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Computation of Homoclinic Bifurcations of PDEs Using aMultiple Shooting Newton-Picard MethodZuochang Zheng and Dirk RooseKatholieke Universiteit LeuvenCelestijnenlaan 200 AB-3001 Heverlee-Leuven, BelgiumEmail: Dirk.Roose@cs.kuleuven.ac.beAbstractPeriodic solutions of large scale ODE systems, resulting from the space discretization of aPDE system, can be computed e�ciently using a shooting method, in which the nonlinearsystem is solved by a Newton-Picard iteration. For strongly unstable periodic solutions, amultiple shooting approach is necessary. This is for example the case for a periodic solution,approaching a homoclinic orbit, for which some of the Floquet multipliers tend to in�nity.In this paper, we describe how a multiple shooting Newton-Picard method can be used tocompute homoclinic bifurcations by solving a periodic boundary value problem. This isillustrated with results for a homoclinic bifurcation in the Kuramoto-Sivashinsky Equation.Key Words: PDE, Homoclinic Bifurcation, Newton-Picard MethodAMS(MOS) subject classi�cations 65N12,35B10,35B321 IntroductionWe consider a large scale one-parameter ODE system_x(t) = F (x(t); �); x 2 RN ; � 2 R; N >> 1 (1)arising from the space discretization of a PDE system. We assume that the ODEsystem (1) retains the homoclinic bifurcations of the PDE system. Let xh(t) be ahomoclinic orbit of (1) at � = �h, that is, xh(t) is a solution of the boundary valueproblem (BVP) of (1) with boundary conditions xh(�1) = p(�h), where p(�) is a�xed point of (1). To compute the homoclinic bifurcation e�ciently, we considerthe homoclinic orbit as a periodic solution with in�nite period and approximate itby a periodic solution with �nite period. Speci�cally, for a given period T > 0, we
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Computation of Homoclinic Bifurcations of PDEs 2solve the following periodic boundary value problem8><>: _x(t) = F (x(t); �); x 2 RN ; � 2 R; N >> 1x(0) = x(T )g(x; �) = 0 (2)for (xp(t;T ); �p) as an approximation to (xh(t); �h). Here g(x; �) = 0 is a phasecondition to �x the time origin. Usually the given period T must not be taken verylarge to obtain a reasonable approximation. Indeed, according to the theoreticalanalysis of Beyn [5], [6], the eigenvalues of the local linearization vector �eld of the�xed point p(�h) determine how large the period T should be taken to achieve areasonable accuracy.For N >> 1, the periodic boundary value problem (2) may be prohibitively ex-pensive to solve. Newton-Picard methods based on single or multiple shooting aree�cient methods for computing periodic solutions of a PDE system if the periodicsolutions have low dimensional dynamics, i.e, if most of the Floquet multipliers arevery small in modulus. Many PDEs of practical importance have low dimensionaldynamics near steady state solutions. This implies that most of the eigenvalues ofa �xed point p(�) of (1) have a large negative real part. Then numerically mostof the nontrivial Floquet multipliers of the periodic solution xp(t;T ) go to zeroand the other nontrivial Floquet multipliers tend to in�nity as xp(t;T ) approachesthe homoclinic orbit, see e.g.[7]. Hence a Newton-Picard method can be used tosolve the periodic boundary value problem (2), but a multiple shooting method isneeded due to numerical instability caused by the large Floquet multipliers.There are some other advantages to use Newton-Picard methods for computinghomoclinic bifurcations. The Newton-Picard method can be used in a continuationprocess to trace a branch of periodic solutions. During the continuation process, theinformation about the dominant Floquet multipliers is computed and monitored.Thus an initial guess for the solution of periodic boundary value problem (2) can beobtained cheaply. The information about the Floquet multipliers is further usefulto detect the homoclinic bifurcation according to the behaviour of the Floquetmultipliers when the periodic solution approaches the homoclinic orbit [7].In this paper, we describe how a multiple shooting Newton-Picard method canbe used e�ciently to compute homoclinic bifurcations of a PDE system. In the nextsection, we formulate a multiple shooting Newton-Picard method for a periodicboundary value problem with a given period T . Then in section 3, we describehow to use the multiple shooting Newton-Picard method e�ciently to computethe homoclinic bifurcations of the PDE system by solving the periodic boundaryvalue problem (2). The method is illustrated in the last section by computing ahomoclinic bifurcation of the Kuramoto-Sivashinsky Equation.



