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A. Bulteel, P. Van guht / Asymptotis of ORF 2Assuming that log�0 2 L1 (Szeg}o's ondition), then the spetral fator is de�ned byS(z) = exp( 14� Z ��� ei� + zei� � z log�0(�)d�) :This is an outer funtion in H2(D), whih implies that S and 1=S are analyti funtions in D andthat the radial limit of S(rei�) for r ! 1 exists. If we denote the boundary funtion again as S(ei�),or s(�), thus s(�) = limr!1� S(rei�) = S(ei�), then it holds that �0(�) = js(�)j2 almost everywhere on[��; �℄.A typial behaviour is that loally uniformly in E, we have �n(z)=zn onverges to the funtion1=S�(z), where for any funtion f , we de�ne its para-hermitian onjugate f� as f�(z) = f(1=z). Thisan also be expressed as zn�n�(z)! 1=S(z) uniformly in ompat subsets of the unit disk D .These results are standard and so are the onditions on the measure under whih these onditionshold.For the asymptotis of �n(t) when t 2 T, the literature is more subtle on the onditions thatshould be imposed for the measure. Under various onditions, various asymptotis were derived. Seefor example [4{7℄.Many results for orthogonal polynomials were generalized to orthogonal rational funtions. Thesegeneralizations have shown usefull for numerial quadrature and in several signal proessing and systemtheoreti appliations. A survey of urrently available results and some appliations are given in thereent monograph [2℄.The polynomial situation is generalized as follows. Given a sequene of omplex points f�kg1k=1 �D , one onstruts the Blashke fators �k(z) and the �nite Blashke produts Bn(z) as follows:�k(z) = zk z � �k1� �kz ; k = 1; 2; : : : with zk = (�k=j�kj if �k 6= 01 otherwiseB0 = 1; Bk(z) = �1(z) � � ��k(z); k = 1; 2; : : :The spae �n of the polynomials of degree at most n is replaed by the spae Ln of rational funtions:Ln = spanfB0; : : : ; Bng:When we introdue the notation (it is onsistently used throughout the paper)�n(z) = nYk=1(1� �kz) and ��n(z) = nYk=1(z � �k); k = 1; 2; : : :then we an also express Ln as Ln = fpn=�n : pn 2 �ng. By orthogonalization of the sequenefB0; B1; : : :g, one obtains the orthogonal rational funtions f�0; �1; : : :g. Note that if all the �k = 0,then the rational situation redues to the polynomial ase. In analogy with the polynomial situation,we shall all the oeÆient an inf(z) = anBn(z) + an�1Bn�1(z) + � � �+ a0 2 Lnthe leading oeÆient of f . We also denote for a funtion fn 2 Ln the reiproal funtionf�n(z) = Bn(z)fn�(z) = an + an�1Bn(z)=Bn�1(z) + � � �+ a0Bn:The leading oeÆient of �n will be denoted as �n: �n = �nBn + � � �. Note that �n = ��n(�n).



A. Bulteel, P. Van guht / Asymptotis of ORF 3The previous theorems about the asymptotis for the orthogonal polynomials were generalized tothe rational ase (see e.g. [2℄). Inside D the orthogonal rational funtions onverge loally uniformlyto zero, while the behaviour of �n in E is expressed by the behaviour of ��n in D : It holds that forappropriate �n 2 T �n (1� �nz)��n(z)p1� j�nj2 ! 1S(z) loally uniformly in D : (1.1)However, in the monograph [2℄, there is no theorem giving the asymptotis of �n on T. In this paperwe shall give the rational form of a theorem that an be found in Szeg}o's book [7, p. 297℄ for thepolynomial ase. If we suppose that d�(�) = w(�)d� is absolutely ontinuous and the weight w satis�es0 < m � w(�) � M < 1 uniformly in [��; �℄, and if it satis�es the Lipshitz-Dini ondition thenwith some additional onstraints on the asymptotis of the presribed points f�ig we shall prove that(1.1) also holds uniformly on Tand we shall give the rate of onvergene.For