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In this article we give a state space approach to orthogonal rational functions and how they can be used in
system identification. The main result is a recursive algorithm to find the minimal balanced realization of a
product of successive rational inner functions. It generalizes an algorithm by Heuberger et al. who considered
the case of powers of a fixed rational matrix inner function. We extend this to the general block form which
allows to consider a product of inner matrix functions. This realization can be used to find an orthogonal

basis of rational functions.

1. Introduction

In recent years, there has been an increasing interest in the use of orthogonal rational functions
in linear system theory [1,2,5,9,6,8,12].

If we want to represent for example a stable transfer function, we can use the classical basis
{z*}, which leads to a Laurent expansion of the function which uses Markov parameters. Typical
approximants are then obtained by truncation or (minimal) partial realization methods. However, in
general, these methods do not give good norm-approximation and are numerically unstable. To over-
come this problem one may switch to an orthogonal polynomial basis. This is better for least squares
approximation and for numerical stability. But still those bases may give some convergence problems
for the supremum norm, unless special summation techniques (e.g. Fejér- or g-summation [7]) are
used and if convergence occurs, it may be very slow. The latter problem is especially crucial if there is
a pole close to the imaginary axis or the unit circle (depending on whether one considers a continuous
time or a discrete time system). This was the reason why one started to use approximants belonging
to subspaces of rational functions (rather than polynomials) whose poles are prescribed in advance
and which preferrably should be close to the actual pole of the system. Good approximations may
already be obtained with only few terms in the orthogonal expansion which may lead to a considerable
data reduction. We also mention here that Fejér-summation can be generalized to orthogonal rational
functions with respect to an arbitrary measure p on the unit circle (instead of the Lebesgue measure).
See [10].

Let us consider a discrete time system, with a stable proper transfer function f. Thus f isin the
Hilbert space H3(E) of square integrable functions, analytic in EUT, where E = {z € C: |z| > 1} and
T={zeC:|z|=1}.

* This work is partially supported by the Fund for Scientific Research (FWO), project “Orthogonal systems and their
applications”, grant #G.0278.97 and the Belgian Programme on Interuniversity Poles of Attraction, initiated by the
Belgian State, Prime Minister’s Office for Science, Technology and Culture. The scientific responsibility rests with the

authors.



The polynomial basis {z7%}2 , is orthogonal and complete in Hy(E), i.e. any function in Hj(E)

can be approximated arbitrary close in Lo-norm by a polynomial in 2~'. The truncated expansion
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is the best (in least squares sense) approximation of the transfer function f in the subspace £, =
span{l,z7% ... 27"},
The idea is to generalize this to the setting where
z
Lo = {—n Pn(2)
Hk:l (Z - Oék)

where II,, is the set of polynomials in z of degree at most n and all «ay lie in the open unit disc
D= {z € C:|z| < 1}. Remark that if all aj, = 0, then £, reduces to the set of polynomials in z=! of

degree at most n as before.

:pneﬂn}7

Now we want to construct a set of orthogonal rational functions ¢y such that ¢, € £, \ £,—1 and
¢, L L£,_1. The most popular among the orthogonal rational functions are the Kautz and Laguerre
systems. For a survey of the history and applications, see [5,9,8,1]. In the Laguerre case, the oy are
all equal to some o« € . They are appropriate for modeling dominant first order dynamics. For
second-order dynamics, the Kautz-system is used where there are only two different «y, which are
complex conjugates and repeated an infinite number of times.

In [5,8] this idea is generalized a step further in the sense that there are d different oy that are
cyclically repeated infinitely. A further generalization is achieved in [6], where an arbitrary sequence
a = {ay,ay,...} C D denotes the prescribed poles. The orthogonal rational functions are known as
the Malmquist basis [11, p. 224]. In a sequence of papers, summarized in the monograph [3], more
general orthogonal rational functions are considered. They are more general in the sense that they
are orthogonal with respect to an arbitrary measure g on T. These orthogonal rational functions were
first considered by M.M. Djrbashian, see [4] for a survey and references of his work.