Computation of Homoclinic Bifurcations of PDEs 32 Newton-Picard Method for Periodic SolutionsWe now start with describing the multiple shooting method. Let � = ftigi=mi=0 bea partition of the time interval [0; T ] such that0 = t0 < t1 < � � � < tm = T (3)We will call ti; i = 0; � � � ; m, the mesh points. Let 4ti = ti+1� ti and �(t; x(0); �)be the solution of the ODE system (1) at t with initial value x(0). We determinethe values x(ti) = si 2 RN , i = 0; � � � ; m with s0 = sm, and � by solving thealgebraic equations ( �(4ti�1; si�1; �) = si; i = 1; � � � ; mg(s0; s1; � � � ; sm�1; �) = 0 (4)Usually (4) is solved by Newton iteration. For a given approximation s0i ; i =0; � � � ; m� 1, and �0, a full Newton step consists of the following iteration( s1i = s0i +4si; i = 0; � � � ; m� 1�1 = �0 +4� (5)where 4si, 4� are obtained by solving the linear system26666666664
G1 � I b1G2 � I b2. . . . . . ...Gm�1 � I bm�1�I Gm bmg1 g2 � � � gm g�

37777777775
26666666664

4s04s1...4sm�24sm�14�
37777777775 = � 26666666664

r1r2...rm�1rmg
37777777775 (6)with 8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

Gi = @�(t;x(0);�)@x(0) ���(4ti�1; s0i�1; �0)bi = @�(t;x(0);�)@� ���(4ti�1; s0i�1; �0)ri = �(t; x(0); �) ���(4ti�1; s0i�1; �0) � s0igi = @g@si�1 ���(s00;s01;���;s0m�1;�0)g� = @g@� ���(s00;s01;���;s0m�1;�0) (7)
When all s0i lie on the periodic solution, for i = 0; � � � ; m� 1, the product matrixMi = GiGi�1 � � �G1Gm � � �Gi+1 is Monodromy matrix. All Monodromy matriceshave the same eigenvalues which are called Floquet multipliers, but they may havedi�erent eigenvectors.



Computation of Homoclinic Bifurcations of PDEs 4Normally, the linearized equation (6) is �rst built explicitly and then solved.The construction of the coe�cient matrix requires N time integrations from 0to T of an N dimensional system. For N >> 1, this is prohibitively expensive.The main computational cost lies in the construction and solution of the linearizedsystem (6). If the periodic solution has low dimensional dynamics, i.e., the Floquetmultipliers satisfy the relationj�1j � � � � � j�pj > � > j�p+1j � � � � � j�N j (8)where the positive integer p << N and 0 < � < 1, then a Newton-Picard methodcan be used to reduce the computational cost without explicitly building the coef-�cient matrix of the linearized system (6). In the following, we present the mainideas of the method. More detailed information about Newton-Picard methods forcomputing periodic solutions of a PDE can be found in [1].A Newton-Picard method computes a spectral decomposition of the Monodromymatrix Mi corresponding to the invariant subspace Ui of the �rst p dominantFloquet multipliers �1; � � � ; �p, and its orthogonal complement U?i , i = 0; � � � ; m�1. The linearized equation (6) is then projected onto the product spaces U0
U1
� � �
Um�1 and U?0 
U?1 
� � �
U?m�1, and a separate numerical method is appliedto solve the two resulting subsystems. For the large subsystem corresponding tothe product space U?0 
U?1 
� � �
U?m�1, a cheap method such as Picard iterationcan be used since the spectral radius of its coe�cient matrix is smaller than 1. Toformulate the decomposition, we denote an orthonormal basis for Ui and U?i by Vp;iand Vq;i respectively. The Newton correction4si 2 RN has a unique decomposition4si = Vp;i4�pi+Vq;i4�qi with 4�pi 2 Rp and 4�qi 2 RN�p. Projecting the equationsin (6) which are related to Gi onto Ui and U?i respectively, we obtain26666666664
F1 � I �b1F2 � I �b2. . . . . . ...Fm�1 � I �bm�1�I Fm �bm�g1 �g2 � � � �gm g�

37777777775
26666666664

4�q04�p0...4�qm�14�pm�14�
37777777775 = � 266666666666664

rq;1rp;1...rq;m�1rp;m�1rq;mrp;mg
377777777777775 (9)



Computation of Homoclinic Bifurcations of PDEs 5where 8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:
Fi = " Fi;1 Fi;2Fi;3 Fi;4 # = " V Tq;iGiVq;i�1 V Tq;iGiVp;i�1V Tp;iGiVq;i�1 V Tp;iGiVp;i�1 #�bi = " bq;ibp;i # = " V Tq;ibiV Tp;ibi # ; �ri = " rq;irp;i # = " V Tq;iriV Tp;iri #�gi = [gq;i; gp;i] = [giVq;i�1; giVp;i�1]i = 1; � � � ; m (10)

It is straightforward to verify that GiVp;i�1 2 Ui with Um = U0. We have Fi;2 =V Tq;i(GiVp;i�1) = 0q;p, for i = 1; � � � ; m. Thus in equation (9), the components 4�qiare decoupled from the components 4�pi. After reordering both equation (9) andthe unknowns, moving the terms related to 4� to the right hand side, we extractthe large subsystem corresponding to U?0 
 U?1 
 � � � 
 U?m�1, i.e, the so-calledQ-system26666664 F1;1 � IqF2;1 � Iq. . . . . .Fm�1;1 � Iq�Iq Fm;1
37777775 266664 4�q04�q1...4�qm�1 377775 = � 26666664 rq;1 + bq;14�rq;1 + bq;24�...rq;m�1 + bq;m�14�rq;m + bq;m4�

37777775 (11)where Iq is a (N � p) � (N � p) identity matrix. The solution of system (11) iscomputed from the superposition4�qi = 4�qr;i +4�4�qb;i; i = 0; � � � ; m� 1 (12)where 4�qr;i and 4�qb;i are obtained respectively by solving the Q-system (11) withthe two right hand sides ( � (rq;1; rq;2; � � � ; rq;m)T ;�(bq;1; bq;2; � � � ; bq;m)T : (13)Substituting (12) in the remainder of (9), moving the known terms to the righthand side and combining the terms related to 4�, we obtain the subsystem cor-responding to U0 
 U1 
 � � � 
 Um�1 , i.e, the so-called P-system for 4�pi and 4�26666666664
F1;4 � Ip ~bp;1F2;4 � Ip ~bp;2. . . . . . ...Fm�1;4 � Ip ~bp;m�1�Ip Fm;4 ~bp;mgp;1 gp;2 � � � gp;m ~g�

37777777775
26666664 4�p04�p1...4�pm�14�

37777775 = � 26666666664
~rp;1~rp;2...~rp;m�1~rp;m~g

37777777775 (14)