the asymptotis of the points � = f�k : k 2 Ng, we shall assume some limiting distributionthat is ontained in a ompat subset of D . Thus 1 � j�kj � d > 0 for some d > 0 that doesnot depend on k. Moreover, we assume that the ounting measure, that is the disrete measure��n := 1nPni=1 Æ�i that assigns a mass 1=n to the points �k for k = 1; : : : ; n, has a weak star limit ��,that is limn!1 R f(z)d��n (z) = R f(z)d��(z) for all ontinuous funtions f . We shall denote this as��n ��!n ��.Thus, unless stated otherwise, we shall assume the following onditions(AC) The measure � is absolutely ontinuous: d�(�) = w(�)d�, with0 < m � w(�) �M <1 uniformly in � 2 [��; �℄.(LD) The 2�-periodi funtion w(�) satis�es a Lipshitz-Dini ondition:8Æ > 0 : 9L > 0 : jw(� + Æ)� w(�)j < Lj log Æj�1��; � > 0;where L does not depend on � or Æ.(CI) The point set � = f�k : k 2 Ng is ompatly inluded in D , i.e. � � C with C a ompat subsetof D , and the assoiated ounting measures ��n onverge to some �� in weak star sense: ��n ��!n ��.Note that (AC) implies that the Szeg}o ondition logw(�) 2 L12� is satis�ed. From (CI) it also followsthat the Blashke ondition P(1�j�k j) =1 is satis�ed, whih means that the in�nite Blashke prod-ut B(z) = Q1k=1 �k(z) diverges. The requirement ��n ��!n �� allows us to write the root asymptotisfor the polynomials ��n in terms of logarithmi potentials of the ��. Reall that for a measure �, itslogarithmi potential is de�ned by V�(z) = � R log jz � �jd�(�). It an be shown [1℄ that ��n ��!n ��implies the root asymptotislimn!1 j��n(z)j1=n = expf�V��(z)g; z 2 C � supp(��);and lim supn!1 j��n(z)j1=n � expf�V��(z)g; z 2 Cuniformly in eah ompat subset of the indiated regions.The following is then a generalization of Theorem 12.1.3 of [7, p. 297℄.Theorem 1.1. Suppose that the onditions (AC), (LD), and (CI) are satis�ed.



A. Bulteel, P. Van guht / Asymptotis of ORF 4Then there exist a sequene of unimodular onstants �n 2 T suh that the orthogonal rationalfuntions �n satisfy �n (1� �nz)��n(z)p1� j�nj2 ! 1S(z) uniformly for z 2 D [T:The rate of onvergene is O(logn)��. Thus also, with the same rate of onvergeneP (t; �n)j�n(t)j2 ! jS(t)j2 = w(�); t = ei� ; where P (t; w) = 1� jwj2jt� wj2 ; t 2 Tis the Poisson kernel.The proof of this theorem will be given in the next setions. The idea is as follows. First we generalizethe notion of trigonometri or Laurent polynomials as being elements from the spae Rn = Ln � Ln�where Ln� = ff : f� 2 Lng. Thus if f 2 Rn, then f(z) = q(z)=[�n(z)��n(z)℄ where q 2 �2n is apolynomial of degree at most 2n. If all �k are zero, then Rn is the spae of Laurent polynomials ofdegree at most n.Then the inverse of the weight funtion: 1=w(�) is approximated arbitrary lose by a positivetrigonometri rational funtion, say gn(�). Thus w(�) � wn(�) = 1=gn(�) = 1=jhn(�)j2. The approx-imant gn(�) = Gn(ei�) with Gn 2 Rn�1 and hn(�) = Hn(ei�) where Hn 2 Ln�1 is the outer spetralfator of gn. The nth orthogonal rational funtion  n for the weight wn an be expliitly written interms of hn and it an be shown that Hn onverges to the inverse 1=S of the spetral fator of w, notonly in D but also on T. This gives the asymptotis for  n. It then remains to show that  n and �nhave the same asymptotis.2. Approximation of the weightFirst we prove that if (AC) and (LD) hold then also the inverse 1=w satis�es a Lipshitz-Diniondition of the same order.Lemma 2.1. Assume that the 2�-periodi funtion satis�es 0 < m � w(�) � M < 1 uniformly in[��; �℄, and if for all Æ > 0 there is some onstant L > 0 suh thatjw(� + Æ)� w(�)j < Lj log Æj�1��; � > 0;then there is some onstant K suh that for all Æ > 0���� 1w(� + Æ) � 1w(�) ���� < Kj log Æj�1��holds.Proof. This is obvious sine���� 1w(� + Æ) � 1w(�) ���� = ����w(� + Æ)� w(�)w(�)w(� + Æ) ���� < Lm�2j log Æj�1��:Thus the lemma holds with K = Lm�2. �We now want to �nd an approximation for the orthogonal rational funtions (ORF) with respetto the given weight funtion w. We know that the spae S1n=0Rn is dense in C(T) with respet to



