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1 IntroductionThis paper deals with collocation methods for the computation of periodic solutionsto autonomous delay di�erential equations (DDEs),dx(t)dt = f(x(t); x(t� �)); (1)with one (constant) delay � > 0 and f : Rn �Rn ! Rn . For the sake of conveniencewe restrict ourselves to one-delay DDEs, but generalisation to multiple delays isstraightforward.Let C := C([��; 0];Rn) be the vector space of continuous functions mapping theinterval [��; 0] into Rn . For s 2 R, denote by xs 2 C the segment of a solution x to(1) de�ned by xs(�) = x(s+ �); � 2 [��; 0]:C is the state space for (1), that is, for any given s the solution segment xs uniquelydetermines, via (1), the values x(t) for all t � s. Consequently, any periodic solutionto (1) can be found as the solution of the following two-point boundary value problem(BVP), 8<: dx(t)dt = f(x(t); x(t� �)); t 2 [0; T ]x0 = xTp(x; T ) = 0; (2)where T denotes the (unknown) period and p(x; T ) = 0 represents a suitable phasecondition to remove translational invariancy.Observe that the boundary condition x0 = xT in (2) concerns a condition in anin�nite-dimensional space, viz. C. This is clearly in contrast with the analogousproblem for the case of ordinary di�erential equations (ODEs, i.e., equations (1)without a delay argument x(t � �)), where the boundary condition applies in a�nite-dimensional space, Rn .In [21] the convergence of numerical simulations to stable periodic solutions wasconsidered. In [26] a shooting approach is used, based on a combination of [15] and[25], for solving problem (2). This approach has been used to study a number ofspeci�c applications of DDEs [13, 12] and has been shown to be reasonably e�cient.The approach we follow in this paper is to solve the BVP (2) by the well knowncollocation method. Collocation methods are popular methods for the numericalsolution of BVPs for systems of ODEs. The widely used COLSYS/COLNEW [1, 5]and AUTO [11] software packages employ collocation with piecewise polynomials toapproximate the solutions to BVPs for ODEs. As far as we know, no prior workconcerning the application of the method of collocation (not based on approxima-tions by truncated Fourier series as in [10, 9, 32]) for solving BVPs of the kind (2)exists. Furthermore, theoretical convergence results from the current literature onthe numerical solution of BVPs for DDEs do not appear to be applicable in the caseof (2). We discuss this issue in section 2.1



In this paper, our main aim is to study, by means of numerical experiments,a number of related collocation schemes for (2) with respect to their (observed)convergence orders and e�ciency. In section 3 we outline the general setting relevantto collocation methods. In section 4 we review known convergence results concerningthe numerical solution of IVPs for DDEs, which we will compare with the outcomesof our numerical experiments for the periodic BVP (2). This comparison is motivatedby the fact that in the case of ODEs the same convergence orders are valid for similardiscretisations of IVPs and BVPs, respectively. Next, in section 5 we explain thecollocation variants that we investigate. In section 6 we describe the test modelswhich we use, and we present our actual numerical results in section 7. Section 8contains conclusions.2 Two Kinds of Boundary Value ProblemsA general two-point boundary value problem for delay di�erential equations (1) maybe formulated as (cf., e.g., [17, 23])� dx(t)dt = f(x(t); x(t� �)); t 2 [0; T ]b(x0; xT ) = 0; (3)where b : C � C ! C and T > 0 are given. However, in the current literature onthe numerical solution of BVPs for DDEs (or more general functional di�erentialequations), see, e.g., [4, 7, 3, 8, 29, 24] and [2, x11.7], one invariably encountersBVPs for (1) of the form8<: dx(t)dt = f(x(t); x(t� �)); t 2 [0; T ]x(�) = �(�); � 2 [��; 0)b(x(0); x(T )) = 0: (4)Here, an initial function � 2 C is given, a discontinuity in the solution at t = 0is allowed, and b : Rn � Rn ! Rn speci�es a boundary condition in the �nite-dimensional space Rn . We note that both kinds of BVPs, (3) and (4), may containadditional conditions and corresponding free parameters (cf. p(x; T ) = 0 and T in(2)). In [23] problem (3) is called Halanay's boundary value problem, whereas (4)is called a BVP with �nite defect.The existing literature on the numerical solution of BVPs for DDEs seems tobe mainly targeted towards problems of the kind (4), which arise, amongst others,in control applications. We are not aware of theoretical convergence results on thenumerical solution of the more general problem (3). Note that, in general, periodicsolutions of (1) cannot be found as solutions to BVPs of the form (4).3 PreliminariesBelow, we give our basic notations and the general setting relevant to collocationmethods. 2