It is our intention of this paper to show that the state space approach that was used in [5] to
treat a finite number of poles that is cyclically repeated (henceforth called the cyclic case) can be
generalized to an arbitrary sequence of poles.

We follow rather closely the approach used by Heuberger, Van den Hof and Bosgra in their paper
[5]. This paper shows that their ideas fit in a more general setting.

This article is built up as follows. In the second section some notations and results are sum-
marized. Our main results, Theorems 3.1 and 3.2, are stated in section three. The fourth section
discusses the minimal balanced realization of a square inner function of degree 1. This could be used
in a recursive algorithm to construct the minimal balanced realization of a product of inner functions.
In section five, such a general block form algorithm is given, which is also the generalization of what
is done in [5]. Section six contains the proof of our main results, Theorems 3.1 and 3.2. In the last

section we give our conclusions and some special cases.

2. Preliminaries

In this article we will only consider discrete time signals and systems. Here are some notations

that are used troughout this article.



()" Hermitian conjugate = complex conjugate of the transpose: (.) ;
RP*4 set of p X ¢ real matrices;

Crxa set of p X ¢ complex matrices;

Z set of integers;

N, Ny set of positive, resp. stricly positive integers;

T, D, E the unit circle, its interior (the unit disc) and its exterior, resp.;

(7%9[0,00)  space of square summable p x ¢ matrices on N; (5[0, 00) = £3*7[0, 00);

HY*(E) space of all p X ¢ matrix functions that are square-integrable on the unit circle and
analytic in E; HY(E) = H,*"(E);

RHY*Y(E) The rational functions in H3*?(E);
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I~ |2 spectral norm of a matrix (maximum singular value);

LPxq set of all rational px ¢ matrix functions of McMillan degree at most n, with prescribed
poles aq, ..., ay;

€; the 7th Euclidean basis vector in R";

I, the n X n identity matrix;

i Kronecker delta, i.e. 1if ¢ = j and 0 otherwise;

® Kronecker matrix product;

H(f) (Block) Hankel matrix with symbol f, i.e., whose (7, j)th (block) element is #;;(f) =
firio1 , with f(2) = 3272, frz~*, the Laurent expansion of the stable transfer
function f.

The rational MIMO transfer function f(z) € RHJ*?(E) has a n-dimensional state space real-
ization (A, B,C, D) with A € C**" B,C* € C*? and D € C™X7 if f(z) = D+ C(zI — A)~'B.
A realization is minimal if the size of A is minimal. This minimal degree is called the McMillan
degree. The realization is called stable if all eigenvalues of A lie strictly within the unit circle.
The controllability Gramian P and observability Gramian ) are defined by the Lyapunov equations:
APA*+ BB* = P and A*QA 4+ C*C = (. A stable realization is called balanced if P = ) = X, with
Y =diag(oy,02,...,0,), 01 > ... > 0,, where o; are the positive Hankel singular values. A function
is called inner if it satisfies [f(1/2%)]*f(2) = 1.

In the article by Heuberger et al. [5] the construction of a generalized orthonormal basis is
developed. 1t is done by using the minimal balanced state space realization (A, B,C, D) of an inner

transfer function . The following result was shown.

Theorem 2.1. Let G be a g X q inner transfer function with McMillan degree n > 0, having a Laurent
expansion G(z) = 3520 Grz™F with ||Go|| < 1, and let (A, B,C, D) be a balanced realization of G.
Denote

Vi(2) = z(21 — A)7IBGH(2).
Then the set of functions {eiTVk(Z)}i:17,,,7n;k:07...700 constitutes an orthonormal basis of the function

space HI(E).

Consider the SISO case (¢ = 1) and assume n = 1. Then the inner function G is just a Blaschke
factor ((z) = (1 — a*2)/(z — ) (o € D). Thus, what this theorem actually does in this case is

orthogonalizing the sequence {Ck}iozl The resulting orthogonal rational functions are the well known



Laguerre functions

)k—l

d(2) = /1 - |a|22%, k=1,2,....