A. Bulteel, P. Van guht / Asymptotis of ORF 5the supremum norm if and only if the Blashke produt diverges [2, Theorem 7.1.2℄. Thus, it shouldbe possible to �nd some approximant in Rn for w that is as lose to w as we want.The next theorem is a Jakson III type of theorem [3, p. 144℄. It says how good suh anapproximation is as a funtion of n. It depends on the smoothness of w. In the polynomial ase itstates the following. Let f 2 C2� be a ontinuous 2�-periodi funtion with modulus of ontinuity!(f ; Æ), that is !(f ; Æ) = supfjf(x1)� f(x2)j : jx1� x2j < Æg. Then the best approximation in the settrigonometri polynomials gives an error that is at most !(f ; 2�n ) in [��; �℄. A similar theorem wasobtained in [1, lemma 4.6℄ for the rational ase. It requires some extra assumption on the distributionof the �k so that asymptotis j��n(z)j1=n an be estimated. This is where the ondition ��n ��!n ��omes in.We inlude it here without proof.Theorem 2.2. Suppose the point set � satis�es the ondition (CI). Then every real 2�-periodiontinuous funtion f 2 C2� an be approximated by a trigonometri rational funtion rn(�) = Rn(ei�)with Rn 2 Rn�1 suh that for n large enough there is some onstant K1 suh thatsup[��;�℄ jf(�)� rn(�)j � K1!(f ; �n )where !(f ; Æ) denotes the modulus of ontinuity for f .Obviously the funtion rn(�) in this theorem is of the form rn = Tn�1(�)=j�n�1(ei�)j2 with Tn�1 atrigonometri polynomial of degree at most n � 1.Aording to this theorem we an �nd a funtion Gn 2 Rn�1 suh that gn(�) := Gn(ei�) satis�es���� 1w(�) � gn(�)���� � K2!� 1w ; �n�: (2.1)This funtion gn(�) is uniformly bounded and positive if w is uniformly bounded and positive. Thisis proved in the following lemma.Lemma 2.3. Assume that the onditions (AC), (LD), and (CI) hold and that gn is a funtion asharaterized by the Jakson III theorem 2.2. Then there exist positive onstants g, G, and n0 suhthat for n � n0 0 < g � gn(�) � G <1:The onstants g and G do not depend on n or �.Proof. First we prove that gn(�) is uniformly bounded from above. From (2.1) we get���� 1w(�) � gn(�)���� � K2 supÆ<�n ���� 1w(� + Æ) � 1w(�)���� � 2K2m�2:This gives an upper bound for gn sinejgn(�)j � 2K2m�2 +m�1 = G:



A. Bulteel, P. Van guht / Asymptotis of ORF 6Next we prove that there is a onstant g suh that gn(�) � g > 0 if n is large enough. Suppose this isnot true, then for every �1, suh that 0 < �1 < 1=M , there exists a �1 so that gn(�1) < �1. From (2.1)we �nd for � = �11w(�1) < �1 +K2 supjÆj<�=n ���� 1w(� + Æ) � 1w(�) ���� � �1 + K2Lm2 j log(�=n)j�1��:The left-hand side is larger than 1M . So we get for n > �m2(1� �)MK2L < �log n���1�� ; � =M�1:This yields log n� < � MK2Lm2(1� �)� 11+� :Herefrom we get n < �e� MK2Lm2(1��)� 11+� :This gives a ontradition sine the right-hand side is bounded and we an take n larger than that.So there must be some g suh that gn(�) � g > 0. �Next we show how good the approximation of w(�) by 1=gn(�) is.Lemma 2.4. Suppose the onditions (AC), (LD) and (IC) hold. Then there is a onstant K3 de-pending only on m; M; � and L so thatjw(�)� g�1n (�)j < K3(logn)�1��:Proof. First note that���� 1w(�) � gn(�)���� = �����w(�)� g�1n (�)w(�)g�1n (�) ����� � jw(�)� g�1n (�)jmax� jw(�)jmax� jg�1n (�)j :Beause the denumerator on the right-hand side is bounded, this inequality and (2.1) imply that thereexists a positive onstant K4 suh that����w(�)� 1gn(�) ���� � K4 !