Let � be a mesh, i.e., a collection of mesh points 0 = t0 < t1 < : : : < tL = Twhich partition the interval [0; T ]. Set hi := ti+1 � ti for i = 0; : : : ; L � 1. Denoteby �m the set of all (vector-valued) polynomials of degree not exceeding m. Wewill approximate a solution x to (1) on the interval [0; T ] by an element from thefollowing space of piecewise polynomialsSm(�) := fu 2 C([0; T ];Rn) : uj[ti;ti+1] 2 �m; i = 0; : : : ; L� 1g:Clearly, dimSm(�) = n� (L�m+ 1). LetX(�) := L�1[i=0 Xiwith Xi := fci;l := ti + clhi; l = 1; : : : ;mgbe a given set of (so called) collocation points in [0; T ] based on the given, �xed setof collocation parameters fclg with 0 � c1 < c2 < : : : < cm � 1. Then the idea of acollocation method for approximating a solution to the DDE (1) is to �nd a functionu : [��; T ] ! Rn , the so called collocation solution, such that: a) its restriction to[0; T ] belongs to Sm(�), b) for i = 0; : : : ; L � 1 its restriction to [ti; ti+1] satis�essystem (1) on the (�nite) set Xi, and c) it ful�ls the relevant initial or boundaryvalue condition.For i = 0; : : : ; L � 1 the collocation solution can be represented on subinterval[ti; ti+1] as u(t) = mXj=0 u(ti+ jm )Pi;j(t); (5)where Pi;j(t) = mYr=0;r 6=j t� ti+ rmti+ jm � ti+ rm ; j = 0; : : : ;m (6)are Lagrange polynomials andti+ jm = ti + jmhi; j = 1; : : : ;m� 1are so called representation points. Thus the collocation solution u is completelydetermined on [0; T ] by the vectors ui+ jm := u(ti+ jm ), i = 0; : : : ; L�1, j = 0; : : : ;m�1 and uL = u(tL).4 Initial Value ProblemsIn this section we consider the initial value problem� dx(t)dt = f(x(t); x(t� �)); t 2 [0; T ]x0 = �; (7)3



where � 2 C is a given initial function.Even if both f and � are arbitrarily smooth, a solution x to (7) may have adiscontinuity in its �rst derivative at t = 0. This is because in generald�(�)d� �����=0� 6= f(�(0); �(��)):Due to the presence of the delayed term x(t � �) in (7), the discontinuity at t = 0is propagated forward in time. However, the discontinuity is smoothed as timeincreases, and a discontinuity in the (k + 1)-th derivative of x, in general, appearsat t = k�; k = 0; 1; 2; : : : . In a numerical procedure for IVPs (7) it is important toinclude some of these so called breaking points t = k�; k = 0; 1; 2; : : : , in the meshto avoid a deterioration in the order of accuracy.The theory concerning the numerical solution of IVPs for DDEs is well developed.Below several main results on the convergence behaviour of collocation methods inthe case of the IVP (7) are collected. In particular, these deal also with collocationmethods that are based on the well known Gauss-Legendre collocation parametersfclg, i.e. the roots of the m-th degree Gauss-Legendre polynomial transformed to[0; 1].The collocation method as outlined in section 3 consists in solving successivelyfor i = 0; : : : ; L� 1 the following system of equations for u restricted to [ti; ti+1],du(ci;l)dt = � f(u(ci;l); �(ci;l � �)) when ci;l � � � 0f(u(ci;l); u(ci;l � �)) when ci;l � � > 0 (8)for l = 1; : : : ;m, where u(0) = �(0). The derivative of u in (8) has to be interpretedsuch that if ci;l = ti it denotes the right derivative at ti, whereas if ci;l = ti+1 itstands for the left derivative at ti+1.For ease of presentation, we assume in the rest of this section that all breakingpoints in [0; T ] are included in the mesh �, and further, that f , � are both arbitrarilysmooth. We set h := maxi(hi) and let k � k denote a given, �xed norm on Rn .The �rst theorem is a standard convergence result.Theorem 4.1 Let x be the exact solution to (7), and let u be a corresponding col-location solution as described in section 3 and above. Then the following estimateholds, maxt2[0;T ] ku(t)� x(t)k = O(hm) (h # 0): (9)If fclg are the Gauss-Legendre collocation parameters, then the above estimate canbe sharpened to maxt2[0;T ] ku(t)� x(t)k = O(hm+1) (h # 0): (10)The following result deals with the special case where the mesh � is such thatfor each i < L with ti � � the subinterval [ti; ti+1] is mapped by t 7! t � � onto a(previous) subinterval [tk; tk+1] with 0 � k < i. A mesh with this property is calleda constrained mesh. 4