This is easily generalized to orthonormalizing a sequence of basis functions, which are not the powers
of one Blaschke factor, but of a Blaschke product, i.e., a product of n different Blaschke factors with
poles {ayq,...,a,} C D. Thus these poles are repeated periodically. This can be useful for system
identification when one has information about n poles of the system. In that case G is a scalar
inner function containing these n poles. In mathematical terms we have G(2) = (1(2) - - - (o (%), with
Cr(z) = (1 —az2)/(z — ai). By taking powers of GG, these n poles are cyclically repeated. This is the
SISO case with n > 1 of Theorem 2.1. See [9].

What we want to do is generalize this idea in the sense that we do not repeat the poles, but add
new poles at each step, which may or may not be a repetition of a previous one. In this case we will
need to put some restrictions on the placement of the poles, see (2.4).

By a we denote the sequence of numbers {ay, as, as,...} C D.

The Blaschke factors (i are defined as
1l—ajz
ck(z):ﬁ, k=1,2,.... (2.1)
Note that this definition is somewhat different from the one used in [3] where the poles were assumed
outside the unit disc. The reason is that we want our poles to lie inside the unit disc to get stability

in a system theoretic sense.
The Blaschke products G are defined as

Go(z)=1; Gip(z) =Cl(2) - -C(2), k=1,2.... (2.2)

Recall that we consider here the scalar (SISO) case where ¢ = 1. Then a scalar inner function Hy = ¢y,
of degree one, is added to the system in step k.

The Gy have Laurent-series expansions around oo, given by
Gk(Z) = ZGkJZ_k. (2.3)
=0

In the scalar case it is most convenient to set oy = 0 to keep in touch with the theory in [3]. It does
not affect our results much, but makes the proofs a lot easier.

The spaces Ly of rational functions of degree k are defined as
Ly =span{Go,G1,...,Gi}.

The union of all the Ly is denoted by L.

c=] L.
k=0

The condition for the poles not approaching the boundary too fast, is reflected in the Blaschke

condition
> (1= |ag]) = oe. (2.4)
k=1

This condition is equivalent with the divergence of the Blaschke products G: they go to zero uniformly
in |z| > r > 1. It is also a necessary and sufficient condition for the density of £ in Hy(E) [3,6].



The main theorem concerning the scalar case is formulated below as Theorem 3.1.

In the matrix case, we can consider square inner functions Hy of size ¢ X ¢ having a McMillan
degree n. There are of course many possibilities. For example (;(2)/, is an inner function with
McMillan degree equal to ¢ with a pole «ay of multiplicity ¢. This can be generalized a bit more by
considering diag((y, Cy, ..., () which is also a degree ¢ inner function. Another interesting case is a
general ¢ X ¢ inner function of McMillan degree one with one prescribed pole in o« € ID. The most

general form of such an inner function is given now.

Lemma 2.2. A general g X q inner function of McMillan degree 1, with a pole in o € D is given by

Z(z)=N|I, — wu™|, (2.5)

with NN* = N*N = I, and u € C*! satisfying u*u = 1 — |a|®. The factor N is a normalization
putting: Z(1) = N.

Proof. See appendix. O

Thus, if we let Hyp = Z; be such an inner function with pole ay, then we can again construct inner

functions as in the scalar case:
Go(z) =1, Grlz) = Hi(z)---Hi(2), k=1,2.... (2.6)

Note that the matrix Blaschke factor Hy is premultiplied. Again we assume Laurent series

00 00
Hi(z) = ZHk,jZ_j and Gg(z) = ZGsz_j.
j=0 j=0
Of course the same can be said about a general factor Hy which is inner, of size ¢ X ¢ and of degree my.
In [5], all the Hj were the same. The main result about this general case is formulated in Theorem
3.2.

Before concluding this section, we give some additional results needed for our main results in
the next section. We have the following remarkable fact for a Hankel matrix of an inner function [5,

Proposition 4.2].