� 1w ; �n� = K4 supj�1��2 j<�n ���� 1w(�2) � 1w(�1) ���� :From Lemma 2.1 we get jw(�)� g�1n (�)j � K4K supj�1��2j<�n j log j�1 � �2jj�1��:If n is large and if we put K5 = K4K, thenjw(�)� g�1n (�)j � K5j log(�=n)j�1�� = K5 (log(n=�))�1�� � K3(logn)�1��:WhereK3 = 21+�K5. The bound log(n=�) � (logn)=2 holds for n > �2. Thus the proof is omplete. �Let us now introdue the spetral fatorsS(z) = exp( 14� Z ��� ei� + zei� � z logw(�)d�) and Hn(z) = exp( 14� Z ��� ei� + zei� � z log gn(�)d�) :



A. Bulteel, P. Van guht / Asymptotis of ORF 7Their boundary funtions are denoted as s(�) = S(ei�) and hn(�) = Hn(ei�). So w(�) = js(�)j2 andgn(�) = jhn(�)j2.We now prove that 1=Hn(z) onverges to S(z) uniformly in jzj � 1. More preisely, we proveLemma 2.5. Assume that (AC), (LD), and (CI) hold. With the notation just introdued we havejS(z)� 1=Hn(z)j < Q(logn)��uniformly in jzj � 1. The onstant Q depends on L, �, as well as on m and M , but not on n or z.Proof. It is suÆient to give the proof for z 2 T. So we swith to the notation hn(�) and s(�).We �rst prove ���js(�)j � jh�1n (�)j��� = O(logn)�1��; n!1: (2.2)Noting that w = jsj2 and gn = jhnj2, we have���js(�)j � jh�1n (�)j��� = ���w(�)� g�1n (�)��� = ���js(�)j+ jh�1n (�)j��� :The numerator is O(logn)�1�� by Lemma 2.4 and the denominator is O(1) beause by (LD) andLemma 2.3, there are onstants m2 and M2 suh that 0 < m2 � ��js(�)j+ jh�1n (�)j�� � M2 < 1. Thisproves the onvergene of the moduli as in (2.2).It remains to show the onvergene of the arguments. Therefore we need a bound forsgn hn(�)fsgn s(�)� sgn[hn(�)℄�1g = exp� i4� Z ��� log[w(!)gn(!)℄ ot � � !2 d!�� 1:In other words, we should bound Z ��� log[w(!)gn(!)℄ ot � � !2 d!:We split this into two termsZEn log w(!)gn(!)w(�)gn(�) ot � � !2 d! + ZE0n log[w(!)gn(!)℄ ot � � !2 d!:Here En is the subset of [��; �℄ where j� � !j < n�1 and E0n = [��; �℄ n En. Beause jw(�) �[gn(�)℄�1j = O(logn)�1�� and the fat that both w and gn are bounded away from 0 and 1, we getj log[w(�)gn(�)℄j = O(logn)�1��. Hene, we have for the seond integral�����ZE0n log[w(!)gn(!)℄ ot � � !2 d!����� � O(logn)�1�� ZE0n ����ot � � !2 ����d! = O(logn)��:The �rst integral over En ontains a singularity at ! = �. Here we use that w satis�es the (LD)ondition jw(!)� w(�)j � Lj log j! � �jj�1��, and therefore, for j! � �j small, also j log(w(!)=w(�))jhas a bound of the order O(j log j!� �jj�1��) as well. Beause of Lemma 2.1, the same argument anbe used for bounding j log(gn(!)=gn(�))j by the same bound. Thus the �rst integral is bounded byO(1) ZEn j log j� � !jj�1��j� � !j�1d! = O(logn)��:This onludes the proof. �



A. Bulteel, P. Van guht / Asymptotis of ORF 83. Two systems of orthogonal rational funtionsWe now have an approximation wn = 1=gn for w. We onsider the orthogonal rational funtions(ORF) �k for w and theORF  nk for wn. We then derive the asymptotis for �n from the asymptotisfor  n =  nn.So, we suppose that we have an approximant wn = 1=gn as desribed in the previous setion.Assume that the spetral fators of w and gn are denoted as before by S(z) and Hn(z), and that weset s(�) := S(ei�) and hn(�) := Hn(ei�). Thuswn(�) = 1Hn(ei�)Hn�(ei�) = 1jHn(ei�)j2 = 1jhn(�)j2 : (3.1)For ease of the index notation below, we shall assume that gn 2 Rn�1 (not in Rn), so that theouter spetral fator Hn has the form Hn(z) = qn�1(z)�n�1(z) 2 Ln�1. Assume that we denote by  nk 2 Lnthe kth