an even number. Note that for all even
values of £ the direct sum of these spaces

N4 £ N4
Wt @ bt = RYY, (2.1)

but for odd values of £ this is not true. Indeed, if we denote by (f, f2,...) the
vector space generated by the functions fi, fs,... andifn =2, f=1and s =1
then h;’l @ h%’l = (1,2%, 2y, y%, r) ® (x,y) # R;’l = (1,z,y, 2%, 2y, y%, r,ra, ry).
Define
Oy ={f € RY, : g€ RY' = I[fg]=0}.

Lemma 2.1 For even values of £ it holds that O:jfl C h:jfl.

Proof. Let f € O?fl. The function f can be split in the form f = f. + f, with
fe an even function and f, odd.

Let f(x) := f(—x), then by virtue of symmetry f € ngl. Since f+ f = 2f.
and f — f = 2f,, one obtains f., f, € O:jfl.

Consider first s = 2¢t. Then f € R;t’il and by virtue of (2.1), f. € hggl
and f, € hgiﬁ-r The function f, is equivalent to zero in 2. Indeed, since
I[feg] =0 forall g € R;t’é, for g = fe is I[f?] = 0 and hence f, =0 in 2. Thus,

n,f n,l
f="Jo€hyiy =hgiy.

For s =2t 4+ 1, one can proceed analogously. O

In the following example we consider £ to be an odd number. Its purpose
is to show that an orthogonal function in RZ’Z may not be even or odd and

thus Lemma 2.1 has no counterpart for odd values of £. This is an important
difference with the polynomial case.

Example 2.1 Consider R;’l and let the integral I be given by (1.1) where
Q = IR? and w(x) = w3(x,y). After some calculations it is deduced

05’1 ={f: f(z,y) = ar2? + opay + oy’ — Boux — Basy + g+

az —2(aq + ag)r + aurz + asry, o; € R, i=1,...,5}.

A function n O;’l may not be even or odd. E.g., the orthogonal function
flzyy) =22 =3z +1—-2r+rzx € O;’l is not even and 1s not odd. O



Recall that we have identified the functions of RZ’Z which are equal in 2.
Since y) € Q, j =1,..., N, the linear functionals

Ny
Lj:RY, - R

s LA = fy9) (2.2)

are well defined.

Let {F|,F5,...} be a set of functionals. With (Fy, Fy,...) we denote the
vector space generated by this set. With F'|p we denote the restriction of the
functional F' to the vector space P.

We summarize some elementary results on linear functionals which we will
need, in the following lemma.

Lemma 2.2 [7, section 2.6] Let V be a vector space of finite dimension and F
the vector space of linear functionals on V. V and F are isomorphic. Let S be a
subspace of V and S° the subspace of F consisting of all those linear functionals
i F which map every element of S to zero. Then dim S + dim S° = dimV =
dim F.

Lemma 2.3 For a set of N functionals L;,j =1,...,N, defined as in (2.2)

dlm <L1 hn,l PR ,LN hn,l > 2
s+1 s+1
. —1, if zerois a node and s even (2.3)
dim(L, hptoe L hpt )+ 0, otherwise
, .
Proof. Let
L:RY, — R

f — L[f] = f(0).
Take m functionals, say L1,..., Ly in {L1,...,Ly}\{L}, such that, when they

are restricted to h™‘ they form a basis of (L, ‘h;‘" ooy Ly pt ). If zero is a

node then L is one of the functionals L; which may be necessary to get a basis.
If this is the case, add the functional L to a set {Ly,..., L} to get a basis. In
any case, one can find a ¢ € P{* such that Lig] =0, L;[¢] # 0, j =1,...,m.
Then by taking into account L;(qf) = L;(¢)L;(f) and L;(q) #0, i =1,...,m,
we obtain that Li,..., L,, are linearly independent in gh™*. Since Lig] =0 we
know that ¢ € P\ P and thus ¢h™" C h?_’fl. Hence, Ly, ..., Ly, are linearly

independent in h?fr We have obtained

dim(L, h:fl R s h:fl) >
—1, if zerois a node
dim(L1 nt oo LN n,z>+ ’ .
hem 2t hs 0, otherwise.