Proposition 2.3. Let G(z) be a square inner function with McMillan degree n > 0. Then a singular
value decomposition of H(G) satisfies

H(G) = UV™,

with U, V- € C**™ wnitary, and the pair (U, V) is unique modulo postmultiplication with a unitary
matriz T € C**".

Thus all the Hankel singular values of an inner function are equal to 1.

Another property is the following.

Lemma 2.4. Let G be a ¢ X q inner function with Laurent expansion G(z) = Y 7=, Grz"F. Then

> k=0 Z_H'Gk = 6,01y, 1 €N, and also

|IGkllz <1, keN. (2.7)



Proof. The first part is given in [5, Proposition 4.1]. It immediately follows from the fact that for
z € T we have for an inner function & that G*G = I,. Replacing G by its Laurent series gives the
result. In particular we have } 72, G3Gy = I, so that for all k € N, I, — G3G > 0 (inequality in the

sense of positive definite matrices). Hence ||G|l2 < 1. O

We have a nice property for the Laurent coefficients of the limit of a sequence of inner functions.

Proposition 2.5. Let Hy € RH{*(E) be a sequence of inner functions of finite McMillan degree
mg. Then G, = H, ---Hy is an inner function of McMillan degree Y j_; my. Suppose also that
limy, oo G (2) = 0 uniformly in &, = {z € C: 1 < r < |z| < oo} Assume G,(2) = S22, Gmkz_k.
Then Gy — 0 for allk € N as n — oo.

Proof. We know that the Laurent coeflicients of G, are given by
1
Gn,k = % Tan(Z)Zk_le
where T, := {z € C: |z] = r > 1}. Choose k € N. Because lim,_,~, G',(z) = 0, we find for every ¢ > 0
a sufficiently large n, such that (for any norm) ||G/,y(2)|| < -5, uniformly in E.. Thus for large enough

n, we can make |G, || arbitrarily small. Thus G, — 0 as n — oo. This proves the statement. O

3. Main results

The first theorem we can prove is the following.

Theorem 3.1. Let {G}72, be an infinite sequence of scalar Blaschke products, defined as in (2.2).
These are inner functions with prescribed poles in «. Suppose that these Gy have Laurent-series
expansions (2.3). Let (Ak, Bk, C, Di) be a minimal balanced realization of Gy (z) with k > 1. Suppose
that the poles o satisfy (2.4) and denote

Wk(z) = Z(ZI — Ak)_lBk.

If we let k tend to oo, then the entries of Wy converge to a complete orthonormal system for the

function space Hy(E).

The previous theorem shows how one pole, i.e. one Blaschke factor, can be introduced at a time. In
[5] there are n different poles that are cyclically repeated. These n poles are added simultaneously
so that in each update, the n different poles are repeated. A generalization that we give here is that
we add in the kth update my poles. The number of poles m; can differ in each step and the poles
introduced may or may not be a repetition of previously introduced poles. At the same time, we shall
also allow the inner functions to be square of size ¢ X ¢ as it was formulated in [5].

As suggested by Proposition 2.5, we replace the condition (2.4) by the more general condition
lim G,(2) =0, uniformly forall z€E. ={z€ C:|z| >r > 1}. (3.1)

It is needed to guarantee that the resulting orthogonal functions will span the whole Hardy space.
(—af). It is well known that the divergence of J]|a;] is
equivalent with the divergence of the series Y (1 — |a;|). For example if all the aj are in a compact

subset of D, then |G, o] < T, [H; ol — 0.

In the scalar case ¢ = 1, then Gy = H;?:l



In [5] the Hj are all equal and it is required that ||Hjol| < 1. In that case also ||G, o] < |[Hpol|” will
vanish as n — oo.

The general block form of the theorem is then as follows.

Theorem 3.2. Let {H(2)}72, be a sequence of ¢ X ¢ rational inner functions, with minimal balanced

realizations (A, By, Cx, D), having McMillan degree my, > 0. From this sequence we generate
Gn(z)=H,(2)---Hy(2).