orthogonal rational funtion for the weight wn(�). To simplify the notation, we shall denote nn as  n.We �rst give an expliit expression for the funtions  nk(z).Theorem 3.1. Suppose Hn 2 Ln�1 is given and wn(�) = 1=jhn(�)j2 with hn(�) = Hn(ei�) as de�nedabove. Then the kth orthonormal rational funtion  nk , orthogonal with respet to the weight funtionwn is given by  nk(z) = �nkzkp1� j�kj21� ��kz zBk�1(z)Hn�(z); k � n:Reall that Bk denotes the kth Blashke produt, and that zk = ��k=j�kj if �k 6= 0 and zk = 1otherwise. The onstant �nk 2 T is for normalization. It is hosen to be Hn(�k)=jHn(�k)j.Proof. First, it is lear that  nk 2 Lk . We have to show that  nk ? Lk�1 and that k nkkwn = 1.Suppose l < k. Any funtion fl 2 Ll an be written as fl(z) = pl(z)=�l(z), with pl 2 �l.Furthermore, we set p�n(z) = znpn�(z) if pn 2 �n and we assume that Hn = qn�1=�n�1. Also reallthe de�nition of zk = ��k=j�kj if �k 6= 0 and zk = 1 otherwise. We set �k = Qki=1 zi.� Aording to Cauhy's theorem, we get (t = ei�)h nk ; fliwn = �nkzkp1� j�kj22� Z ��� Hn�(t) tBk�1(t)1� ��kt p�l (t)��l (t) d�Hn(t)Hn�(t)= �nk�kp1� j�kj22� Z ��� tQk�1i=l+1(t� �i)Qki=n(1� ��it) p�l (t)qn�1(t)d�= �nk�kq1� j�k j2 12�i Ijtj=1 tQk�1i=l+1(t� �i)Qki=n(1� ��it) p�l (t)qn�1(t) dtt = 0:� We now show that  nk is normalized.h nk;  nkiwn = 1� j�kj22� Z ���Hn�(t) tBk�1(t)1� ��kt Hn(z) 1(t� �k)Bk�1(t) d�Hn(t)Hn�(t)= (1� j�kj2) 12�i Ijtj=1 t(1� ��kt)(t � �k) dtt = 1� j�kj21� j�kj2 = 1: �



A. Bulteel, P. Van guht / Asymptotis of ORF 9We have now the ORF f�ng with respet to the weight w and we have the ORF f n =  nngwith respet to the weight wn. Our next step is to ompare  n and �n.We introdue the notation �n = ��n(�n) and �0n =  �n(�n) for the leading oeÆients in theirexpansions with respet to the basis fBkg. We an �nd the expliit form of �0n�0n =  �n(�n) = �n Hn(�n)p1� j�nj2 = jHn(�n)jp1� j�nj2 > 0: (3.2)Where �n = �nn. By the hoie of �nk, we �nd that �0n > 0. We now express �n in the basis f nkg.Lemma 3.2. The ORF �n with respet to w is supposed to be normalized by making their leadingoeÆient �n positive. The ORF  nk with respet to the weight wn are normalized as above, i.e.,suh that their leading oeÆient �0n is positive. Then �n an be expressed in terms of the  nk by�n(z) = an n(z) + n�1Xk=0 ank nk(z) (3.3)where an = �nq1� j�nj2=jHn(�n)j (3.4)and ank = 12� Z ��� �n(t) k(t)(wn(�)� w(�))d�; k = 0; : : : ; n� 1:Proof. This is easy to work out sine by orthogonality we have for k = 0; : : : ; n� 1ank = 12� Z ��� �n(t) nk(t)wn(�)d�= 12� Z ��� �n(t) nk(t) (wn(�)� w(�)) d� + 12� Z ��� �n(t) nk(t)w(�)d�:The last term vanishes beause �n ?w Ln�1. So we get the expressions for ank, k = 0; : : : ; n� 1. Theform of an follows from an = �n=�0n and (3.2). �4. The asymptotisOur strategy is now to develop the asymptotis for  n, and then show that the asymptotis for�n and  n are the same, thus we shall have to show that Pn�1k=0 ank nk ! 0 and an ! 1. Note thatthe expression for  n ontains Hn� and the asymptotis for the latter are already known (see Lemma2.5). We need to introdue �rst the reproduing kernels (or equivalently the Chisto�el funtions) forLn. For the weight w, the reproduing kernels are kn(z; w) =Pnk=0 �k(z)�k(w). The kernels kn(z; w)feature in the following optimization result that holds in any reproduing kernel Hilbert spae.Lemma 4.1. For a positive measure � on T, onsider the rational funtion spaes Ln as subspaesof L2(T; �), let kn(z; w) be the reproduing kernel for Ln, then for �xed w 2 D [Tminfn2Ln; fn(w)=1 jjfnjj2� = 1kn(w;w): (4.1)The minimum is reahed for fn(z) = kn(z; w)=kn(w;w).