Now one has to take into account that even when zero is a node, L is not an
element of the basis when s is odd. Indeed when L is restricted to h™* it is the

zero functional. This completes the proof. O



Theorem 2.3 For even values of £ > 2 a cubature formula of degree 2s + 1
requires

—1, uf zerois a node and s even

0, otherwise. (2.4)

N > 2dim h’j7£+{

Proof. Because £ > 2, if f € Rijl vanishes in all nodes of the cubature formula

then f € O:jfl. By virtue of Lemma 2.1, f € h?jfl. It is known, by virtue of
Lemma 2.2, that

. . n,0 .
dim (L, RTRREE ,Ln R:fl) = dimR;}; —dim S (2.5)
where
S={rery: fo¢) = =1"™) =0}
Since in our situation we also have
S={fehy: fyW) == ry™) =0},
we know that
A (Ly |yt vy L [pne ) = dim b)) — dim S (2.6)
s+1 s+1
and
dim(Ly [pne s .., Ly |pne) = dim b2 (2.7)

Combining (2.1), (2.5) and (2.6) gives

. . . ‘ .
dim (L, R , Ln R ) = dim h?l + dim A}, — dim S
= dim h?’é + dim(Ll Bl e ,Ln Bt )
s+1 s+1
Combining this with
N > dim(I4 AR ,Ln R:f1>

and Lemma 2.3 and (2.7) completes this proof. O

In Section 4 we will show that this bound is sharp for n = £ = 2. For this
case it cannot be improved without taking into account more information about
the region and weight function. Observe that we had to exclude £ = 0 again
because the first sentence in the above proof does not hold in that case. This
is illustrated in the following example.

Example 2.2 Consider n =2, { =0, d = 3 and the integral I given by (1.1)
where w(x) = wy(x,y). After some calculations, the following cubature formula
of degree d = 3 1s obtained:



Qlf] = wi[f(a1,0) + f(—a1,0) + f(0,a1) + f(0, —a1)]+

wo[f (a2, 0) + f(—az,0) + £(0,az) + F(0, —ay)] (2.8)

where

3—+3 3 3
a1:3+\/§, wlzT\/_ﬂ', a2:3—\/§, Wy = —g2\/_7r

The function f(z,y) = (22 + y2 — a2)(r — ay) € Ry" vanishes in all nodes of
cubature formula (2.8), nevertheless f ¢ Og’o. Indeed, the function r € R%’O
and I[fr] =24m #0. O

For 1 dimension and even ¢ > 2, Theorem 2.3 can be improved. Indeed, let
s = 2t + 1. Hence, the quadrature formula is exact in R%’SZ_H = Riﬁ_?,. One can
write

N

= di . _ >
nit ) dml({La‘<1,z2,...,z2<t+1>,\z\,\z\zz,...,\z\w“) ) }j:1> =

dim(Ly |1 5.ens L

s+1

. N f2t+3-5 ife<s+1
dim({Z, ‘<1@27---7r2’%Irlr--:\z\zm“’—% }j:1> a { t+1, if £ > s+1.

To obtain the last equality, take into account that the only function f in
(1,22,... 2%, |z|,|z|z?, ..., |22 ¢FD=4) which vanishes in all nodes of the
quadrature formula is f = 0. Otherwise, Q[f%] = I[f?] = 0 and one has a
contradiction with our assumption on the integral I. Thus

. 2t+3— 5 =dim bl +1, fr<s+1
dim(L ..., L 2 s ’ N
(L e e Nhlf1>—{t+1:dimh;l, if 0> s+1.
(2.9)
Following the proof of Theorem 2.3 and taking into account equation (2.9) one
obtains
N > lel(Ll Riﬁl yooe ,LN lel ) = lel(Ll hiﬁl yooe e ,LN hiﬁ1 )-l'
. 2dim Al 41, if£<s+1
dim (L fpre o DN o) 2 { 2(t+1) = 2dim hpt, if£>s41.