Theorem 4.2 Let x be the exact solution to (7), and let u be a corresponding colloc-ation solution, as described in section 3 and above, based on a constrained mesh �.If fclg are the Gauss-Legendre collocation parameters, then the following estimateis valid, maxi=0;:::;L ku(ti)� x(ti)k = O(h2m) (h # 0): (11)The above result can be found in [6, 16]. It means that superconvergence at the meshpoints, a well known phenomenon in the case of both IVPs and BVPs for ODEs,also occurs in the case of IVPs for DDEs under an appropriate choice of �.The result of theorem 4.2 can be obtained for more general meshes � when oneconsiders application of alternative interpolation procedures in the past, instead ofusing the relevant local collocation polynomial. We state convergence theorems fortwo alternative types of interpolation procedures, where we leave the detailed (inter-polation) formulas to section 5.1. We assume that the ratios hi+1=hi are uniformlybounded from below and above by �xed positive real numbers.Let q � 1 be a given �xed integer. The �rst theorem below deals with the case ofpolynomial interpolation w.r.t. the mesh points for approximating the delayed termx(t� �) (cf. (22)).Theorem 4.3 Let x be the exact solution to (7), and let u be a corresponding col-location solution, where in (8) the quantity u(ci;l� �) is replaced by the interpolatingpolynomial of degree q at t = ci;l � � that interpolates u at q + 1 mesh points tj inthe neighbourhood of t. If fclg are the Gauss-Legendre collocation parameters, thenthe following estimates hold:maxi=0;:::;L ku(ti)� x(ti)k = O(hmin(2m;q+1)) (h # 0); (12)maxt2[0;T ] ku(t)� x(t)k = O(hmin(m+1;q+1)) (h # 0): (13)Theorem 4.3 follows from common estimation arguments. If the above polyno-mial interpolation procedure is used with q = 2m�1, superconvergence at the meshpoints is obtained for (in essence) arbitrary meshes.The next theorem deals with the case of equistage interpolation [19, 20] forapproximating the delayed term (cf. (23)). At present, a satisfactory convergenceanalysis for this procedure, relevant to arbitrary meshes, is not known. A �rst resultwas obtained in [20].Theorem 4.4 Let x be the exact solution to (7), and let u be a corresponding col-location solution, where in (8) the quantity u(ci;l � �) is replaced by the equistageinterpolating polynomial of degree q at t = ci;l� � that interpolates u at q+1 pointscj;l in the neighbourhood of t. If fclg are the Gauss-Legendre collocation parameters,then (13) holds, and (12) holds under a model assumption on � (see [20]).5