A. Bulteel, P. Van guht / Asymptotis of ORF 10The next lemma is from [2, Theorem 9.6.4℄. Under very mild onditions on � (whih are satis�edwhen (CI) holds) and when logw 2 L1, it gives the asymptotis for the reproduing kernels.Lemma 4.2. Let kn(z; w) denote the reproduing kernel for Ln for the measure � with log �0 2 L1and S the spetral fator for �. Then if (CI) holds, we have for z; w 2 Dlimn!1 kn(z; w) = 1(1� �wz)S(z)S(w):This onvergene is uniform for z and w in ompat subsets of D .Moreover it holds that [2, Theorem 2.2.3℄ kn(z; �n) = �n��n(z) and kn(�n; �n) = j�nj2. Thus, theprevious lemma gives limn!1 j�nj2(1� j�nj2)jS(�n)j2 = 1: (4.2)We are now ready to bound j�nj�2.Lemma 4.3. Under the onditions (AC), (LD), and (CI), assume that S is the outer spetral fatorof w. Let kn(z; w) be the reproduing kernel for Ln and let �k(z) = �kBk(z) + � � � 2 Lk be the ORF.On the other hand, let Hn be the outer spetral fator of gn, the approximant of w�1 as de�ned bythe Jakson III theorem. Then(1� j�nj2)jS(�n)j2 � 1j�nj2 � 1� j�nj2jHn(�n)j2 �1 +O(logn)�1��� : (4.3)Proof. Beause Ln � Ln+1, the minimum of Lemma 4.1 does not inrease if n inreases1kn(w;w) � 1kn+1(w;w) � : : :� (1� jwj2)jS(w)j2:The last bound is by Lemma 4.2. If we put w = �n, we get the lower bound.For the upper bound, we onsider the ORF  n for the weight funtion wn. Let us de�nefn(z) :=  �n(z) �n(�n) =  �n(z)�0n = (1� j�nj2)Hn(z)(1� ��nz)Hn(�n) 2 Ln: (4.4)This follows beause of Theorem 3.1 and the fat that Hn 2 Ln�1. Beause fn(z) is in Ln and satis�esfn(�n) = 1, we �nd from (2.2), (4.1) and (4.4)1j�nj2 � 12� Z ��� w(�)jfn(z)j2d�= (1� j�nj2)2jHn(�n)j2 12� Z ��� ����S(t)Hn(t)t� �n ����2 d�; t = ei�= (1� j�nj2)2jHn(�n)j2 12� Z ��� d�jt � �nj2 �1 + O(logn)�1���= (1� j�nj2)2jHn(�n)j2 12�i Ijtj=1 tdt(t� �n)(1� ��nt)t �1 +O(logn)�1���= 1� j�nj2jHn(�n)j2 �1 + O(logn)�1��� :So we �nd the result. �It now follows that



A. Bulteel, P. Van guht / Asymptotis of ORF 11Lemma 4.4. Let (CA), (LD), and (CI) hold, then the oeÆient an from Lemma 3.2 satis�esan = 1+ O(logn)�1��:(Reall the normalization of the �n and the  n.)Proof. Beause of (2.2) and (4.3)j�nj = 1jS(�n)jp1� j�nj2 + O(logn)�1��:From (3.4) we �nd janj = 1 + O(logn)�1��:Beause of the normalization of �n and  n, this holds without the modulus bars. �We now try to �nd a bound for the seond term in (3.3). The idea is to �nd a uniform boundfor j�n(t)j. The remaining integral to be bounded is then of the form 12� R ��� jkn�1(wn; t; z)jd� wheret = ei� and kn�1(wn; t; z) =Pn�1i=0  ni(t) ni(z) is the reproduing kernel for Ln�1 with respet to theweight wn.We �rst searh for an upper bound for  n(t) if t = ei� 2 T.j n(t)j= j �n(t)j = q1� j�nj2 ���� Hn(t)1� ��nt ����=q1� j�nj2 ���� hn(�)t� �n ����� p1� j�nj2jt� �nj pG = O(1): (4.5)The last equality follows from the fat that we hoose f�ig to lie in a ompat subset of D and thathn is bounded on Tbeause gn is