Therefore, we have proved

Theorem 2.4 For 1 dimension and { > 2 even, the number of nodes N wn a
quadrature formula of degree d = 2s + 1 for a centrally symmetric integral is

bounded by

—1, if zerois a node and s even
N > 2dim hi’z—i— 1, if sisoddand < s+1
0, otherwise.

In Section 4 we will show that this bound is sharp for £ = 2: it cannot be
improved without further information about the region and the weight function.



3 Consistency conditions for fully symmetric cuba-
ture formulas

In this section we consider fully symmetric cubature formulas (1.5) for a fully
symmetric integral I. Note that for even values of ¢, if a fully symmetric formula
has degree d = 2s then it also has degree d = 2s+ 1. This is not true if £ is odd.

Example 3.1 Consider n =2, (=1, d =2 and the integral I given by (1.1)
where w(x) = wo(x,y). The cubature formula

Q[f] = w1 f(0,0) + wa[f(7,0) + f(—7,0) + f(0,7) + f(0,—7)]
where
wy = 7(4 —7)/4, wy = 7*/16, T = 2/\/T,
has degree d = 2 but not degree d = 3. Indeed, Q[x*r] = /7 # I[x?r] = 37\/7/8.
O

If f is a monomial and § € {0,1} then I[r’f] = Q[r’f] = 0 if there is an odd
power in a variable of f. If there are only even powers in the variables of f,
the integral and the cubature formula depend on such powers, and not on the
ordering of the variables. Thus, one obtains

Theorem 3.1 A fully symmetric cubature formula Q has degree d if Q[f] =
I[f] for all functions f of the form

: - . " d
Je0) =y et i 2 2 2 0, 3G < |5 (3.1)
i=1
and
. . n d—1/
FeO =rayt el > 2 e 20, 3 i < | =), ifd> L (3.2)

=1
The rest of this section builds upon the work of Patrick Keast and James
Lyness [5], who extended and formalized the work started by Francis Mantel
and Philip Rabinowitz [6].
Definition 3.1 [5] A basic rule R is defined by

Ron, - on)lf] 1= gy 3 Y F(s10p0, - snap)  (33)
sy Sn P

where s; € {—1,1} and Y p indicates a sum over the permutations pi,...,pn
of 1,...,n. The set of numbers a,...,ay, are called generators of R and their
ordering is immaterial.

Definition 3.2 [5] The class [n] = [ny,...,ng] of a basic rule includes all basic
rules which may be expressed in the form

R(aqy ey Q1yeney Qpy ey g, 0,...,0)
where aq,...,qr are distinct nonzero generators and «; appears n; times, i =
1,...,k. The rest of the n components are filled in, if this is the case, with zeros.

The class |.] is the one in which all generators are equal to zero.



Note that a fully symmetric cubature formula (1.5) can be written in terms
of basic rules (3.3). The number of distinct basic rules of class [n] in a given
cubature formula is denoted by K [n]. Such numbers are called the rule structure
parameters. One considers K[.] = 0 or 1. The general expression for a fully
symmetric cubature formula @ is then given by

D K.
Q = Z Z wi,p,Ri,p, (34)
pn=01=1

where R; , is a basic rule of class [n,] = [n1,...,ng], i.e.,

Ripy = R(agi’“),...,agi’“), - ,ag’“), - ,ag’“),O,...,O),

" ~ /

-~

ni ny
where ozg-z’“) appear nj times, j = 1,...,k. K, = K[n,] is the rule structure
parameter, indicating the number of basic rules of class [n,]. D+1 is the number
of distinct classes possible and w; , are the weights.
Each class introduces a certain number of unknowns and nodes in the cuba-
ture formula. This is summarized in Tables 3 and 4 for one and two dimensions
respectively.