Result (12) follows from a direct application of the convergence theorem proved in[20]. The result concerning (13) can be shown using well known arguments.We remark that if the mesh is constrained, then the collocation process describedin theorem 4.4 reduces to the original collocation process, as in this case equistageinterpolation is not actually performed. Thus, in this case theorems 4.1, 4.2 apply.5 Computation of Periodic SolutionsIn this section we explain in detail the collocation variants that we consider. We alsodiscuss the structure of the linear system which needs to be solved in each Newtoniteration and describe adaptive mesh selection.5.1 Outline of the Collocation VariantsFor our numerical method, it is convenient to consider instead of BVP (2) a trans-formed BVP that is obtained from (2) after scaling time by the factor T�1,8<: dx(t)dt = Tf(x(t); x(t� �T )); t 2 [0; 1]x0 = x1p(x; T ) = 0: (14)In the following we assume that � < T . We set �� = �T�1. Note that a periodic solu-tion to (1) is arbitrarily smooth for all times (if f is arbitrarily smooth). Thereforeno time points have to be included in the mesh a priori, cf. section 4.A collocation solution u to the transformed BVP (14), corresponding to a mesh� on [0; 1] and collocation parameters fclg, is determined (cf. section 3) in terms ofthe unknownsui+ jm = u(ti+ jm ); i = 0; : : : ; L� 1; j = 0; : : : ;m� 1 and uL = u(tL)by the collocation equationsdu(ci;l)dt = � Tf(u(ci;l); u(ci;l � �� + 1)) when ci;l � �� < 0;T f(u(ci;l); u(ci;l � ��)) when ci;l � �� � 0 (15)for i = 0; : : : ; L� 1, l = 1; : : : ;m. Here, the same convention on the derivative of uholds as in the case of (8).Clearly, for BVP (2) the initial function, x0, is not known beforehand. But, theperiodic boundary condition is linear, and in constructing (15) we have used thisfact in order to eliminate directly the numerical unknowns corresponding to timest < 0. We did not eliminate u0 (because its value is used to determine u in [0; t1]),so we still need to require u0 = uL; (16)together with the phase condition p(u; T ) = 0: (17)6



In order to solve the combined nonlinear system (15), (16), (17), we apply Newtoniteration. Write c = ci;l and~c = � c� �� + 1 when c� �� < 0;c� �� when c� �� � 0: (18)Let integer k be such that tk � ~c < tk+1. Then (15) assumes the formmXj=0 ui+ jmP 0i;j(c) = Tf( mXj=0 ui+ jmPi;j(c); mXj=0 uk+ jmPk;j(~c)); (19)where P 0i;j denotes the derivative of Pi;j . After linearisation of (19) w.r.t. u, T weobtainPmj=0 P 0i;j(c)�ui+ jm � f(u(c); u(~c))�T � TA0(u(c); u(~c))Pmj=0 Pi;j(c)�ui+ jm�TA1(u(c); u(~c))�Pmj=0 Pk;j(~c)�uk+ jm + �Pmj=0 uk+ jmP 0k;j(~c)� �T 2�T�= ��Pmj=0 ui+ jmP 0i;j(c)� Tf(u(c); u(~c))� (20)where u(c) =Pmj=0 ui+ jmPi;j(c); u(~c) =Pmj=0 uk+ jmPk;j(~c)and A0(�; �) = @f@� (�; �); A1(�; �) = @f@� (�; �):Note that (19) is, through ~c, in general nondi�erentiable with respect to T whenevertk = ~c. We have (arbitrarily) chosen the right derivative when this occurs. Thenondi�erentiability can deteriorate the asymptotic quadratic convergence of theNewton iteration. However, since periodic solutions have continuous derivatives,we did not expect nor encountered problems in our test cases.We also deal with two variants to the above collocation scheme. Here, the valueof the collocation solution at ~c (\in the past"),u(~c) = mXj=0 uk+ jmPk;j(~c); (21)is replaced, in (19), by the value of an interpolating polynomial of (�xed) degreeq = k1 + k2 constructed through q + 1 mesh points in the neighbourhood of ~c,u(~c)! k+k2Xj=k�k1 u(tj)Qk;j(~c); (22)or, by the value of an interpolating polynomial de�ned according to equistage inter-polation (see [19], [20]), u(~c)! k+k2Xj=k�k1 u(cj;l)Rk;j;l(~c); (23)7



where Qk;j(t) = k+k2Yr=k�k1;r 6=j t� trtj � tr ; Rk;j;l(t) = k+k2Yr=k�k1;r 6=j t� cr;lcj;l � cr;l : (24)Integers k1, k2 are chosen such that the points tj and cj;l lie centred around thevalue ~c 2 [tk; tk+1]. Remark that, if the mesh points or collocation points usedin (22), (23), (24) have indices outside 0; : : : ; L they are appropriately substitutedusing 'periodic continuation' of � and u (as in (18)).5.2 Linear System Structure