Computation of Homoclinic Bifurcations of PDEs 6with 8>>>>>>>><>>>>>>>>:
~bp;i = bp;i + Fi;34�qb;i~rp;i = rp;i + Fi;34�qr;i~g� = g� +Pmi=1 gq;i4�qb;i~g = g +Pmi=1 gq;i4�qr;ii = 1; � � � ; m (15)We have now replaced the full Newton iteration by the following three subtasks1. compute a basis for U0 
 U1 
 � � � 
 Um�1;2. solve the high dimensional Q-system (11) in a cheap way;3. solve the low dimensional P-system (14).To reduce the computational cost, we should achieve all of these subtasks usingonly a limited number of time integrations of the linearized equations.First, we note that �Vp;i = GiVp;i�1 forms a basis for Ui. Hence to computethe basis vectors Vp;i (i = 0; � � � ; m � 1), we �rst compute Vp;0, then for i =1; � � � ; m, the product GiVp;i�1 and its QR decomposition Vp;iSi, where Si is a1 � 1 or 2 � 2 block upper triangular matrix of order p. Vp;0 and Vp;m may betwo di�erent orthonormal bases for U0. To make the description simple, we shalltake Vp;0 to be the basis for U0. A subspace iteration method with projection isapplied to compute Vp;0. For the k-th subspace iteration, the projection matrixU = (V kp;0)TM0V kp;0 = Sm+1Sm � � �S1 with Sm+1 = (V kp;0)TV kp;m. Since the di�erencebetween the largest and smallest eigenvalue of the projection matrix U is very large,it is di�cult to compute all basis vectors in Vp;0 accurately. Instead of computingthe basis vector Vp;0 directly, we further perform the periodic Schur decompositionof (S1; S2; � � � ; Sm+1) ( YiRi = SiYi�1; i = 1; � � � ; mY0Rm+1 = Sm+1Ym (16)with Yi a p� p orthonormal matrix and Ri a 1� 1 or 2� 2 block upper triangularmatrix of order p. We have the Schur decomposition of the projection matrixUY0 = Y0(Rm+1Rm � � �R1) and the updated basis vector V kp;iYi; i = 0; � � � ; m�1 forthe k-th subspace iteration. To compute the matrix-vector product term GiV kp;i�1without explicitely construting Gi, we compute it in full vector form, i.e, in RN byintegrating the homogeneous linearization equation_y(t) = Fx(x0(t); �0)y(t) (17)from ti to ti+1 with initial values V kp;i�1 2 RN . Here (x0(t); �0) is an initial solutionof (2) with x0(ti) = s0i . Note that the convergence factor for a simple eigenvalue �i



Computation of Homoclinic Bifurcations of PDEs 7is j�p+1=�ij, where �p+1 is the next most dominant eigenvalue of Mi. Usually theinteger p is unknown. Thus during the computation of the basis vectors, we willuse pe additional vectors to accelerate the convergence of the �rst p basis vectorsand to make sure that no eigenvalues larger than � are missed.Second, we need to solve the high dimensional Q-system (11) in a cheap way.To this end, let symbol � 2 fr; bg, we condense the Q-system by the forwardrecursion for i = 1; � � � ; m; do( 4�q�;i = Fi;14�q�;i�1 + �q;i4�q�;m = 4�q�;0endfor (18)and obtain the condensed system�q�;0 = (Fm;1 � � �F2;1F1;1)4�q�;0 + bq;� (19)with bq;� = mXi=1 Fm;1 � � �Fi+1;1�q;i (20)The spectral radius r�(Fm;1 � � �F2;1F1;1) of the condensed system (19) isj�p+1j < � < 1: (21)Thus the condensed Q-system (19) can be solved by a Picard iteration. Then theother q-components 4�q�;i; i 6= 0; can be obtained by the forward recursion (18).In fact, both the Picard iteration and the other q-components can be computedby the forward recursion (18). To avoid computing Vq;i, the forward recursion (18)must be performed in a full vector formfor i = 1; � � � ; m; compute( 4q�;i = QiGi4q�;i�1 +Qi�i4q�;m = 4q�;0endfor (22)Here 4q�;i = Vq;i4�q�;i and Qi = I � Vp;iV Tp;i. The term Gi4q�;i�1 can also becomputed by integrating the homogeneous linearization equation (17) from ti�1 toti with the initial value 4q�;i�1. Similarly, bi can be computed by integrating thenonhomogeneous linearization equation_y(t) = Fx(x0(t); �0)y(t) + F�(x0(t); �0) (23)from ti�1 to ti with a zero initial value.After the computation of the basis and the solution of the Q-system, no moretime integrations are needed to build the P-system. In fact, it is easy to verify that