The function G,, will be inner and have McMillan degree d,, = 3 ;_, my. Suppose that the sequence
{Hp(2)}72, is such that (3.1) holds. Denote

Vi(2) = 2(21 — A) " B.Gao1(2) € RHY™ (E).

Then the set of functions {€Vi(2) }iz1... mpik=1,2,.. constitutes an orthonormal basis of the function
space HI(E).

We can also formulate the analog of [5, Corollary 3.2].

Corollary 3.3. Let G, and V, be as in the previous theorem. Then there exist Dy € CP*? and for
k>0, there are Ly, € CP*™k such that for f € HY*Y(E) we have f(z) = Do+ 271 322 o LiVi(2).

Proof. See Appendix. O

4. Minimal balanced realization of inner functions of degree 1

In this section we look at the minimal balanced realization of an inner function of degree 1.

Lemma 4.1. The elementary degree one inner function given in (2.5) has a minimal balanced realiz-
ation given by

*

(A, B,C, D)= (a,u*,ll__iofiNu,N(I— 1““ )). (4.1)

— o

Proof. This is immediately checked by direct computation. O

1_%* this is a Blaschke factor {;. A minimal balanced

In the case ¢ = 1, @ = ay, and setting N = 5=

realization then specializes to

(A, B,C, D) = (g, /1~ |aw|2, /1 — |2, —a) (4.2)
which is of course easily derived in a direct way by rewriting the Blaschke factor as
1— oz . 1 —agl?
(o) = L0 gy Lol
z— z— ay

Note that in the general expression, D has the singular values (1,1,...,1,|a|) so that || D||; = 1.
We see that if the Hy are rank 1 inner functions of size ¢ X ¢, with ¢ > 1 then the spectral norms
of the factors are |Hy ||z = 1 while it may well be that Gy, o goes to zero. This is why we need the

more general criterion (3.1).



5. A recursive algorithm to find the minimal balanced state space realization of a

product of inner functions

In this section we prove the general block form of a recursive algorithm to generate the minimal

balanced realization of the inner function G,,. The theorem is as follows.

Theorem 5.1. Let {Hy(2)}72, be a sequence of ¢ X q inner transfer functions, with minimal balanced
realization (A, By, Ci, Dy) and with McMillan degree my. Denote
Gn(z)=H,(2)---Hy(2).

Then {G,(2)}52, is also a sequence of ¢ X ¢ inner transfer functions. We denote their minimal
balanced realization as (A, B, Cy, D,).

1. The McMillan degree of Gy, is dy := )y my.

el 2
lm J

Ch= D nCro1 Cn};
D,.=D,D,_1,

2. The following recursion is valid.

wlth (Ah B17 017 Dl) = (-/417 817 Cl7 Dl)
Before we start the proof, we have to give the following lemmas.

Lemma 5.2. With the notation of Theorem 5.1, we have

(ZI— An_l)_l 0

I—A,) " =
(= ) (2l — A) B, Cry (21— Ay )™ (2T - A

Proof. The proof is a simple calculation. O
We also need the following result [5, Proposition 5.2.].

Lemma 5.3. (A, By, Ck, Di) is a balanced realization iff
S = Ly, = D57,

where X is the system matriz

This happens iff

AkC;;—I—BkD*:O; CkC;;—I—DkD*:I;

5.1
BiAy+DiCr=0; BiBy+ DiDy=1. 5-1)



Proof of Theorem 5.1.

1. This follows directly from the the size of the matrix A, constructed above and the fact that the

realization is minimal.

2. We prove this by induction on n.
For n = 1 it is valid, because of the starting values (Ay, By,Cy, Dy) = (Ay, By,Cq, Dy).
If it is valid for ¢ < n, then we have to show its validity for n.

First we prove that it is a realization of G,.

Cn(zl — A)'B, + D,
(ZI— An_l)_l 0

B,+ D,
(2 — A) B, Crqy (2] — Ap)™h (21— An)_ll -

= {,Dncn—l Cn} l
Bn—l
:[(Dn4-&421—,mg—18mca_1@1-An_g—l cngf-AnyJ}[ ]4—DnDn_1
BnDn—l
= Hn(Z)Cn—I(ZI - An—l)_an—l + Hn(Z)Dn—l
=H,(2)G-1(2) = G.(2).