Figure 1: Structure of the matrix arising in the Newton iteration in the case of method(16),(17),(19) and model (29) using a uniform mesh (left) and a non-uniform mesh (right)with L = 10 and collocation polynomials of degree m = 3 (n = 1, � = 1, T � 4:0964). Zeroelements are indicated by dots (�) and nonzero elements by crosses (�).Figure 1 visualises the structure of two matrices corresponding to two cases ofthe system of linear equations (20), (16), (17), which de�nes the Newton iteration.These matrices contain a (large) mLn� (mL+ 1)n block �lled with two (circular)bands. This block is bordered by one column and n + 1 rows. The extra columncontains derivatives with respect to the period; n extra rows contain condition (16),and one extra row arises because of the phase condition (17).The diagonal band is itself a concatenation of mn � (m + 1)n blocks. Theo�-diagonal band is a consequence of the delay term, its circularity is due to the(eliminated) periodicity condition. When the mesh is equidistant (uniform), theo�-diagonal band lies at a �xed distance from the diagonal band. This distance isapproximately equal to �� of the total matrix size. When the mesh is non-uniform,this distance changes (see �gure 1, (right)).In the case of ordinary di�erential equations, the linear system can be solvedwith a band solver. Then the band size is proportional to the system size n andthe (polynomial) degree m but it does not depend on the number of intervals L.For delay di�erential equations this is no longer possible. For moderate values of8



m, n and L the linear system can be solved with a direct method as we did in ourtests. E�ciency could be increased using, e.g., a chord-Newton method, in whichcase the Jacobian is not recomputed (and factored) in every iteration but remains�xed during a number of iterations.Figure 2 shows the structure of the matrices corresponding to the linearisedsystem of equations for the collocation variants de�ned by the replacements (22)and (23), respectively. As can be seen, both variants yield an increase in the size ofthe bandwidth of the o�-diagonal band, approximately by a factor q.

Figure 2: Structure of the matrices arising in the Newton iteration in the case of collocationvariants based on (22) (left) and (23) (right) for model (27) using a uniform mesh withL = 15, collocation polynomials of degree m = 3, and q = 5 (n = 1, � = 2, T � 5:3918).Zero elements are indicated by dots (�), and nonzero elements by crosses (�).We conclude this subsection by noticing that the technique of condensation ofparameters (cf. [2]) cannot be applied in our case except for the collocation variantbased on (22) because its interpolation procedure in the past only uses approxima-tions at the mesh points.5.3 Adaptive Mesh SelectionAdaptive mesh selection for BVPs for ordinary di�erential equations is achieved byequidistributing the integralK = Z 10 jx(m+1)(Ts)j 1m+1 ds;over the mesh intervals,Z ti+1ti jx(m+1)(Ts)j 1m+1ds = 1LK; i = 0; : : : ; L� 1; (25)where x(t) is scalar and j � j is the absolute value, see, e.g., [11, 2].The new mesh points, ti, satisfying (25) are determined using an approximationof x(m+1) obtained from the current mesh and collocation solution u.9
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The scheme then showed both (small) decrease in error for easy pro�les and (evenlarger than before) decrease in error for di�cult pro�les. We conclude with theformulae for the latter variant.Based on the old mesh points, ti, and the piecewise constant u(m), letdi = u(m)(�i+1)� u(m)(�i)12(ti+1 � ti�1) ; i = 0; : : : ; L;where �i 2 (ti�1; ti), �i+1 2 (ti; ti+1) are chosen arbitrarily and where 'periodiccontinuation' is used for d0 and dL. We approximateS(t) = Z t0 jx(m+1)(Ts)j 1m+1 dsby ~S(t) at the old mesh points using ~S(t0) = 0 and~S(ti+1) = ~S(ti) + (ti+1 � ti) jdij 1m+1 + jdi+1j 1m+12 ; i = 1; : : : ; L� 1;and assume ~S is linear between mesh points. If u is not scalar, ~S is computed foreach component as above and then summed over all components. The new ti's arenow easily selected from the monotonically increasing ~S by linear interpolation suchthat t0 = 0 and ~S(ti+1)� ~S(ti) = �~S = ~S(1)L ; i = 1; : : : ; L.6 Test ModelsIn this section we formulate the models we considered to test the collocation methodsdescribed in section 5. The periodic solution pro�les (scaled to the interval [0; 1])are displayed in �gure 3.Model 1 The following equation is a model for the regeneration of white bloodcells [14, 18] and is usually referred to as the Mackey-Glass equation,dxdt = ax(t) + b x(t� �)1 + xc(t� �) ; (27)where a, b, c, � are given parameters. For a = �1, b = 1:74, c = 10, � = 2 wecomputed an unstable periodic solution with period T � 5:3918.Model 2 The scalar delay di�erential equationdxdt = �x(t� 1)1 + x2(t� 1)1 + x4(t� 1) (28)was studied analytically (see, e.g., [22, 27, 31]) and numerically [15, 10, 26]. Itwas proven that at � = �=2 a family of periodic solutions bifurcates from the zerosolution and that stable periodic solutions of period T = 4 exist whenever � > �=2.Here we consider such a stable periodic solution at � = 2.11