Computation of Homoclinic Bifurcations of PDEs 8after the subspace iterations have converged, with the updated basis vectors, thediagonal blocks of the P-system Fi;4 = Ri for i = 1; � � � ; m�1 and Fm;4 = Rm+1Rm.The other terms are built during the solution of the Q-system. Similarly to theQ-system, the P-system can be condensed by the backward recursionfor i = m; � � � ; 1; do8><>: 4�pi�1 = F�1i;4 4�pi � F�1i;4 (~bp;i4�+ ~rp;i)Pmi=1 gp;i 4�pi�1 + ~g�4�+ ~g = 04�pm = 4�p0endfor (24)to obtain the condensed P-system" Ip � Ap c�op d� # " 4�p04� # = � " rpr� # (25)where 8>>>>>>>>>>>><>>>>>>>>>>>>:
Ap = F�11;4 � � �F�1m�1;4F�1m;4c� = Pmi=1 F�11;4 � � �F�1i;4 ~bp;irp = Pmi=1 F�11;4 � � �F�1i;4 ~rp;iop = Pmi=1 gp;iF�1i;4 � � �F�1m;4d� = ~g� �Pmi=1 gp;i(Pmj=i F�1i;4 � � �F�1j;4 ~bp;j)r� = ~g �Pmi=1 gp;i(Pmj=i F�1i;4 � � �F�1j;4 ~br;j) (26)

The condensed P-system (25) for 4�p0 and 4� is small and can be solved using adirect method. Then the other 4�pi can be computed from the backward recursion(24). The quantities in (26) can be computed easily by solving at each mesh pointa few small linear equations with coe�cient matrix Fi;4, which is a 1� 1 or 2� 2block diagonal matrix of order p.For a large scale periodic boundary value problem (N >> 1) and a small p, theoverall cost is determined by the number of Newton-Picard iterations necessaryfor convergence and the cost per Newton-Picard iteration. It is shown in [1] thatthe overall convergence rate is dominated by the convergence rate (21) of thePicard iterations. During a Newton-Picard iteration, p + pe time integrations ofthe linearization equation (17) are needed to compute the basis vectors. Further 3time integrations of the linearization equations (17) and (23) are needed. Usuallythe initial solutions are only known at the mesh points. Thus one time integrationof ODE (1) are needed per Picard and Subspace iteration. The total number oftime integrations per Newton-Picard iteration isNIV P = (p+ pe + 1)�NS + 4�NP (27)



Computation of Homoclinic Bifurcations of PDEs 9Here NS and NP denote the numbers of subspace iterations and Picard iterations,respectively. NIV P is independent of the dimension N of the ODE system (1)and much smaller than N if p + pe, NS and NP are small integers. Thus we canconclude that if the periodic solution has low dimensional dynamics, the multipleshooting Newton-Picard method is a cheap method for solving the large scaleperiodic boundary value problem (2).3 A Newton-Picard Method for Computing HomoclinicBifurcationsMany PDEs of practical importance has low dimensional dynamics, i.e, their longterm dynamical behaviour occurs in a low dimensional manifold of the state space.This is in particular true for steady state solutions. For the ODE (1), we canassume that the �xed point p(�h) has low dimensional dynamics, i.e, most of itseigenvalues have a large negative real part and only a few have a positive realpart. In [7], we show that the periodic solution xp(t;T ) also has low dimensionaldynamics. Its Floquet multipliers satisfyj�1j � � � � � j�p�1j > �p = 1 > j�p+1j � � � � � j�N j (28)The integer p, the number of dominant Floquet multipliers, is determined by therelative size of the real part of the eigenvalues of the �xed point p(�h). Usuallyp is 2 or 3 and can easily be determined. Numerically the nontrivial Floquetmultipliers �i (i 6= p) expand to in�nity or contract to zero at an exponential rateas the period T tends to in�nity. For a given suitably large period T > 0, we havej�p�1j >> 1 and j�p+1j << 1. Thus the multiple shooting Newton-Picard methoddescribed in the last section can be used e�ciently to solve the large scale periodicboundary value problem (2). Moreover, we now explain the particular propertiesof the Floquet multipliers can be used to make the multiple shooting Newton-Picard method for solving (2) cheaper, compared to the computation of generalperiodic solutions. Indeed, the total number of time integrations per Newton-Picard iteration NIV P is smaller than that in the computation of general periodicsolutions.For a general periodic boundary value problem, p, the number of the basis vec-tors used in a Newton-Picard iteration is unknown and to speed up the convergenceof subspace iterations, pe extra basis vectors are used. In our case, the integer pis given. Since j�i+1jj�ij tends to zero at an exponential rate as the period goes toin�nity, the Floquet multipliers are well separated. Thus the subspace iterationconverges fast and no extra basis vectors are needed. In our computations, NSis taken to be less than 3. In fact, if the number of the basis vectors is taken tobe �p > p, then j�1j, which tends to in�nity at an exponential rate, is very large