bounded, and beause gn = jhnj2 (see Lemma 2.3).We now searh for a bound for the integral in the seond term.Lemma 4.5. If we denote the kernel with respet to wn askn(wn; t; z) = nXi=0  ni(t) ni(z)and if the f�ig lie in a ompat subset of D so that 1�j�ij � d > 0, and if there is a uniform onstantG suh that 0 < G�1 � wn, then the following uniform upper bound is valid for z 2 D [Tkn(wn; z; z) � (n+ 1)Gd2 :Proof. We know from Lemma 2.3 and (4.1) that for z 2 D [T�xed1kn(wn; z; z) = minfn2Ln; fn(z)=1 jjfnjj2wn= minfn2Ln; fn(z)=1 12� Z ��� jfn(t)j2wn(�)d�� 1G minfn2Ln; fn(z)=1 12� Z ��� jfn(t)j2d�:



A. Bulteel, P. Van guht / Asymptotis of ORF 12The latter is an optimization problem for the weight funtion w � 1. The ORF for this weightfuntion are (see Theorem 3.1)'0 = 1; 'k(z) = p1� j�kj21� ��kz zBk�1(z); k � 1:We removed the normalizing onstants sine they are irrelevant here. So for the kernel kn(1; t; t) we�nd kn(1; z; z) = 1 + nXi=1 1� j�ij2j1� ��izj2 jzj2jBi�1(z)j2 � 1 + nXi=1 1� j�ij2j1� ��izj2 � 1 + nd2 :Therefore 1kn(wn; z; z) � 1Gkn(1; z; z) � 1G(1 + nd2 ) � d2G(n+ 1) :So we proved the lemma. �We an now prove the following lemma.Lemma 4.6. Assume (AC), (LD) and (CI) hold. Then, with the notations as in the previous lemma,we an �nd the following upper bounds for the kernel kn(wn; t; z).jkn(wn; t; z)j � (n+ 1)Gd2 ; t; z 2 D [Tand jkn(wn; t; z)j � �Gj� � j; t = ei� ; z = ei 2 T:Proof. For the �rst bound we use the Cauhy-Shwarz inequality and Lemma 4.5jkn(wn; t; z)j � qkn(wn; t; t)kn(wn; z; z) � (n+ 1)Gd2 :For the seond bound we use the Christo�el-Darboux-relation (see [2, Theorem 3.1.3℄)jkn(wn; t; z)j= ����� �n(t) �n(z)�  n(t) n(z)1� �n(t)�n(z) ������ 2 supt2Tj n(t)j supz2Tj n(z)jjt� �njjz � �njjt� zj(1� j�nj2) :So we �nd from (4.5)jkn(wn; t; z)j � 2Gjt� zj = 2Gj1� ei(��)j = Gj sin( ��2 )j � �Gj� � j :This proves the lemma. �Now we an derive an upper bound for the seond part of (3.3). We shall prove below that �n(t) isuniformly bounded. The remaining integral an be bounded as follows.Lemma 4.7. Assume that (AC), (LD) and (CI) hold. Then for the integral of the modulus of thekernel kn�1(wn; t; z), we get the bound12� Z ��� jkn�1(wn; t; z)jd� � O(logn); z 2 D [T:



A. Bulteel, P. Van guht / Asymptotis of ORF 13Proof. Sine kn�1(wn; t; z) is analyti in z 2 D , it reahes its maximum modulus on the boundary.Thus if we have sups2Tjkn�1(wn; t; s)j = jkn�1(wn; t; ei)j, we an bound R ��� jkn�1(wn; t; z)jd� �R ��� jkn�1(wn; t; ei)jd�. Therefore, it is suÆient to prove the theorem for z 2 T. For z 2 T, we splitthe integral in two parts12� Z ��� jkn(wn; t; z)jd� = 12� ZEn jkn(wn; t; z)jd�+ 12� ZE0n jkn(wn; t; z)jd�:Where En refers to the part where j� � j � n�1 and E 0n = [��; �℄ nEn. For the �rst integral we usethe �rst upper bound from Lemma 4.6 whih gives an upper bound of the form O(1). For the seondwe use the seond upper bound from Lemma 4.6. This