Model 3 This is the well known delayed logistic equationdxdt = (�� x(t� 1))x(t); (29)cf., e.g., [17, 21]. We computed a stable periodic solution at � = 1:7 with T � 4:0964.Model 4 The following system models recurrent neural feedback [28, 9],� dvdt = h(v(t)) � w(t) + I(v(t� �));dwdt = � (v(t) + a� bw(t)) (30)with 8<: h(v) = v � v3=3;I(v) = � (v � v0);v0 = the unique real root of h(v0)� (v0 + a)=b+ I(v0):This system exhibits a stable spiked periodic solution for parameter values a = 0:7,b = 0:8, � = 0:08, � = 25, v0 � �1:1994 and � = �2 with T � 50:7326.7 ResultsIn this section we discuss our numerical results. For a given mesh � we compute(approximations of) the continuous error EC and the discrete error EI , de�ned byEC = maxt2[0;1] kx(T t)� u(t)k; EI = maxi=0;:::;L kx(T ti)� u(ti)k;where x denotes the exact periodic solution, u denotes a collocation solution, andk � k is the Euclidean norm. To this purpose, we �rst computed a reference solutionfor x, using L = 1000 subintervals. Next, we compared the reference solution to u(for L = 10; : : : ; 200) at a very �ne mesh in order to compute EC , and at (only) themesh points in order to compute EI . As a phase condition, we �xed the value ofone component of the solution at t0 = 0. We show observed orders of convergenceand the results of adaptive mesh selection.7.1 Numerical Order ResultsIn this subsection the mesh points are always taken equidistant, i.e., hi = h fori = 1; : : : ; L.First we concentrate on the collocation method (16), (17), (19). Figure 4 showsthe evolution of EC and EI for collocation solutions with m = 4 as h goes to zerousing equidistant collocation points (collocation parameters fclg = f18 ; 38 ; 58 ; 78g) (left)and Gauss-Legendre collocation points (right). Clearly, an O(hm) versus O(hm+1)convergence behaviour is apparent. We have approximated the slope of the graphof the continuous error EC by means of a least squares �t on (all) the results forL = 100; : : : ; 200. Table 1 summarises the obtained convergence orders of EC for12
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Figure 4: Evolution of EC (+) and EI (�) in the case of model 1 and the collocation method(16),(17),(19) with m = 4 using equidistant (left) and Gauss-Legendre (right) collocationpoints.m = 2; 3; 4. For oddm, a numerical convergence behaviour of O(hm+1) is also foundin the case of equidistant collocation points. This feature seems to be a consequenceof the speci�c choice of the collocation parameters and it disappears if they are notchosen symmetrically with respect to 1=2. The table clearly shows agreement withthe result of theorem 4.1 for IVPs for DDEs (and with results for BVPs of the form(4), see [4, 7]).
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Figure 5: Evolution of EC (+) and EI (� and �) for models 2 (left) and 3 (right) based onthe collocation method (16), (17), (19) with m = 3 and Gauss-Legendre collocation points.Left: superconvergence of EI when L is a multiple of 4 (EI indicated as a �). Right: greateraccuracy for EI when �T L � 31:003 (1), �T L � 20:994 (2), �T L � 10:009 (3).Superconvergence at mesh points is not present in the EI curve of �gure 4 (right).According to theorem 4.2 it is recovered in the case of IVPs for DDEs for constrainedmeshes. The special situation that mesh points get mapped into mesh points (andcollocation points into collocation points) by the delay depends, for BVPs, both onthe model and the mesh [2]. More speci�cally, it occurs when k� = lT with k and13