Computation of Homoclinic Bifurcations of PDEs 10compared to j��pj which goes to zero at an exponential rate. The computed smallerFloqute multipliers are very inaccurate. This badly a�ects the subspace iteration.We should take the number of the basis vectors exactly to be p. Moreover, sincethe di�erence between �i+1 and �i grows at an exponential rate, a lock scheme inthe subspace iterations will be quite e�cient to further speed up the convergence.The asymptotic convergence factor of the Picard iterations is j�p+1j which goesto zero at an exponential rate as the period T tends to in�nity. Thus the Picarditeration converges fast. In our computations, no more than 3 Picard iterationsare performed. Since the overall convergence of the Newton-Picard iteration isdominated by the convergence rate of the Picard iterations, this implies that theNewton-Picard iteration also converges quite fast.The discussion above seems to indicate that a larger period T makes all theiteration procedures converge faster. However, as T becomes quite large, the �rstp � 1 dominant Floquet multipliers will be too large. The numerical stability oftime integrations will become worse and the condition number of the P-system alsoincreases. This may damage the computation of Newton-Picard iterations. Thusit is important to choose a reasonably large period. An adaptive period selectionstrategy should be developed. To this end, the information from the subspaceiterations and building of the P-system is useful. The information is also useful todevelop an adaptive mesh selection strategy. In conclusion, with a suitably chosenperiod T , for solving the periodic boundary value problem (2) by the multipleshooting Newton-Picard method, the total number of time integrations isNIV P = (p+ 1)�NS + 4�NP (29)where the integers p, NS and NP are quite small. For large N , we have thatNIV P << N , i.e, the multiple shooting Newton-Picard method is e�cient to com-pute the homoclinic bifurcations of the PDE system.4 Numerical ExamplesTo illustrate our conclusion numerically, we have implemented the multiple shoot-ing Newton-Picard method to solve the periodic boundary value problem (2) inMatlab. A Matlab code of the periodic Schur decomposition written by K.Lust [1]is used in the computation of the basis for U0 
 U1 
 � � � 
 Um�1. We computed ahomoclinic bifurcation of Kuramoto-Sivashinsky equation (K-S equation)@u@t + 4@4u@x4 + �(@2u@x2 + u@u@x) = 0 (30)
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Figure 1: Bifurcation diagram of a periodic solution branch for the K-S equation. The periodicsolution branch terminates at a homoclinic orbit.Following Jolly et al [8], we discretize the K-S equation using a N -mode spatialspectral approximation u(x; t) = NXk=1 bk(t) sin(kx) (31)and obtain the ODE systemdbk(t)dt = (�4k4 + �k2)bk � ��k; 1 � k � N (32)where �k = 12 PNj=1 jbj[bk+j + sign(k � j)bjk�jj] with bj = 0 if j < 0 or j > N .Generally speaking, when N � 8, the ODE system (32) has the same long termdynamics as the K-S equation itself for the parameter interval � 2 [0; 70]. Inparticular, there are two branches of steady state solutions, each of which has aHopf point at � = 34:299. The numerical computations presented in [8] showthat the periodic solutions bifurcating from the two Hopf points terminate at ahomoclinic orbit when � = �� ' 35:174066. We focus on one of the two periodicsolution branches. The �xed point where the homoclinic orbits emanates has a pairof complex eigenvalues. The homoclinic orbit has a spiraling structure. We havecomputed the periodic solution for the 8-mode discretization of the K-S equation(N = 8) with � = 35:20 and period T = 0:572362 using AUTO97 and used it asa starting point for a continuation process with the period T as the continuationparameter. We used a classical embedding method. The periodic solution branch