givesO(1) ZE0n d�j� � j = O(logn): �We now try to �nd a bound for j�n(z)j if z 2 D [T.Lemma 4.8. Suppose (AC), (LD) and (CI) hold. Then there is an absolute onstant U suh thatj�n(z)j � U uniformly in n and z 2 D [T.Proof. Sine �n has all its poles in E, it is suÆient to prove this for z = t 2 T. Supposemaxjtj=1 j�n(t)j = U = U(n):From Lemma 2.4 and Lemma 3.2, we �nd (� = ei�)U � janjmaxjtj=1 j n(t)j+ UK3(logn)�1��maxjtj=1 12� Z ��� �����n�1Xi=0  ni(�) ni(t)�����d�: (4.6)Using (4.5) and Lemma 4.7, we an bound (4.6) asU � O(1) + UO(logn)�1��(logn): (4.7)This implies U = O(1). �5. Proof of the main theoremWe now have all the ingredients to prove our main resultProof of Theorem 1.1. We write the superstar onjugate of (3.3) as��n(z) = an �n +Bn(z)En�(z); En(z) = n�1Xk=0 ank nk(z):Reall that an > 0 by the normalization of the ORF. Substitute the expression for  n =  nn fromTheorem 3.1 and multiply with �n(1� �nz)=p1� j�nj2 to get�n 1� �nzp1� j�nj2��n(z) = anHn(z) + �n 1� �nzp1� j�nj2Bn(z)En�(z):Let us all the seond term in this expression rn(z). Beause of the (CI) ondition and beause ofLemmas 4.7 and 4.8 we �nd that rn(z) = O(logn)��.



A. Bulteel, P. Van guht / Asymptotis of ORF 14Furthermore, we know that an = 1 + O(logn)�1�� by Lemma 4.4 and by Lemma 2.5, Hn(z) =S(z) + O(logn)�� uniformly in D [T. Thus�n 1� �nzp1� j�nj2��n(z) = (1 +O(logn)�1��)(1=S(z) + O(logn)��) + "n(z)= 1=S(z) + "n(z); "n(z) = O(logn)��:The unimodular onstants �n were de�ned as Hn(�n)=jHn(�n)j, whih an not be de�ned in terms of�n. However, sine we know that a sequene of unimodular onstants exists, we an as well take anyother sequene of unimodular onstants, as long as the left-hand side onverges to a positive onstantfor z = 0 beause that is how S(z) is normalized: S(0) > 0. Thus we an hoose �n = j��n(0)j=��n(0).This proves the theorem, sine the seond formula for the modulus square is trivial.Referenes[1℄ A. Bultheel, P. Gonz�alez-Vera, E. Hendriksen, and O. Nj�astad. On the onvergene of multipoint Pad�e-type approx-imants and quadrature formulas assoiated with the unit irle. Numer. Algorithms, 13:321{344, 1996.[2℄ A. Bultheel, P. Gonz�alez-Vera, E. Hendriksen, and O. Nj�astad. Orthogonal rational funtions, volume 5 of CambridgeMonographs on Applied and Computational Mathematis. Cambridge University Press, 1999.[3℄ E.W. Cheney. Introdution to approximation theory. MGraw Hill, 1966.[4℄ G. Freud. Orthogonal polynomials. Pergamon Press, Oxford, 1971.[5℄ Ya. Geronimus. Polynomials orthogonal on a irle and interval. International Series of Monographs in Pure andApplied Mathematis. Pergamon Press, Oxford, 1960.[6℄ P. Nevai. G�eza Freud, orthogonal polynomials and Christo�el funtions. A ase study. J. Approx. Theory, 48:3{167,1986.[7℄ G. Szeg}o. Orthogonal polynomials, volume 33 of Amer. Math. So. Colloq. Publ. Amer. Math. So., Providene,Rhode Island, 3rd edition, 1967. First edition 1939.