We only need to prove its balancedness. This means

A A% + BB =1T;
AA, +C*C=1.

Therefore we will need (5.1) which is valid for every minimal balanced state space realization of an

inner transfer function. We will only prove the second relation. The first can be proven similarly.

A c*_ B* An_q 0 C*_ D
A*An C*Cn: n—1 n—1%~n n n—1%n Dncn— Cn
nin e [0 A:HBnGn-l AJ*[ c; M 1
AL A O BB Cy Cr_ B A,
Cr_D:D,Ch_y Cr_D:C,
C:D,Crt CrC,
_ AZ—lAn—l + 02—1(87*1871 + D:Dn)cn—l ;—I(B:An + chn) =7
B (A*B, +C*D,)Cp_y A A, +CxC, -
Here we used the balancedness of (4,1, Bu—1,Ch-1, Dp—1) and (Ay, B, Cpn, Dy). O

By substituting the appropriate matrices, this can be specialized to the case where the McMillan
degree of Hj is one i.e., when we choose Hp = Z; as described above. Another special case is

g = myp = 1, so that Hy is just a Blaschke factor (.

6. Proof of the main results

We now are able to prove the main theorems. We first prove the simplest scalar case separately.
The G/ are then the Blaschke products. We assume as before that a; = 0 so that (41, By,Cy, D1) =
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(A1, B1,C1,Dy) =(0,1,1,0). Also we know that (Ag, Bi, Ck, Di) = (ak, /1 — ag]?, V1 = Jag]?, —ar)

and the orthogonal functions are given by [6]

_ 2
izl e o) ks, (6.1)

Z— Qp

Or(z) =z
and span{¢y, ¢z, ...} is dense in H(E) iff (2.4) holds.

Proof of Theorem 3.1.
We prove the theorem by induction on k.

For k =1, we have from section 2 (recall ay = 0)

This is in correspondence with (6.1).
If it is correct for all ¢ < k, then we have for ¢ = k that

Wi(2)=z(z1 — Ap) "' B
_. [ (2] = Axy) ™ 0 ] [ B ]
(z—ar) 'V =[] Cror (2] = Apa) ™" (z—ap)™!] | VI =[x Diy
2(2l — Ap_1) 1By
B (/T S P - MY ) Y

Z—Qg

_ Wi—1() _ [Wk—l(z)]
G o) T L e ]
Here we used Lemma 5.2. O

If we denote with (Ayg, B, Ck, Di) the minimal balanced realization of the Blaschke factor i (this

is consistent with the block form notation in the case Hy = (), then it is easy to see that
or(2) = 2(21 — Ap) " 'BrGr_1(2),

with G, the Blaschke product as defined above.
This can be generalized to the general block form. This is what Theorem 3.2 states. Before we

prove this theorem, we make the connection between the V- and the W-notation.
Lemma 6.1. Consider the inner functions Hy and G, = H,, - - - Hy with minimal balanced realizations

(Ax, Bi, Cr, Dy.) and (A, B,,,C,,, D,) respectively. Recall the definition Vy, = z(2I — A,) " B,Gn_1(2),
and define

Then W, (z) = z(2I — A,) "' B,,.

Proof. For n =1 this is trivial.
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If it is valid for ¢ < n, then we find for n
Z(ZI— A )_1B _ . (ZI— An—l)_l 0 B,
e (21 — Ay) ' BoCry (2] — Ap1)™t (21— A)" Y| | BuDuy
P (ZI - An—l)_an—l
(ZI - An)_lgn(cn—l(ZI - An—l)_an—l + Dn—l)

_ Wa1(2) _
- L«(z] AN BuGa (5] T )

O
Now we take a look at the Hankel matrix H(Gy). We set by definition
GriGraGraz---
GroGraGra---
H(Gy) = (6.2)

GraGraGrs---

We have the following lemma (compare with [5, Lemma A5]).