Computation of Homoclinic Bifurcations of PDEs 12Eigenvalues of �xed point RealReal part Imaginary part Floquet multipliers7.8152504E+00 -1.0452187E+02 9.9997384E-017.8152504E+00 1.0452187E+02 -3.6455148E-13-3.5554418E+01 0.0000000E+00 -8.5525090E-20-4.3258700E+02 0.0000000E+00 6.8230858E-18-1.6085723E+03 0.0000000E+00 1.4981425E-19-3.9081603E+03 0.0000000E+00 7.1584459E-18-7.8728384E+03 0.0000000E+00 5.1133315E-19-1.4111208E+04 0.0000000E+00 4.4722867E+11Table 1: Kuramoto-Sivashinsky equation: The eigenvalues of the �xed point and the Floquetmultipliers of the periodic solutions with � = 3:5174067E+ 01.undergoes a lot of turning-point bifurcations as shown in Figure 1. We selected8 points from the initial solution as multiple shooting mesh points. During thecontinuation process, the time mesh has been updated every continuation step.Following [1], we use a partition of the time interval with t0 = 0 and ti+1 =ti + (�i+1 � �i)T; i = 0; � � � ; m� 1, and where0 = �0 < �1 < � � � < �m = 1 (33)are �xed. Thus we update the time mesh by perturbing each mesh point with a per-turbation proportional to the ratio of the periods corresponding to two successivecontinuation steps.In our computations, we used �0 = 0, �1 = 0:101, �2 = 0:1888, �3 = 0:3290,�4 = 0:4026, �5 = 0:5886, �6 = 0:8838, �7 = 1. With a continuation step 4T =1:0E � 03, the periodic solution branch can be traced until T = 0:580362 and� = 35:173846 ' ��. This periodic solution is close to the homoclinic orbit.In a Newton-Picard iteration, 2 subspace iterations and 2 Picard iterations areneeded. Since one of the Floquet multipliers tends to in�nity, we take p = 2. Table1 contains the eigenvalues of the �xed point and the Floquet multipliers of theperiodic solution with � = 3:5174067E+01. In fact, when p > 2, the computationof the basis vectors fails. According to (29), the total number of time integrationsper Newton-Picard iteration is 14. Note that for a full Newton implementationof a multiple shooting method only requires N + 1 = 9 time integrations per fullNewton step. However, the number of time integrations per Newton-Picard stepdoes not depend on N , the dimension of the ODE system, but only depends onthe distribution (8) of the Floquet multipliers. For large scale ODE systems, themultiple shooting Newton-Picard is cheaper than the classical multiple shootingmethod. We have also computed an approximation to the homoclinic bifurcationfor N = 16. Taking an initial solution with � = 3:519629E + 01 and periodT = 6:237399E�01, we trace the periodic solution branch until � = 3:517428E+01and T=7.237399E-01. Since the largest multipliers are larger than in the 8-mode
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Figure 2: The periodic solution for the K-S equation with period= 7.237399E-01 and para-meter=3.517428E+01. It is computed using a multiple shooting Newton-Picard method. 1) thecomputed solution curves of bj , j = 1; � � � ; 7; 2) the computed solution curves of bj , j = 8; � � � ; 16:case, the periodic solutions are more di�cult to solve numerically. The distributionof the Floquet multipliers is qualitatively the same as in the 8-mode case. Thus inthis case, we can still take p = 2. Only 2 subspace and Picard iterations are neededper Newton-Picard iteration during our computations. Thus the total number oftime integrations is again 14. The computed solution curve is shown in Figure 2.In conclusion, our numerical computations verify that the number of time in-tegrations per Newton-Picard iteration is independent of N and for large scaleproblems, the multiple shooting Newton-Picard method is an e�cient method forcomputing homoclinic bifurcations of a PDE system, even if the periodic solutionsare quite close to the homoclinic orbit.References[1] Kurt Lust, Numerical bifurcation analysis of periodic solutions of partial dif-ferential equations, Ph.D. Thesis, Katholieke Universiteit Leuven, 1997.[2] K. Lust, D. Roose, A. Spence, and A.R. Champneys, An adaptive Newton-Picard algorithm with subspace iteration for computing periodic solutions,SIAM J. Sci. Comput., 19(4), 1998, pp. 1188-1209.
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