Table 3: Rule structure parameters in 1 dimension

rule structure number of number of nodes
generator . unknowns
parameters unknowns introduced by class
Ky :=K[] 0 1 1 weight
K, := K|[1] o 2 2 o, weight

Table 4: Rule structure parameters in 2 dimensions

rule structure number of number of nodes
generator . unknowns
parameters unknowns introduced by class
Ky :=K[] (0,0) 1 1 weight
K, := K|[1] (a1,0) 2 4 oy, weight
K, := K[2] (a1,001) 2 4 oy, weight
K5 := KJ1,1] (a1,009) 3 8 a1, ag, weight

Before one can use Theorem 3.1 to calculate the nodes and weights in (3.4),
one has to decide its form, that is, choose the different classes [n] and the
rule structure parameters K[n]|. This is an important point. Depending on
it, the resulting system may be easier to solve or the cubature formula has
less nodes. In this sense, certain inequalities for the K[n], which are called
consistency conditions, are used. They guarantee to obtain a system where the
number of unknowns is greater than or equal to the number of equations in each

10



subsystem. Such a system is in general nonlinear. Furthermore, as the number
of dimensions n and the degree of precision d increase, it is also nonalgebraic.
Even if the proposed form for @ satisfies the consistency conditions, it is not
assured that the system has a real solution. Rather closely to the polynomial
case, see [5|, we have derived the set of such consistency conditions for the
cubature formulas we are interested in.

We introduce the space §Z7£ as the space spanned by the functions in (3.1)
and (3.2), i.e.,

@Z’Z = gTLL%J @rgfd_;“ ifd>/

(3.5)
—n,t — .
G, ::ST%J ifd </
where .
gZ = <x2]1 xZJna J = > Jn 20, Z]z <q)
=1
Consider

MZ’Z[n] := (f such that f € @Z’é and R[f] =0 for all rules R € [n])
and
NZ[n] := (f such that f € gz and R[f] =0 for all rules R € [n]).
Lemma 3.1 It holds that

MIn] = N{a|[n] @ rN{azt [n] if d >0

M [n] = N{a[n] if d <.

Proof. For d < £, the equality is clear.
Let d > (. The inclusion in the left direction follows from R[f + rg] =
R[f]+ R[r]R[g] for all polynomials f and g. We prove now the inclusion in the

right direction. Let f € MZ’Z[H]. Then, f € EZ”Z and there exist f; € ET%J and
f2 € ?le—g‘J such that f = fi + rf2. One has R[f1] + R[rf2] = 0 for all rules

R € [n). Let [n] = [n1,...,m]. Then, R[fi] = —\/n1af + -+ +ngalR[fy] for
arbitrary but distinct o, ..., where R[f1] and R[fs] are polynomials in the
variables aq,...,ar. Thus R[f1] = R[f2] = 0 for all R € [n]. O

Let p1,..., 0 be a set of t integers satisfying 0 < py < po < -+ < py < D.
Recall that D + 1 is the number of different classes possible. The parameter
limited spaces are defined by

Ry — s
Bm,---,ut(naga d) = G:ll N MZ [nul] n---n M:ll [nut]-

Obviously, there are 2°%! spaces to consider. From Lemma 3.1 and equation
(3.5) follows

_ d — d—1/t
BHl;---7Ht (n,ﬁ, d) = Aer-th (na LgJ) & TAML---J% (na LTJ) (36)

11



where
J— —_n -——n =N
Apy (@) == S, NN [y, ] NN N[y, ]

For ¢ < 0 we set A, ,,(n,q) :={0}. Associated with each parameter limited
space there is a subsystem of equations

Q[f] :I[f]a f €§u1,---,ut(na£a d) (3'7)

The number of independent equations in (3.7), denoted by NE,, . .. (n,{,d),
is given by
NEltl,---,lLt (n, L d) = dim Fﬂly---yﬂt (n,E, d)' (3'8)