m model 1 model 2 model 32 2.016 2.042 2.0043 4.008 4.009 3.9804 4.003 4.017 4.033 m model 1 model 2 model 32 2.992 3.004 3.0033 4.003 3.999 4.0014 5.003 4.990 4.927Table 1: Approximations to the orders of convergence of EC in the case of models 1{3 andthe collocation method (16), (17), (19) for L = 100; : : : ; 200 using equidistant (left) andGauss-Legendre (right) collocation points.
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Figure 6: Evolution of EC (+) and EI (�) for model 3 based on collocation variants (22)(left) and (23) (right) with m = 3, q = 2m� 1 and Gauss-Legendre collocation points.l integer and (equidistant) mesh points with L a multiple of k. This is the case formodel 2 where 4� = T whenever L is a multiple of 4. During computations, thisrelation holds only approximately as T is computed with �nite accuracy. Neverthe-less we numerically observe superconvergence, see �gure 5 (left). We further observethat, when the period and the delay are not commensurate, EI is generally smallerwhenever L is such that �T L is near an integer number (that is, whenever L is amultiple of k and �T � lk for some k, l), see �gure 5 (right).m model 1 model 2 model 32 4.009 3.991 4.0203 5.900 5.736 5.9804 7.776 7.379 7.814Table 2: Approximation to the orders of convergence of EI for models 1-3 using colloca-tion solutions based on collocation variant (22) with L = 50; : : : ; 100 and Gauss-Legendrecollocation points.We now consider the two variants of the collocation method (16), (17), (19)where, instead of using the collocation solution in the past, the interpolation formula(22) or (23) is applied. Figure 6 shows the evolution of EC and EI when u(~c) isreplaced by an interpolating polynomial of degree q = 2m � 1 through q + 1 meshpoints tj according to (22) (left), or through q + 1 collocation points cj;l according14



to (23) (right). The obtained convergence orders for EI in the case of the variantbased on (22) are summarised in table 2. In both cases, we observe superconvergencebehaviour for EI , which is in agreement with theorems 4.3, 4.4. Further, if h issu�ciently small, both variants have essentially the same continuous error EC asthe original collocation method, cf. �gures 5 (right) and 6.
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Figure 7: Evolution of EC (+) and EI (� when L is a multiple of 4, � otherwise) for model2 based on collocation variant (23) with m = 3, q = 2m� 1 (left) respectively q = 2m+ 3(right) and Gauss-Legendre collocation points.Though, for EI , O(h2m) is the maximum order of convergence, we observed that,for the collocation variants, EI can be further decreased for small h by choosingq > 2m� 1. This is illustrated in �gure 7 (compare left to right for points where Lis not a multiple of 4).7.2 Adaptive Mesh SelectionWhen the mesh is uniform formula (26) implies that the error is locally proportionalto the (m + 1)-th derivative of the solution pro�le. This correspondence is clearlyvisible in �gure 8 and was observed in several other tests as well.On pro�les without steep gradients (�gure 3, models 1-3) little bene�t can beexpected from an adapted mesh in comparison with a uniform mesh. However, asmentioned in section 5.3, AUTO's adaptive mesh selection can, at times, increasethe error for the case of DDEs. This unfavourable feature does not disappear ash goes to zero, see �gure 9 (top). Instead, it was (almost completely) removed byslightly changing the scheme as described in section 5.3. We might also note thatwe did not observe this feature in a small number of tests on periodic solutions ofordinary di�erential equations.The periodic solution of model 4 exhibits steep gradients and we successfully usedadaptive mesh selection to decrease the errors signi�cantly. Here too, the variantdescribed in section 5.3 gives better results (see �gure 9 (bottom)). The evolution,for this example, of both EC and EI versus L are shown in �gure 10. Note thatan increase of more than three orders of accuracy is gained by adapting the mesh15
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8 ConclusionsCollocation, based on piecewise polynomials, is considerably successful in the nu-merical solution of (periodic) BVPs for systems of ordinary di�erential equations.It is, e.g., used in the software packages COLSYS/COLNEW [1, 5] and AUTO [11].In this paper we investigated the use of collocation methods for computing periodicsolutions to delay di�erential equations.We studied three collocation methods, two of which are based on alternativeinterpolation procedures for approximating the delayed term. The presence of thedelayed term in
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