Lemma 6.2. Let {H;(2)}2, and {G;(2)}2, be as in Theorem 3.2. Suppose that (3.1) is satisfied.
Use the notation Hy, to denote the Hankel matriz H(Gy) as defined in (6.2). Then for all i € Ny, we

have

lim max || (HpH);; — 6ij1yl| = 0.

k—oo jENg

Proof. Consider the (¢, j)th block element of H}Hy. For j > ¢ we find

(Hi M), Z GrittGr it

=0
i—1
=0iily — Y G5 Griyjmi-
=0
Thus
i—1
| (HeHe)i; — Sisly|l =D Gh i Gragimi
=0

1—1
SZHGMH = Ry(i = 1),

Because lim,_,o, G ; = 0, we find that limg_o Rp(t — 1) =

For j < ¢ we get by the same arguments
| (HEMr);; = didgll < Ri(5 = 1).
Because Ri(j — 1) < Ri(i — 1), we find that for all ¢, 57 € Ny
||(7‘l};7‘lk)”—5”1q|| < Rk(i— 1) —>07 k — oo.

This completes the proof. O

Now we are able to prove the main theorem.
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Proof of Theorem 3.2.
We know from Proposition 2.3 that for every k the Hankel matrix #(G) has a singular value decom-

position
H(Gy) = YT,

with ['9, (I'5)* € C*% and unitary, i.e., (I9)* T = I;, = [5(I'{)*. These matrices are the observ-
ability and controllability matrix of the system. This can be seen as follows. Recall that the matrix

functions Vj(z) and Wi(z) from Lemma 6.1 are related by

Vl (Z)
Wk (Z) _ VQ‘(Z)
Vi(2)

Suppose Wi(z) = 322 W2~ and define the matrix Wy = {Wkp Wia.. } Then we prove that
I't = Wi. Recall that Wy (z) has dj scalar rows. We also show that the functions ¢y (2) = >°72, (b;m'z_i,
defined by

1,0 1,17

$2,0 P2,

Wy = ., ¢y € CHX9

Ddy0 Pt -

for k=1,2,... are complete in Hj (E).
First we take a look at G'x(z). It has a minimal balanced realization (A, By, Ck, D). Thus

Gk(Z) =D.+ Ck(ZI — Ak)_lBk = ZGkﬂ'Z_i,

=0
with
Gro=D
k,O k? _1 ] (6,3)
G :CkAz B, ¢>1.
We know that Wi(z) = z(z1 — Ag) "' By, from Lemma 6.1. Thus
Wi = AyBy, i>0. (6.4)

Because the realization (Ag, By, Ck, Dy) is balanced, it is easy to see that Wy, is unitary because
0 . .
WiWg =Y A BiBi(A7) = 1.
=0

For I'?, we can use (6.2) to obtain that
[, =CyA}, i>0.

By again using the balancedness, we find that also I'{ is unitary since
(C7) T3 = 3 (A7) CrCrAy = 1.
=0
Thus the rows of Wy € C%*> form a set of dp orthonormal sequences {¢; ;lil in (3]0, 00).

Because of the fact that the Z-transform is an isometric isomorphism from (3[0,00) — HJ(E), it is
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clear that the functions {¢;(2) ?il are a set of dj orthonormal functions. We still need to prove that
the set {¢;(2)}52, is complete in Hj (E). We have

$1(2)
Wi(s) = ¢2FZ)

(bdk‘('z)

By definition {¢;(2)}52, is complete in Hj(E) iff Yo = ()52, € (3[0,00) : (¢g, ) = 0 Vk = 2 = 0.