From (3.6) and (3.8) follows
— d — d—1{
NEu,,..u(n, 6, d) =dim Ay, (0, LiJ) +dim Ay, (7 L?J) (3.9)

The number of parameters, i.e., the number of unknowns (generators and
weights), on the left hand side of (3.7) is denoted by NP, . (n). Now, we
define the set of consistency conditions as the set of 2°F! inequalities

d

— d — -
NPy .. (n) > NEy,,. .u (n,E, d) = dim Apy e (na LEJ)"'dlm Y (n, L—

(3.10)
Equation (3.10) gives the gross set of consistency conditions. This set can be
reduced eliminating redundant inequalities. Indeed, the number of parameters
depends on the parameter limited spaces Eum---w (n,¢,d), or equivalently on the
functions in Ay, (1, [§]) and Ay, ., (n, [555]). Since Ay, (n, [5F5]) C
Ay o(ny |2]) one dedudces that the number of parameters depends on the
2
(3.10) is the same as in the polynomial case, but with a different number of

independent equations. In the polynomial case, and in the reduction procedure
to pass from the gross set of consistency conditions to the net set, only properties
of the subspace A,, . (n,q) are used, and no properties of the number of

functions in A, _,,(n,[%]). Thus the gross set of consistency conditions in

independent equations, see [5]. Thus we conclude that the net set of consistency
conditions for our space of functions RZ’Z, k > {, is equal to the net set of
consistency conditions for polynomials, but with the number of independent
equations given by (3.9).

4 Construction of formulas for 7/ = 2

In this section we fix £ = 2. We will write the consistency conditions for n =1
and n = 2 explicitly and we construct some minimal cubature formulas of low
degree to illustrate the theoretical results of the previous section. For other
values of n or ¢, one can proceed in a similar way to obtain the consistency
conditions. The construction of cubature formulas of higher degree will be
more difficult. Obviously the practical difficulties will be larger than in the
polynomial case.

12

14

1)-



4.1 The one dimensional case

. . . . 12
For one dimension, our aim is to construct quadrature formulas exact in Ry, | =

P}, \+ |z | Py,_; for centrally symmetric integrals

1) = [ fa)ete)ds.

We only consider the case that €2 is a symmetric interval, finite or infinite, say
(—a,a). Taking into account the consistency conditions for polynomials in one
dimension (see, e.g., [2]) and the remark after equation (3.10), one can deduce
the following.

Theorem 4.1 The consistency conditions for one dimensional fully symmetric
) .
quadrature formulas exact in Ry, for a fully symmetric integral are

K0—|-2K1 Z 28—|—1
2Ky > 2s5-—1
K, < 1.

A fully symmetric quadrature formula that satisfies these conditions has N =

Ky + 2K, nodes. See Table 3 for the definition of Ko and K.

The optimal solution, the one which uses the lowest number of nodes, (op-
timal solutions are not necessarily unique) of the integer programming problem
in Theorem 4.1 is [Ky K] = [1 s]. A quadrature formula with this structure
uses N = 25 + 1 nodes. If s is even, then dimh!? = s + 1. If s is odd, then
dim h}? = 5. Consequently, according to Theorem 2.4, this quadrature formula
uses precisely the minimal number of nodes. Observe that if the quadrature
rule has degree d = 2s + 1, then it also has degree d = 2s and so Theorem 2.1
can be applied, giving a worse bound, N > 2s.

Structure [1 s| corresponds to a quadrature formula of the form

QU] = wof(0) +un[f(ar) + f(—a))] + - +ws[f(as) + f(=as)].  (4.1)

The next step to construct the quadrature formula is to solve the nonlinear
system

Q[f] = I[f], f basis elements of 6;’32“, (4.2)

where wy and w;, a;, © =1,...,s, are the unknowns. We prove now that such
a system has a unique solution for all degree d = 2s + 1,s € IN. Without loss
of generality, we assume a; > 0, ¢ = 1,...,s, in (4.1). We also prove that
a; € (0, a),i=1,2,...,sand w; > 0,7=0,...,s.