With * = [zg 1 ...]", we have that if (¢, z) = 0 for all £ > 1, then Wja* = 0 for all k € Ny,
hence also W} Wyia* = 0 for all k¥ € Ng. When e; is the ¢th unit vector, and E; = e; @ I, then the ith
block row of this equation is [WWy]ua™ := EX[WiWy]ia™ = 0 (we assume g < dj). Thus

[lil| = [V Wiliw = ET)a™|| < [[IWEWilie = EZ| {2]]-

Since WiWy, = WX (L) TiWy = (H(Gy))*H(GY), it follows from Lemma 6.2 that limg_ oo |[[WWi]ix—
E¥|| = 0, which implies that z; = 0. Because this holds for arbitrary ¢ € N, we may conclude that
x = 0. This proves the theorem. O

7. Conclusions

We have shown that there exists a recursive method to find the minimal balanced state space
realization of an inner function given as a product of inner factors. This realization gives rise to an
orthonormal basis of the function space HJ(E), which can be of great use in system identification.
The theory we describe here is a generalization of the one presented in [5]. To conclude, we mention

3 special cases of this theory in the scalar case, i.e., when ¢ = 1.

1. First we take m; = 1 and «a; = 0 for all ¢. This means that all H;(z) are equal to 1/z. Then we
find the pulse basis.

2. When we take m; = 1 and a; = a for all 4, with @ € D, then we have that H;(z) = 1=a"2  We now

zZ—a

find the Laguerre basis.

3. When we take m; = 2, a1 = a and agg = a* for all ¢, with @ € D, then we find the Kautz basis.

8. Appendix

Proof of Lemma 2.2.

The most general function with pole z = ais Z(z) = Zy+ Z1/(z — «). Thus for a degree one function
we need a rank one matrix for Z;. We write it as Z; = wv*. We normalize it by making Z(1) = N
with N*N = I,. This is obtained by setting

wo™

Zy=N —

l—a’

So that
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We express that [Z(1/2%)]*Z(z) = I, and use N*N = [, to get after multiplying out the denominator

N*uv*(1 — z) vu*N(1—1/2) vuruv*(l —1/2)(1 — 2)
z—a)1l—a) (1/z—a*)(1-0a*) (1/z—a*)(z—a)(l—-a*)(1-a)

=0
or, after rearranging terms
é +z2t" = (t4+t7) =0, with ¢t=(1—-a")N"uw"+ a(l —a)vu*N — vu"uv™.
Since this has got to be true for any z, we have t = 0. Thus, since
t—t"= (1 - ") N*uv* - (1 - a)?vu*N = 0,
we get after multilpying with v from the right
(1 —a")?*(voN*u= (1 - a)*(u"Nov)v,

so that

_ 2 %
N*u:(l a) UNUU

1-— o vty

or N*u = puv for short. Because u*Nv = p*v*v, we see that
_ ( -« )2 §
P= 1—-a* P

[(1= (@%)2)p+ (1 - a?)p" — 2(u"u)Jov™ = 0.

Use this in ¢ +t* = 0 to get

Hence, using u*u = uw*N N*u = |p|?v*v,

(1= (@) + (1= a?) 2 = 27 (),
Thus
_(-a)(d—af)
P oy (o)
We therefore have from v = pNwv
oy m2uwr o (L= 2) (1= ) Nev”
Ze)=N+ (z—a)1—a) N+ (z —a)(1 — a*)(v*v)

By normalizing v*v = 1 — |a|?, we finally have

(1 - z)vv*

* :1_ 2‘
C-al-ay]” " e

Z(z) = N |I, +

Proof of Corollary 3.3.
Define Dy = lim 0, f(2) and define h(z) = f(z) — Dg. Because we can consider each row of zh(z) €
HY*?(E) as an element in HJ(E), and because the ¢; form an orthogonal basis for HJ(E), there is a
sequence of complex numbers ¢ = ()72, € l2 such that for row ¢ of zh(z) we have

hin(2) = ) cindn(2) = Y_(Lj)iVi(2),
k=1 ]

J=1
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where (L;);« denotes row 7 of a matrix L; € CP*"

Gd;_y+1(2)
(Lj)ix = [ci7d]_1_|_1, .. .,ci7dj], and V;(z) = :

o0 (2)

Putting the rows of L together proves the corollary. O
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