Let

J[f] == /0 f()zw(z)dz.
Since the weight function w(z) is even

I[z?%] = 2J[2% Y, k=1,2,..., (4.3)
Ilz%% |z = 2J2%*], k=0,1,2,.... :

13



The system (4.2) for the basis {1,22,..., 2% |z |,...| = | %572} of Eéfﬂ, can
be written in the form

I71] = wo+2Yi_w
Tz = a4 b a2 e, k=0,...,5 -1, (4.4)
[z = aZ*wy + - + a2Fw,, k=1,...,s.
Let t; := a; and ¢; := a;w;, i = 1,...,s. The last 2s equations in (4.4) can be
written as
J[zF] =they + - theg, k=0,...,25 — 1. (4.5)

The system (4.5) is the one that is obtained when one looks for the Gauss
quadrature formula of polynomial type of degree d = 2s — 1 for the integral
J. Thus, system (4.5) has solution 0 < ¢; < a and ¢; > 0, ¢ = 1,2,...,s.
Then, there is solution 0 < a; = t; < a, w; = ¢;/t; > 0,1 =1,2,...,s and
wo = I[1] = 2%7_, w; for system (4.2). Furthermore, wy > 0. Indeed, p(x) :=
5, (] = | —a;) is such that p? € R%-’S%}*l' So, I[p?] = Q[p?] = wo(p(0))?, from
which follows that wy > 0. The solution of system (4.2) is unique since the
solution of system (4.5) is unique.

4.2 The n-dimensional case

For an arbitrary dimension n, the bound for the number of nodes provided by
Theorem 2.3 for degree d = 3 is sharp, i.e., one can construct cubature rules
with degree d = 3 with the minimal number of nodes N = 2dim hrf’z =2n
for particular weight functions. Indeed, consider the integral I given by (1.1)
where 2 = IR" and w(x) is one of the weight functions wy(x), wa(x) or wz(x).
We propose the cubature formula

Q[f]=w1[f(a1707"'70)+f(_a1707"'70)+"'+f(07"'707a170)+

4.6
F(O..-.0, a1, 0)] + wnlF(0,....0,a2) + FO.....0, ~ap)]. )
Q@ has degree 3 if
Qlf] = I[f], for allf € {1,727, 22}. (4.7)
Let my := I[1], my := I[r] and m3 := I[z?] = --- = I[z2], see Table 2. The
solution to the system (4.7), if a solution exists, can be expressed by
B —mg[ma(n — 1) + \/(n —1)[nmymsz — m3]
“= mims — m%
mg[\/(n — 1)[nmymsz — m2] — my]
Ao =
? (n —1)myms — m3 (4.8)
(n = 2)m} + mymgn — 2m2\/(n — 1)[nmimg — m2]
= 2(n — 1)mgn?
(n — 1)myman — (n — 2)m32 + 2m2\/(n —1)[nmymg — m2]
wo =

2man?

14



Taking the opposite sign for the square roots in (4.8), a second solution is
obtained. One can verify that for the weight functions we are interested in and
using Table 2, nmims — m3 > 0. (To deduce this for wy(x), take into account
that for 0 < a < 1 is I'(x + a) < zT'(z), see e.g. [1, p. 17]. Taking a = 1/2
and x = n/2, the desired inequality follows.) For the weight functions wy(x)
and ws(x) a solution therefore exists, since in these cases the denominators
of a; and ay are different from zero. For the weight function ws(x) there is
however no solution to (4.7), i.e, there is no cubature formula of degree 3 of the
form (4.6). This is due to (n — 1)mymg — m% = 0 for all n in this case. This
illustrates that a better lower bound than the one of Theorem 2.3 must take into
account information about the weight function. Such bounds are however not
yet known, also for the purely algebraic case (¢ > d). This shows a fundamental
difference between the univariate and the multivariate case.

For an arbitrary fully symmetric integral, one can construct cubature rules
with degree d = 3 with 2n 4+ 1 nodes, that is, one node more than our lower
bound. Let

Q[f] :wof(O,...,O)+w1[f(a1,0,...,0)+f(—a1,0,...,0)+---
+f(07"'707a1)+f(07"'707_a1)]'

According to Theorem 3.1, @ has degree 3 if Q[f] = I[f] for all f € {1,7,22}.

This system possesses a solution:
I’[r] I’[r]

S e P 6
> Wo 1 nl[z?]’ w1 2n21[x?]

4.3 The two-dimensional case

We consider now the case of two dimensions. By virtue of the consistency
conditions for polynomials in two dimensions, see e.g. [6, 3], and the remark
after equation (3.10) one deduces

Theorem 4.2 The consistency conditions for two dimensional fully symmetric
. 2,2 ..
cubature formulas exact in Ry | for a fully symmetric integral are

3K3 > v(s)+v(s+1)—2s—1
2Ky +3K5 > v(s)+rv(s+1)
2K1+3K3 > v(s)+v(s+1)
Ky+2K,+2Ky4+3K3 > v(s)+v(s+1)+2s+1
Ky <1

where

—1)2 . .
o) =] gy, s odd
25 —1), if piseven.
A fully symmetric cubature formula that satisfies these conditions has N =
Ky + 4K + 4K9 4+ 8K3 nodes. See Table 4 for the definition of Ko, K1, Ky
and Ksj.
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Let us first consider cubature formulas of degree d = 3. The bounds for
the number of nodes given by Theorem 2.1 and Theorem 2.3 are respectively
3 and 4. There is however no guarantee that for a given region and weight
function the lower bounds of Theorem 2.1 and Theorem 2.3 will be attained, as
illustrated in Section 4.2. In general Theorem 4.2 will lead to cubature formulas
with more nodes. That is the price one pays for demanding more symmetry.
For degree d = 3, an optimal solution of the integer programming problem in
Theorem 4.2 is [Ky Ky Ky K3] =[1 10 0]. This structure implies N = 5 nodes
and a cubature formula of this form is already presented at the end of Section
4.2.

For degree d = 5, an optimal solution of the integer programming problem
in Theorem 4.2 is [Ky K1 Ko K3] = [0 2 1 0]. This structure corresponds to a
quadrature formula with 12 nodes of the form

Q] = Y wiQilf] + wsQslf]

i=1,2
where

Qz[f] = f(azao) + f(_aiao) + f(Oaaz) + f(Oa _ai)7 1= 17 2
Qs[f] = f(asz,a3) + f(az, —a3) + f(—a3,a3) + f(—a3, —a3).

Theorem 2.1 and Theorem 2.3 assert N > 7 and N > 9 respectively. From
Theorem 3.1, @ integrates correctly any function in RE’Z if Q[f] = I[f] for all
f e {1,2% 2% 2%y% r,2%r}. This gives the following system of 6 equations in 6
unknowns:

4wy + 4wy + 4wz = I[1]
2w1a% + ZwQa% + 4w3a§ = I[ajz]
2wyat + 2wqay + 4wzaz = Iz

4wzay = I[z°y?]
dwyay + dwsay + 4V 2wsaz = I[r]
Qwial + 2wyal + 4V 2wsay = I[zr].

For the weight function w3(z,y) this system has 2 real solutions, both with
all weights positive. The solutions are presented in Table 5.

Table 5: Cubature formulas of degree 5 for ws

solution 1 solution 2
a; | 0.481480270891123 0.480957264477765
as | 8.07280870801217 2.70376901671846
a3z | 1.91441714368777 5.69094224452976
wy | 1.21554508008228 1.21480593408938
wy | 0.00442277404639526 | 0.351497723742847
ws | 0.350828472666223 0.00449266896267402
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